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We show that in model neuronal ultures, where the probability of interneuronal onnetion formation

dereases exponentially with inreasing distane between the neurons, there exists a small number of spa-

tial nuleation enters of a network spike, from where the synhronous spiking ativity starts propagating in

the network typially in the form of irular traveling waves. The number of nuleation enters, as well as

their spatial loation, is unique and unhanged for a given realization of neuronal network but is di�erent

for di�erent networks. In ontrast, if the probability of interneuronal onnetion formation is independent

of the distane between neurons, then the nuleation enters do not arise and the synhronization of spiking

ativity during a network spike ours spatially uniform throughout the network. Therefore one an onlude

that spatial proximity of onnetions between neurons is important for the formation of nuleation enters.

It is also shown that �utuations of the spatial density of neurons at their random homogeneous distribution

typial for the experiments in vitro do not determine the loation of the nuleation enters. The simulation

results are qualitatively onsistent with the experimental observations.
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1. Introdution

In neuronal ultures, i.e., planar neuronal networks

grown in vitro from initially dissoiated neurons of ere-

bral ortex or hippoampus, one an often detet spon-

taneous short-term (frations of a seond) repetitive

synhronization of neuronal spiking ativity alled a net-

work spike or a population burst [1, 2, 3, 4, 5℄. This phe-

nomenon is thought to be related to epilepsy [6, 7℄ there-

fore both the origin and the properties of network spikes

are the subjet of intensive studies. In a reent paper

[5℄ (see also [8℄) it has been shown experimentally that

a typial network spike has a few steady spatial soures

- nuleation enters of traveling waves of synhronous

spiking ativity. The auses of their ourrene have

not yet identi�ed. As desribed in [5℄, the number and

loation of the nuleation enters for di�erent neuronal

ultures are di�erent, but for the same neuronal ulture

these remain pratially unhanged during the observa-

tion period.

In this paper, by means of simulations, we inves-

tigated the spatial dynamis of network spikes in large

planar neuronal networks (50 thousand neurons, several

millions of interneuronal onnetions) that are ompa-

rable to real neuronal ultures. It was suggested that

the probability pcon(r) of an unidiretional onnetion

between two neurons dereases exponentially as a fun-

tion of the distane r between them [9℄. In fat, we have

generalized the results of the work [10℄, where the net-

work spikes ourred in a model neuronal network om-

posed of Leaky Integrate-and-Fire (LIF) neurons with

binomial distribution of interneuron onnetions and re-

laxational synapti plastiity, for the ase of spatially

dependent network topology, taking into aount the

respetive propagation delays of signals between neu-

rons.

We have found that (i) for the network of exitatory

neurons, uniformly distributed over the square area,

there is indeed a small number of nuleation enters of

a network spike from whih the synhronous spiking a-

tivity propagates farther typially in the form of irular

traveling waves. The number of nuleation enters, as

well as their spatial loation, is unique and invariable for

a given implementation of the neuronal network, but is

di�erent for di�erent networks. Note that the nuleation

enters were not nested in �utuations of spatial density

of neurons and the hange in the funtion pcon(r), un-

der ertain onditions on the average values of network

parameters, did not lead to the disappearane of nu-

leation enters. (ii) If the probability of formation of

interneuronal onnetion was not dependent on the neu-

rons' loation relative to eah other, then the nuleation

enters did not arise - the synhronization of spiking

ativity ourred spatially uniform throughout the net-

work. (iii) If the average number of outgoing synapti
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onnetions per neuron in the network was su�iently

large, then a drifting spiral wave ould arise oasionally

during some network spikes.

The results obtained, in partiular, the existene of

nuleation enters and the statistial regularities of their

ourrene, seem onsistent with the spatial dynamis of

network spikes desribed in [5℄. It is worth noting that

the dynami transitions between the phases of asyn-

hronous and synhronous spiking ativity of the net-

work ould be related to phase transitions of either the

�rst (ase (i)) or the seond (ase (ii)) kind, depending

on the degree of loality of the majority of interneuronal

onnetions.

2. Materials and methods

Neuronal Network Model. A mathematial

model of the neuronal network omprised of three main

omponents: (I) the model of a neuron, (II) synapse

model desribing the interation between neurons, and

(III) algorithm for generating the network topology. By

default, the network onsisted of 80% exitatory and

20% inhibitory neurons. The values of parameters for

the neuron and synapse models, inluding the param-

eters of normal distributions (standard deviations of

whih by default were taken equal to 1/2 of the av-

erage values), do not di�er essentially from those used

in artile [10℄ (see [11℄).

