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Abstract19

Genetic connectedness refers to a measure of genetic relatedness across management units20

(e.g., herds and flocks). With the presence of high genetic connectedness in management21

units, best linear unbiased prediction (BLUP) is known to provide reliable comparisons be-22

tween genetic values. Genetic connectedness has been studied for pedigree-based BLUP;23

however, relatively little attention has been paid to using genomic information to measure24

connectedness. In this study, we assessed genome-based connectedness across management25

units by applying prediction error variance of difference (PEVD), coefficient of determina-26

tion (CD), and prediction error correlation (r) to a combination of computer simulation27

and real data (mice and cattle). We found that genomic information (G) increased the28

estimate of connectedness among individuals from different management units compared to29

that based on pedigree (A). A disconnected design benefited the most. In both datasets,30

PEVD and CD statistics inferred increased connectedness across units when using G- rather31

than A-based relatedness suggesting stronger connectedness. With r once using allele fre-32

quencies equal to one-half or scaling G to values between 0 and 2, which is intrinsic to A,33

connectedness also increased with genomic information. However, PEVD occasionally in-34

creased, and r decreased when obtained using the alternative form of G, instead suggesting35

less connectedness. Such inconsistencies were not found with CD. We contend that genomic36

relatedness strengthens measures of genetic connectedness across units and has the potential37

to aid genomic evaluation of livestock species.38
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The problem of connectedness or disconnectedness is particularly important in genetic39

evaluation of managed populations such as domesticated livestock. When selecting among40

animals from different management units (e.g., herds and flocks), caution is needed; choosing41

one animal over others across management units may be associated with greater uncertainty42

than selection within management units. Such uncertainty is reduced if individuals from43

different management units are genetically linked or connected. In such a case, best linear44

unbiased prediction (BLUP) offers meaningful comparison of the breeding values across45

management units for genetic evaluation (e.g., Kuehn et al., 2007).46

Structures of breeding programs have a direct influence on levels of connectedness. Wide47

use of artificial insemination (AI) programs generally increases genetic connectedness across48

management units. For example, dairy cattle populations are considered highly connected49

due to dissemination of genetic material from a small number of highly selected sires. The50

situation may be different for species with less use of AI and more use of natural service51

mating such as for beef cattle or sheep populations. Under these scenarios, the magnitude52

of connectedness across management units is reduced and genetic links are largely confined53

within management units.54

Pedigree-based genetic connectedness has been evaluated and applied in practice (e.g.,55

Kuehn et al., 2009; Eikje and Lewis, 2015). However, there is a relative paucity of use of56

genomic information such as single nucletide polymorphisms (SNPs) to ascertain connect-57

edness. It still remains elusive in what scenarios genomics can strengthen connectedness58

and how much gain can be expected relative to use of pedigree information alone. Con-59

nectedness statistics have been used to optimize selective genotyping and phenotyping in60

simulated livestock (Pszczola et al., 2012) and plant populations (Maenhout et al., 2010),61

and in real maize (Rincent et al., 2012; Isidro et al., 2015), and real rice data (Isidro et al.,62

2015). These studies concluded that the greater the connectedness between the reference and63

validation populations, the greater the predictive performance. However, 1) connectedness64

among different management units and 2) differences in connectedness measures between65

4

.CC-BY-ND 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted April 24, 2017. ; https://doi.org/10.1101/130138doi: bioRxiv preprint 

https://doi.org/10.1101/130138
http://creativecommons.org/licenses/by-nd/4.0/


pedigree and genomic relatedness were not explored in those studies. For better understand-66

ing of genome-based connectedness, it is critical to examine how the presence of management67

units comes into play. For instance, genomic relatedness captures Mendelian sampling that68

is not present in pedigree relationships (Hill and Weir, 2011). Thus, genomic information69

is expected to strengthen measures of connectedness, which in turn refines comparisons of70

genetic values across different management units. The objective of this study was to assess71

measures of genetic connectedness across management units with use of genomic informa-72

tion. We leveraged the combination of real data and computer simulation to compare gains73

in measures of connectedness when moving from pedigree to genomic relationships. First,74

we studied a heterogenous mice dataset stratified by cage. Then we investigated approaches75

to measure connectedness using real cattle data coupled with simulated management units76

to have greater control over the degree of confounding between fixed management groups77

and genetic relationships.78
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Materials and Methods79

