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Abstract We consider some genealogical properties of nested samples. The com-1

plete sample is assumed to have been drawn from a natural population charac-2

terised by high fecundity and sweepstakes reproduction (HFSR). The random gene3

genealogies of the samples are modeled by random trees which allow for multiple4

mergers of ancestral lineages looking back in time. In contrast, the classical King-5

man coalescent only admits asynchronous pairwise mergers of ancestral lineages.6

The pattern of genetic diversity observed in samples from HFSR populations dif-7

fers strongly from expectations based on Kingman’s n-coalescent. Among the ge-8

nealogical properties we consider are the probability that the complete sample9

and the nested subsample share the most recent common ancestor; we also com-10

pare lengths of ‘internal’ branches of nested genealogies. The results indicate how11

‘informative’ a subsample is about the properties of the larger complete sample12

from which the subsample is drawn, and by implication how much information is13

gained by increasing the sample size.14
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1 Introduction27

The study of the evolutionary history of natural populations usually proceeds by28

drawing inference from a random sample of DNA sequences. To this end the co-29

alescent approach initiated by [55,57,56,82,51] - i.e. the probabilistic modeling30

of the random ancestral relations of the sampled DNA sequences - has proved to31

be very useful [84, cf.]. Inference based on the coalescent relies on the key as-32

sumption, as in standard statistical inference, that the evolutionary history of the33

(finite) sample approximates, or is informative about, the evolutionary history of34

the population from which the sample is drawn. We would like to know how much35

some basic genealogical sample-based statistics tell us about the population in a36

multiple-merger coalescent framework. Does the ‘informativeness’ of the various37

genealogical statistics depend on the underlying coalescent process? A more prac-38

tical approach to this question is, instead of comparing a sample with the popula-39

tion, to ask how much of the genetic information of a sample is already contained40

in a subsample, i.e. what is gained by enlarging the sample? A related question41

concerns the size of the sample; i.e. how large does our sample need to be for a42

reliable inference? We approach these problems by studying some genealogical43

properties of nested samples, by which we mean where a sample (a subsample)44
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is drawn (uniformly at random without replacement) from a larger sample (the45

complete sample). By way of an example, [73] consider nested samples whose an-46

cestries are governed by the Kingman n-coalescent [55,57,56]. One of the results47

of [73] concerns the probability that a subsample shares its most recent common48

ancestor (MRCA) with the complete sample. If the subsample shares the MRCA49

with the complete sample, it also, with high probability, shares the most ancient50

genealogical information. Thus, the effects on the genetic structure of the com-51

plete sample of this most ancient part of the genealogy are also present in the52

subsample. In addition, the complete sample and the subsample have had exactly53

the same timespan to collect mutations. [73] show that the probability that a sub-54

sample of a fixed size m shares the MRCA with the complete sample of arbitrarily55

large size n (n→ ∞) converges to (m− 1)/(m+ 1). Even a subsample of size 256

shares the MRCA with probability 1/3, while a sample of size 19 already shares57

with probability 0.9. This shows that by this measure (the probability of sharing58

the MRCA) even a rather small subsample drawn from a large complete sample59

whose ancestry is governed by the Kingman coalescent captures properties of the60

complete sample quite well. We will return to this example in Sec. 2.3.61

Subsampling and the time to the MRCA (TMRCA) have biological applica-62

tions. [49] uses subsampling to infer species trees. [6] compare methods for esti-63

mating TMRCAs. Divergence times of populations can be inferred from estimates64

of TMRCAs [88], especially if one has data from several populations [68]. [81]65

derives the distribution of the number of descendents of the MRCA of a sub-66

sample. [54] applies a Bayesian approach on data from unlinked loci to estimate67

coalescent times. Estimates of TMRCA are used to infer the time at which popu-68

lations became ‘established’ [42]. The age of genes coding for functional objects69

such as proteins is also correlated with gene function, and therefore associations70

with diseases [21]. However, we will only be concerned with neutrally evolving71

non-coding and non-recombining segments of the genome.72

A universal mechanism among all biological populations is reproduction and73

inheritance. Reproduction refers to the generation of offspring, and inheritance74

refers to the transmission of information necessary for viability and reproduction.75

Mendel’s laws on independent segregation of chromosomes into gametes describe76

the transmission of information from a parent to an offspring in a diploid popula-77

tion. For our purposes, however, it suffices to think of haploid populations where78

one can think of an individual as a single gene copy. By tracing gene copies as they79

are passed on from one generation to the next one automatically stores two sets of80

information. On the one hand one stores how frequencies of genetic types change81

going forwards in time; on the other hand one keeps track of the ancestral, or ge-82

nealogical, relations among the different copies. This duality has been successfully83

exploited for example in modeling selection [34,35]. To model genetic variation84

in natural populations one requires a mathematically tractable model of how ge-85

netic information is passed from parents to offspring. In the Wright-Fisher model86

offspring choose their parents independently and uniformly at random. Suppose87

we are tracing the ancestry of n≥ 2 gene copies in a haploid Wright-Fisher popu-88

lation of N gene copies in total. For any pair, the chance that they have a common89

ancestor in the previous generation is 1/N. Informally, we trace the genealogy of90

our gene copies on the order of O(N) generations until we see the first merger,91

i.e. when at least 2 gene copies (or their ancestral lines) find a common ancestor.92
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If n is small relative to N, when a merger occurs, with probability 1−O(1/N) it93

involves just two ancestral lineages. This means that if we measure time in units94

of N generations, and assume N is very large, the random ancestral relations of95

our sampled gene copies can be described by a continuous-time Markov chain in96

which each pair of ancestral lines merges at rate 1 and no other mergers are possi-97

ble. We have, in an informal way, arrived at the Kingman-coalescent [55,57,56].98

One can derive the Kingman-coalescent not just from the Wright-Fisher model but99

from any population model which satisfies certain assumptions on the offspring100

distribution [60,70,63]. These assumptions mainly dictate that higher moments101

of the offspring number distribution are small relative to (an appropriate power102

of) the population size. The Kingman-coalescent, and its various extensions, are103

used almost universally as the ‘null model’ for a gene genealogy in population104

genetics. The Kingman-coalescent is a remarkably good model for populations105

characterised by low fecundity, i.e. whose individuals have small numbers of off-106

spring relative to the population size.107

The classical Kingman-coalescent is derived from a population model in which108

the population size is constant between generations. Extensions to stochastically109

varying population size, in which the population size does not vary ‘too much’110

between generations, have been made [53]; the result is a time-changed Kingman-111

coalescent. Probably the most commonly applied model of deterministically chang-112

ing population size is the model of exponential population growth (see eg. [25,41,113

30]). In each generation the population size is multiplied by a factor (1+β/N),114

where β > 0. Therefore, the population size in generation k going forward in time115

is given by Nk = N0(1+β/N)k where N0 is taken as the ‘initial’ population size.116

It follows that the population size bNtc generations ago is Ne−β t . [30] show that117

exponential population growth can be distinguished from multiple-merger coales-118

cents (in which at least three ancestral lineages can merge), derived from popu-119

lation models of high fecundity and sweepstakes reproduction, using population120

genetic data from a single locus, provided that sample size and number of muta-121

tions (segregating sites) are not too small.122

A diverse group of natural populations, including some marine organisms [45],123

fungi [1,79,50], and viruses [83] are highly fecund. By way of example, individual124

Atlantic codfish [59,67] and Pacific oysters [58] can lay millions of eggs. This125

high fecundity counteracts the high mortality rate among the larvae (juveniles)126

of these populations (Type III survivorship). The term ‘sweepstakes reproduction’127

has been proposed to describe the reproduction mode of highly fecund populations128

with Type III survivorship [44]. Population models which admit high fecundity129

and sweepstakes reproduction (HFSR) through skewed or heavy-tailed offspring130

number distributions have been developed [63,64,78,31,72,52]. In the haploid131

model of [78], each individual independently contributes a random number X of132

juveniles where (C,α > 0)133

P(X ≥ k)∼ C
kα

, k→ ∞, (1)

and xn ∼ yn means xn/yn → 1 as n→ ∞. The constant C > 0 is a normalising134

constant, and the constant α determines the skewness of the distribution. The next135

generation of individuals is then formed by sampling (uniformly without replace-136

ment) from the pool of juveniles. In the case α < 2 the random ancestral relations137
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of gene copies can be described by specific forms of multiple-merger coalescent138

processes [71].139

Coalescent processes derived from population models of HFSR (see (1) for140

an example) admit multiple mergers of ancestral lineages [24,69,70,75,64,71,141

62]. Mathematically, we consider exchangeable n-coalescent processes, which142

are Markovian processes (Π
(n)
t )t≥0 on the set of partitions of [n] := {1,2, . . . ,n}143

whose transitions are mergers of partition blocks (a ‘block’ is a subset of [n], see144

Sec. A1) with rates specified in Sec. A1. The blocks of Π
(n)
t show which individ-145

uals in [n] share a common ancestor at time t measured from the time of sampling.146

Thus, the blocks of Π
(n)
t can be interpreted as ancestral lineages. The specific147

structure of the transition rates allows to treat a multiple-merger n-coalescent as148

the restriction of an exchangeable Markovian process (Πt)t≥0 on the set of parti-149

tions of N, which is called a multiple-merger coalescent (MMC) process. MMC150

processes are referred to as Λ -coalescents (Λ a finite measure on [0,1]) [24,69,151

70] if any number of ancestral lineages can merge at any given time, but only one152

such merger occurs at a time. By way of an example, if 1 ≤ α < 2 in (1) one ob-153

tains a so-called Beta(2−α,α)-coalescent [71] (Beta-coalescent, see Eq. (A37)).154

Processes which admit at least two (multiple) mergers at a time are referred to as155

Ξ -coalescents (Ξ a finite measure on the infinite simplex ∆ ) [75,63,64]. See Sec.156

A1 for details. Specific examples of these MMC processes have been shown to157

give a better fit to genetic data sampled from Atlantic cod [12,18,2,16,19] and158

Japanese sardines [66] than the classical Kingman-coalescent. See e.g. [29] for an159

overview of inference methods for MMC processes. [45] review the evidence for160

sweepstakes reproduction among marine populations and conclude ‘that it plays a161

major role in shaping marine biodiversity’.162

MMC models arise in contexts other than high fecundity. [17] show that re-163

peated strong bottlenecks in a Wright-Fisher population lead to time-changed164

Kingman-coalescents which look like Ξ -coalescents. [27,28] show that the ge-165

nealogy of a locus subjected to repeated beneficial mutations is well approximated166

by a Ξ -coalescent. [74] provides rigorous justification of the claims of [65,22]167

that the genealogy of a population subject to repeated beneficial mutations can be168

described by the Beta-coalescent with α = 1 (also referred to as the Bolthausen-169