As a neuron model, the standard LIF-neuron has

been used. Subthreshold dynamis of the transmem-

brane potential V of suh a neuron is desribed by the

equation

τmdV/dt = Vrest − V (t) + (Isyn(t) + Ibg)Rm, (1)

where Vrest is the neuron's resting potential, τm is the

harateristi time for relaxation of V to Vrest, Rm is the

eletrial resistane of the neuron's membrane, Isyn(t) is

the total inoming synapti urrent, whih, as a funtion

of time t, depends on the hoie of the dynami model of

a synapse and the number of inoming synapses, Ibg is a

onstant "bakground" urrent, the magnitude of whih

varies from neuron to neuron by a normal distribution.

Note that the bakground urrents are required in or-

der to initiate and sustain a spontaneous asynhronous

spiking ativity of the network.

When the transmembrane potential reahes a

threshold value Vth = V (tsp), it is supposed that the

neuron emits a spike, then V abruptly drops to a

spei�ed value Vreset, Vrest < Vreset < Vth, and retains

this value during the period of refratoriness τref , then

the dynamis of the potential is again desribed by the

equation (1). The result of the LIF-neuron dynamis is

a sequene of spike generation moments {t(1)sp , t
(2)
sp , . . .}.

If a neuron has the value of Ibg that exeeds a ritial

value Ic = (Vth−Vrest)/Rm, then this neuron is a pae-

maker, i.e., it is able to emit spikes periodially, with the

period △tsp = τref + τm ln[(Ibg − Ir)/(Ibg − Ic)], where

Ir = (Vreset − Vrest)/Rm, in the absene of inoming

signals from other neurons.

II. A single ontribution to the inoming synapti

urrent in the TUM model [10℄ is determined by the

formula

Isyn(t) = A · y(t), (2)

where A is the maximum amplitude of synapti urrent,

the sign and magnitude of whih depend on the type of

pre- and postsynapti neurons (i.e., whether the neuron

is exitatory or inhibitory), and y(t) is a dimensionless

parameter, 0 ≤ y ≤ 1, the dynamis of whih is deter-

mined by the following system of equations:











dx/dt = z/τrec − u · x · δ(t− tsp),

dy/dt = −y/τI + u · x · δ(t− tsp),

dz/dt = y/τI − z/τrec,

(3)

where x, y, and z are the frations of synapti resoures

in the reovered, ative and inative state, respetively,

x + y + z = 1, τrec, τI are the harateristi relax-

ation times, tsp is the moment of spike generation at

the presynapti neuron (the signal propagation delay

between neurons is not taken into aount in the origi-

nal model [10℄), δ(. . .) is the Dira delta funtion, u is

the fration of reovered synapti resoure used to trans-

mit the signal aross the synapse, 0 ≤ u ≤ 1. For the

outgoing synapses of inhibitory neurons, the dynamis

of u is desribed by the equation

du/dt = −u/τfacil + U · (1− u) · δ(t− tsp), (4)

where τfacil is the harateristi relaxation time, and

0 < U ≤ 1 is a onstant parameter. For the out-

going synapses of exitatory neurons, u remains on-

stant and equals to U . In the numerial simulations

the onstants A and U , as well as all the harateristi

relaxation times (exept for τI) in the synapti urrent

model, were normally distributed, i.e., eah synapse had

its own unique values of these parameters.

III. We used the binomial and spatially-dependent

distributions of interneuron onnetions. In the ase

of "binomial" network topology, we set a onstant

probability pcon of the formation of unilateral synapti

onnetion between two neurons, independent of their

spatial oordinates. Then in the network of N neu-

rons the number m of outgoing onnetions of a neu-

ron is desribed by the binomial distribution P (m) =
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Cm
N−1p

m
con(1− pcon)

N−1−m
, where 0 ≤ m ≤ N − 1, with

mean value m̄ = pcon(N − 1).

In the ase of spatially-dependent network topology,

point neurons were uniformly distributed over a square

area L × L of unit size (L = 1). The probability of

formation of unilateral onnetion between eah pair of

neurons depended on the distane r between them a-

ording to the formula [9℄

pcon(r) = Be−r/λ, (5)

where λ is the harateristi onnetion length, ex-

pressed in units of L. The onstants B and λ, for sim-

pliity, were hosen independent of the types of pre- and

postsynapti neurons, in partiular, it was taken B = 1,

λ = const for all ombinations of types of neurons.