Mice data80

We analyzed a heterogeneous stock mouse population established for quantitative trait map-81

ping (Valdar et al., 2006; Solberg et al., 2006). It was originally derived from eight inbred82

strains, followed by 50 generations of pseudorandom mating. This population was used for83

one of the first empirical applications of genomic selection in animals (Legarra et al., 2008)84

and later used for an array of quantitative genetic studies. The data consisted of 1,884 indi-85

viduals from 169 full-sib families with approximately 11 siblings per family. Each individual86

was genotyped with 10,946 SNP markers yet none of the full-sib parents were genotyped.87

We removed SNPs with a minor allele frequency (MAF) less than 0.05, resulting in 10,33988

markers for analysis. The mice were reared in 523 cages or management units that created89

shared environments. The majority of full-sibs were housed in the same cages and distributed90

to three cages on average, i.e., a full-sib family was typically reared together in three cages.91

Pedigree relationships within and across full-sib individuals were 0.5 and 0, respectively. This92

resulted in an extreme case of genetic disconnectedness across management units. Thus, the93

extent of connectedness was determined by the presence or absence of full-sibs in different94

management units.95

Cattle data96

Pedigree information was available on 1,929 cattle collected over six generations starting from97

a base generation 0 to generation 5 (Wimmer et al., 2015). Among those, 500 individuals,98

mostly coming from generations 2 and 3 (> 90%), had both phenotypes and genotypes.99

Historic pedigree information in addition to the 500 individuals are a source of connectedness100

as the pedigree-based relationship matrix was constructed from the entire pedigree. The101
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500 individuals were genotyped for 7,250 SNP markers. We imputed missing genotypes by102

sampling alleles from a Bernoulli distribution with the marginal allele frequency used as103

a parameter. We retained 6,714 SNPs after removing markers with MAF less than 0.05.104

We simulated management units in two steps: 1) individuals were clustered and 2) clusters105

were assigned to management units. The k-medoid clustering was performed to cluster106

individuals into distinctive groups. In particular, we used partitioning around medoids, which107

is considered a robust version of K-means (Kaufman and Rousseeuw, 1990; Reynolds et al.,108

2006). We formed sets of clusters so that individuals in the same groups were more similar109

to each other than to those in other groups. We selected the number of clusters by optimum110

average silhouette width algorithm implemented in the cluster and fpc R packages. This111

algorithm minimizes dissimilarity measures among individuals within the same cluster and112

finds the optimal number of clusters that returns the lowest average dissimilarity computed113

from each cluster. The clustering was based on the A matrix, which was converted to a114

dissimilarity matrix by calculating the distance from the highest similarity to each similarity115

value in such a way that the relationship with the largest value becomes zero. We simulated116

the four following scenarios.117

• Scenario 1: Completely disconnected - all clusters allocated to their own management118

units119

• Scenario 2: Disconnected - one-half of clusters allocated to management unit 1 and120

remaining half assigned to management unit 2121

• Scenario 3: Partially connected - approximately one-third of clusters allocated to man-122

agement unit 1, another one-third to management unit 2, and the remaining one-third123

of clusters assigned to both managements to act as a link to connect the two manage-124

ment units indirectly125

• Scenario 4: Connected - all clusters equally allocated to the two management units126
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Subsequently, appropriate incidence matrices were constructed and we computed connect-127

edness statistics across management units employing pedigree and genomic relationships.128

Prediction error variance129

Genetic connectedness statistics are typically defined as a function of the inverse of the co-

efficient matrix. For instance, Kennedy and Trus (1993) proposed a genetic connectedness

measure as the average prediction error variance (PEV) of the difference in predicted genetic

values between all pairs of individuals in different management units. The PEV can be ob-

tained from Henderson’s mixed model equations (MME) (Henderson, 1984). We constructed

MME according to a standard linear mixed model y = Xb + Zu + ε, where y is a vector

of phenotypes, X is an incidence matrix of management units, b is a vector of effects of

management units, Z is an incidence matrix relating individuals to phenotypic records, u

is a vector of random additive genetic effects, and ε is a vector of residuals. The pheno-

typic vector y was standardized to have mean of 0 and variance of 1 so that results can be

compared across different scenarios. The variance-covariance structure for this model is


y

u

ε

 ∼ N




Xb

0

0

 ,


ZKσ2

uZ
′ + Iσ2

ε ZKσ2
u Iσ2

ε

KZ′σ2
u Kσ2

u 0

Iσ2
ε 0 Iσ2

ε


 .

where σ2
u is the genetic variance, σ2

e is the residual variance, and K is a positive (semi)definite130

relationship matrix defined later.131
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The inverse of the MME coefficient matrix is represented as

C =

X′X X′Z

Z′X Z′Z + K−1λ


−1

=

C11 C12

C21 C22


where λ is the ratio of variance components σ2

ε

σ2
u
. The PEV of genetic value for the ith

individual (ûi) is given by

PEVi = V ar(ui|ûi)

= V ar(ûi|ui)

= V ar(ûi − ui)

= C22
ii σ

2
ε ,

where C22
ii is the ith diagonal element of C22 coefficient matrix. Note that PEV can be

interpreted as the proportion of additive genetic variance not accounted for by the prediction.