Sznitman coalescent [20]). These examples show that MMC processes are relevant170

for biology.171

Overviews of mathematical population genetics can be found in a number of172

books (see e.g. [26,36]), monographs, or papers. We refer the interested reader173

to e.g. [10,25,5,33,9,13] for a more detailed background on coalescent theory.174

Our aim is to study how well some genealogical properties of a subsample cap-175

ture those of the sample from which the subsample was drawn. We compare176

these properties between the classical Kingman-coalescent, exponential popula-177

tion growth, and Λ - and Ξ -coalescents using theoretical derivations and simula-178

tions. A precise description of MMC processes is given in Appendix (Sec. A1).179

For ease of reference we include a table (Table 1) of notation and terminology.180
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Table 1 Notation and terminology.

symbol explanation
HFSR high fecundity and sweepstakes reproduction
MMC multiple-merger coalescent
MRCA most recent common ancestor
TMRCA time to MRCA
leaves special kind of vertices in a random graph (genealogy);

correspond to sampled DNA sequences
n-coalescent a coalescent process started from n leaves
N the set of the natural numbers N := {1,2, . . .}
[n] [n] := {1,2, . . . ,n}, n ∈N
[n]a [n]a := {a,a+1, . . . ,n} for n,a ∈ {0}∪N, a≤ n
1(A) 1(A) = 1 if A holds, and zero otherwise
x∧ y min{x,y}
T (∞)

MRCA the random TMRCA of the population current at some stated time
T (n)

MRCA the random TMRCA of a sample of size n ∈ [2,∞)

T (m;n)
MRCA the random TMRCA of a subsample of size m

taken from a complete sample of size n > m
T (M)

MRCA the random TMRCA of a finite sample M ⊂N
Π coalescent process; Π ≡Πt := {Π(t), t ≥ 0}
Π (n) Π restricted to [n]
Π (Λ) Λ -coalescent
Π (Ξ) Ξ -coalescent
P(Π)(A) probability of event A under Π

p(Π)
n,m p(Π)

n,m := P(Π)
(

T (m;n)
MRCA = T (n)

MRCA

)
; the probability that

subsample and complete sample share the MRCA
∆ the infinite simplex ∆ := {(x1,x2, . . .)|xi ∈ [0,1], ∑i∈N xi ≤ 1}
ρ
(m;n)
T the ratio T (m;n)

MRCA/T (n)
MRCA; see Sec. 3.1

ρ
(m;n)
I the ratio of ‘internal’ edge lengths between subsample

and complete sample; see Sec. 3.1

2 Sharing the MRCA181

We consider a Ξ - or Λ -n-coalescent with a starting partition π = {{1}, . . . ,{n}},182

i.e. initially all the blocks πi ∈ π are singleton blocks. We refer to the elements of183

the starting partition as ‘leaves’. A common ancestor of a set A ⊂ N of leaves is184

any block containing A. A set A of leaves has a common ancestor if and only if185

the coalescent passes through a partition with a block containing A. This allows us186

to identify the common ancestor with blocks of the partition-valued states of the187

coalescent. The MRCA of a set A of leaves is the smallest block which contains188

A (whenever that block appears). Given that we start from a finite set [n] of leaves189

(n < ∞) we will eventually (i.e. in finite time almost surely) observe the partition190

{[n]} containing only the block [n]. Let T (n)
MRCA denote the TMRCA of the set [n]191

of leaves, i.e. we define192

T (n)
MRCA := inf

{
t ≥ 0 : Π

(n)
t = {[n]}

}
. (2)
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The T (n)
MRCA is therefore the first time Π

(n)
t arrives at partition {[n]} ∈Pn. Write193

T (∞)
MRCA for the TMRCA of the whole population. By a finite sample we mean a194

finite set A of leaves.195

A subsample is a subset of a given sample (a given set of leaves). We let m196

denote the size of the subsample. For convenience and w.l.o.g. we assume leaves197

1 to m are the leaves of the subsample, and we assume block π1 in any partition198

always contains element 1. A common ancestor of the subsample is any block199

containing [m]; the MRCA of the subsample is the smallest block containing [m]200

(whenever it appears). We define the time to the MRCA of a subsample of size m201

of a sample of size n≥ m as202

T (m;n)
MRCA := inf

{
t ≥ 0 : [m]⊆ π1 ∈Π

(n)
t

}
; (3)

i.e. T (m;n)
MRCA is the time of first occurrence of the subset [m] in block π1 in a partition203

of Π (n). The sample and the subsample share the MRCA if the smallest block204

containing [m] ever observed in Π (n) is [n]; this happens almost surely if T (m;n)
MRCA =205

T (n)
MRCA.206

Our main mathematical results concern the probability207

p(Π)
n,m := P(Π)

(
T (m;n)

MRCA = T (n)
MRCA

)
, (4)

which is the probability that the sample (of size n) and the nested subsample (of208

size m < n) share their MRCA under the coalescent process Π . From now on it209

should be understood that we always look at nested samples. We are able to obtain210

representations of p(Π)
n,m both for finite n and m and also for the limit limn→∞ p(Π)

n,m ,211

m fixed, for some MMC processes. We will let p(Ξ)
n,m denote p(Π)

n,m in (4) when Π is212

a Ξ -coalescent, and p(Λ)
n,m denote p(Π)

n,m when Π is a Λ -coalescent.213

2.1 Finite n214

Our main focus is to compare genealogical properties of nested samples between215

different coalescent processes in order to learn what is gained by enlarging the216

sample size. In this context, a natural question to address is which n-coalescent217

Π maximises p(Π)
n,m for a given finite sample size n and subsample size m? Triv-218

ially this is the ‘star-shaped’ coalescent with Λ -measure Λ(dx) = δ1(x)dx so that219

Λ({1}) = 1, all n blocks merge after an exponential waiting time, and p(δ1)
n,m = 1.220

We now compare p(Kingman)
n,m (meaning p(Π)

n,m when Π is the Kingman-coalescent)221

to all p(Λ)
n,m with Λ({1}) = 0. We can show the following (see Sec. 4.1 for a proof).222

Proposition 1 For any given sample size n and subsample size m < n there is a223

Λ ′ with Λ ′({1}) = 0 which fulfills p(Λ
′)

n,m > p(Kingman)
n,m .224

One can think of Λ ′ as given by Λ = δψ for some fixed ψ ∈ (0,1) and very close225

to 1. Prop. 1 holds for any finite sample size n and subsample size m. Regarding226
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the limit p(Π)
m = limn→∞ p(Π)

n,m with m fixed we conjecture that p(Kingman)
m > p(Λ)

m227

for every Λ -coalescent with Λ({1}) = 0. Should our conjecture be true, the limits228

compare in the opposite way to the comparison of the non-limit probabilities given229

in Prop. 1.230

The result in Prop. 1 holds for a very special Λ -coalescent. One can numeri-231

cally evaluate p(Λ)
n,m with a recursion (see Sec. 4.7.1 for a proof), and thus compare232

p(Λ)
n,m for different Λ -coalescents. Let λ (n) (see Eq. (A36)) denote the total rate of233

mergers given n blocks, and λk(n) (see Eq. (A35)) denote the rate at which any234

k of n blocks merge. Write β (n,n− k+1) := λk(n)/λ (n) for the probability of a235

single merger of k blocks (a k-merger) given n blocks (2≤ k ≤ n). Then236

p(Λ)
n,m =

n

∑
k=2

β (n,n− k+1)
k∧m

∑
`=0

(n−m
k−`
)(m

`

)(n
k

) p(Λ)
n−k+1,m′ . (5)

where
(n−m

k−`
)

:= 0 if n−m < k− ` and m′ = (m− `+ 1)1(`>1)+m1(`≤1). In the237

case m = 2 recursion (5) simplifies to238

p(Λ)
n,2 =

n−2

∑
k=2

β (n,n− k+1)
(n− k)(n+ k−1)

n(n−1)
p(Λ)

n−k+1,2

+β (n,2)
2
n
+β (n,1).

(6)

Recursion (5) further simplifies in the case of the Kingman coalescent, since then239

β (n,n−1) = 1 for n≥ 2. [73] obtain, with Π the Kingman-coalescent,240

p(Π)
n,m =

m−1
m+1

n+1
n−1

. (7)

Since the representation (7) only depends on which mergers are possible, the result241

(7) holds for a time-changed Kingman-coalescent as derived for example in [53]242

from a population model of ‘modest’ changes in population size.243

As remarked in the introduction, the Beta-coalescent (see Eq. (A37)) with co-244

alescent parameter α ∈ [1,2), is an example of a Λ -coalescent (see Eq. (A33)) and245

can be derived from population model (1). Figure 7 shows graphs of p(Π)
n,m when246

Π is the Beta-coalescent (see Eq. (A37)) with coalescent parameter α ∈ [1,2)247

as a function of α; the results indicate that p (Beta-coal)
n,m < p (Kingman)

n,m for n large248

enough and any m. This shows that one needs a larger subsample under the Beta-249

coalescent than under the Kingman-coalescent for a given sample size to have the250

same value of p(Π)
n,m . By implication, one gains more information by enlarging the251

sample under the Beta-coalescent than under the Kingman-coalescent.252

We conclude this subsection with two closed-form representations of p(Π)
n,m . To253

prepare for the first one we recall the concept of ‘coming down from infinity’. This254

property is defined as follows. If a Ξ -n-coalescent (Π (Ξ)
t )t≥0 comes down from255

infinity then, with probability 1, the number of blocks is finite for any t > 0, which256

is equivalent to limn→∞ T (n)
MRCA < ∞ a.s. If Π

(Ξ)
t , for t > 0, has infinitely many257

blocks with probability 1, we say that the coalescent ‘stays infinite’. Conditions258

for Ξ to fall into one of these two classes are available, see e.g. [77,76,48]. If259
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Ξ({xxx∈ ∆ |∑k
i=1 xi = 1 for k ∈N})> 0, the Ξ -coalescent does not stay infinite [76,260

p.39], but does not necessarily come down from infinity. In fact, there is a.s. a261

finite (random) time T ≥ 0 so that the number of blocks is finite for all t > T (see262

[75, p. 39]). This means that for such a coalescent, limn→∞ T (n)
MRCA is finite almost263

surely. For processes that stay infinite (Π̃), limn→∞ p(Π̃)
n,m = 0 since the MRCA of264

the set N of leaves in the starting partition {{1},{2,}, . . .} is never reached.265