Note two essential irumstanes: �rst, sine the

square area is a onvex set of points, and the interneuron

onnetions were modeled by segments of straight lines,

we did not take into aount the edge e�ets when reat-

ing the network. Seondly, despite the fat that pcon(r)

reahes its maximum at r = 0, the distribution of the

lengths of interneuronal onnetions is zero at r = 0 and

reahes its maximum at the point r ≈ λ, provided that

λ . 0.1. One an show this straightforwardly by �nding

the probability density P (r) to detet two neurons at a

distane r from eah other,

P (r) =















2r · (π − 4r + r2), r ≤ 1,

4r · (2 arcsin(1/r) + 2
√

r2 − 1− . . .

−π/2− r2/2− 1), 1 < r ≤
√
2,

(6)

suh that

√

2
∫

0

P (r)dr = 1 [11, 12, 13, 14℄. The distribu-

tion of interneuronal onnetion lengths is given by the

produt pcon(r)P (r) (Fig. 1, upper graph), p. [15℄. In

turn, the average number of interneuron onnetions in

the network of N neurons is

Ncon(λ) = N(N − 1)

√

2
∫

0

pcon(r)P (r)dr, (7)

so that the orresponding probability for the binomial

distribution an be found as pcon = Ncon(λ)/(N(N−1))

(Fig. 1, lower graph). The approximate analytial ex-

pression for the funtion Ncon(λ) is given in [11℄.

The delays resulting from the propagation of spikes

along the axons were alulated by the formula [16℄

τdel = τdel,min + r/vsp, (8)

where τdel is the total propagation delay of a spike along

the axon of length r, τdel,min is the minimal axonal delay
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Figure 1. Upper graph: The probability density P (r)

to �nd two neurons, whose spatial oordinates are at

random uniformly distributed in the square L × L, at

a distane r from eah other. Inset: normalized distri-

bution of the interneuronal onnetion lengths for the

network of 10 thousand neurons at λ = 0.1 (see (5)) and

the orresponding produt pcon(r)P (r). Lower graph:

Funtional dependene Ncon(λ) obtained (i) by diret

simulation of the networks of N = 104 neurons (thik

blue urve) and (ii) with the use of the approximate

analytial expression of Eq. (7) (thin red urve).

the same for all synapses, and vsp is the onstant speed

of spike propagation along the axon [11℄. Note that the

distribution of axonal delays (8) is also determined by

the produt pcon(r)P (r).

3. Results

Artile [10℄ lists the parameter values for the TUM

model at whih the regime of repetitive network spikes

ours in simulations (Fig. 2). This regime is hara-

terized by a broad distribution of intervals between sub-

sequent network spikes (in [17, 18℄ it is shown that the

distribution of inrements of these intervals may be ap-

proximated by the Levy distribution). It is this regime

("TUM regime") we have obtained and examined for the
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Figure 2. Spiking ativity of the "binomial" neuronal

network of 500 LIF-neurons (80% exitatory, 20% in-

hibitory; 6.4% paemaker neurons) with normal dis-

tribution of the bakground urrents (see the inset at

right). LEFT: Raster plot (top) and spiking ativity

averaged over 2 ms and normalized to the total num-

ber of neurons (bottom). Network spikes are the verti-

al stripes in the raster and the peaks on the ativity

plot. X(t) is the network-averaged fration of synap-

ti resoures in the reovered state. RIGHT: The same

quantities for a single network spike.

ase of spatially-dependent network topology. It is im-

portant to note that this ours only in relatively narrow

region of values of the average number m̄ = pcon(N −1)

of outgoing onnetions per neuron. In partiular, keep-

ing unhanged other parameters of the simulations, for

the networks of exitatory neurons the TUM-regime o-

urred in the range 30 . m̄ . 90 (see Fig. 3). If the

network omprises 20% inhibitory neurons, this range

is expanding, 30 . m̄ . 150. For planar networks with

a large number of neurons (40-50 thousand) uniformly

distributed over a square area, the parameter λ, whih

determines the probability (5) of interneuronal onne-

tion formation, was typially set so that the average

number of outgoing onnetions per neuron was inside

this range, near its lower boundary for the sake of on-

serving omputing resoures.

