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of subunits
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Self-assembling filamentous structures made of protein subunits are ubiquitous in cell biology.
These structures are often highly dynamic, with subunits in a continuous state of flux, binding to
and falling off the filament. In spite of this constant turnover of their molecular parts, many
cellular structures seem to maintain a well-defined size over time, which is often required for
their proper functioning. One widely discussed mechanism of size regulation involves the cell
maintaining a finite pool of protein subunits available for assembly. This finite pool mechanism
can control the length of a single filament by having assembly proceed until the pool of free
subunits is depleted to the point when assembly and disassembly are balanced. Still, this leaves
open the question whether the same mechanism can provide size control for multiple filamentous
structures that are assembled from a common pool of protein subunits, as is often the case in
cells. We address this question by solving the steady-state master equation governing the
stochastic assembly and disassembly of multi-filament structures made from a shared, finite pool
of subunits. We find that, while the total number of subunits within a multi-filament structure is
well defined, individual filaments within the structure have a wide, power-law distribution of
lengths. We also compute the phase diagram for two multi-filament structures competing for the
same pool of subunits and identify conditions for coexistence when both have a well-defined
size. These predictions can be tested in cell experiments in which the size of the subunit pool or

the number of filaments with a multifilament structure is tuned within a cell.
l. Introduction

Actin and tubulin are nanometer sized proteins that polymerize in cells to form filaments that are
hundreds of nanometers to microns in length. These filaments often associate with other proteins
to form larger structures that perform critical roles in cell division, cell motility, and intracellular
transport.2 They are highly dynamic, namely they experience a high turnover rate of their

constitutive protein subunits.*® Despite this, in order to function properly some of these
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structures (e.g., the mitotic spindle, or actin cables in budding yeast>®) must maintain specific
and well-defined sizes. Because these structures are assembled through a series of stochastic
binding and unbinding events, the number of subunits in a structure is not uniform in time or
within a population. Therefore, a structure with a well-defined size is one for which the
distribution of the number of subunits it contains is sharply peaked at a non-zero value, or in
other words for which the fluctuations in their size over time, or over a cell population, are small

compared to the mean size.

Many mechanisms for size regulation have been proposed based on careful experiments on cells
and on reconstituted cellular structures in vitro.” One method is to maintain a finite number of
subunits within the compartment in which the structure is being assembled from the limited pool
of subunits.® Experimental evidence suggests that this mechanism is important in regulating the
size of the mitotic spindle,® as well as the size of nucleoli in a developing embryo.%° In this paper
we develop a simple model of stochastic assembly and disassembly which we use to study this
mechanism of size control in quantitative detail, with the ultimate goal of making testable

predictions for future experiments.

The key assumption of the limited subunit-pool model is the presence of a constant number of
subunits in a cell of constant size. Also inside the cell are nucleation sites for filament assembly;
Figure 1(a). Within a single multifilament structure all the nucleation sites are equivalent, i.e.,
they all produce the same rate of filament assembly; Figure 1(c). We assume that the number of
nucleation sites is constant within a single structure and that filaments only assemble at these
sites; Figure 1(d). Note that this is a key difference with previously studied models of “living
polymers” where it is assumed that subunits can freely associate with each other in solution to
form filaments;* this rarely, if ever, happens in cells.*? The rate of monomer addition to a
filament in a structure depends on the number of free subunits in the cell, or generally the
compartment in which the structure is being assembled. As structures grow they deplete the cell
of subunits and their growth rate slows. Eventually the growth rate matches the rate of subunit
dissociation and a steady state with a constant average size is reached; Figure 1(b). The
stochastic nature of the assembly process leaves open the question: how large are fluctuations in

size around the average? In other words, does the structure have a well defined size or not?
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This model has been well characterized when there is only one filament assembling at a
nucleator. A closed form solution for the distribution describing the length of a single filament is
easily computed using detailed balance. Depending on the values of the parameters that define
the system it is possible to obtain length control of a single filament using this model.*®
However, cytoskeleton structures in cells typically consist of many crosslinked and bundled
filaments all made from the same protein subunit (e.g., actin or tubulin). Also, a single type of
protein subunit may be used in the construction of a number of different structures depending on
the regulatory proteins that associate with the filaments that make up the structure. Associated
regulatory proteins include but are not limited to nucleators that act as sites for filaments to form
(such as the Arp2/3 complex), elongators that increase the assembly rate of a filament (e.g.
formins), cross-linking proteins that determine the topology of the structure (including a-actinin,

filimin, and fimbrin), and degradation proteins that facilitate disassembly of filaments
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(cofilins).}*1> These observations motivate the key question we address herein, namely can a

limited pool of subunits be used to regulate the size of multifilament structures?
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Fig. 1: The finite subunit pool model. (a) A cartoon of filament assembly and disassembly for a single filament in a fixed volume
(green box) containing a pool of N;,, subunits. We assume that filaments are assembled only at the nucleator. (b) Rate of
assembly and disassembly as a function of the filament length for a single filament being assembled from a pool of subunits
whose total number is Nq,; n*is the filament length in steady state when assembly and disassembly match up. (c) One
multifilament structure (bounded by the dashed red line). All of the nucleators in the structure are identical and have assembly
dynamics described in part a. (d) Two multifilament structures in a common pool of subunits. Each structure is assembled by
only one type of nucleators; the purple nucleators are characterized by different rate of assembly and disassembly than the orange

ones.