We have a representation of p(Ξ)
n,m (see Sec. 4.2 for a proof).266

Proposition 2 For any finite measure Ξ on ∆ , we have267

p(Ξ)
n,m = 1−E

∑
i∈N

m−1

∏
`=0

B(n)
[i] − `

n− `

> 0, (8)

where B(n)
[1] ,B

(n)
[2] , . . . are the sizes of the blocks of Π

(n)

T (n)
MRCA−

, ordered by size from268

biggest to smallest where the sequence B(n)
[1] ,B

(n)
[2] , . . . is extended to an infinite se-269

quence by taking B(n)
[i] = 0 for i > #Π

(n)

T (n)
MRCA−

. If the Ξ -coalescent comes down from270

infinity, we have271

p(Ξ)
n,m → 1−E

[
∑
i∈N

Pm
[i]

]
= 1−E

[
Xm−1]= 1− E [Y m]

E [Y ]
> 0 (9)

for fixed m and n→ ∞, where P[i] := limn→∞ B(n)
[i] /n is the (almost surely existing)272

asymptotic frequency of the ith biggest block of Π
T (∞)

MRCA−
, X is the asymptotic fre-273

quency of a size-biased pick from the blocks of Π
T (∞)

MRCA−
, while Y is the asymptotic274

frequency of a block picked uniformly at random from Π
T (∞)

MRCA−
.275

In the case of the Bolthausen-Sznitman (BS-coal) n-coalescent [20], which is276

a Λ -n-coalescent with Λ(dx) = dx (see Eq. (A34)), i.e. the density associated with277

the uniform distribution on [0,1], we can give a characterisation of p(Π)
n,m in terms278

of independent Bernoulli r.v.’s (see Sec. 4.3 for a proof).279

Proposition 3 Let B1, . . . ,Bn−1 be independent Bernoulli random variables with280

P(Bi = 1) = 1/i. Let Π denote the Bolthausen-Sznitman n-coalescent. For 2 ≤281

m < n,282

p(Π)
n,m = E

[
B1 + . . .+Bm−1

B1 + . . .+Bn−1

]
. (10)

Moreover, lognp(Π)
n,m → ∑

m−1
i=1 i−1 for n→ ∞ and m fixed.283
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2.2 Two variants of p(Π)
n,m284

The probability p(Π)
n,m (see Eq. (5)) is an indication of how likely it is that the285

‘oldest’ genealogical branches, or the edges connected directly to the MRCA, are286

(partially) shared between subsample and sample. We remark that the sample and287

the subsample may share the MRCA without sharing any of the internal edges if288

the associated coalescent admits multiple mergers (see Fig. 1C for an example).289

Such events are highly unlikely though for n large enough if the Λ -coalescent290

comes down from infinity, see Corollary 1. If the sample and the subsample share291

the MRCA then the subsample is more likely to include the oldest allele of the292

complete sample. To derive the actual probability of the event that the subsample293

carries the oldest allele of the complete sample one needs to include mutation.294

Consider a Λ -n-coalescent with neutral mutation. Mutations are modelled by a295

homogeneous Poisson point process on the branches of the Λ -n-coalescent with296

(scaled) mutation rate θ > 0. We assume the infinitely-many-alleles model. This297

means that the allelic type of each individual is seen by tracing its ancestral line298

back to the first mutation on it. The ancestral line shares the type of the MRCA299

if there is no mutation on the line before the MRCA is reached. We are interested300

in the event that the oldest allele from the sample is also found in the subsample.301

This can be expressed by using the concept of ‘frozen’ and ‘active’ ancestral lines302

in a n-coalescent with mutation [23]. At a given time t, an ancestral lineage is303

called frozen if there has been a mutation on it, otherwise it is called active. The304

age of a sampled allele (i, say) is the waiting time τi until its’ ancestral lineage is305

frozen. For consistency we prolong the n-coalescent after reaching the MRCA (at306

time T (n)
MRCA) by a single ancestral line. The first mutation on the prolonged line307

is seen after an additional Exp(θ/2) time which freezes the line. Thus, the oldest308

allele of a sample is given by the ancestral lineage which is frozen last (active309

the longest), and this age is max{τi : i ∈ [n]} for the sample and max{τi : i ∈ [m]}310

for the subsample. Let A(n)(t) denote the count of active ancestral lineages in the311

sample at time t. We write312

p(Π ,θ)
n,m := P(Π ,θ)

(
A(n)(max{τi : i ∈ [m]}) = 0

)
. (11)

for the probability that the subsample includes the oldest allele of the sample.313

We consider p(Λ ,θ)
n,m ≡ p(Π

(Λ),θ)
n,m for n,m ∈ N0, θ > 0. The case n = m = 1 (or314

n > m = 1) means we trace back a single lineage until it is hit by a mutation315

(either in the sample and/or subsample). The boundary conditions are p(Λ ,θ)
n,n = 1316

and p(Λ ,θ)
n,0 = 0 for n > 0. The recursion for p(Λ ,θ)

n,m is317

p(Λ ,θ)
n,m =

θm
2λ (n)+θn

p(Λ ,θ)
n−1,m−1 +

θ(n−m)

2λ (n)+θn
p(Λ ,θ)

n−1,m

+
2λ (n)

2λ (n)+θn

n

∑
k=2

β (n,n− k+1)
k∧m

∑
`=0

(n−m
k−`
)(m

`

)(n
k

) p(Λ ,θ)
n−k+1,m′ ,

(12)

where m′ = (m− `+1)1(`>1)+m1(`≤1) (see Sec. 4.7.3 for a proof),318
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The probability p(Λ ,θ)
n,m is a function of the scaled mutation rate θ . Here, and319

in most models in population genetics which include mutation, θ := µN/cN where320

µN is the rate of mutation per locus per generation, and cN is the pairwise coalescence321

probability, or the probability that 2 distinct individuals sampled at the same time322

from a population of size N have the same parent. Since (usually) cN → 0 as323

N → ∞ to ensure convergence to a continuous-time limit [70,63], and since θ is324

usually assumed to be of order O(1), we let µN depend on N. The key point here325

is that θ depends on cN . By way of an example, cN = 1/N for the haploid Wright-326

Fisher model, while cN = O(N1−α) for the Beta(2−α,α)-coalescent, 1 < α < 2327

[71]. This means that the scaled mutation rates (θ) are not directly comparable328

between different coalescent processes; this again means that expressions (p(Λ ,θ)
n,m ,329

defined in (11), for example) which depend on the mutation rate cannot be di-330

rectly compared between different coalescent processes that may have different331

timescales. We further remark that we must define θ to be proportional to cN332

since the branch lengths on which the mutation process runs are in units of 1/cN ;333

thus if we don’t rescale the mutation rate µN with 1/cN we would never see any334

mutations. It is therefore the mutation rate µN , which must be determined from335

molecular (or DNA sequence) data, which sets the timescale; the cN comes from336

the model.337

The probability p(Π)
n,m is also the probability that the MRCA of the subsample338

(of size m) subtends all the n leaves ([n] is the smallest block containing [m]). A339

related more general question is to ask about the distribution of the size (number340

of elements) of the smallest block which contains [m]. This is the same as asking341

about the distribution of the number of leaves subtended by the MRCA of the342

subsample. For Kingman’s n-coalescent, the distribution is computed in [81, Thm.343

1]. The probability of the event that the MRCA of the subsample subtends only the344

leaves of the subsample is especially interesting, see also e.g. [87, p. 184, Eq. 2],345

where this probability is also described recursively. This recursion can be easily346

extended to Λ -coalescents. Define T (A)
MRCA to be the first time that A is completely347

contained within a block of Πt . Write348

q(Λ)
n,m := P(Π (Λ))

(
T ([m]∪{i})

MRCA > T ([m])
MRCA ∀ i ∈ {m+1, . . . ,n}

)
(13)

for the probability that the MRCA of the subsample subtends only the leaves of349

the subsample. Let β (n,n− k+ 1) be the probability of a k-merger (2 ≤ k ≤ n)350

given n active lines. The recursion for q(Λ)
n,m is (see Sec. 4.7.2 for a proof)351

q(Λ)
n,m =

(n−m)∧m

∑
k=2

β (n,n− k+1)(n
k

) ((m
k

)
q(Λ)

n−k+1,m−k+1 +
(n−m

k

)
q(Λ)

n−k+1,m

)
(14)

with boundary conditions q(Λ)
n,n = q(Λ)

n,1 = 1 for n∈N. One may use q(Λ)
n,m to calculate352

a p-value in a test for observing block [m] under a Λ -coalescent. As one might353

expect (see Sec. 4.3 for a proof), for m fixed and for any Λ -coalescent,354

lim
n→∞

q(Λ)
n,m = 0. (15)

In the case of the Bolthausen-Sznitman (BS-coal) n-coalescent we obtain an355

exact representation of q(BS-coal)
n,m (see Sec. 4.4 for a proof).356
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Proposition 4 Let B1, . . . ,Bn−1,B′1, . . . ,B
′
n−m be independent Bernoulli variables357

with P(Bi = 1) = P(B′i = 1) = i−1. For the Bolthausen-Sznitman n-coalescent we358

have, for 2≤ m < n,359

q(BS-coal)
n,m =

(
n−1
m−1

)−1

E

[(
∑i∈[m−1] Bi +∑i∈[n−m] B′i

∑i∈[m−1] Bi

)−1
]
. (16)

2.3 The limit limn→∞ p(Π)
n,m360

In this subsection we discuss the limit limn→∞ p(Π)
n,m with m fixed. For a fixed m∈N,361

write362

p(Π)
m := lim

n→∞
P(Π)

(
T (m;n)

MRCA = T (n)
MRCA

)
(17)

for the probability, under coalescent Π , that a subsample of size m shares the363

MRCA with an arbitrarily large sample. The limit limn→∞ T (n)
MRCA is a valid limit364

for any coalescent (even if it diverges) and therefore (17) is well defined. For any365

Ξ -coalescent
(

p(Ξ)
n,m

)
n>m

is monotonically decreasing as n increases. The limit366

p(Ξ)
m is derived under the assumption that the same Ξ -coalescent is obtained for367

arbitrarily large sample size. This assumption may not hold when one wants to re-368

late to finite real populations. The quantity p(Π)
m should therefore only be regarded369

as a limit. See further discussion on this point in Sec. 5.370

For the Kingman-coalescent we have the following result, first obtained in [73]371

by solving a recursion,372

p(Kingman)
m =

m−1
m+1

. (18)

To see (18) without solving a recursion, we consider the process forwards in time373

from the MRCA. Label the two ancestral lines generated by the first split (of the374