Equivalently, the matrix of PEV can be computed as

PEV = (Z′MZ + K−1λ)−1σ2
ε

= C22σ2
ε ,

where M is the absorption (projection) matrix for fixed effects where M = I−X(X′X)−X′,132

which is orthogonal to the vector space defined by X (i.e., MX = 0). This avoids calculating133

the inverse of the entire coefficient matrix, which is useful when X is large or analysis involves134

repeated computation of PEV.135
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Genetic connectedness136

We computed three genetic connectedness statistics: the PEV of the difference (PEVD) be-

tween genetic values (Kennedy and Trus, 1993), the coefficient of determination (CD) of the

difference between predicted genetic values (Laloë, 1993), and the prediction error correla-

tion (r) between genetic values of individuals from different management units (Lewis et al.,

1999). The first two statistics were originally used to evaluate the accuracy of individual

estimated breeding values (EBV) and later extended to assess inherent risk in comparing

individuals across management units. First, genetic connectedness between two individuals,

i and j, was measured as PEVD (Kennedy and Trus, 1993)

PEVD(ûi − ûj) = [PEV(ûi) + PEV(ûj)− 2PEC(ûi, ûj)]

= (C22
ii −C22

ji −C22
ij + C22

jj )σ
2
ε

= (C22
ii + C22

jj − 2C22
ij )σ2

ε ,

where PECij is the prediction error covariance or covariance between errors of genetic values,137

which is off-diagonal element of the PEV matrix. If PEVD is small, individuals are said to138

be connected. The idea behind using PEVD as a measure of connectedness is that the139

accurately estimated genetic values of individuals have smaller PEV and that the pairs of140

genetically related individuals in the different management units have a positive prediction141

error covariance. Throughout this study, we used a scaled PEVD following Kuehn et al.142

(2008) by scaling PEVD by the additive genetic variance to express connectedness without143

units of measurement.144

Similarly, CD is closely related to PEVD and is defined by scaling the inverse of the

coefficient matrix by corresponding coefficients from the relationship matrix. We can view

CD as the squared correlation or reliability between the predicted and the true difference in
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the breeding values (Laloë et al., 1996). This is given by

CDij = 1− λ
C22
ii + C22

ij − 2C22
ij

Kii + Kij − 2Kij

.

for pairwise comparison. In contrast to PEVD, CD accounts for the reduction of connected-145

ness due to relationship variability between individuals under comparison. This statistic is146

bounded between 0 to 1, with larger values indicating increased connectedness.147

The r is obtained by transforming a PEV matrix into predictive error correlation matrix.

For individuals i and j, this statistic is given by

rij =
PEC(ûi, ûj)√

PEV(ûi)PEV(ûj)
.

The rationale behind r is that there is no connectedness when PEC is zero (Lewis et al.,148

1999). Similar to CD, r is also bounded between 0 and 1. The larger the r, the greater the149

connectedness.150

Connectedness summary151

We can generalize connectedness between any pair of management units i
′

and j
′

by setting

up a corresponding contrast vector x that sums to zero (i.e., 1′x = 0) (Laloë, 1993). The

PEVD of contrast x in genetic values is given by

PEVD(x) = x′C22xσ2
ε ,

where x is a column vector including 1/ni′ , −1/nj′ , and 0, for the elements corresponding to

i′th unit, j′th unit, and the remaining units, respectively, where ni′ and nj′ were the numbers

of individuals belonging to i′th and j′th units, respectively. In a contrast vector notation,
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pairwise CD between management units i′ and j′ is given by

