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Abstract

Advances in empirical population genetics have made apparent the need for models that simultane-
ously account for selection and demography. To address this need, we here study the Wright-Fisher
diffusion under selection and variable effective population size. In the case of genic selection and
piecewise-constant effective population sizes, we obtain the transition density function by extend-
ing a recently developed method for computing an accurate spectral representation for a constant
population size. Utilizing this extension, we show how to compute the sample frequency spec-
trum (SFS) in the presence of genic selection and an arbitrary number of instantaneous changes
in the effective population size. We also develop an alternate, efficient algorithm for computing
the SFS using a method of moments. We apply these methods to answer the following questions:
If neutrality is incorrectly assumed when there is selection, what effects does it have on demo-
graphic parameter estimation? Can the impact of negative selection be observed in populations

that undergo strong exponential growth?
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. Introduction

» Advances in empirical population genetics have pointed out the need for models that simultane-
3 ously account for selection and demography. Studies on samples from various species including
+ humans (e.g., Williamson et al. 2005; Tennessen et al. 2012) and Drosophila melanogaster (Glinka
5 et al. 2003; Duchen et al. 2013) have shown that demographic processes such as population size
s changes shape in large part the patterns of polymorphism among genomes and estimated the im-
7 pact of selection on top of such underlying neutral conditions. Thus far, most theoretical papers
s considered selective and demographic forces independently of each other for the sake of simplicity
o (e.g., Stephan and Li 2007).

10 Theoretical studies of neutral models of time-varying population size have been accomplished
1 within the diffusion and the coalescent frameworks. Kimura (1955a) derived the transition density
12 function of the Wright-Fisher (WF) diffusion with a constant population size that characterizes the
13 neutral evolution of allele frequencies over time. Shortly thereafter, Kimura (1955b) noted how
14 to rescale time to generalize this result to a deterministically changing population size. Nei et al.
15 (1975) derived the average heterozygosity under this general condition by applying a differential
16 equation method, before studies on time-varying population size started to utilize the coalescent.
17 Watterson (1984) derived the probability distribution and the moments of the total number of alle-
18 les in a sample using models of one or two sudden changes in population size. Slatkin and Hudson
19 (1991) considered the distribution of pairwise differences in exponentially growing populations,
20 before Griffiths and Tavaré (1994) provided the coalescent for arbitrary deterministic changes in
a1 population size. The allele frequency spectrum, which is the distribution of the number of times
» a mutant allele is observed in a sample of DNA sequences, has been utilized in many theoretical
3 and empirical studies. It can be further distinguished into the allelic spectrum and the sample fre-
2 quency spectrum (SFS) according to whether absolute or relative frequencies are meant. Fu (1995)
»s derived the first- and second-order moments of the allelic spectrum for a constant population size,
» which has been generalized to time-varying population size by Griffiths and Tavaré (1998) and
2 Zivkovi¢ and Wiehe (2008). Although deterministic fluctuations in population size are commonly
23 considered for the interpretation of biological data, studies have also examined stochastic changes
20 in population size (e.g., Kaj and Krone 2003).

30 The mathematical modeling of natural selection was mostly carried out within the diffusion

a1 framework, whereas coalescent approaches have proven analytically tedious (e.g., Krone and


https://doi.org/10.1101/014639
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/014639; this version posted February 2, 2015. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

32 Neuhauser 1997). Fisher (1930) derived the equilibrium solution for the allelic spectrum of
33 a population, which became particularly useful when Sawyer and Hartl (1992) modeled the
s frequencies of mutant sites via a Poisson random field approach. Kimura (1955c) employed a
35 perturbation approach to obtain a series representation of the transition density function that is
36 accurate for scaled selection coefficients smaller than one. However, as noted in Williamson et al.
37 (2005), an appropriate use of this result with respect to the analysis of whole-genome data is even
ss difficult for a constant population size. In a recent paper, Song and Steinriicken (2012) devised
s an efficient method to accurately compute the transition density functions of the WF diffusion
s with recurrent mutations and general diploid selection. This nonperturbative approach that can
s be applied to scaled selection coefficients substantially greater than one finds the eigenvalues and
»2 the eigenfunctions of the diffusion generator and leads to an explicit spectral representation of the
s transition density function. The results for this biallelic case have been extended to an arbitrary
s number of alleles by Steinriicken et al. (2013).

a5 In recent years, several researchers have started to investigate the combined effect of natural
s selection and demography. The majority of these studies have utilized finite difference schemes to
sz make results applicable. Williamson et al. (2005) employed such a scheme to obtain a numerical
s solution for the SFS for a model with genic selection and one instantaneous population size change.
s The authors applied this result within a likelihood-based method to infer population growth and
so purifying selection at non-synonymous sites across the human genome. Evans et al. (2007) investi-
51 gated the forward diffusion equation with genic selection and deterministically varying population
52 size and incorporated the effect of point mutations via a suitable boundary condition. They derived
53 a system of ODEs for the moments of the allelic spectrum, but had to resort to a numerical scheme
s« to make their results applicable. Gutenkunst et al. (2009) considered population substructure and
55 selection to obtain the joint allele frequency spectrum of up to three populations by approximat-
ss ing the associated diffusion equation by a finite difference scheme as well. Luki¢ and Hey (2012)
57 applied spectral methods that even account for a fourth population in the otherwise same setting
ss as Gutenkunst et al. (2009). Recently, and again with respect to a single population, Zhao et al.
s (2013) provided a numerical method to solve the diffusion equation for random genetic drift that
s can incorporate the forces of mutation and selection. The authors illustrated the accuracy of their
&1 discretization approach by determining the probability of fixation in the presence of selection for
2 both an instantaneous population size change and a linear increase in population size. In general,

s such methods require an appropriate discretization of grid points, which may depend strongly on
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s the parameters. This makes it difficult, however, to predict if a particular discretization will produce
65 accurate results.

66 In this study, we use the polynomial approach by Song and Steinriicken (2012) to obtain the
¢7 transition density function for genic selection and instantaneous changes in population size. First,
ss we focus on a single time period during which the population has a different size relative to a fixed
e reference population size. We compute the eigenvalues and the eigenfunctions of the diffusion
70 operator with respect to the modified drift term of the underlying diffusion equation. Similarly to
7 a constant population size, the eigenfunctions are given as a series of orthogonal functions. The
72 eigenvalues and eigenfunctions facilitate a spectral representation of the transition density function
73 describing the change in allele frequencies across this time period. Such transition densities for
7 single time periods can then be folded over various instantaneous population size changes to obtain
75 the overall transition density function for such a multi-epoch model with genic selection. After
7 illustrating the applicability of this approach, we derive the SFS by means of the transition density
77 function. While the transition density function proves useful for the analysis of time-series data that
75 are mostly gathered from species with short generation times as bacteria (e.g., Lenski 2011) but
70 also from species with long generation times (Steinriicken et al. 2014), the SFS can also be applied
s to whole-genome data collected at a single time point. As an alternative approach to employing the
s1 transition density function for the SFS, we modify the method of moments by Evans et al. (2007)
&2 to efficiently compute allele frequency spectra for genic selection, point mutations and piecewise
83 changes in population size.

84 We then employ a maximum likelihood method to estimate the demographic and selective pa-
ss rameters of a given bottleneck model. After examining the accuracy of parameter estimation, we
s discuss how the estimates change when selection is ignored or a simpler demographic model is
sz assumed. In this context, we investigate the demography of an African population of Drosophila
ss melanogaster (Duchen et al. 2013) by assuming both a selective and a neutral model. Furthermore,
ss we answer an other, important question arising in human population genetics (Tennessen et al.
o0 2012): Can the impact of negative selection be observed in populations that undergo strong expo-
o1 nential growth? We investigate, how strong selection would have to be to leave a signature in the

o SFS.
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» The transition density function for genic selection and piecewise-constant

% population sizes with K epochs

s Model and notation

s We assume that the diploid effective population size changes deterministically, with N (¢) denoting
o7 the size at time ¢. Here, time is measured in units of 2N, generations, where N, is a fixed
s reference population size. Unless stated otherwise, the initial population size will be used as the
w0 reference population size in the various numerical examples. In the diffusion limit, the relative
wo population size N(t)/N,ef converges to a scaling function which we denote by p(t).