Il. Methods and Theory


https://doi.org/10.1101/042184

bioRxiv preprint doi: https://doi.org/10.1101/042184; this version posted March 2, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

We consider a cell with N¢,, subunits and N nucleators. Filaments can only assemble at the

nucleators; Figure 1(c) and 1(d). Thus the filament associated with the i*® nucleator can be

referred to simply as the i*® filament. The i*® filament has a length n;, an assembly rate r; =

ri’(Nmt - Z]l.ifln-), and a disassembly rate y;. P(n;; t) is the probability that the i™" filament has
length n; at time t. Note that P(n;; t) is a marginal distribution of the joint distribution
P({n;}; t). P({n;}; t) is the probability for the entire system to be in a state specified by the

lengths of all the filaments, {n;} = {ny,n,, ..., n;, ...,an} at time t. The joint distribution

P({n;}; t) is the solution to the master equation

dP({dT;i};t) — Z?I:fl [r], (Ntot +1- Zgﬁlnk) P({ni:&j:nj -1} t)
+v; P({niij,nj + 1} t) (1)

’ N
—P(n}6) (1 (Neor = Z L) = ;)|
which simply enumerates all the changes in length that occur due to the elementary processes of
subunit addition and removal shown in Figure 1(a).

The rate of subunit turnover is typically fast compared to the lifetime of many structures,*%” and
we therefore solve Eq. 1 at steady state, when the probability distribution becomes stationary in

time, i.e. the time derivative in Eq. 1 is zero:

0 = Z?Zl [Tj' (Ntot +1- Zgilnk) P({nizj,m; — 13)
+v; P({niij,nj + 1}) . 2
—P({n;}) (7}" (Ntot - Z,’Zilnk) - Yj)]

Here P({n;}) without the explicit dependence on t is the steady-state probability of finding the
system in a state {n;}. Similarly, P(n;) will refer to the probability distribution of the i*"
filament having length n; in steady state. In order to solve Eq. (2) for P({n;}) it is helpful to
rewrite it in the following manner:

Ng
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Eqg. (3) is a system of linear equations. To solve for P({n;}) we must also consider three

additional constraints. First, if for any filament we have n; < 0 then P({n;.;,n; < 0}) =0, i.e.
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filaments do not have negative length. Likewise, if the total number of subunits in all filaments is

greater than the total number of subunits in the cell, Z?':flni > Neoe, then

P ({ni|Z?’=flni > Nmt}) = 0. Finally, we have normalization of the probability distribution,

Zini}P({ni}) = 211\11?:0 11\1150:0 e ot P({n})=1. 4

an=0

Eq. (3) maps to a well-known problem in queuing theory®® for which the solution is known to be

in product form:

“751 r;/ j N
P({n}) = % (5)

The quantity v can be computed from the normalization condition given in Eq. (4):

N r( nj
l_[j=f1< ]/Vj>

(Ntot_Zf’:fl ni)!

V= ZETLL'} (6)
It’s a simple matter to check our solution by substituting Eq. (5) back into Eq. (3) and (4). Since

Eq.(3) are linear in P({n;}) we know that our solution is unique.

Next we compute the distribution for the sizes of structures made up of filaments; see Figure 1(c)
where we illustrate two structures each consisting of a number of filaments. This distribution can
be constructed from Eq. (5). Because each individual structure has only one type of nucleator
associated with all the filaments then all filaments in a given structure have the same values of
the assembly and disassembly rates, ;' and y;. To differentiate structures from filaments we use
Latin letter subscripts to denote filaments and Greek letter subscripts to denote structures. For
each structure we define kp, ; = y,/r; where r; and y,are the assembly and disassembly rates for
the filaments in A™ structure, and a; is the total number of nucleators/filaments associated with
the A™ structure. Kp,, I the critical number of free subunits for a filament within the structure 4,
for which the rate of assembly and disassembly are equal, r; (Ntot — KD,A) = y;. The critical
number kp, , is also a dimensionless dissociation constant and related to the true, chemical
dissociation constant K, ; (in molar units) for the chemical reaction of subunit addition to a

filament shown in Figure 1(a), Kp s = kp 1/ (Navagadro * Vcei); hereé Nayagadro is Avogardo’s
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number and Vi, is the volume of the cell (in liters). The total number of subunits in the A™
structure is denoted N; = Z;n; where j enumerates the filaments in the A% structure; N, is the

measure of the A™ structure’s size that we adopt and the sought distribution of structure sizes is

P({N D).