MRCA) as a1 and a2. The fraction of the population that is a descendant of a1 is375

distributed as a uniform random variable on the unit interval, see e.g. the remark376

after Thm. 1.2 in [8]. Therefore, with U a uniform r.v. on [0,1], and any finite377

m ∈ N,378

p(Kingman)
m = 1−E [Um]−E [(1−U)m] = 1−2

∫ 1

0
xmdx =

m−1
m+1

. (19)

For the Bolthausen-Sznitman coalescent (BS-coal) limn→∞ p(BS-coal)
n,m = 0 for m379

fixed. We remark in this context that the Bolthausen-Sznitman coalescent does380

not come down from infinity.381

Result (18) is also an indication that the statistic T (n)
MRCA is a good statistic382

for capturing a property of the population with a small sample, at least under the383

Kingman coalescent. We remark that the Kingman coalescent comes down from384

infinity. Result (18) (and (19)) is the ‘spark’ for the current work.385

Our main mathematical result, Thm. 1, is a representation of p(Beta-coal)
m , i.e.386

p(Π
(Λ))

m when Π (Λ) is the Beta(2−α,α)-coalescent [78] (Beta-coalescent; see Eq.387
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(A38)). The Beta-coalescent is well-studied, there are connections to superpro-388

cesses, continuous-state branching processes (CSBP) and continuous stable ran-389

dom trees as described e.g. in [14] and [7]. For α ∈ (1,2), the Beta-coalescent390

comes down from infinity. The representation of p(Beta-coal)
m given in Thm. 1 can391

be directly derived from [8, Thm. 1.2], which is a result based on the connection392

between the Beta-coalescent and a CSBP (see Sec. 4.5 for a proof).393

Theorem 1 Define p(Beta-coal)
m ≡ p(Π)

m (see Eq. (17)) when Π is the Beta-coalescent394

for α ∈ (1,2). Let K denote the random number of blocks involved in the merger395

upon which the MRCA of [n] is reached; K has generating function E
[
uK
]
=396

αu
∫ 1

0 (1− x1−α)−1((1− ux)α−1− 1)dx for u ∈ [0,1] [47, Thm. 3.5]. Let (Yi)i∈N397

be a sequence of i.i.d. r.v. with Slack’s distribution on [0,∞), i.e. Y1 has Laplace398

transform E
[
e−λY1

]
= 1− (1+λ 1−α)−1/(α−1) [80]. We have the representation399

p(Beta-coal)
m = 1−∑

k∈N
kE
[
(Y1 + . . .+Yk)

1−α
]−1

E

[
Y m

1
(Y1 + . . .+Yk)α+m−1

]
P(K = k) .

(20)

A comparison of p(Π)
m between coalescent processes that come down from infinity400

is complicated by at least two things. First, it is not clear what such a comparison401

would mean in terms of inference for real populations. Second, the representation402

(20) is highly non-trivial to evaluate. However, the result in Thm. 1 is of mathe-403

matical interest in its own right.404

We close this subsection with a consideration of the limit limn→∞ p(Π)
n,m when405

Π is a Ξ -coalescent (A32). We give a criterion for when p(Ξ)
m > 0. This question406

is closely related to the question of coming down from infinity for a Ξ -coalescent.407

We have the following result (see Sec. 4.6 for a proof).408

Proposition 5 Consider any Ξ -coalescent. For any fixed m ∈ N, m ≥ 2, p(Ξ)
m ex-409

ists. If the coalescent comes down from infinity or Ξ({x ∈ ∆ |∑k
i=1 xi = 1 for k ∈410

N})> 0, p(Ξ)
m > 0. If it stays infinite, p(Ξ)

m = 0.411

3 Relative times and lengths412

So far we have considered how well the MRCAs match between a sample and a413

nested subsample when both are finite; we have also discussed some limit results414

when the sample size tends to infinity. We would also like to have some under-415

standing of how the distributions of the various genealogical statistics compare416

between different coalescent processes. In this section we use simulations to esti-417

mate the distribution of two genealogical statistics and compare them between the418

Kingman-coalescent, exponential population growth, and the Beta-coalescent.419

3.1 Simulation method420

To generate realisations of our statistics we simulate genealogies by drawing wait-421

ing times between mergers, and merger sizes, governed by the transition rates of422

the corresponding n-coalescent.423
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Denote by Tj the random waiting time for the first merger of the j-coalescent.424

The coalescent process under exponential population growth is a time-changed425

Kingman-coalescent (see e.g. [25,30]). [41] give a way of sampling Tj under ex-426

ponential growth. Let β > 0 denote the growth rate under exponential growth.427

Write S j = Tn + · · ·+ Tj for 2 ≤ j ≤ n, with Sn+1 = 0 a.s. If {U j : 2 ≤ j ≤ n}428

denotes a collection of i.i.d. uniform (0,1] random variables, then [41]429

S j = Tj +S j+1 =
1
β

log
(

exp(βS j+1)− 2β

j( j−1) log(U j)
)
, 2≤ j ≤ n. (21)

Eq. (21) tells us that if β is very large, the time intervals Tj near the MRCA430

become quite small. The time intervals near the leaves are much less affected. We431

choose the grid of values for β as432

β ∈ {0.1,0.5,1,10,50,100,500,1000,5000,10000}.

Recall in this context the growth model Nk =N0(1+β/N)k for the population size433

in generation k ≥ 0 going forward in time, and where N0 is the population size at434

the start of the growth. Our choice of grid values for β should reflect the range435

of growth from weak (β = 0.1) to very strong (β = 104) and most estimates of β436

obtained for natural populations should fall within this range.437

Under the Beta-coalescent Tj is an exponential with rate λ ( j) = λ2( j)+ · · ·+438

λ j( j) where λi( j) is given in Eq. (A38).439

Let n and m denote the current number of sample and subsample lines; since440

the subsample is nested within the sample a subsample line is necessarily also a441

sample line. Let M ∈ {2, . . . ,n} be the size of the first merger of the correspond-442

ing n-coalescent. Under a Λ -n-coalescent M = k with probability P(M = k) =443

λk(n)/λ (n) (see Eq. (A35) and (A36)) for 2 ≤ k ≤ n; under a (time-changed)444

Kingman-n-coalescent M = 2 a.s. We partition the sample and subsample lines as445

follows. Let mext resp. m̃ext denote the current number of ‘external’ lines of the446

subsample, resp. number of ‘external’ lines not belonging to the subsample. Let447

mint resp. m̃int denote the current number of ‘internal’ lines of the subsample, resp.448

current number of ‘internal’ lines not belonging to the subsample. External lines449

are subtended by exactly 1 leaf, while internal lines are subtended by at least 2450

leaves.451

The distinction between the lines will now be further explained. Given that we452

start with n sample lines of which m belong to the subsample then initially mext =453

m, m̃ext = n−m, and mint = m̃int = 0. Now suppose we have drawn k lines to merge,454

of which x1 ≤mext were drawn from the external lines of the subsample, x2 ≤ m̃ext455

from the external lines not belonging to the subsample, x3 ≤mint from the internal456

lines of the subsample, and x4 ≤ m̃int from the internal lines not belonging to the457

subsample. The following transitions of the lines then occur:458

mext→ mext− x1,

m̃ext→ m̃ext− x2,

mint→ mint− x3 +1(x1+x3≥1),

m̃int→ m̃int− x4 +1(x2+x4=k).

(22)

The transitions reflect our assumption that if at least 1 subsample line is involved459

in a given merger, the continuing ancestral line is considered to belong to the460
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subsample; mutations that arise on the continuing line will then be carried by461

the subsample, and visible in the subsample unless all the subsample lines were462

involved in the merger (x1 = mext and x3 = mint and x1 + x3 ≥ 1). Therefore, if463

a single external subsample line, and no other subsample line, is involved in a464

merger (x1 = 1, x3 = 0) we regard the continuing line as an ‘internal’ line of the465

subsample. An external line of the subsample therefore remains so only until it is466

involved in a merger. By way of example, the continuing line of the first merger467

in Fig. 1D counts as an internal line of the subsample.468

Given the merger size k ∈ [2,mext + m̃ext +mint + m̃int], due to the exchange-469

ability of the n-coalescent, we draw k lines from a multivariate hypergeometric470

by471

P(X = x) =

(mext
x1

)(m̃ ext
x2

)(mint
x3

)(m̃int
x4

)(mext+m̃ext+mint+m̃int
k

) , x1 + · · ·+ x4 = k, (23)

where the xi denote the number of lines drawn from each of the four groups.472

The statistics we consider are the relative times ρ
(m;n)
T := T (m;n)

MRCA/T (n)
MRCA and473

the relative lengths ρ
(m;n)
I := L(m;n)

int /L(n)
int where L(m;n)

int is the sum of the lengths of474

the internal edges associated with the subsample and L(n)
int is the sum of the lengths475

of internal edges of the complete sample. The ratio ρ
(m;n)
I indicates how much of476

the ‘ancestral variation’, or mutations present in at least 2 copies in the sample, are477

captured by the subsample. The ratio ρ
(m;n)
T indicates how likely we are to capture478

with the subsample the ancestral variation in the complete sample.479

A realisation of ρ
(m;n)
I is obtained as follows. Given j = mext +mint + m̃ext +480

m̃int current sample lines, let t j denote a realisation of Tj, the random time during481

which there are j lines of the complete sample. We update the total lengths `(m;n)
int482

of internal subsample lines, and `
(n)
int of internal lines of the complete sample, as483

`
(m;n)
int → `

(m;n)
int +1(mext+mint>1)mintt j,

`
(n)
int → `

(n)
int +1( j>1) (mint + m̃int) t j.