101 We assume the infinitely-many-sites model (Kimura 1969) with Ay and A; denoting the ances-
102 tral and derived allelic types, respectively. The relative fitnesses of A;/A; and A;/A, genotypes
w03 over the Ay/Ay genotype are respectively given by 1+ 2s and 1+ s. The population-scaled selection
ws coefficient is denoted by o = 2N, - s. The frequency of the derived allele A; at time ¢ is denoted
105 by X;. Let f be a twice continuously differentiable, bounded function over [0, 1]. The backward
s generator of a time-inhomogeneous one-dimensional WF diffusion process on [0, 1] is denoted by

w7 %, which acts on f as

2
2§(w) = gblast) s 1) + ale) o (@), ™

10s where the diffusion and drift terms are given by b(x;t) = z(1 — z)/p(t) and a(z) = ox(1 — z),
0o respectively. The dependence of the diffusion term on time introduces considerable challenges
1o to obtaining analytic results. To gain insights, we here focus on the case where p is piecewise
1 constant. In this case, the diffusion and drift terms differ by a constant factor within each piece,
12 thus simplifying the analysis.

13 Throughout, we assume that p has K constant pieces (or epochs) in the time interval [, 7).
s The change points are denoted by ¢4, ...,tx_1, and for convenience we define t) = 7y and tx = 7.
us Then, for ¢; < t < t;41, with 0 < ¢ < K — 1, we assume p(t) = ¢;, where ¢; is some positive
ue constant. For the epoch ¢; <t < ¢, the diffusion term is thus given by b(z) = z(1 — x)/¢; and the
u7 corresponding generator is denoted by .. The scale density ¢&; (Karlin and Taylor 1981, Ch. 15)

us for the epoch is given by

&(z) = exp {— /Or 2;(22)) dz} = exp(—2c;jox),
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while the speed density =; is given (up to a constant) by

ciexp(2ciox)

z(1l—x) @

mi(z) = [bx)&i(z)] ! =

Given real-valued functions f and g on [0, 1] that satisfy appropriate boundary conditions and

are square integrable with respect to some real positive density h, we use (f, g);, to denote
1
(f,9n = /0 f(x)g(x)h(x)dx.

The transition density within each epoch [t;,¢;,1)

For the epoch [t;,t;+1), let the transition density be denoted by p;(¢;x,y), where ¢t € [t;,ti1+1),
X, = z and X; = y. Under the initial condition p;(¢;;z,y) = d(z — y), the spectral representation

of p;(t; x,y) is given by

1

A ®)

pitr,) = 3 exp[-AL(t — to)lmi(y) @) () (1)
n=0
where —A? and ®!, are the eigenvalues and eigenfunctions of .#*, respectively. That is,
L (x) = =\ D ().
It can be shown that the eigenvalues are all real and non-positive. Furthermore,
0< Ay <A <As <o,

with Al — oo as n — oo. The associated eigenfunctions {®¢ ()}, form an orthogonal basis of
L?(]0,1],7;), the space of real-valued functions on [0, 1] that are square integrable with respect to
the speed density 7;, defined in (2).

Song and Steinriicken (2012) recently developed a method for finding A?, and @ in the case
of ¢; = 1. We will give a brief description of their method and modify it accordingly to incorporate
an arbitrary ¢; > 0. Let % denote the diffusion generator under neutrality (i.e., ¢ = 0). The

eigenfunctions of % are modified Gegenbauer polynomials {G,,(2)}2, (cf. Appendix), and the
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135 corresponding eigenvalues are —\!, with

- (””)1. 4)
2 C;

13 Similar to Song and Steinriicken (2012), define H’(z) as

Hi(z) = %G(:fs) s

157 Then, {H!(z)}22, form an orthogonal system with respect to the weight function 7;(z). By directly
135 applying the full generator .#* to H!(z), we observe that H!(z) are not eigenfunctions of .#".

130 Instead, we obtain
LiH,(2) = =[N, + ¢ Q(z;0) Hjy (x), (6)

o where Q(z;0) = 1/2-02z(1 — z). However, since both {H (z)}52, and {®¢ (z)}52, are orthogonal
11 with respect to the same weight function 7;(z), and {H}(z)}3>, form a basis of L?([0,1],7;), we

12 can represent ® (x) as a linear combination of Hf, (x):
O (2) = X upyHi,(2). 7
m=0

13 Furthermore, the fact that ®!(x) is an eigenfunction of . with eigenvalue —A? implies that

ws {ul, Yoo and Al satisfy the following equation:

)\ZO + Cia((]O) 0 Cia(_2) 0 0 M u;l’o u:ho
0 X+ ciago) 0 cia(_2) 0 --- “2,1 uihl
cia((;rz) 0 A+ ciago) 0 cia(_z) e U%,z _ Al ufm
_(+2) A\l (0 i on i ’
0 ciay 0 A3+ ciag o - Up 3 Up 3
0 0 cial™® 0 A +cal” - ul 4 ul, 4
(8)

s where )} is as defined in (4) and a(_2), aﬁ,?), ag,f[ ?) are known constants that depend on ¢ and m

s (cf. Song and Steinriicken 2012 for details).

147 The transition density expansion (3) can be obtained by numerically solving the eigensys-
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us tem (8). Denote the infinite-dimensional matrix on the left hand side of (8) by W;. The eigenval-

1o ues A?, of W; correspond (up to a sign) to the eigenvalues of %%, and the associated eigenvectors

o ul, = (uh g ul 1 ul g, .)T of W; determine the eigenfunctions of .#* via (7). Let VVZ.[D} denote
151 the D x D matrix obtained by taking the first D rows and D columns of W;, and let AQ[D] and
i ugl = (u’n[éj ],u;’%ﬂ,u’rg’[? ! > denote the eigenvalues and eigenvectors of W™, respectively.

153 The truncated eigensystem

WPyl — (Dl (D) 9)

2

152 can then be used to approximate (8). This finite-dimensional linear system can be easily solved
155 numerically. Since the truncated versions of the eigenvalues and eigenvectors converge rapidly as
156 D increases, an accurate approximation of the transition density (3) can be efficiently obtained.
157 The rapid convergence behavior of the eigenvalues is illustrated in Figure 1. As one would expect,
158 the truncation level D required for convergence is higher when modeling a large population (cf.
159 Figure 1b) compared to the basic selection model (cf. Figure 1a), while convergence is fast in
1o a model with smaller population size (cf. Figure 1c). This is because the necessary truncation
11 level correlates with the effective strength of selection, which is higher in large populations and
12 lower in small populations. Therefore, for a fixed selection coefficient s, large populations are

163 computationally more demanding than small populations.

e« The transition density for the entire period [y, 7) with K epochs

15 Suppose X,, = z and X, = y. The transition density p(p, 7;x,y) for the entire period |1y, 7) is

166 obtained by combining the transition densities for the K epochs as follows:

K—2
p(T0, T3 2,y) = / po(ti; @, 1) [H pi(ti+1§$ia$i+1)] pr-1(T;2K—1,y) dz1 ... drk_1, (10)
0,171 =

17 where x; denotes the allele frequency at the change point ¢;. Using (3), we can write (10) as

p(ro,732,y) = ®o(2)TE¢SoE 181 Ex 28Kk 9Ex 1®x_1(y)mx_1(y), an
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where ®;(z) = (®f(x), ¥} (x), P4 (x),.. .)T is an infinite-dimensional column vector, while E; and

S; are infinite-dimensional matrices defined as

E;, = di e~ Mo (tiv1—ti) = Af(tir1—t)
A N T ST T

and

1
SZ:/O Wi(Z)‘I)Z‘(Z)‘I)Z‘J,_l(Z)TdZ.

In general, S; is not a diagonal matrix since ®¢ (z) and ®%+1(z) are not orthogonal with respect to

mi(2) if ¢; # ¢;41. In the Appendix, we show that the entry (n,m) of S; is given by

1 - 00 00 k+1+2 O'(Ci_ci+1) _ (_1)k+l+J
7i(2)® (2)@ (2)dz = G U; uitt —pytE ;
/0 (2)%0(2) (2) Cit1 kzzog wmd =1 - [o(¢; — cig1)TH
L -
x(kﬂ_l)(l—i—l)]'z l<f—|—2 1<.:+j ™\ [l+7+2\ /(1 . (12)
(k+2)(1+2) —\j-r j—r—1 r+1 r

Note that the last line of (12) does not depend on n or m, so it needs to be computed only once.
The overall computational time for evaluating p(m, 7;x,y) scales linearly with the number K of
epochs.