P({N,}) is the sum of P({nj}) over all states {n;} that correspond to a state {N, }. For each {n;}
corresponding to a particular {N;} we have the same number of free subunits. Also, while the
values of each n; may vary between different {n;} we know that all n; corresponding to a
particular N; have X;n; = Nj. Thus we can rewrite Eq. (5) in terms of N; and «p ;.

P =5 G 0

Ntot—Z;Vil NA)!’
where Nis the number of structures in the cell (e.g., N; = 2 in Figure 1(d)).

From Eq. (7) we see that the sum P({n;}) over all {n;} corresponding to a given {N;}, which
gives the sought P({N,}), has a constant summand. Hence to complete the sum we only need to

count the number of states {n;} that correspond to a fixed {N;} and then multiply that by the right

hand side of Eq. (7). The solution to this counting problem is the binomial coefficient (Nﬂa;ﬁﬂl_l)

where a; is the number of filaments within the structure A. Finally we obtain for the distribution
of multi-filament structure sizes in steady state

Ns (Nj+ay-1 K—Nu

P({N;}) == (" o . 8)

v (Nmt—zﬂil Nu)!

I1l. Results

Eqg. (5) and (8) are exact, closed-form steady-state distributions for the lengths of multiple
filaments, and the sizes of multi-filament structures, all competing for the same finite pool of
subunits. There are two special cases of Eq. (8) that are of particular interest given the kinds of

structures that are found in cells. The first is a single multifilament structure (e.g., mitotic


https://doi.org/10.1101/042184

bioRxiv preprint doi: https://doi.org/10.1101/042184; this version posted March 2, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

spindle), and second is two competing multifilament structures (e.g., actin patches and actin

cables in yeast). We examine each of these cases below.
Single Multifilament Structure

The single structure case is represented in our model by setting Ng = 1 in Eq. 8:
PN) == (Y2471 Gl (Neoe — NOY) 9)

here N denotes the size of the structure, and « is the number of filaments/nucleators within this
structure. This case also allows for a more concise formula of the normalization constant v in

terms of special functions:
v=kp*U(a Neor + @+ 1,kp)/Neot! (10)
where U(a, b, z) is Tricomi’s confluent hypergeometric function.*®

The marginal distribution P(n;) for the length of a single filament in this multi-filament structure

comprised of a filaments is:

—(n;+1 Ntot!  U(a—1,Ngor+a—nikp)
P(Tll) — K.D( i ) 0 0 1
(Ntot—ni)! U(a,Ntot+a+1,xD)

(11)

For n; < N;,; — kp there is a simple approximate form for this distribution P(n;)/P(0) «

((Npoe — kp — 1)/ (Neor — k)% 2, which we compare to the exact expression in Figure 2.

We conclude that the filaments in a multifilament structure whose size is controlled by a finite
pool of assembling subunits have a broad, power-law distribution of lengths. The power is given
by the number of filaments in the structure (which is controlled by the number of nucleating
centers) less two. A broad (fitting an exponential) distribution of microtubule lengths was
recently measured for spindles assembled in frog extracts,? in qualitative agreement with our
findings. Clearly much more work needs to be done to make a more meaningful comparison with

the theory presented here and experiments such as this.
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Fig. 2: Exact and approximate (asymptotic) formulas for the length distribution filaments in a multi-filament structure. Full lines
correspond to the exact formula, Eq. (11), while the dashed lines are the asymptotic formula for a large number of subunits

((Neor — kp — 1)/ (Neor — 1cp))* 2. Differences between the two formulas are not visible on a linear plot which is why a log-
log plot is shown here.