CD(x) = 1− λx′C22x

x′Kx

For the r statistic, a similar summary statistic can be derived as

r(x) =
1/ni′

∑
PECi′j′1/nj′√

(1/ni′)2
∑

PEVi′i′ · (1/nj′)2
∑

PEVj′j′

=

∑
PECi′j′√∑

PEVi′i′ ·
∑

PEVj′j′
,

where
∑

PECi′j′ ,
∑

PEVi′i′ , and
∑

PEVj′j′ were the sums of the elements of PECi′j′ ,152

PECi′i′ , and PECj′j′ , respectively (Kuehn et al., 2008). However, in the Appendix we show153

that when this summary statistic is applied across units it provides a reasonable summary154

for a pedigree relationship matrix but it is not suitable for a genomic relationship matrix155

when the total number of management units is two. Thus, we reported connectedness by156

averaging the r statistic for all pairs of individuals in across management units.157

Relationship matrix158

Connectedness is realized through a genetic relationship matrix under the BLUP framework.159

Three genetic connectedness statistics defined above require information about covariance160

structures among individuals or genetic values that evaluate relatedness. We considered five161

n × n relationship kernel matrices (K) in this study, where n is the number of individuals.162

The numerator relationship matrix, K = A, is based on relatedness due to expected additive163

genetic inheritance. This can be computed directly from pedigree information, and reflects164

the probability that alleles are inherited from a common ancestor and thereby are identical by165

descent (IBD). The off-diagonal elements are twice the kinship coefficients and are equivalent166

to the numerators of Wright’s correlation coefficients (Wright, 1921, 1922). The majority of167

genetic connectedness literature is based on the pedigree relationship matrix, i.e., average168

12

.CC-BY-ND 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted April 24, 2017. ; https://doi.org/10.1101/130138doi: bioRxiv preprint 

https://doi.org/10.1101/130138
http://creativecommons.org/licenses/by-nd/4.0/


relationships assuming conceptually, an infinite number of loci. On the other hand, the169

genomic relationship matrix, K = G, captures genomic similarity among individuals. The170

matrix G is a function of the matrix of allelic counts (wi,j ∈ 0, 1, 2), where i = 1, · · · , n and171

j = 1, · · · ,m denote the indices of individuals and of markers, respectively. Each element of172

the allele content matrix W is the number of copies of the reference allele. Under Hardy-173

Weinberg equilibrium, E(w.j) = 2pj and V ar(w.j) = 2pj(1− pj), so that W.j =
w.j−2pj√
2pj(1−pj)

is174

a standardized incidence matrix of allelic counts, where pj is the allele frequency at the jth175

marker. The G matrix is constructed from a crossproduct of scaled marker genotype matrix176

W divided by some constant, i.e., the number of markers under assumption of unity marker177

variance178

G =
WW′

m
.

The standardization of W and the constant in the denominator make the G matrix anal-179

ogous to the A matrix (VanRaden, 2008). This genomic relationship matrix estimates the180

proportion of the genomes of two individuals that is identical by state (IBS).181

One concern that arises when comparing the A and G matrices is that these two matrices182

are not on the same scale. The G matrix represents the estimate of a covariance (correla-183

tion) structure among individuals marked by SNPs with the potential having some negative184

off-diagonal entries. Such negative values indicate that some individuals are molecularly185

less related than average pairs of individuals in the sense of IBS if the population were in186

Hardy-Weinberg equilibrium (e.g., Toro et al., 2002). This mostly happens when the current187

population is defined as a base population, namely, computing the G matrix by using the188

estimates of observed allele frequencies from the current population (Powell et al., 2010).189

While the negative coefficients arising from IBS can be interpreted as negative correlations190

of alleles (Toro et al., 2002), this is contrast to the A matrix which is defined as an IBD. In191

the A matrix, a founder population is assumed to be the unselected base population. This192

may impact some of the connectedness statistics used in this study. For this reason, we also193

considered two other genomic relationship matrices: a G0.5 matrix and a scaled G matrix,194
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Gs, so that the genomic relationship matrix is on nearly the same scale as the A matrix.195

The G0.5 matrix was created by scaling the W by p∗j , instead of pj, where p∗j is the estimate196

of allele frequency in the base population. Because allele frequencies in the base population197

are unknown, we set all p∗j equal to 0.5 under the assumption of no selection (VanRaden,198

2007; Toro et al., 2011; Vitezica et al., 2011). The G0.5 matrix constructed in this way does199

not create any negative coefficients for the both mice and cattle datasets. The correlations200

between G and G0.5 were 0.81 and 0.98 for mice and cattle, respectively.201

Alternatively, a min-max scaler, one of the common scaling methods, was employed to

scale the G matrix. The min-max scaler transforms inputs into the given range of minimum

and maximum values. The scaled genomic relationship between ith and jth individual was

given by

Gsij =
(Gsmax −Gsmin)(Gij −Gmin)