To better understand the joint impact of selection and demography on the transition density
function, we consider two scenarios, where p(0, 7;z,y) is simply denoted as p(7;x,y). Figure 2
illustrates the density in a scenario in which the selection coefficient is fixed and various K-epoch
demographic models are considered. In comparison to the case of a constant population size (cf.
Figure 2a), an instantaneous expansion (cf. Figure 2b) narrows the distribution around the mean,
whereas an additional phase of a reduced population size (cf. Figure 2c) increases the variance
relative to a population of a constant size. Figure 3 illustrates the same scenarios with a fixed

transition time and varying selection coefficients.

The sample frequency spectrum (SFS)

The transition density function approach

The transition density function derived in the previous section can be employed to obtain the SFS

of a sample. Consider a sample of size n obtained at time ¢ = 7. The probability that the A; allele
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with frequency z at time ¢ = 7y is observed b times in the sample is (Griffiths 2003)

1
n _
Pap(T;70,7) = /<b>yb(1—y)" bp(70, 75, y)dy. (13)
0

For piecewise-constant population size models with K epochs, a spectral representation of
p(10,7;2,y) can be found via (11) and evaluating (13) involves computing the integral

01 v (1 — )" g _1(y)®x_1(y)dy. For | > 0, using (2), (5), and (7), we obtain

1
/O Y(L— g Pmge_y ()KL () dy

oo 1
= > \/CK—luir,{nil/O YL =) et KV G (y) dy
m=0

m+1) (h+m+2)

= K 1 % h (h 1 h
= > N >.(=D) HW
m=0 h=0 b+1

where 1 F (a;b; z) = Y a(j)/bi;) 2’ /4! is the confluent hypergeometric function of the first kind. The
>0

descending factorials d;) are defined in the Appendix.

1B (b+1in+h+2;cx-1-0), (14)

The sample frequency spectrum (SFS) ¢, ;(7) is the probability distribution on the number b of

mutant alleles in a sample of size n taken at time 7, conditioned on segregation. For 1 < b <n —1,

qnb(T) is given by

J7 o Py 0, T)dTo

lim — . (15)
z—0 f—oo ZZ;I pn,a(gj; 70, T)dTO

Qn,b(T) =

In (15), the SFS at a single site is obtained by averaging over sample paths. This is equivalent
to the frequency spectrum distribution over a large number of independent mutant sites in the
Poisson random field model of Sawyer and Hartl (1992). Using (11), (12), (13), and (14), we can
approximate (15) numerically. If it is unknown which allele is derived, a folded version of (15) can

be obtained as [g, p + ¢n.n—b)/(1 + 0pn—s), Where 6 ,_, denotes the Kronecker delta.

A method of moment approach

As detailed above, the transition density function can be employed to obtain the SFS. However,
the specific solution for the transition density is not required to obtain the less complex and thus

computationally less demanding SFS. Here, we utilize the work of Evans et al. (2007) to develop

10
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206 an efficient algorithm for computing the allele frequency spectrum in the case of genic selection
207 and piecewise-constant population sizes.

208 Suppose mutations arise at rate §/2 (per sequence per 2N,.r generations) and according to the
200 infinitely-many-sites model (Kimura 1969). Evans et al. (2007) use the forward diffusion equation
20 to describe population allele frequency changes and introduce mutations by an appropriate bound-
2 ary condition. Slightly modifying their notation, we use f(y, t)dy to denote the expected number of
212 sites where the mutant allele has a frequency in (y,y + dy), with 0 < y < 1, at time ¢. The forward

213 equation is

21wt = 2T s - Lawiw.n) 16)
at y? - 2 ayz y? y? ay y yJ )
24 where the diffusion term b(y; t) = y(1—y)/p(t), the drift term a(y) = oy(1—1y), the scaled selection

215 coefficient o, and the population size function p(t) are defined as before. The influx of mutations

216 is incorporated into this process via the boundary conditions
limyf(y,t) = 0Op(t) and lim f(y,t) finite. a7
y40 ytl

217 The resulting polymorphic sites follow the dynamics of (16) thereafter. Note that this differs from
28 the diffusion process studied in the previous section, as the influx of mutations is now explicitly
210 modeled.

220 Again, it is analytically more practical to consider the corresponding backward equation, which
221 is obtained by setting g(y,t) := y(1 — y) f(y,t). This substitution transforms the forward equation
22 for f(y,t) into a backward equation for g(y, t), which is essentially given by (1) up to the sign of the

»3 drift term. Evans et al. (2007) derived a coupled system of ordinary differential equations (ODEs)

24 for the moments p;(¢) = [~ 3/ g(y,t)dy:
, o 1
po(t) = 3 ot po(t) + olpo(t) — 2u (1)), (18)
) = | (73 e - (72| +
o|G+ D) = G+ D), J=1, (19)

25 where ;(t) = du;(t)/dt. A similar system of ODEs was derived and solved by Kimura (1955a) for

26 a neutral scenario with a constant population size and without mutations. For ¢ = 0, the above

11
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27 system is finite and can be solved explicitly (Zivkovi¢ and Stephan 2011). In the case of selection

28 (0 # 0), on the other hand, the system is infinite and obtaining an explicit solution for an arbitrary

N

20 p is a challenging problem, even if the system is truncated by setting 1;(¢) = 0 for j > D.

N

230 From now on, assume f;(t) = 0 for j > D and rewrite the truncated system of ODEs in matrix
231 form as
1
M'(t) = [mB +0A|M(t) + O, (20)

2

w

> where M(t) = ( ([)D}(t),u[lD](t),...,u[gll(t))T, M'(t) = dM(t)/dt, © = (8/2,0,...,0)" are D-

233 dimensional column vectors, and B = (by;) and A = (ag;) are D x D matrices with entries

_(k—52)’ if | =k, k+1, ifl =k,
b =19 (1, ifl=k-1, and agl =4 —(k+2), ifl=k+1,
0, otherwise, 0, otherwise,

24 for 0 < k,l < D — 1. The formal solution of (20) cannot be written in terms of a matrix exponential
235 but only as a Peano-Baker series (Baake and Schlagel 2011) for arbitrary p, which can be numer-
236 ically quite demanding. Therefore, we focus on the case of piecewise constant p and develop an
237 efficient method to solve the truncated system of ODEs.

238 We first consider p(t) = ¢y (i.e., a constant population size), for which the solution of (20) takes
230 the form of a matrix exponential given by

M(t) = exp L/t <§+O’A> ds]M(0)+{jexp [j <§+UA> du ds}@)
exp Kg +aA> t] M(0) + {eXp [(g +aA> t} - I} (g +0A> - 0. (21)

)T

20 Let —Ag, (lgo,---»lkp-1), and (ro,...,7p—1,%)" respectively denote the eigenvalues, row eigen-

21 vectors, and column eigenvectors of B/cy + 0 A. Then, (21) implies

- D-1 - D-1 g D1 e
_ ot P _ -
pi () = 2 i (0) kZ:O Tiklgie” " + 5 kzzo rjklkoi)\k : (22)

22 It is intractable to find closed-form expressions of —\, l1;, and 7, but, for a given truncation level
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D, they can be computed numerically. Depending on the details of the model under consideration,
it might be more efficient to solve (21) numerically rather than applying the more analytic form
given in (22).