In the TUM-regime, a network spike in the net-

work of exitatory neurons uniformly distributed in the

square area starts in one of a few (usually 3-4) spa-

tial enters - primary nuleation enters, from whih

the synhronous spiking ativity propagates through the

network in the form of a irular traveling wave, aom-

panied by the ativation of more numerous seondary

nuleation enters (Fig. 4). A spatial pro�le of the net-

work spike emerging in the nuleation enter is shown

in Fig. 5.
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Figure 3. À: The phase diagram of the ourrene prob-

ability for the regime of aperiodially repetitive network

spikes (TUM-regime) in the "binomial" networks of ex-

itatory neurons. N is the number of neurons in the

network, Pcon is the probability of interneuronal on-

netion formation. Eah pixel of the diagram displays

the relative number of realizations of a neuronal net-

work with given values of N and Pcon (in total, there

were 5 suh trials) for whih the TUM-regime was ob-

served. B: Examples of averaged (over 3 ms) spiking

ativity of the network of N = 500 exitatory neurons

at Pcon = 0.03, 0.1, 0.22.

The primary nuleation enters are determined at

the initial stage of a network spike by their invariable

spatial arrangement (Fig. 5, right graph). The evalu-

ation of their number, obviously, depends on the simu-

lation time sine the network spikes our randomly in

one of them. Aording to our observations (in total,

12 simulations of the same type and 14 various modi�-

ations were performed), the number of primary nule-

ation enters eases to inrease after 10-15 sequentially

passed network spikes. We therefore onlude that it

remains the same for a given realization of the neuronal

network, being di�erent for di�erent networks. Note

that the average frequeny of generating network spikes

for the networks of 40 thousand exitatory neurons is

in the order of magnitude of 1 Hz, provided that the

simulation time-step is 0.1 ms and the simulation time

is 10 s. Inhibitory neurons, in their turn, generally (i)

derease the average frequeny of network spike our-

rene, (ii) inrease the variability of both the amplitude
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Figure 4. Upper graph: Averaged (over 2 ms) spiking ativity of the network of 50 thousand neurons at λ = 0.01. After

the �rst 10 seonds of the simulation the inhibitory neurons (20% of the total) are bloked, i.e. do not partiipate in

spiking dynamis of the network, in order to obtain a lear piture of the propagation of synhronous spiking ativity

from the smallest number of nuleation enters. Lower graph: LEFT: Network ativity (top) and raster (bottom) during

the network spike marked by the arrow in the upper graph. RIGHT: Snapshots of the instantaneous spatial ativity of

neurons for the orresponding moments of the network spike. Blue dots depit neurons and red dots highlight spiking

neurons. Eah frame orresponds to the area L×L. On the frame C it is seen that in addition to the primary nuleation

enter (frame A) three seondary enters beome ative. The simulation parameters are desribed in details in [7℄.

and duration of a network spike, and (iii) inrease the

number of nuleation enters.

Interestingly, if the average number of outgoing

synapti onnetions per neuron is su�iently large (i.e.,

parameter λ in Eq. (5) is relatively large), then a drift-

ing spiral wave an arise during some network spikes

(Fig. 6), given that most of the network spikes still start

with irular traveling waves propagating from the sta-

tionary nuleation enters. (In total, three suh spirals

ourred in two of �ve idential simulations at λ = 0.04

with relative frequenies 1/12 and 2/10, respetively.)

4. Disussion

A theory for the origin of the nuleation enters of

network spikes, enabling predition of the number and

loation of primary nuleation enters without arrying

out the dynami simulations, is urrently absent. We

have exluded the in�uene of �utuations of the spa-

tial distribution density of neurons by plaing the neu-

rons stritly periodially in the nodes of a square lattie

- the nuleation enters still ourred (Fig. 7, upper

panel). One-to-one orrespondene was not observed

between the loations of loal maxima of spatial density

of paemaker neurons and primary nuleation enters.

Nuleation enters ourred even at idential values of

synapti parameters (see (2), (3)) for all synapses of the

network.

Modi�ations of the funtional dependene of the

probability of interneuronal onnetion formation on

the distane between neurons (e.g., pcon(r) = θ(λ − r),

where θ(. . .) is unit step funtion), provided that (i)

the average number of outgoing onnetions per neu-

ron remains the same in the order of magnitude and (ii)

neurons loated far (ompared with the harateristi

distane λ, L/
√
N < λ ≪ L) from eah other prati-

ally do not form onnetions, also do not lead to the

disappearane of nuleation enters. On the other hand,

if the probability of interneuronal onnetion forma-

tion was independent of the distane between neurons

(i.e., pcon(r) = const, given that the average number of
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Figure 5. Left graph: The dynamis of spiking ativity front for the initial stage of the network spike shown in Fig. 4

(see frames A - C) with the relative times indiation. The vertial axis denotes the spatially-averaged spiking ativity

of the network, the horizontal one shows the distane ρ from the nuleation enter. Right graph: Spatial loations of

the nuleation enters of 20 network spikes for the same network as that in Fig. 4. Three nuleation enters (A, B,

C) are learly distinguishable. Blak dots depit the spatial spiking ativity of neurons during the �rst 40 ms after the

network spike onset that was determined by the exess of a threshold value for the network spiking ativity.