Two Multifilament Structures

We examined the distribution of sizes of two structures each consisting of a number of filaments
using Eq. (8) for a variety of model parameters. In Figure 3 we illustrate our results when we
vary the number of filaments within a structure («;) and the dimensionless dissociation constant
for the filaments within a structure (xp, ;). For each of the two structures there are two possible
outcomes depending on the values of the model parameters: either the structure has a well-
defined size (illustrated in Figure 3 with a blue filament associated with a nucleator), meaning
that the steady state distribution of the number of monomers within that structure is peaked
around a non-zero value, or the distribution of sizes is monotonically decreasing with zero being
the most likely size (illustrated in Figure 3 with a nucleator devoid of filament). Notably, we find
regions of parameter space where the two structures both with a well-defined size can coexist.
This proves that the finite subunit pool mechanism is capable of controlling the size of multiple

multi-filament structures.
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Fig. 3: Phase diagrams for two multifilament structures. Blue regions correspond to parameter values for which the size of
structure one is well defined, but not so for structure two. The orange region is when structure two has a well-defined size and
structure one does not. In the red region neither structure has a well-defined size, and in the green region both structures have
well-defined sizes. (a) For a; = a, = 1 when each of the two structures has only one filament there is no blue region, i.e. the two
filaments cannot both have a well-defined length in common pool of subunits. (b)-(d) As a; is increased we see a region of
coexistence appear. We also see that the region where neither structure is well-defined gets smaller. In all plots N;,, = 1000.

Using the exact distributions described above we can also compute the dependence of the mean
size of a structure on model parameters, as well as its standard deviation around the mean. We
characterize how well-defined a structure is by considering the noise of the length distribution of

the structure, which is defined by the ratio of the standard deviation, o; = /(Nf) —(N,)?, and
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Fig. 4: Mean sizes of two multi-filament structures competing for the same monomer pool. Blue line corresponds to structure
one with kp, 1 = 4, and the orange line is associated with structure two with xp , = 5. In all plots (a)-(d) we see that as N,
increases (N, ) becomes linear in Ny,; while (N,) appears to approach a constant value. Changing the number of filaments in
either structure (a;) appears to affect how quickly the large N;,, behavior sets in. Larger values of a; seem to push the large N;,;
limit toward higher values of N;,.. Comparing (a) and (c) with (b) and (d) we also conclude that increasing a, increases the final
value of (N,) as N,,; becomes very large. It also appears that the increase in linear; for N;,; = 200 in (a) (N,) = 4 while in (b) at
N¢o: = 200 (N,) = 28. This is a seven-fold increase in structure size as a, goes from one to seven. This trend holds true for all
values of a, between one and seven.

the mean size (N;). An exponential distribution is characterized by a noise of one, meaning that
the fluctuations in size about the mean are on the same scale as the mean size itself. For a

structure to be well-defined its noise should be small compared to one.

In Figure 4 we we show how mean structure size (N;) changes with the total number of subunits
N¢,¢ Tor a few different values of a;, the number of filaments within a structure. In Figure 4(b)
we observe that changing N;,; changes the relative sizes of the two structures. For small N;,;
structure two is larger, but as N,,, increases structure one becomes larger, i.e., it takes up more
monomers from the subunit pool. The structure with the smaller critical number of subunits

(kp,1) approaches a linear dependence of its size on N, while the other structures plateaus to a

value that’s independent of the total number of subunits.

Figure 5 shows the dependence of the noise on N,,; for the same parameters as in Figure 4. In all

plots the noise for structure one, which is the structure with the smaller critical subunit number,
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FIG. 5: Noise of the size distribution for two multifilament structures. Blue is structure one with xp ; = 4 and orange is structure
two with xp , = 5. In (&) and (c) the noise for structure two is large (of order unity). This is expected since for a, = 1 we expect
structure two to be ill-defined since xp ; < Kp . In (b) and (d) the asymptotic value of the noise in structure two is less than one.
In plots (a), (b), and (d) the noise for structure two drops to a minimum before increasing to its asymptotic value. In plot (c) it
appears as though the noise for structure two drops monotonically to its asymptotic value.

goes to zero as the total number of subunits increases while the noise for structure two goes to a

non-zero constant whose value depends on the number of filaments in structure two (a,).
Discussion

We have found exact closed-form solutions for the distribution of filament lengths in a system
where growth is only limited by a finite pool of subunits. From this distribution we found that
limiting the pool of subunits is not sufficient to regulate the lengths of each individual filament.
In spite of this, when multiple filaments are considered as parts of a multi-filament structure the
overall size of the structure can be well-defined. This means that despite the model’s simplicity,
the finite pool of subunits is sufficient to simultaneously regulate the sizes of multiple multi-
filament structures. Also, because of this model’s simplicity it is straightforward, to make
testable predictions about filamentous protein structures in vivo and in vitro. In particular, we
find that the total number of subunits, N;,;, number of nucleators for a structure, a;, and the ratio
of disassembly rate to assembly rate (the critical number of subunits), xp, ,, all play a role in the
size and variability of structures. Experiments on actin structures in yeast have also found that

these parameters are relevant to the regulation of structure sizes'*® but more work on the


https://doi.org/10.1101/042184

bioRxiv preprint doi: https://doi.org/10.1101/042184; this version posted March 2, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

theoretical and the experimental front is needed before detailed, quantitative comparisons

between theory and experiment can be made.
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