We now investigate the equilibrium solution of (22), since it can be applied as an initial condi-
tion in a model in which the population size remains constant over a longer period of time before

instantaneous population size changes occur. Assuming that all alleles are monomorphic at time
(D]

zero, i.e. u; (0) =0, and letting ¢ — oo, we obtain the moments at equilibrium as

)

Tiklko
Ak

D]
J

0
2

B
Il

0

For D sufficiently large, this result is numerically close to the exact solution /i;. The latter can also

be obtained as follows. The equilibrium population frequency spectrum is given by (Fisher 1930)

5 b [1- 6_200"(1_9)]

fly) = : (23)
W =T a7
The sampled version can be easily found via binomial sampling as in (13):
2 n 1-— 1F1(b; n; 2600’)6_2000
= . 2
fmb 960 b(n — b) 1 — e—2c00 ( 4)

For o # 0, the moments /i; of (y) = y(1 — y)f(y) are given by

. 1 e 2% (j + 1, —2¢cpo) — 4! 1
o= B [ 'lo)J]Jr' 7
1 — e=2¢c00 (—2¢po)it j+1
where I'(a, z) = [°t*"'e~!dt is the incomplete gamma function.
Now, consider the piecewise-constant model with K epochs in the time interval [y, 7] defined
earlier. For t; <t < t;y1,

M) = (E + UA> M(t) + ©, (25)

(&7

which can be solved as in (21). For 7 > tx_1,

M(7) = exp [(Cf_l

{exp {(Cf_l + 0A> (r — tK_l)} - I} (Cf_l + O‘A) o, (26)

13

+0A)(r — ti)| M)+
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s where M(t;), for 1 <i < K — 1, is recursively given by

M(t;) = exp chl + 0A> (t; — ti_l)] M(t;—1) +

foo [ (2 oa) o] 1} (2 oa) o

20 The initial condition M (%) is either chosen as the equilibrium solution described above or the zero

%0 vector, which corresponds to the case of all loci being monomorphic at time ¢, = 7.

261 The accuracy of the above framework depends on how fast the truncated moments ML-D} (1) con-
%2 verge to zero as D increases. In general, the truncated moments converge faster for negative than
%3 for positive o, and for instantaneous declines compared to instantaneous expansions (cf. Figure 4).
%4 For a large positive o, a higher truncation level D may be required to achieve the desired accuracy.
25 Finally, the allelic spectrum f,, ;(7), for 1 < b < n — 1, of a sample of size n taken at time 7 can be

26 obtained from the moments y;(7) via (26) and by using the relationship

fap(r) = (Z) n_zbfl(—l)l (n - ;) - 1> fi+5-1(7)- 27)

=0

27 The SFS ¢y, ,(7) at time 7 is then given by

f n b(T)
p(T) = =g (28)
Z(IL:::lL 77/7(1(7—)
268 The joint impact of a population bottleneck and selection on the SFES is illustrated in Figure 5

%0 for various points in time. As expected, negative and positive selection result in a skew of the SFS
a0 towards low- and high-frequency derived variants, respectively, when compared to a model without
on selection, across all sampling times. Moreover, this skew varies in intensity at different points in
o2 time. In the neutral demographic model (cf. Figure 5b), the relative frequency of singletons at time
213 73 is higher than at time 74, whereas under the same demographic model with negative selection
o (cf. Figure 5c¢) this relation is inverted. This is because the amount of singletons that is caused
275 by demographic forces decreases after the expansion from 73 to 74, while negative selection is still

276 increasing the low-frequency derived classes in this time interval.
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a77 Applications

a3 Here, we discuss some biologically relevant questions that can be addressed using our theoretical

a9 framework. This section consists of the following three parts:

280 1. We first consider models with negative selection and bottlenecks of medium strength at differ-
281 ent time points. We examine the SFS under such models and try to estimate the demographic
282 parameters while taking selection into account. We also carry out demographic inference
283 while ignoring selection. Whereas the former demonstrates how well the demographic and
284 selective parameters can be estimated jointly, the latter mimics the common practice of as-
285 suming genome-wide polymorphic sites as putatively neutral (due to the difficulty of jointly
286 estimating the impact of selection and demography using existing tools). We finally examine
287 the consequences of assuming a too simple underlying demography on parameter estimation.
288 2. We then analyze an African sample of Drosophila melanogaster to investigate its demographic
289 history and possible selective effects.

290 3. Lastly, we examine a model of strong exponential population growth (mimicking human evo-
201 lution) and superimpose negative selection of various strengths to understand if and when
202 selection can be inferred for such a model.

203 Throughout, the first population size change will occur after the allele frequencies have reached an

204 equilibrium according to (24).

25 Joint inference of population bottleneck and purifying selection

206 A maximum likelihood approach

207 Under the assumption that the considered sites are independent, the log-likelihood of a model
xs M given data D is log[L(D; M)] = Y7~ d;log(¢;) + constant, where d; is the observed number
200 Of sites at which the derived allele occurs 7 times in the sample, and ¢; is the probability that the
s0 derived allele occurs ¢ times in the sample at a segregating site under model M (e.g., Wooding
s and Rogers 2002). Recall that ¢; can be either obtained via the transition density function or the
sz method of moment approach.

303 Consider the bottleneck model illustrated in Figure 6. Note that the present relative size cg is
sa  fixed to 1, i.e., here the present population size is used as the reference population size N,. First,

35 we consider the scenario where the ancestral population size ¢y prior to the bottleneck is allowed

15
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;6 to vary. In this case, the model has five free parameters: c(, the initial population size; cpg, the
s population size during the bottleneck; ¢3, the duration of the bottleneck; tg = 7 — ¢, the time
38  since recovery from the bottleneck; and o, the scaled selection coefficient. We then also consider
;00 the scenario where the ancestral population size is the same as the present population size, i.e.,
30 ¢y = cg, resulting in a model with four free parameters.

311 We adopted a grid search in our estimation procedure, with ¢ € [—10,0] and cp,tp,ts €
sz [0.001,1]. For the 5-parameter model, ¢y was chosen from the range [0.01,10]. In total, 110,000
a3 grid points were chosen in the selected case and 10,000 in the neutral case. Note that the grid
s search also accounts for models of one or two successive instantaneous population expansions. For
315 the 4-parameter model, 11,000 grid points were chosen in the selected case and 1000 in the neutral

a6 case. The grid points are summarized in Table 1.

a1z Estimation of bottleneck and selection parameters
318 We first evaluated the SFS for a sample of size n = 50 in the following twelve scenarios, all with

s cg=1ando € {0,—-1/2,—2}:

320 1. Constant population size (i.e., ¢ = cg = cg = 1).

321 2. Bottleneck models with ¢y = 1/2,¢p = 1/10, tp = 1/10, and ts € {1/200,1/20,1/2}.

322 First, to test how well the demographic and selective parameters can be estimated jointly from
»s sampled data, we focused on the bottleneck demography with ¢tg = 1/20 and considered two
34 scenarios: The neutral case (o = 0) and the selected case with 0 = —2. To mimic the limited avail-
35 ability of independent polymorphic sites across the genome, we sampled 10,000 sites according to
226 the SFS for the two chosen scenarios, and repeated this procedure 200 times. For each of these
327 200 datasets, we maximized the log-likelihood over the grid of parameter values described earlier,
38 assuming (A1) neutrality when the true model has ¢ = 0, (A2) neutrality when the true model
20 has 0 = —2, (A3) presence of selection when the true model has 0 = —2, and (A4) presence of
330 selection when the true model has o = 0.

331 The estimated parameters are shown in Table 2. For inference under correct model assumptions
32 (Al and A3), the median estimates are equal to the true parameters. When selection is ignored
;33 although present in the dataset (A2), the ancestral population size (¢y) and the duration of the bot-
s tleneck () are underestimated, whereas the bottleneck size (¢5) and the time since the bottleneck
15 (tg) are accurately estimated. When the true model is neutral but the inference procedure allows

36 for selection (A4), a neutral demographic model is accurately inferred. We calculated likelihood-
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337 ratio statistics for each of the 200 datasets to compare the two nested models of selection and
;3 neutrality. The null hypothesis of neutrality can be rejected at the 5% significance level with a
339 power of 55%.