(24)

The updating rule for `
(m;n)
int in Eq. (24) reflects the fact that mutations on the484

common ancestor line of the subsample, for example the continuing line after the485

merger of all 3 subsample lines in Fig. 1D, are not visible in the subsample. The486

updating rule for `(n)int in Eq. (24) similarly reflects the fact that mutations on the487

continuing line of the MRCA of the complete sample are not visible in the sample;488

but once the MRCA of the complete sample is reached we stop the process.489

A realisation of ρ
(m;n)
I is then recorded as r(m;n)

I := `
(m;n)
int /`

(n)
int . By way of ex-490

ample, the edges marked with a black dot in Fig. 1B are internal edges of the491

complete sample while the edges marked with a circle in Fig. 1A are internal492

edges associated with the subsample as well as the complete sample, and we have493

ρ
(m;n)
I = (T5 +T4 +T3)/(T5 + 2T4 +T3) for the genealogy in Fig. 1A. There are494

no internal edges associated with the subsample in Fig. 1B and 1C; therefore495

ρ
(m;n)
I = 0 for the genealogies in Fig. 1B and 1C. The sample and the subsam-496
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ple share all the internal edges in the genealogy shown in Fig. 1D and therefore497

ρ
(m;n)
I = 1.498

Realisations of T (m;n)
MRCA (t(m;n)) and T (n)

MRCA (t(n)) are recorded as499

t(m;n) = inf{t ≥ 0 : mext +mint = 1},
t(n) = inf{t ≥ 0 : mext +mint + m̃ext + m̃int = 1},

(25)

by adding up the realised waiting times t j of Tj. We record a realisation of ρ
(m;n)
T500

as r(m;n)
T := t(m;n)/t(n).501

3.2 Simulation results502

Figures 2 and 3 show estimates, in the form of boxplots (see a description in the503

captions), of the distributions of ρ
(m;n)
T (left column) and ρ

(m;n)
I (right column);504

under the Beta-coalescent as a function of α (Figure 2) and under exponential505

growth as a function of β (Figure 3). In some of the boxplots of ρ
(m;n)
T in fact all506

of them under exponential growth (Fig. 3) the interquartile range (the difference507

between the 75th and 25th percentile) is zero. The estimates shown in Fig. 3 of508

the distribution of ρ
(m;n)
T indicate that ρ

(m;n)
T becomes more concentrated at 1 as β509

increases. Recall in this context that p(exp. growth)
n,m = (m−1)(n+1)/((m+1)(n−510

1)) since exp. growth results in a time-changed Kingman-coalescent.511

In Figure 2 we see a gradual shift in the distribution of ρ
(m;n)
T as subsample512

size increases; from being skewed to the right (ie. towards higher values) to being513

skewed to the left (ie. towards smaller values). This is in sharp contrast to the514

distribution under exponential growth (Figure 3) where the distribution of ρ
(m;n)
T515

is always skewed to the left. This indicates that under a MMC process a subsample516

is much less informative about the larger complete sample than under exponential517

growth. In contrast, under exponential growth, even a small subsample can be very518

informative about the larger complete sample, especially in a strongly growing519

(large β ) population. Estimates of the means E(Π)
[
ρ
(m;n)
T

]
, shown in Figure 4520

(circles) for the Beta-coalescent, and in Figure 5 (circles) for exponential growth,521

further strengthen our conclusion.522

The distribution of ρ
(m;n)
I , the relative lengths of internal edges, also behaves523

differently between the Beta-coalescent and exponential growth (Figures 2 and 3,524

middle columns). The distribution of ρ
(m;n)
I becomes more concentrated around525

smaller values as growth becomes stronger (β increases) while it stays highly526

variable as α tends to 1, although the median decreases as skewness increases (α527

tends to 1). This indicates that we capture less and less of the ‘ancestral variation’528

(mutations observed in at least 2 copies in the sample) in the larger sample as529

growth or skewness increase. By implication our sample captures less of the an-530

cestral variation in a strongly growing population, or in a population with highly531

skewed reproduction. Estimates of E(Π)
[
ρ
(m;n)
I

]
(Figures 4 and 5, ‘+’) also indi-532
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cate that one would need a large sample to capture at least half of the ancestral533

variation if growth or skewness is high.534

To conclude, ρ
(m;n)
T and ρ

(m;n)
I seem to converge to opposite values under ex-535

ponential growth; ρ
(m;n)
T to 1 and ρ

(m;n)
I to small values, as β increases. Thus,536

even if we are sharing the MRCA with higher probability as β increases (recall537

that the samples are nested), we are capturing less and less of the ancestral vari-538

ation. Essentially the opposite trend is seen for both ρ
(m;n)
T and ρ

(m;n)
I under the539

Beta-coalescent; the distributions of both statistics stay highly variable as α → 1.540
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Fig. 1 Examples of genealogies. Thick edges denote lineages ancestral to the subsample of size
m = 3; sample size n = 7. The marked edges in A denote internal ancestral lineages to both
the subsample and the whole sample; the marked edges in B denote lineages internal only to
the whole sample. In C the sample and subsample share the MRCA without sharing any of the
internal edges. The genealogies are shown from the time of sampling (present) until the MRCA
of the whole sample is reached (past). In C the sample and the subsample share the MRCA
without sharing any internal edges. In D the sample and the subsample share the MRCA and all
the internal edges.
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past

subsample} present

past

subsample}

••
•
•

present

past
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Fig. 2 Estimates, shown in the form of boxplots, of the distributions of ρ
(m;n)
T and of ρ

(m;n)
I as

functions of the coalescent parameter α of the Beta(2−α,α)-coalescent for values of sample
size n = 104 and subsample size m as shown. The coalescent process at α = 2 is the Kingman-
coalescent. Each box shows the interquartile range (IQR; the difference between the 75th and
25th percentile), and the whiskers extend to ±1.5× IQR; values outside ±1.5× IQR are shown
as circles. The thick line within each box shows the median. For explanation of symbols see
Subsection 3.1. Shown are results from 105 replicates.
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Fig. 3 Estimates, shown in the form of boxplots, of the distributions of ρ
(m;n)
T and of ρ

(m;n)
I as

functions of the exponential growth parameter β for values of sample size n = 104 and subsam-
ple size m as shown. Each box shows the interquartile range (IQR; the difference between the
75th and 25th percentile), and the whiskers extend to ±1.5× IQR; values outside ±1.5× IQR
are shown as circles. The thick line within each box shows the median. The coalescent process
at β = 0 is the Kingman-coalescent. For explanation of symbols see Subsection 3.1. The grid
of values of β is {0.1, 0.5, 1.0, 10.0, 50.0, 100.0, 500.0, 1000.0, 5000.0, 10000.0}. Shown are
results from 105 replicates.
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Fig. 4 Estimates of E
[
ρ
(m;n)
T

]
(◦◦◦), and of E

[
ρ
(m;n)
I

]
(+++) as functions of the coalescent parameter

α for values of sample size n = 104 and subsample size m = 101 (solid lines); m = 102 (dashed
lines); m = 103 (dotted lines). The coalescent process at α = 2 is the Kingman-coalescent. For
explanation of symbols see Subsection 3.1. Shown are results from 105 replicates.
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Fig. 5 Estimates of E
[
ρ
(m;n)
T

]
(◦◦◦) and of E

[
ρ
(m;n)
I

]
(+++) as functions of the exponential growth

parameter β for values of sample size n = 104 and subsample size m = 101 (solid lines); m =
102 (dashed lines); m = 103 (dotted lines). The coalescent process at β = 0 is the Kingman-
coalescent. For explanation of symbols see Subsection 3.1. The grid of values of β is {0.1, 0.5,
1.0, 10.0, 50.0, 100.0, 500.0, 1000.0, 5000.0, 10000.0}. Shown are results from 105 replicates.
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4 Proofs541

4.1 Proof of Prop. 1542

Proof Let Λ = δp for p ∈ (0,1) which fulfills Λ({0}) = 0. The probability that543

the associated Λ -n-coalescent is star-shaped, i.e. all blocks merge at the first (and544

then only) collision, is545

pn−2

p−2(1− (1− p)n−np(1− p)n−1)
=

pn

∑
n
i=2
(n

i

)
pi(1− p)n−i

> pn.

For any star-shaped path of a n-coalescent, we have T (n)
MRCA = T (m)

MRCA for any m <546

n. Thus, we can choose Λ ′ s.t. Λ ′ = δp with547

p =
(

P(δ0)
(

T (m)
MRCA = T (n)

MRCA

)) 1
n
.

ut

4.2 Proof of Prop. 2548

Proof Assume Π is a Ξ -coalescent. The event
{

T (m;n)
MRCA = T (n)

MRCA

}
is the comple-549

ment of the event550

Am,n :=
{
[m]⊆ B, B is a block of Π

(n)

T (n)
MRCA−

}
. (26)

Due to the exchangeability of the Ξ -coalescent, Π
(n)

T (n)
MRCA−

is an exchangeable par-551

tition of [n]. Given the (ordered) block sizes
(

B(n)
[i]

)
i∈N

, the probability that all552

individuals are in the same block i is given by drawing without replacement, i.e.553

P
(
[m]⊆ block i |B(n)

[i]

)
=

m−1

∏
`=0

B(n)
[i] − `

n− `
.

Summing this up over all blocks and taking the expectation yields P(Am,n) =554

1− p(Ξ)
n,m, thus establishing Eq. (8) (by definition there is more than one block at555

time T (n)
MRCA− so p(Ξ)

n,m > 0.)556

To show the convergence in Eq. (9) we first establish that all objects are well557

defined. Assume now that the Ξ -coalescent comes down from infinity, so at any558

time t > 0, there are only finitely many blocks in the partition Πt almost surely.559

For n→ ∞, Kingman’s correspondence [55, Thm. 2] ensures that the asymptotic560

frequencies of the blocks in the partition Πt of N exist almost surely and are limits561

of the block frequencies in the n-coalescent as written in the proposition. Pick an562

arbitrarily small t > 0. Then, consider only paths where Πt has more than one563

block. Since the number of blocks of Πt is finite a.s. we can find n0 ∈ N so that564
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Π
(n0)
t has at least one individual in any block of Πt (thus has the same number565

of blocks). By construction, from time t onwards, the Ξ -n0-coalescent merges the566

blocks in exactly the same (Markovian) manner as the Ξ -coalescent. So if Πt has567

more than one block, T (n)
MRCA = T (∞)

MRCA for n≥ n0 and the asymptotic frequencies568

at T (∞)
MRCA− exist (since their corresponding blocks are a specific merger of the569

blocks of Πt whose block frequencies exist). Now T (2)
MRCA ≤ T (∞)

MRCA almost surely570

and T (2)
MRCA is Exp(Ξ(∆))-distributed. Therefore, for almost every path, we can571

choose t < T (2)
MRCA so that Πt has more than one block.572

We have established that all objects are well defined; now we show the actual573

convergence in (9). For xxx ∈ ∆ let574

fn,m(xxx) := ∑
i∈N

m−1

∏
`=0

nxi− `

n− `

and fm(xxx) := ∑i∈N xm
i . We have fn,m→ fm uniformly on ∆ and that fm is continu-575

ous on ∆ in the `1-norm with 0≤ fm ≤ 1. We can rewrite, using Eq. (8),576

p(Ξ)
n,m = 1−E

[
fn,m

(
( 1

n B(n)
[i] )i∈N

)]
.

For any ε > 0 we find n0 so that for n≥ n0577

|E
[

fn,m
(
( 1

n B[i])i∈N
)]
−E

[
fm
(
P[i]
)

i∈N

]
|

≤|E
[

fn,m
(
( 1

n B[i])i∈N
)]
−E

[
fm
(
( 1

n B[i])i∈N
)]
|

+ |E
[

fm
(
( 1

n B[i])i∈N
)]
−E

[
fm
(
(P[i])i∈N

)]
| ≤ 2ε.