Figure 6. Drifting spiral wave during the network spike (marked by the arrow) for the network of 50 thousand neurons

at λ = 0.04 that gives approx. 23 million interneuron onnetions in the network with approx. 460 outgoing onnetions

per neuron. Other simulation parameters were taken the same as for the network in Fig. 4. Inhibitory neurons (20% of

the total) are not bloked during the whole time of the simulation. Bloking inhibitory neurons at λ = 0.04 results in

disappearane of the TUM-regime (see region III of the phase diagram in Fig. 3 A).

outgoing onnetions per neuron remains unhanged),

the nuleation enters did not arise - synhronization

of spiking ativity ourred spatially uniform through-

out the network (lower panel in Fig. 7, a total of 5 suh

simulations were performed). Here, it may be signi�ant

that the variane of the total number of interneuronal

onnetions of the network with pcon(r) = e−r/λ
, orre-

sponding to the Bernoulli trials with variable probabili-
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ties of suess, reahes its maximum at pcon(r) = const,

i.e. in the limit of standard binomial distribution [19℄.

Nevertheless, the results of simulations strongly suggest

that the spatial proximity of the majority of network

interneuronal onnetions is important for the forma-

tion of nuleation enters. Moreover, the evaluation

of network-averaged values of the shortest path length

〈SPL〉 and lustering oe�ient 〈C〉 [20℄ indiates that
the neuronal networks exhibiting nuleation enters dur-

ing network spikes belong to small-world networks. In

partiular, 〈SPL〉 ≈ 4.3 and 〈C〉 ≈ 0.1 for the network

in Fig. 4, 〈SPL〉 ≈ 3.8 and 〈C〉 ≈ 0.1 for the network in

Fig. 7 (upper panel), and 〈SPL〉 ≈ 3.4 and 〈C〉 ≈ 10−3

for truly random (binomial) network in Fig. 7 (lower

panel).

In general, our �ndings on nuleation enters, iru-

lar traveling waves and drifting spiral waves of spiking

ativity are in qualitative agreement with the already

known. In partiular, the nuleation enters and iru-

lar traveling waves during a network spike were diretly

observed experimentally in neuronal ultures [5℄, and

the spiral waves were observed in disinhibited neoor-

tial slies [21℄. The similar e�ets (e.g., irular and

spiral waves), regardless to the ourrene of network

spikes, were also obtained in previous omputational

studies [22, 23, 24, 25℄ using di�erent models of the neu-

ronal network.

5. Conlusion

A relatively simple model of a planar neuronal ul-

ture is desribed that demonstrates in simulations the

regime of repetitive network spikes emerging in a small

number of spatial nuleation enters, the loation of

whih is unique for a given network implementation.

In fat, the number and loation of primary nuleation

enters are dynami "marks of distintion" of neuronal

ultures from eah other.

More spei�ally, we have shown that (i) in spatially

uniform networks of exitatory neurons, a typial net-

work spike has omplex spatial dynamis with a few

nuleation enters, (ii) the spatial nuleation enters of

a network spike appear if the majority of onnetions

between neurons are the loal ones, and (iii) the nule-

ation enters are not nested in �utuations of spatial

density of neurons.

It is worth noting that the spatial dynamis of a

network spike in real neuronal ultures an be diretly

visualized with high spatial and temporal resolution us-

ing multi-transistor arrays [26℄ or advaned standard

miroeletrode arrays [27℄. Therefore the results of sim-

ulations similar to those onduted in this study allow

a diret omparison with experimental observations.
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A spatially resolved network spike in model neuronal ultures reveals nuleation enters... 9

Figure 7. Upper panel: Spatial dynamis of the network spike (marked by the arrow) for the network of 50625 neurons

loated in 225 × 225 nodes of a square lattie having period a = 0.004L. Inhibitory neurons (20% of the total) are

bloked from the outset of the simulation. The dependene pcon(r), with λ = 0.014, and other simulation parameters

were taken the same as for the network in Fig. 4. On frames A and B two nuleation enters are learly visible. Lower

panel: A similar simulation for the network of 50 thousand neurons at pcon(r) = const = 6.4 · 10−4
, with the same

average number of outgoing onnetions per neuron and other simulation parameters as those for the network in Fig.

4. It is seen that there are no nuleation enters.
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