340 We further analyzed all twelve scenarios using the expected SFS directly, assuming that the
a1 amount of data is sufficiently large such that the observed SFS has converged to the expected
s value. Our goal in this case is to study the effect of model misspecification on parameter estimation;
us  specifically, assuming selection when the true model is neutral or assuming neutrality when there
aa 1S selection. In the former case, the maximum likelihood estimates always coincided with the
us true parameters. Therefore, it is useful to allow for selection in an analysis even when putatively
us neutral regions are considered. In the latter case, our results are summarized in Table 3. For a
a7 constant population size, two rather old instantaneous expansions are estimated. For the bottleneck
us  models, ignoring selection leads to the largest errors for the most recent bottleneck and o = —1/2
s and the least recent bottleneck and o = —2, for which an instantaneous expansion is estimated.
350 Interestingly, the time since the bottleneck was robustly estimated in many cases.

351 To assess the impact of assuming a slightly simplified model for parameter estimation, we car-
32 ried out an analogous study where the ancestral population size ¢y was incorrectly assumed to
33 equal the current size cg = 1, while the true model had ¢y = 1/2 and ¢g = 1. For the resampling
354 analysis, we considered the same bottleneck scenarios as before with ¢ = 0 or —2, and maximized
35 the log-likelihood values over a grid in the parameter space (as described earlier) for each of the
356 200 simulated datasets each containing 10,000 polymorphic sites. The parameter estimates are
37 shown in Table 4. The time since the bottleneck (tg) is accurately estimated irrespective of correct
38 Or wrong assumptions regarding selection. Incorrectly assuming ¢y = cg results in either an over-
30 estimation of the duration of the bottleneck (#5) in most of the cases (A1-A3) or an inference of
0 selection when o = 0 (A4). Selection was poorly estimated even under (A3).

361 Again, we also analyzed all twelve scenarios under the assumption that the observed SFS has
2 converged to the expected value, to study the effect of model misspecification on parameter esti-
33 mation. The results are shown in Table 5. The biases caused by incorrectly assuming ¢y = cg are
ss  largest for the scenario that captures the youngest bottleneck (tg = 1/200). Here, not only the
s6s  selection coefficients are strongly misestimated but also the time since the bottleneck (f5) is largely
s underestimated. In all the other scenarios, at least the time since the bottleneck (¢s) is accurately
s7  estimated. The estimation accuracy of the other demographic parameters and selection coefficient

w8 increases with bottleneck age and the concomitant decreasing impact of the ancestral population

17


https://doi.org/10.1101/014639
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/014639; this version posted February 2, 2015. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

30 size on the SFS. In summary, we note that assuming a too simplistic demographic model can lead

30 to large errors in parameter estimation.

sn  Testing a dataset of Drosophila melanogaster

372 Here, we apply our method to analyze a dataset which has been recently used to estimate the
a3 joint demographic history of several populations of Drosophila melanogaster (Duchen et al. 2013).
s The dataset consists of 12 sequences from a Zimbabwe population comprising 197 non-coding loci;
srs and within each locus there are between 1 and 41 segregating sites (3234 polymorphic sites in
srs  total). We carry out our analysis based on the bottleneck model of the previous section assuming
s77  that the current and the ancestral population sizes are allowed to differ, assuming either neutrality
srs or selection on the derived variant. Since purifying selection is assumed to be more prevalent than
39 positive selection in intronic and intergenic regions of African Drosophila, we focus on a negative
ss0 selection coefficient in our analysis.

381 We primarily use all segregating sites in our analysis. However, whereas the loci are scattered
2 over the genome with at least tens of thousands of bases apart, the sites within each locus are
33 tightly linked and hence are not independent. To study the effect of this discrepancy between the
s« theoretical independence assumption underlying our method and the data, we also try using a
335 subset of presumably independent sites by sampling one from each locus.

386 To begin with, a coarse maximum likelihood estimate of (&, ¢, ép,15,ts) = (1,0,0.05,0.1,0.1)
ss7 - was computed under the selective and the neutral bottleneck model on the parameter grid specified
;s earlier. For each model, we investigated the accuracy of this parameter estimate via parametric
;80 bootstrap, using 200 bootstrap samples each consisting of 3234 polymorphic sites. Quantiles of the
s0 MLEs from the bootstrap samples are shown in Table 6, and, e.g., the confidence interval of the
301 estimate of the ancestral population size (¢y) spans nearly the entire given parameter range.

392 This suggests to improve the parameter estimates by successively refining the grid. The param-
33 eter range of each parameter was adjusted by choosing the respective two outermost parameter
;4 estimates from the set of the 100 likeliest parameter combinations of the coarse grid. We fixed
ss the five possible ancestral population sizes ¢y € [0.5,10] (cf. Table 1) occurring in this set, and
s adopted a grid search for each of them, with ¢ € [-0.79,0], ¢ € [0.001,0.1], tg/cp € [1,5] and
37 tg € [0.05,0.224]. Besides zero, 10 values were chosen for o, 10 values for c¢p, and 30 values each
ws for tp/cp and tg, so that a total of 99,000 grid points were applied for each ¢y. The ratio of two

30 consecutive values in each parameter range is kept constant similarly to above. To focus on rescaled
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wo time tp/cp instead of tp relies on the observation that ¢tp and cp correlate strongly and has the
w1 advantage that unlikely combinations of ¢z and cp can be omitted. More values were chosen for
w2 time parameters, since these are more sensitive than the population size parameters.

403 This procedure was repeated twice, upon which the maximum likelihood value did barely
wa change. Each refined grid was based on the 100 likeliest parameter estimates, and the number
ws of different possible ancestral population sizes was also successively raised to further refine the
w6 parameter ¢g. The maximum likelihood estimates for a range of parameters ¢, and the associated
a7 likelihoods are given in Table 7. Selection is barely needed to explain the dataset and the estimated
ws bottleneck population size (¢p) has reached the smallest possible value of 0.001 over the various
w0 grid searches. Choosing even distinctly smaller values for ¢z would barely change the likelihood
a0 value anymore as long as the scaled bottleneck duration iz /ép is kept constant. The time since
a1 the bottleneck (fg) is robustly estimated over the various demographies that provide a similar like-
a2 lihood (L), whereas the estimated bottleneck duration () correlates strongly with the ancestral
a3 population size (cp). Again, for each of the various ancestral population sizes (cg), the set of the
sa 100 likeliest parameter combinations was used to obtain the parameter and likelihood ranges pre-
a5 sented in Table 8. As one can see, most parameters were sufficiently pinpointed. In Figure 7, the
a6 SFS for the most likely neutral and selective parameter estimates, which can be found in the two
a7 penultimate lines of Table 7, are compared with the observed data.

a1 Comparing the SFS obtained using our parameter estimates and the ones given in Duchen
ae et al. (2013), we obtain an improved goodness-of-fit to the observed SFS from the data. This is not
w0 surprising, since primarily statistics summarizing the SFS were used in their study. Furthermore, the
s authors allowed for different population sizes before and after the bottleneck as well but restricted
w2 the duration of the bottleneck to a somewhat arbitrary predefined value. The method in our work
»23 does not take the mutation rate explicitly into account, and thus cannot estimate the reference
24 population size. Thus it would be too speculative to date the bottleneck in calendar time and to
w5 compare our outcome to the estimate of Duchen et al.

426 To investigate the effect of linkage within each of the 197 sequence fragments in the original
27 dataset, we sampled one site per fragment to obtain a dataset consisting of 197 polymorphic sites.
w2s  We repeated this procedure 200 times and maximized the log-likelihood for each sample similarly
»0 as above. Compared to the analysis of the full dataset, the SFS computed from the median pa-
10 rameter estimate shows a poorer fit to the data. This is likely due to the strong stochasticity in

s the bootstrap resampling procedure, since the individual parameter estimates for each sample do
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132 provide a good fit despite the small number of sites considered.

433 It might be tempting to assume that the excess of high-frequency derived variants in the ob-
sa  served data might be a result of weak positive selection. Therefore, we conducted an equivalent
35 analysis as above, starting from the same grid with inverted signs for the selection coefficients.
135 However, we did not obtain estimates being plausible from a biological point of view, since the
s37  estimation procedure favours selection coefficents in the upper range of the chosen interval [0, 10].
ss  When, as in this example, an excess of low- and high-frequency derived variants is simultaneously
139 observed in comparison to a standard neutral model, unrealistically large estimates for o are needed
mo to explain the data. Positive selection on its own (and of some appreciable strength) causes a de-
a1 cline of low-frequency derived variants and an excess of high-frequency derived alleles, whereas
w2 an expansion (as embedded in the bottleneck model) acts vice versa. Therefore, both forces have

w3 to severely counteract each other so that the requirements of both ends of the SFS can be met.