We have used uniform convergence of fn,m to control the first difference and the578

convergence (in law) of (n−1B(n)
[i] )i∈N to (P[i])i∈N to control the second.579

The representation of the limit in Eq. (9) in terms of X and Y follows di-580

rectly from the properties of exchangeable partitions (c.f. for example [9,10]).581

The first equality is [9, Eq. (1.4)], while the second equality uses the correspon-582

dence between the distribution of a size-biased and a uniform pick of a block, see583

[9, Eq. (1.2)]. By definition Π
T (∞)

MRCA−
has more than one block almost surely so584

the limit in Eq. (9) is > 0.585

ut

Remark 1 Reordering the block frequencies, e.g. in order of least elements of586

blocks, does not change Eq. (9).587

4.3 Proof of Prop. 3588

Proof We use the construction of [39] in which the Bolthausen-Sznitman coales-589

cent is obtained by cutting a random recursive tree Tn with n nodes at independent590

Exp(1) times, see Sec. A2. Consider the last merger in the Bolthausen-Sznitman591

n-coalescent. In terms of cutting edges of Tn, it is reached when the last edge592
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connected to the root of Tn is cut. Let En be the number of such edges in Tn.593

For T (m;n)
MRCA = T (n)

MRCA, we need that not all i ∈ [m] are in a single block of the n-594

coalescent before the last merger (see proof of Prop. 2).595

By construction, for any node with label in [m], on the path to the node labelled 1596

(root) in Tn, the last node passed before reaching the root must also have a label597

from [m]. Thus, any node connected to the root of Tn that is labelled from [n]m+1598

cannot root a subtree that includes any nodes labelled from [m].599

Now, we consider the last edge of Tn cut in the construction of the Bolthausen-600

Sznitman n-coalescent, which causes the MRCA of the n-coalescent to be reached.601

It has to be connected to the root. Consider the two subtrees on both sides of602

the edge cut last. One subtree contains the root, thus includes at least the label603

1 from [m]. If the other subtree is rooted in a node labelled from [m], we have604

T (m;n)
MRCA = T (n)

MRCA, since both subtrees contain labels of [m], thus not all i ∈ [m]605

are in a single block of the n-coalescent before the last merger. If the subtree not606

containing the root has a root labelled from [n]m+1, as argued above, it contains607

no labels from [m]. Additionally, since we are at the last cut, all other edges con-608

nected to the root of Tn have already been cut and all labels in the subtrees rooted609

by them joined with label 1. Thus, all labels in [m] are labelling the root before610

the last cut, which corresponds to [m] being a subset of a block of the n-coalescent611

before the last merger, hence T (m;n)
MRCA 6= T (n)

MRCA.612

This shows T (m;n)
MRCA = T (n)

MRCA if and only if the last edge cut is an edge connecting613

a node labelled from [m] with the root. Let Em be the number of edges of Tn con-614

nected to the root labelled from [m] and En be the total number of edges connected615

to the root. Then,616

P
(

T (m;n)
MRCA = T (n)

MRCA

)
= E

[
Em

En

]
, (27)

because given Tn, Em/En is the probability that the edge cut last is connected to617

a node with a label from [m]; edges are cut at i.i.d. times, so the edge cut last is618

uniformly distributed among all edges connected to the root.619

As we see from the sequential construction of Tn, Em is the number of edges con-620

nected to 1 when the first m nodes are set, the resulting tree is a random recursive621

tree Tm with n leaves. The numbers En and Em can be described in terms of a Chi-622

nese restaurant process (CRP), see [39, p. 724]: The number of edges connected to623

node 1 is distributed as the number of tables in a CRP with n (resp. m) customers.624

This distribution is Ei
d
= B1 + . . .+Bi (i ∈ {m,n}), where B1, . . . ,Bi are indepen-625

dent Bernoulli variables with P(B j = 1) = j−1, see e.g [3, p. 10]. The sequential626

construction of the random recursive trees (and the connected CRPs) ensures that627

the B1, . . . ,Bm are identical for Em and En. This establishes the equality of Eq.’s628

(27) and (10).629

From the proof of [38, Lemma 3], we have log(n)
En
→ 1 in L1 for n→ ∞. The se-630

quence (Em/En)n∈N is bounded a.s. Thus, bounded convergence ensures631

lim
n→∞

E

[
log(n)

Em

En

]
= E

[
lim
n→∞

log(n)Em

En

]
= E [Em] = 1+ 1

2 + · · ·+
1

m−1 .

ut
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4.4 Proof of Prop. 4632

Proof As in Subsection 3 we use the construction of the Bolthausen-Sznitman n-633

coalescent described in [39]. We wish to establish the probability that the MRCA634

of a subsample of size m from a sample of size n subtends only the subsample in635

the n-coalescent. We will also use the Bernoulli variables Bi, i ∈ [n] of Tn as in636

Prop. 3, where Bi = 1 if the node labelled i is directly connected to the root (node637

labelled 1). If we look at the cutting procedure which constructs the Bolthausen-638

Sznitman n-coalescent from Tn, we observe that no path of Tn can contribute639

positive probability to q(BS-coal)
n,m that attaches any node labelled from [n]m+1 to640

a node labelled from [m]2. If we do attach a node labelled i ∈ [n]m+1 to a node641

labelled from [m]2, when constructing the Bolthausen-Sznitman n-coalescent we642

will cut an edge on the path from the node labelled i to the root labelled 1 before643

the MRCA of [m] is reached, thus i would be subtended by the MRCA of [m]. The644

probability that a node labelled i∈ [n]m+1 is not connected to a node labelled from645

[m]2 in Tn is646

n−m

∏
i=1

i
m+ i−1

=

(
n−1
m−1

)−1

.

Even when there is no edge connecting a node labelled from [n]m+1 directly with647

a node labelled from [m]2, not all such paths of Tn will contribute to q(BS-coal)
n,m .648

To contribute, we need that the cutting procedure does not lead to any i ∈ [n]m+1649

being subtended by the MRCA of [m]. For the mentioned paths, this happens if and650

only if we cut all edges connecting nodes labelled from [m]2 to 1 before cutting651

any edge connecting 1 to nodes labelled from [n]m+1. We have ∑i∈[m−1] Bi edges652

adjacent to node 1, see the proof of Prop. 3. With the constraint that no edge653

connects a node labelled from [n]m+1 directly with a node labelled from [m]2,654

the sequential construction yields that, after relabelling, the nodes labelled with655

{1}∪ [n]m+1 form a Tn−m+1 and thus there are ∑i∈[n−m] B′i edges adjacent to the656

root of Tn connecting to the nodes labelled with {1}∪ [n]m+1, where B′i
d
= Bi for657

independent B′i. All edges adjacent to the node labelled 1 need to be cut before658

the MRCA of [n] is reached and they are cut at independent Exp(1) times. This659

means that the probability of cutting all edges connecting 1 to nodes labelled from660

[m]2 first is just drawing ∑i∈[m−1] Bi times without replacement from ∑i∈[m−1] Bi+661

∑i∈[n−m] B′i edges, where all ∑i∈[m−1] Bi edges connecting nodes labelled from to662

[m]2 have to be drawn. This probability equals663 (
∑i∈[m−1] Bi +∑i∈[n−m] B′i

∑i∈[m−1] Bi

)−1

.

Integrating over all contributing paths of Tn with the cutting constraint described
above finishes the proof. ut

4.5 Proof of Thm. 1664

Proof We track the asymptotic frequencies
(
P[i](t)

)
t≥0 of the ith biggest block for665

all t > 0 and i∈N. Consider a non-negative and measurable [0,∞)-valued function666
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g on the k-dimensional simplex667

∆k := {(x1, . . . ,xk) : x1 ≥ x2 ≥ . . .≥ xk ≥ 0, ∑
i∈[k]

xi = 1}

that is invariant under permutations (x1, . . . ,xk) 7→ (xσ(1), . . . ,xσ(k)). [8, Thm. 1.2]668

shows that669

E
[
g
(
(P[i](Tk))i∈N

)
|N(Tk) = k

]
=E

[
(Y1 + . . .+Yk)

1−α
]−1

E

[
(Y1 + . . .+Yk)

1−α g

((
Yi

Y1 + . . .+Yk

)
i∈[k]

)]
,

where Tk is the waiting time until a state with ≤ k blocks is hit by the Beta-670

coalescent and N(t) is the number of blocks of Πt , thus we condition on the coa-671

lescent to hit a state with exactly k blocks.672

We can apply this formula to compute E
[
∑i∈[K] Pm

i
]

from Eq. (9), where K is the673

number of blocks at the last collision of the Beta-coalescent. For this, condition on674

K = k. With {K = k}= {N(Tk)= k}∩{all blocks of ΠTk merge at the next merger},675

the strong Markov property shows that the block frequencies at Tk are independent676

of them merging at the next collision. However, these frequencies are, conditioned677

on K, just (Pi)i∈[K]. For x ∈ ∆k we set gm(x) = ∑
k
i=1 xm

i (which fulfills all necessary678

conditions to apply [8, Thm. 1.2]) and compute679

E

[
∑

i∈[K]

Pm
i

]

= ∑
k∈N

E

[
∑

i∈[K]

Pm
i |K = k

]
P(K = k)

= ∑
k∈N

E [g((Pi(Tk))i∈N) |N(Tk) = k]P(K = k)

= ∑
k∈N

E
[
(Y1 + . . .+Yk)

1−α
]−1

E

[
k

∑
i=1

Y m
i

(Y1 + . . .+Yk)α+m−1

]
P(K = k) .

The distribution of K for the Beta-coalescent is known from [47, Thm. 3.5]. Using680

that681 (
Y m

i
(Y1 + . . .+Yk)α+m−1

)
i∈[k]

are identically distributed and p(Beta-coal)
m = 1−E

[
∑i∈[K] Pm

i
]

completes the proof.
ut

4.6 Proof of Prop. 5682

Proof Consider any Ξ -coalescent (and its restrictions to [n], n ∈ N). Since, for683

nested samples, T (m;n)
MRCA ≤ T (n)

MRCA almost surely for any n≥ m, we have684 {
T (m;m+i)

MRCA = T (m+i)
MRCA

}
⊇
{

T (m;m+i+1)
MRCA = T (m+i+1)

MRCA

}
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for any i ∈ N. Thus, p(Ξ)
m = limn→∞ p(Ξ)

n,m = P(Ξ)
(

T (m;n)
MRCA = T (n)

MRCA ∀ n > m
)

ex-
ists.
Suppose first that the Ξ -coalescent comes down from infinity. Then, Eq. (9) shows
p(Ξ)

m > 0.
If the Ξ -coalescent stays infinite, τm is almost surely finite, while T (n)

MRCA→ ∞ al-

most surely. Thus, p(Ξ)
m = 0.

Consider a Ξ -coalescent that neither comes down from infinity nor stays infinite.
Then, Ξ({xxx ∈ ∆ |∑k

i=1 xi = 1 for k ∈N})> 0. As stated in the introduction, in this
case there is an almost surely finite waiting time T with #ΠT < ∞ almost surely.
Let nT be the finite number of blocks at time T . Again, exchangeability ensures,
as in proving Eq. (8), that there is a positive probability that not all i ∈ [m] are in
the same block of ΠT (so in particular, with positive probability, T (m)

MRCA > T ). The
strong Markov property of the Ξ -coalescent ensures that, given nT , ΠT evolves
like a Ξ -nT -coalescent, which can have at most nT mergers. In summary, with
positive probability, more than one of the nT blocks at time T includes individuals
from the subset [m] and the nT blocks are merged following a Ξ -nT -coalescent.
Then, Eq. (8) shows that with positive probability, conditioned on the event that
k > 1 blocks of ΠT contain individuals from m, also more than one block of the
Ξ -coalescent at its last collision contains individuals of [m]. ut

Prop. 5 shows that P(Ξ)
(

T (m;n)
MRCA = T (n)

MRCA

)
→ 0 for fixed m and n→ ∞ if685

the Ξ -coalescent stays infinite. The Bolthausen-Sznitman coalescent stays infinite686

[77, Example 15]; however, convergence to 0 is only of order O (1/ log(n)).687

4.7 Proof of recursions (5), (14), and (12)688

The strong Markov property of a Λ -coalescent together with a natural coupling689

which we will introduce below allows us to describe many functionals of multiple-690

merger n-coalescents recursively by conditioning on their first jump, e.g. see [40]691

or [61]. We use this to prove recursions (5) and (12).692

693

4.7.1 Proof of Eq. (5)694

Consider the probability p(Λ)
n,m (see Eq. (5)) that a sample of size n shares the695

MRCA with a subsample of size m ∈ [n−1]2. The boundary conditions pm,m = 1696

and pn,1 = 0 for n > 1 follow directly from the definition. We record how many697

individuals are merged at the first jump of the n-coalescent. Suppose a k-merger698

occurs which happens with probability β (n,n−k+1). Conditional on a k-merger,699

`≤m of individuals that merge are taken from the subsample and n−` are not with700

probability
(m
`

)(n−m
k−`
)
/
(n

k

)
, since the individuals that merge are picked uniformly at701

random without replacement. For p(Λ)
n,m > 0, we need that not all m individuals are702

merged unless all n individuals are merged, thus ` < m or k = n. Writing C(k, `)703

for the event that exactly ` lineages from the subsample are merged (with` < m or704
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k = n), the strong Markov property shows that705

P(Π (Λ))
(

T (m;n)
MRCA = T (n)

MRCA |C(k, `)
)
= P(ΠΛ )

(
T (m′;n−k+1)

MRCA = T (n−k+1)
MRCA

)
with m′= (m−`+1)1(`>1)+m1(`≤1), since among the ancestral lines (blocks) af-706

ter the first collision, m′ subtend the subsample. Summing over all possible values707

(recall the boundary conditions) yields recursion (5). �708

4.7.2 Proof of Eq. (14)709

We again condition on the event that k blocks are merged at the first jump. Only k-710

mergers where either all merged individuals are picked from the subsample [m] or711

none is sampled from [m] contribute positive probability to q(Λ)
n,m . After the jump,712

we thus have n− k + 1 ancestral lineages present, from which either m− k + 1713

or m are connected to the subsample. The strong Markov property and sampling714

without replacement for the k-merger then yields Eq. (14).715

4.7.3 Proof of Eq. (12)716

Recall the natural coupling: if we restrict an n-coalescent with mutation rate θ to717

any `-sized subset L⊆ [n], the restriction is an `-coalescent with mutation with the718

same rate θ . To prove recursion (12) we partition over three possible outcomes of719

the first event: it is a mutation on a lineage subtending the subsample (E1), it is a720

mutation on a lineage not subtending the subsample (E2), or it is a merger (E3).721

Naturally, before any mutation occurs, all edges are active.722

723

We recall a few elementary facts. The time to the first mutation on any lineage724

is Exp(θ/2)-distributed (mutations on different/disjoint lineages are independent)725

and independent of the waiting time for the first merger. The minimum of indepen-726

dent exponential r.v.’s X1, . . . ,Xi with parameters α1, . . . ,αi is again exponentially727

distributed with parameter ∑
i
j=1 α j. Finally, P(X1 ≤ X2) = α1/(α1 +α2).728

729

The waiting times Xi for events Ei for 1≤ i≤ 3 are all exponential; the one for730

E1 with rate θm/2, for E2 with rate θ(n−m)/2, and for E3 with rate λ (n). The731

probability of event E1 is P(E1) = θm/(2λ (n)+θn) and, conditional on E1,732 {
A(n)(max{τi : i ∈ [m]}) = 0

}
is determined by the n−1 active lineages after the event. The memoryless property733

of the exponential and natural coupling imply that after the first event, conditional734

on that event being E1, the remaining n−1 lineages, of which (m−1) subtend the735

subsample, follow an (n−1)-coalescent with mutation rate θ . Thus,736

P
(

A(n)(max{τi : i ∈ [m]}) = 0 |E1

)
= p(Π

(Λ))
n−1,m−1.
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Analogously, the probability of event E2 is P(E2) = θ(n−m)/(2λ (n)+θn).737

Given E2, we need to follow the coalescent of n−1 lineages, of which m are from738

the subsample, which gives739

P
(

A(n) (max{τi : i ∈ [m]}) = 0 |E2

)
= p(Π

(Λ),θ)
n,m−1 .

We have P(E3) = 1−P(E1)−P(E2) = 2λ (n)/(2λ (n)+θn). To compute740

P
(

A(n) (max{τi : i ∈ [m]}) = 0 |E3

)
,

proceed exactly as in the proof of recursion (5) by partitioning over the number741

of mutant lineages involved in the merger, but with changed boundary conditions742

since p(Π
(Λ),θ)

i,1 > 0, while p(Π
(Λ))

i,1 = 0 for i > 1. Summing over E1,E2,E3 yields743

Eq. (12). �744

4.8 Proof of Eq. (15)745

Recall our assumption that block π1 always contains element 1. To see (15), we746

will show that, for n large enough,747

P(Π (Λ))
(

T (m;n)
MRCA ≥ inf{t ≥ 0 : π1∩ [n]m+1 6= /0, π1 ∈Πt}

)
= 1. (28)

In words, the smallest block containing [m] appearing in the n-coalescent will748

always contain at least m+ 1 elements; block [m] will almost never be observed.749

Hence, limn→∞ q(Π
(Λ))

n,m = 0.750

Consider first Λ with
∫
[0,1] x

−1Λ(dx) =∞, which makes the Λ -coalescent dust-751

free (no singleton blocks almost surely for t > 0) - see the proof of [69, Lemma752

25]. For t > 0, [69, Prop. 30] shows that the partition block π1 ∈Π
(n, Λ)
t containing753

individual 1 at time t in the Λ -n-coalescent {Π (n, Λ)
t , t ≥ 0} fulfills limn→∞ #π1/n>754

0 almost surely. Thus, individual 1 has already merged before any time t > 0 if755

n > N′, where N′ is a random variable on N almost surely. However, within the756

subsample of fixed size m, we wait an exponential time with rate λ (m) for any757

merger of individuals in [m]. Thus, for n large enough individual 1 has almost758

surely already merged with individuals of [n]m+1 before merging with another in-759

dividual in the subsample. Consider now Λ with
∫
[0,1] x

−1Λ(dx)<∞, which shows760

that the coalescent has dust, i.e. there is a positive probability that there is a posi-761

tive fraction of singleton blocks at any time t, see [69, Prop. 26]. In this case [37,762

Corollary 2.3] shows that at its first merger, for n→ ∞, individual 1 merges with763

a positive fraction of all individuals N almost surely, which has to include indi-764

viduals in [n]m+1. Since this is the earliest merger where the MRCA of [m] can be765

reached, the proof is complete. �766

Analogously we have the following:767
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Corollary 1 Consider any Ξ -coalescent which comes down from infinity and its768

restrictions to [n], n ∈ N. Fix subsample size m ∈ N. Let T̃ (n)
m be the first time that769

any i ∈ [m] is involved in a merger in the Ξ -n-coalescent for n≥ m. We have770

lim
n→∞

P
(

T̃ (n)
m = T (n)

MRCA

)
= 0.

Proof If the Ξ -coalescent comes down from infinity, it fulfills
∫
[0,1] x

−1Λ(dx)=∞,
since it has to be dust-free. As above, we see that individual 1 has already merged
before T (n)

MRCA for n→ ∞, which establishes the corollary. ut

5 Conclusion and open questions771

By studying properties of nested samples we have aimed at understanding how772

much information about the evolutionary history of a population can be extracted773

from a sample, i.e. how the genealogical information increases if we enlarge774

the sample. In particular, we have focussed on multiple-merger coalescent pro-775

cesses derived from population models of high fecundity and sweepstakes repro-776

duction. In comparison with the Kingman-coalescent the general conclusion, at777

least for the statistics we consider, is that a subsample represents less well the778

‘population’ or the complete sample from which the subsample was drawn when779

the underlying coalescent mechanism admits multiple mergers. The subsample780

reaches its MRCA sooner and shares less of the ancestral genetic variants (in-781

ternal branches) with the complete sample under a MMC process than under the782

Kingman-coalescent. A similar conclusion can be broadly reached in comparison783

with exponential population growth. This seems to imply that one would need784

a larger sample for inference under a multiple-merger coalescent than under a785

(time-changed) Kingman-coalescent. Large sample size has been shown to im-786

pact inference under the Wright-Fisher model [11], in particular if the sample size787

exceeds the effective size [85]. The main effect is that when sample size is large788

enough, one starts to notice multiple and/or simultaneous mergers in the trees. The789

implication is that if one sampled a whole finite population with Wright-Fisher re-790

production, the genealogy of the whole population is not well approximated by791

the Kingman-coalescent. One would also expect an impact of large sample size792

on inference under MMC. The effective size in HFSR populations can be much793

smaller than in a Wright-Fisher population with the same census size [78,46,86].794