1 A model of human exponential population growth

s We now demonstrate the utility of our method to investigate population size histories containing
us epochs of exponential growth in combination with selection. To this end, we adopt the following
a7 demographic history of a sample of African human exomes that has been estimated by Tennessen
wg et al. (2012) as a modification of a model by Gravel et al. (2011). The population had an ancestral
uo size of 7310 individuals until 5920 generations ago (assuming a generation time of 25 years),
ss0 When it increased instantaneously in size to 14,474 individuals. After this increase, the population
1 remained constant in size until 205 generations ago, when it started to grow exponentially until
ss2  reaching 424,000 individuals at present. The relative population size function for this model can
»s3  be described by
1, t <0,

p(t) =A< e, 0<t<te, (29)

cexplR(E—1.)], t.<t<T,

ss4 where c is the ratio of population sizes after and before the instantaneous expansion, which can be
»s5  dated arbitrarily, so we set the time of this expansion to zero. R is the scaled exponential growth
w6 rate, t. is the time at which the expansion started, and 7 is the time of sampling (the present).

ss7  Times are given in units of 2V, where the reference population size N, is the initial size before
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i3 time zero (the ancestral size). Since the theoretical framework presented above assumes a history
0 of piecewise constant population sizes, the phase of exponential growth in this model has to be ade-
w0 quately discretized to obtain a suitable piecewise approximation. The following piecewise function

w1 can be chosen to approximate the exponential growth phase via a geometric growth function:

1, t<0,
qt) =1qe, 0<t<t, (30)
(146", t; <t <ti,

w2 with times ¢; = t. +log [(1 +6)"'(2+6)/2] /R, i =1,...,i,. Here, the number of population size

w3 changes during the phase of exponential growth is given by

- {R(T —te) —log (6/2 + 1)J 41
log(6 + 1)

wa Varying the growth rate ¢ determines the number of discretization intervals used.

465 The SFS (28) of the discretized version is obtained straightforwardly from (26) and (27). For
w6 the demographic parameters given above, we computed the SFS for various sample sizes up to
s7 200 and we used § = 1/4, which was chosen large enough to provide reasonable fast computation
w8 times but sufficiently small to provide a good approximation of the exponential growth model. In
w0 the neutral case, the goodness of the approximation can be verified via the explicit solution of
w0 the SFS (Zivkovi¢ and Stephan 2011), which can be applied to the continuous and the discretized
sn model. As shown in Figure 8a, where a sample size of n = 200 is chosen, the spectra of both
a2 continuous and piecewise-constant models agree very well with each other; the percentage error is
a3 0.57% based on the [?>-norm, while the Kullback-Leibler divergence is about 1.76 x 1077,

ata Using our method, selection can then be incorporated into the piecewise-constant population
a5 size model. The effect of various negative selection coefficients (scaled with respect to the ancestral
s7s  population size) is illustrated again for sample size n = 200 in Figure 8b, and the same trend can
a7 be observed for smaller sample sizes as well. It is probably not surprising that the resolution in
as  distinguishing the selective and the neutral model rises with 0. More interestingly, differences
s between the neutral and the selective models are apparently more pronounced among derived
w0 alleles in intermediate- to high frequency. Therefore, for large datasets where intermediate to high-
w1 frequency derived alleles are present in sufficient numbers, one may focus more strongly on these

a2 allelic classes than on low-frequency derived ones for the statistical analysis of purifying selection.
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.53 Discussion

sa  Already in the early days of population genomics, several studies in various species (e.g.,Glinka
w5 et al. 2003, Williamson et al. 2005) have revealed that both natural selection and demographic
s forces have shaped the patterns of polymorphism in modern samples of DNA sequences. However,
s7  most inference methods relied on computer simulations and the usage of statistics that have been
s3  designed to detect deviations from neutrality assuming a constant population size (e.g., Glinka
s0 et al. 2003). More elaborate approaches utilized the transition density function that describes
w0 allele frequency changes over time, where most methods solved the underlying diffusion equation
w1 numerically employing discretization schemes (e.g., Williamson et al. 2005, Zhao et al. 2013).
w2 Besides several issues that may arise in such purely numerical frameworks, only the simplest models
w3 of a single population size change have been considered in these studies. Recently, Song and
a4 Steinriicken (2012) developed a more analytical approach that provides the spectral representation
a5 of the transition density for a model that includes general diploid selection and recurrent mutations
w6 under a constant population size.

497 In this article, we extended their solution for the case of genic selection to an arbitrary number
w8 of instantaneous changes in population size. First, we obtained a rescaled version of the spectral
w0 representation of the transition density function for a single time period during which the popu-
s0 lation size differs with respect to a reference size. Combining the transition densities for single
s0 time periods over arbitrarily many time points of instantaneous population size changes yields the
se2 transition density function for such a multi-epoch model with genic selection.

503 The transition density function has been employed to obtain the SFS. However, explicit knowl-
s« edge of the transition density function is not required for the computation of the SFS. We revisited
sos and simplified a method by Evans et al. (2007) who expressed the allele frequencies in terms of
s6 their moments. Their method requires that a system of ordinary differential equations is solved nu-
sov merically. They employed a finite difference scheme to tackle a model of strong exponential growth
sos  with genic selection. We simplified this approach starting from a model of a constant population
so0 Size, to which instantaneous population size changes were recursively added. The numerically
s10  obtained result at the end of a certain epoch is used as the initial condition of the subsequent
su time phase. This simple procedure allows us to consider numerous population size changes and
siz offers fast computations with little loss in accuracy. We have shown that even a model of strong

513 population growth can be well approximated.
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514 The transition density function with variable population size can be incorporated into a hidden
sis Markov model framework (cf. Steinriicken et al. 2014 for a constant population size) to analyze
si6  time series genetic data. However, in this article we focused on several biological questions that can
517 be investigated using the SFS, and treat the time series application in a separate paper. We first ad-
513 dressed the joint estimation of bottleneck and selection parameters from polymorphism data within
s10 a2 maximum likelihood framework. This approach can be applied to simultaneously infer selection
s20 coefficients and the parameters of a model of instantaneous population size changes. The impor-
sn  tance of methods that allow to estimate selective and demographic parameters jointly becomes
s> particularly apparent in large populations for which the scaled selection coefficient, o, can take
s23  considerable values across large regions of the genome, so that demography and selection cannot
s be estimated independently. Although selection is known to act either positively or negatively and
s»s  with different strengths across the genome, a constant selection coefficient has been applied in our
s2 approach. A constant selection coefficient can either be interpreted as a genome-wide average, or,
s> more realistically, as the selection strength of a certain functional class, among which the coeffi-
s;s cients should not vary greatly. This argument particularly applies to the Drosophila example for
s20  which intronic and intergenic loci were sequenced and used for the parameter estimation.

530 For the first part of Applications, we generated data for the estimation procedure by sampling
531 a large number of sites from the SFS of a bottleneck model varying the strength of selection. We
s2  assumed the same and also a slightly less complex model with five and four free parameters, re-
533 spectively, for the parameter estimation. We demonstrated that our method can accurately estimate
s the parameters in the majority of the bottleneck scenarios, but less so, when the simpler model is
535 assumed. The time since the bottleneck was retrieved in most of the cases even when assuming the
53 simpler model. It is interesting to note that even when the datasets simulated with selection are an-
537 alyzed assuming neutrality, the time since the bottleneck was quite robustly inferred except for the
s3s  briefest one being estimated under the simpler 4-parameter model. This result is quite promising
53  with respect to the many published demographic estimates that have been obtained assuming neu-
se0  trality, because the time since the last demographic change might not be subject to major changes.
s However, this result has to be investigated further in more realistic models that also include phases
s.2  of exponential growth, which can be studied based on our results as well. Our results encourage
53 the application of rather complex than too simple demographic models anyway.