The implication is that for almost any finite population, the genealogy of the whole795

population is not the genealogy one derives under the assumption of a small sam-796

ple size compared to population size. This therefore leaves the question of what797

one is making an inference about when one applies a coalescent-based inference798

method.799

Our sample size considerations raise another point. Our main result on a rep-800

resentation for p(Beta-coal)
m rests on the assumption that the Beta-coalescent holds801

for an infinitely large population. The limit behavior of p(Ξ)
n,m as n→ ∞ described802

in Prop. 5 also depends on the ability of Ξ -coalescents to be applicable to an803

infinitely large sample size. The Beta-coalescent was initially derived as an ap-804

proximation of the random tree describing the ancestral relations of a finite num-805

ber of gene copies; the same holds for the Kingman-coalescent, and in general806
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for any coalescent process derived from a population model. Large sample size807

should impact the coalescent process derived for a HFSR model just as it does for808

the Wright-Fisher model. Yet the Beta-coalescent, and any coalescent that satis-809

fies certain assumptions (see [77]) comes down from infinity. There is a curious810

disconnect between the concept of coming down from infinity and the impact of811

large sample size which has not been bridged. At least, p(Ξ)
m gives a lower bound812

on p(Ξ)
n,m for any n until the coalescent approximation breaks down. This interpre-813

tation makes sense for real populations.814

All our results are applicable to a single non-recombining locus. A natural815

question to ask is if and how our results might change if we considered multi-816

ple unlinked loci. How would the statistics we consider, averaged over many un-817

linked loci, behave under MMC in comparison with a (time-changed) Kingman-818

coalescent? DNA sequencing technology has advanced to the degree that sequenc-819

ing whole genomes is now almost routine (see eg. [43,4]). One could ask how820

large a sample from a HFSR population does one need to be confident to have821

sampled a significant fraction of the genome-wide ancestral variation? In this822

context, let T (n,`)
MRCA denote the TMRCA of the complete sample of size n at a non-823

recombining locus ` ∈ [L], and T (m;n,`)
MRCA the TMRCA of a nested subsample of size824

m at same locus. Then we would like to compare the probability825

P(Π)

 ⋂
`∈[L]

{
T (m;n,`)

MRCA = T (n,`)
MRCA

}
between different coalescent processes. And in fact, the independence of the ge-826

nealogies at unlinked loci under the Kingman-coalescent, and Eq. (7), gives827

P(Kingman)

 ⋂
`∈[L]

{
T (m;n,`)

MRCA = T (n,`)
MRCA

}=

(
(m−1)(n+1)
(m+1)(n−1)

)L

.

Under a MMC process the genealogies at unlinked loci are not independent (see828

e.g. [32,15]).829

We compared results from single-locus MMC models with a time-changed830

Kingman-coalescent derived from a single-locus model of exponential population831

growth. Naturally one would like to compare results between genomic (multi-832

locus) models of HFSR with population growth to genomic models of HFSR with-833

out growth, and to genomic models of growth without HFSR. Some mathematical834

handle on the distributions of the quantities we simulated would (obviously) also835

be nice. However, these will have to remain important open tasks.836
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A1 Coalescent processes1035

To keep our presentation self-contained a precise definition of the coalescent pro-1036

cesses we will need will now be given. We follow the description of [19]. A coa-1037

lescent process Π is a continuous-time Markov chain on the partitions of N. Let1038

Π (n) denote the restriction to [n], and write Pn for the space of partitions of [n].1039

A partition π = {π1, . . . ,π#π} ∈Pn has #π blocks which are disjoint subsets of1040

[n]. We assume the blocks πi are ordered by their smallest element; therefore we1041

always have 1 ∈ π1. In general a merging event can involve r distinct groups of1042

blocks merging simultaneously. We write k = (k1, . . . ,kr) where ki ≥ 2 denotes the1043

number of blocks merging in group i. Here r ∈ [b#π/2c], k1 + · · ·+kr ∈ [#π]2 and1044

i1(a), . . . , i
(a)
ka

will denote the indices of the blocks in the ath group. By π ′ ≺#π,k π1045

we denote a transition from π to π ′ = A∪B where1046

A =

{
π` : ` ∈ [#π], ` /∈

r⋃
a=1

{
i(a)1 , . . . , i(a)ka

}}
,

B =
r⋃

b=1

{
π

i(b)1
, . . . ,π

i(b)kb

}
.

(A29)

In (A29), set A (possibly empty) contains the blocks not involved in a merger,1047

and B lists the blocks involved in each of the r mergers. By π ′ ≺#π,k π we denote1048

the transition in a Λ -coalescent where k ∈ [#π]2 merge in a single merger and1049

π ′ is given as in (A29) with r = 1; ie. only one group of blocks merges in each1050

transition. By π ′ ≺#π π we denote a transition in the Kingman-coalescent where1051

r = 1 and 2 blocks merge in each transition.1052

Now that we have specified the possible transitions, we can state the rates of1053

the transitions. Let ∆ denote the infinite simplex ∆ = {(x1,x2, . . .) : x1 ≥ x2 ≥1054

. . . ≥ 0,∑i xi ≤ 1}; let xxx denote an element of ∆ . Define the functions f (xxx;#π,k)1055
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and g(xxx;#π,k) on ∆000 := ∆ \{(0,0, . . .)} where
(
∏

0
m=1 xir+m := 1

)
, by1056

f (xxx;#π,k) =
1

∑ j x2
j

s

∑
`=0

∑
i1 6=...6=ir+`

(
s
`

)
xk1

i1
· · ·xkr

ir

`

∏
m=1

xir+m

(
1−∑

j
x j

)s−`

,

g(xxx;n) =

1−
n
∑
`=0

∑
i1 6=...6=i`

(n
`

)
xi1 · · ·xi`

(
1−∑ j x j

)n−`

∑ j x2
j

.

(A30)

where xi0 := 1. Write Ξ000 for a finite measure on ∆000, and define [75], for some1057

a≥ 0,1058

λn,k :=
∫

∆000

f (xxx,n,k)Ξ000dxxx+a1(r=1,k1=2),

λn :=
∫

∆000

g(xxx,n)Ξ000dxxx+a
(

n
2

)
.

(A31)

A Ξ -coalescent [75] is a continuous-time Pn-valued Markov chain with tran-1059

sitions qπ,π ′ given by, where λn,k and λn are given in (A31),1060

qπ,π ′ =


λn,k if π ′ ≺#π,k π , #π = n,
−λn if π ′ = π and n = #π,

0 otherwise.
(A32)

A Λ -coalescent [24,69,70] is a specific case of a Ξ -coalescent where we restrict1061

to the subset ∆0 := ∆000 ∩{(x1,x2, . . .) : x1 ∈ (0,1], x1+i = 0 ∀ i ∈ N} [75] and the1062

transition rate of π ′ ≺#π,k π becomes, where #π = n, 2≤ k ≤ n,1063

λn,k =
∫

∆0

xk(1− x)n−kx−2
Ξ000 +a1(k=2). (A33)

The Kingman-coalescent is obviously obtained in the case Ξ000(∆000) = 0 and a = 1.1064

When we refer to a Λ -coalescent we will refer to the measure Λ = Ξ000 + aδ0001065

with Ξ000 restricted to ∆0. For Λ a finite measure on [0,1] one can also represent the1066

coalescent rate λn,k of a Λ -coalescent as1067

λn,k =
∫ 1

0
xk−2(1− x)n−k

Λ(dx), 2≤ k ≤ n. (A34)

The total rate of k-mergers in a Λ -coalescent is given by1068

λk(n) =
(

n
k

)∫ 1

0
xk(1− x)n−kx−2dΛ(x), 2≤ k ≤ n; (A35)

and the total rate of mergers given n≥ 2 active blocks is1069

λ (n) = λ2(n)+ · · ·+λn(n). (A36)
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An important example of a Λ -coalescent is the Beta(2−α,α)-coalescent [78]1070

where the Λ measure is associated with the beta density, where B(·, ·) is the beta1071

function,1072

Λ(dx) =
x1−α(1− x)α−1

B(2−α,α)
dx, 1≤ α < 2. (A37)

The total rate of a k-merger (A35) is then given by, for 2≤ k ≤ n,1073

λk(n) =
(

n
k

)
B(k−α,n− k+α)

B(2−α,α)
, 1≤ α < 2. (A38)

When α = 1 the Beta(2−α,α)-coalescent corresponds to the Bolthausen-Sznitman1074

coalescent [20,39].1075

A2 Goldschmidt and Martin’s construction of the Bolthausen-Sznitman1076

n-coalescent1077

From [39], we recall the construction of the Bolthausen-Sznitman n-coalescent by1078

cutting the edges of a random recursive tree. Let Tn be a random recursive tree1079

with n nodes. We can construct Tn sequentially as follows1080

(i) Start with node 1 (the root) and no edges,1081

(ii) If i < n nodes are present, add node i+1 and one edge connecting it to a node1082

in [i] picked uniformly,1083

(iii) stop if n nodes are present.1084

The object Tn is a labelled tree, each node has a single label.1085

We consider a realisation of Tn and transform this tree over time into labelled trees1086

with fewer nodes with nodes amassing multiple labels.1087

(i) Each edge of Tn is linked to an exponential clock. Clocks are i.i.d. Exp(1)-1088

distributed.1089

(ii) We wait for the first clock to ring. At this time, we cut/remove the edge whose1090

clock rang first. The tree is thus split in two trees from which one includes1091

label 1. We denote the tree with label 1 by T(1), the other tree by T(2). Let e11092

be the node of T(1) that was connected by the removed edge1093

(iii) All labels of T(2) are added to the set of labels of e1. Remove T(2) including1094

its clocks.1095

(iv) Repeat from (ii), using T(1) labelled as in (iii) with the (remaining) clocks from1096

(i). Stop when T(1) in step (iii) consists of only a single node and no edges.1097

(v) For any time t, label sets at the nodes of T(1) (Tn before the first clock has rang)1098

give a partition Π
(n)
t of [n]. (Π (n)

t )t≥0 is a Bolthausen-Sznitman n-coalescent1099

(set Π
(n)
t = [n] if t is bigger than the time at which we stopped the cutting1100

procedure).1101

Figure A2 shows an illustration of steps (i)-(iii) for a realisation of T5.1102
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Fig. 6 Example for the first cutting and relabelling step (ii), (iii) for the construction from [39].
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Fig. 7 Graphs of p(B)n,m (see Eq. (5)) as a function of α for (n,m) = (102,101) (circles); (103,101)

(−); (103,102) (+). The corresponding results for the Kingman-coalescent, p (Kingman)
n,m (A) and

p (Kingman)
m (B) are shown as lines.
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