544 In the African Drosophila sample, no or barely any negative selection was inferred, which might

sss  simply be a result of well chosen neutral markers that barely experienced selection. Furthermore,
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se6 it turned out to be difficult to pinpoint in particular the ancestral population size and the duration
sz Of the bottleneck, whereas the time since the bottleneck was robustly estimated. From a theoretical
sss  point of view, Bhaskar and Song (2014) have recently obtained sufficient conditions for the iden-
se0  tifiability of piecewise-defined demographic models under neutrality using the expected frequency
ss0  spectrum; the identifiability of demographic models combined with selection is an interesting fu-
ss1 ture research question. However, one has to keep in mind that the estimates were obtained from
ss2  partly linked loci of a small sample of chromosomes and that taking a subset of independent loci to
553 meet the theoretical assumptions result in relatively small datasets showing large variance in the
s5¢ - estimates.

555 We finally analyzed an example of exponential human population growth (Tennessen et al.
556 2012) to see the effect of purifying selection in the context of this model. As illustrated in Figure 8b
ss7  for a sample of size 200 and various selection coefficients, intermediate- and high-frequency derived
sss  variants are more affected by exponential growth and negative selection than the low-frequency
550 derived ones. A plausible reason is that both exponential growth and negative selection enforce an
seo increase of low-frequency derived variants until these classes are saturated and their impact can
ss1 rather be observed in the complimentary high-frequency allelic classes. In general, this example
s62 illustrates nicely that even more elaborated models that include various phases of exponential
s63 growth and population declines can be computationally efficiently treated via an appropriate dis-
sea cretization of phases of continuous population size change, using the methods presented in this

565 Ppaper.
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652 Appendix. Derivation of (12)

es3 Here, we derive the expression shown in (12). Using (2), (5), and (7), note that

1 1
2czcrz ) )
/7Tz ()@ (2)dz = / 1-2) Z“nka Z U T (2)d
0 0

crz(cz—cl+1

1
- Z Z Un U ;::ll / = Gr(2)G(2)dz. (A1)
0

Citl 120 1=0

e« Without loss of generality, assume ¢; # ¢; 1. (If ¢; = ¢;11, the integral in (A.1) is trivial to evaluate
ess using orthogonality) Since z71(1 — 2)7'Gy(2)G(z) is a polynomial of order k + [ + 2, its jth
ess derivative vanishes for j > k + [ + 3. Using integration by parts recursively k& + [ + 2 times, we

657 obtain

/ eoz(ci—Cit1) ktlt2 ) eoz(ci=cit1) o Gr(2)Gi(2) 1
0/ g GBGEE= ) (Y [[a<cz-—ci+1>]j+1%{ (1 2) }]0

J=0

ess  Note that the summand for ;7 = 0 in the previous equation is equal to zero and will be omitted in

es0 the remainder. Since Gy (1 — z) = (—1)¥Gy(z), we have

)

z=1

& {Gk( )Gz(Z)}

. ja_j Gk(Z)Gl(Z)
az] (1 — Z) _ (_1)k+l+ { }

R 0z 2(1—2)

es0 SO that

1

/ eaz(cz-—cm)%flz(;)dz - k§2(—1)j 60({0_(;_) ;fl}ﬁilﬂ (%jj {%} e
5 -
st The modified Gegenbauer polynomials are defined as
Gn(z)=—2z(1—2)(n+1) 2F(—n,n+3;2;1 —x),
o2 Where oFi(a,bjc;z) = ;0 agby/ch#’ /it is the Gauss hypergeometric function,
j

03 dioy =1,and d;) =d(d+1)--- (d + 7 —1), 5 > 1. Applying this definition, we obtain
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2 {Gk(Z)Gz(Z)}

il N (u k+3)(u) (=D (I +3)w
927 | 2(1—2) = (k+Di+1) ZZ

|
2=1 o o 20"

J
Xi {Z(l _ Z)u-i-v—i-l} ‘221

s« Note that the sums are finite, since (—a)@) = 0 for integers a < b. It is simple to show that

(-5,  j=u+tv+1,

z=1 - (_1)j_1j!7 J=u+v+2,

0, otherwise.

665 By applying this result we obtain, after some algebra,

ﬁ{w} = kD D)k 20+ 1)

027 | z(1—2)

z=1

«( ]HZ )(j—r—2)(k 4+ 3)(j—r—2) (=Dl +3)()
2(j—r—2) 2(r)

/<;+1”Z1 G+ + 2+ —7)
[+2 7"(7’+1)(j—r)(j—r—1)!(l—r)!(k—(j—r—2))!

S0 e

s Finally, combining (A.3), (A.2), and (A.1) yields the desired result.
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Figure 1 Convergence of the eigenvalues AL with increasing truncation level D for (a) a constant popu-

lation size (¢; = 1), (b) a large population (¢; = 10) and (c) a small population (¢; = 1/10). The eigenvalues
are plotted for three values of n and a scaled selection coefficient of o = 100 in each panel.
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Figure 2 Transition densities for various transition times 7 and a fixed selection coefficient 0 = —1. In all
cases, we set x = 1/2 and D = 100. (a) A single-epoch model (K = 1), a constant population size with
¢o = 1 (b) A two-epoch model (K = 2), with an instantaneous expansion (¢ = 1,¢; = 10, t; = 7/2). (c)
A three-epoch model (K = 3), with a population bottleneck followed by an expansion (¢p = 1,¢; = 1/10,
Coy = 10, tl = 7'/4,t2 = T/2)
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Figure 3 Transition densities for various selection coefficients o and a fixed transition time 7 = 1/2. In all
cases, we set x = 1/3 and D = 100. (a) A single-epoch model (KX = 1), a constant population size with
co = 1. (b) A two-epoch model (K = 2), with an instantaneous expansion (¢y = 1,¢; = 10, t; = 7/2). (c)
A three-epoch model (K = 3), with a population bottleneck followed by an expansion (¢p = 1,¢; = 1/10,
Coy = 10, tl = T/4,t2 = 7/2)
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Figure 4 Convergence of the moments ML-D] (1) as j increases, with D = 500, 7 = 1/4 and ¢ = 10. The

moments are in equilibrium until time zero, when the population size is either kept constant to ¢ = 1 or
instantaneously changed to ¢ = 10 or ¢ = 1/10.
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Figure 5 (a) The relative population size, p(t), is initially 1 and changes instantaneously to 1/10 and 5 at
times 6/10 and 9/10, respectively. The SFS of a sample of size 20 are plotted for this demography (b) without
selection, (c) negative selection of = —2 and (d) positive selection of o = 10. The times of sampling are
illustrated in (a) and the bars are accordingly displayed from the left to the right.
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Figure 6 The population is constant in size before being instantaneously changed to relative size cp at time

zero. Then, another jump to relative population size cg follows at time ¢p, before a sample is taken at time
T=1tp+1s.
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Figure 7 (a) SFS for the observed data and the most likely selective and neutral parameter estimates from
left to right.
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Figure 8 (a) Log-log plots for the SFS of the continuous and the discretized version of the estimated human
African demography and neutral evolution. (b) Log-log plots for the SFS of the discretized version under
various selection coefficients. The selection coefficients in the legend are ordered from top to bottom accord-
ing to the function values of the high-frequency derived alleles. The sample size is given by n = 200 in both
subfigures.
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Table 1 Grid values chosen for each parameter in our optimization procedure

o 0.011 0.023 0.05 0.1 0.224 0.5 1 2.154 4.642 10
o —10 —5.848 —3.420 -2 -1260 -0.799 -05 -0.292 -0.171 -01 O
cB 0.001 0.0022 0.005 0.011 0.023  0.05 0.1 0.224 0.5 1
tB 0.001 0.0022 0.005 0.011 0.023  0.05 0.1 0.224 0.5 1
ts 0.001 0.0022 0.005 0.011 0.023  0.05 0.1 0.224 0.5 1

The underlying bottleneck model is illustrated in Figure 6. Grid values ¢y > cp are considered for the 5-
parameter model, whereas ¢y = cg in the 4-parameter model. The grid values for the remaining parameters
are applied in both scenarios. The ratio of two consecutive values remains constant between (and including
the) two subsequent bold entries.
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Table 2 Parameter estimation results based on 10,000 sampled sites

True parameters 05 Oor—-2 01 0.1 0.05

5% 0.5 0.1 0.1 0.05
(A1) Median 0.5 0.1 0.1 0.05
95% 0.5 0.1 0.1 0.05
5% 0.22 0.02 0.005 0.05
(A2) Median 0.22 0.1 0.05 0.05
95% 0.22 0.1 0.05 0.05
5% 0.22 —2 0.05 0.01 0.05
(A3) Median 0.5 -2 0.1 0.1 0.05
95% 0.5 0 0.1 0.1 0.05
5% 0.5 —-0.5 0.1 0.001 0.05
(A4) Median 0.5 0 01 0.1 0.05
95% 2.15 0 0.1 0.1 0.05

SFS were computed for the true parameters and the demography illustrated in Figure 6 (¢o = 1/2, ¢cs = 1).
Then, 10,000 sites were sampled according to the SFS of the neutral and the selective scenario, and this
procedure was repeated 200 times each. The log-likelihood values were maximized over the parameter
spaces as specified in the main text, and the table reports the median, the 0.05 and the 0.95 quantiles. The
four cases correspond to assuming (A1) neutrality when o = 0, (A2) neutrality when o = —2, (A3) presence
of selection when o = —2, and (A4) presence of selection when o = 0.
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Table 3 Parameter estimation results based on the expected SFS assuming neutrality when the true model
is under selection

Selection coefficient o=-1/2 o=-2
Demographic model (¢o,¢B,tB,ts) (¢o,¢B,tB,1s)
Constant population size (0.500,1.00,1.10 — tg, ts ) (0.100,1.000, 0.523 — tg, tg )

Bottleneck with tg = 1/200 (0.224,0.05,0.05  ,0.002) (0.224,0.100,0.050  ,0.005)
Bottleneck with tg = 1/20 (0.500,0.10,0.10  ,0.050) (0.224,0.100,0.050 ,0.050)

Bottleneck with tg = 1/2 (1.000,0.05,0.10  ,0.500) (0.100,1.000,0.324 — g, ig )

SFS were computed for the following demographic scenarios and selection coefficients. In terms of the
demography, either a constant population size was assumed, or a bottleneck model according to Figure 6
with parameters ¢ = 1/2, ¢cg = 1/10, ¢s = 1, tg = 1/10 and tg = 1/200, 1/20 or 1/2. The selection
coefficients are o = —1/2 and —2. The parameter estimates were obtained according to the procedure and
the parameter spaces described in the main text and by assuming neutrality in each case. In the first row,
and in the forth row, second column, we obtained ¢z = 1, i.e. an instantaneous expansion occurs as the only
size change f + s before sampling.
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Table 4 Parameter estimation results based on 10,000 sampled sites when the ancestral population size ¢
is incorrectly assumed to equal the current size cg, while the true model has ¢p = 1/2 and ¢g = 1.

Q>
)
s+]
~
s+]
~
nn

€o

True parameters 05 Oor—-2 01 01 0.05

5% 0.1 022 0.02
(A1) Median 0.1 022 0.05
95% 0.22 0.5 0.05
5% 0.1 022 0.05
(A2) Median 0.1 022 0.05
95% 022 1 0.05
5% -0.79 0.1 022 0.05
(A3) Median -0.79 0.1 022 0.05
95% -0.5 0.1 022 0.05
5% —1.26 0.01 0.01 0.05
(A4) Median —1.26 0.05 0.05 0.05
95% -0.79 01 01 01

SFS were computed for the true parameters and the demography illustrated in Figure 6 (¢o = 1/2, ¢cs = 1).
Then, 10,000 sites were sampled according to the SFS of the neutral and the selective scenario, and this
procedure was repeated 200 times each. The log-likelihood values were maximized over the 4-parameter
space (where ¢y = cg is assumed), and the table reports the median, the 0.05 and the 0.95 quantiles. The
four cases correspond to assuming (A1) neutrality when o = 0, (A2) neutrality when o = —2, (A3) presence
of selection when o = —2, and (A4) presence of selection when o = 0.
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Table 6 Parametric bootstrap results for the Drosophila melanogaster data

Q>

Co CB tB tS

MLE 0 1 0.05 0.1 0.1

—-0.794 0.5 0.002 0.002 0.1

0,
>% 0.5 0.023 0023 0.1
Median —0.171 1 0.050 0.100 0.1
1 0050 0.100 0.1
959% 0 10 0.050 0.224 0.1

10 0.100 0.224 0.1

The demographic history was estimated with and without selection for the demographic model illustrated in
Figure 6 for the entire dataset of 3234 polymorphic sites. The estimation procedure is described in the main
text. The estimated parameters given at the top of the table were used to generate 200 frequency spectra
consisting of 3234 polymorphic sites each for the neutral and the selective model, respectively. We estimated
the neutral demography for each neutral subsample and the demography with selection for each selective
dataset, before the median, the 0.05 and the 0.95 quantiles were evaluated.
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Table 7 Estimated parameters and their likelihoods for the Drosophila melanogaster data for fixed values

of cg

co G ¢n i ts L

1.00 0 0.001 0.0015 0.1566  —5963.888
1.67 0 0.001 0.0020 0.1614  —5963.208
2.45 0 0.001 0.0024 0.1647  —5963.027
3.59 0 0.001 0.0028 0.1614  —5962.965
4.08 0 0.001 0.0029 0.1638  —5962.924
599  —0.007 0.001 0.0032 0.1655  —5962.913
6.81 —0.005 0.001 0.0034 0.1655  —5962.902
774 —0.002 0.001 0.0035 0.1655  —5962.890
8.80 0 0.001 0.0037 0.1638  —5962.884
10.0  —0.007 0.001 0.0038 0.1647  —5962.894

The demographic history was analyzed with and without selection for the demographic model illustrated
in Figure 6 for the entire dataset of 3234 polymorphic sites. The maximum likelihood estimates and their
likelihood values L were obtained for various predefined ancestral population sizes and based on a gradually
refined grid as described in the main text.
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Table 8 Parameter ranges of the most likely estimates for the Drosophila melanogaster data for fixed values

of cg
o & én tp/ép ts L
1.00 [-0.010,0] [0.001,0.0026] [1.49,1.49] [0.1541,0.1591] [—5963.926, —5963.888]
1.67 [—0.007,0] [0.001,0.0021] [2.00,2.00] [0.1598,0.1630] [—5963.233, —5963.208]
2.45 [-0.010,0] [0.001,0.0018] [2.37,2.37] [0.1622,0.1663] [—5963.050, —5963.027]
3.59 [-0.015,0] [0.001,0.0026] [2.74,2.77] [0.1598,0.1680] [—5962.981, —5962.965]
4.08 [—0.007,0] [0.001,0.0021] [2.89,2.89] [0.1622,0.1663] [—5962.949, —5962.924]
5.99 [-0.015,0] [0.001,0.0021] [3.25,3.25] [0.1622,0.1688] [—5962.939, —5962.913]
6.81 [—0.010,0] [0.001,0.0021] [3.38,3.38] [0.1622,0.1688] [—5962.926, —5962.902]
7.74 [—0.007,0] [0.001,0.0018] [3.52,3.52] [0.1622,0.1680] [—5962.912, —5962.890]
8.80 [—0.003,0] [0.001,0.0026] [3.66,3.66] [0.1614,0.1655] [—5962.914, —5962.884]
10.0 [—0.022,0] [0.001,0.0026] [3.71,3.75] [0.1614,0.1688] [—5962.927, —5962.894]

The demographic history was analyzed with and without selection for the demographic model illustrated in
Figure 6 for the entire dataset of 3234 polymorphic sites. The set of the 100 likeliest parameter combinations
was respectively estimated for various predefined ancestral population sizes and based on a gradually refined
grid as described in the main text. From this set, the two outermost estimates were chosen for each single
parameter and for the likelihood value L to obtain the outlined parameter ranges.
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