Gmax −Gmin

,

where Gmin and Gmax are the minimum and maximum elements of G, and Gij is the ith,202

jth element of G. The Gsmin and Gsmax define the range of minimum and maximum values203

of elements of Gs. These values were set to 0 and 2, respectively, according to the minimum204

and maximum values of numerators of Wright’s correlation coefficients. This scaling sets205

negative off-diagonal entries in the G matrix to 0 (Momen et al., 2017). Note that the206

correlation between G and Gs is equal to one because a correlation is invariant to changes207

in scale.208

Lastly, the covariance between ungenotyped and genotyped individuals was jointly mod-

eled through a hyrbrid matrix where K = H. The H matrix can be viewed as a matrix that

combines pedigree and genomic relationships. By considering the distribution of genetic

values of ungenotyped individuals conditioned on genetic values of genotyped individuals, it

14
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can be shown (Legarra et al., 2009; Christensen and Lund, 2010) that

H =

A11 + A12A
−1
22 (G22 −A22)A

−1
22 A21 A12A

−1
22 G22

G22A
−1
22 A21 G22


where A11, A12(A21), and A22 are numerator relationship matrices among ungenotyped,209

ungenotyped and genotyped, and genotyped individuals, respectively. G22 = G,G0.5, or Gs210

is the genomic relationship matrix for genotyped individuals. In addition to A, G, G0.5,211

and Gs, the H matrix was used for the cattle dataset that spans several generations. We212

treated individuals at generations three, four, and five as genotyped individuals and earlier213

generations as ungenotyped individuals. This reflects a practical situation in typical breeding214

programs, where the majority of genotyped individuals are concentrated in more recent215

generations. This partitioning resulted in 65% ungenotyped and 35% genotyped individuals,216

simulating a realistic scenario where there are more ungenotyped than genotyped individuals217

(e.g., Legarra et al., 2009).218

Principal component analysis of measures of connected-219

ness220

Principle component analysis (PCA) of PEVD, CD, and r pairwise individual-based matrices221

computed under the four different simulated scenarios in the cattle dataset was used to cluster222

individuals. The prcomp function in R was used to produce principle component scores and223

the principal component (PC) plots were generated with the ggbiplot package based on the224

first two PC.225
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Heritability226

For simulation, we used two heritability values (h2 = 0.8 and h2 = 0.2) by varying the ratio227

of variance components λ = σ2
ε/σ

2
u = (1− h2)/h2 assuming an animal model, where σ2

ε and228

σ2
u are residual and genetic variances, respectively.229

Data availability230

The mouse dataset is available at http://mus.well.ox.ac.uk/mouse/HS/ and the cattle231

dataset is downloadable from the synbreedData R package at https://cran.r-project.232

org/web/packages/synbreedData/index.html.233
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Results234

Mice data235

Absence of full-sibs236

The average (standard deviation) of pedigree relationships among individuals in the same237

management units was 0.491 (0.058) because of the aforementioned full-sib family assign-238

ments. The genomic counterpart gave a similar estimate of 0.494 with a slightly increased239

standard deviation of 0.087 due to Mendelian sampling variation (Hill and Weir, 2011). The240

average across management unit pedigree-based genetic connectedness was 1.299 when mea-241

sured by PEVD and h2 = 0.8 (Table 1). Measures of connectedness increased using genomic242

data (G) by reducing PEVD to 0.456. With h2 = 0.2, while the overall genetic connected-243

ness decreased, genomic information (G) lowered PEVD compared to that of pedigree. Use244

of the G0.5 reduced PEVD more than that of the G, hence increased the measures of con-245

nectedness. Using the scaled genomic relationship matrix increased connectedness statistics246

compared to those of the pedigree-based, but they were less than those with G. Similarly,247

use of G matrix compared to the A matrix strengthened measured connectedness in CD248

for both h2 = 0.8 and h2 = 0.2. The G0.5 matrix also increased measures of connectedness249

compared to those of the A and the Gs matrix resulted in the greatest measures of connect-250

edness among the four relatedness matrices. Both PEVD and CD statistics confirmed that251

genome-wide markers increased the degree of connectedness measured between individuals252

within the across management units. However, the connectedness measures assessed by r253

were less when the G was compared with the A. On the other hand, the G0.5 and the scaled254

genomic relationship matrix Gs showed greater connectedness measures than those of the255

A.256
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Presence of full-sibs257

The increased estimates of disconnectedness was less when at least one full-sib was present258

in different management units for PEVD. For instance, comparisons between absence or259

presence of full-sibs across management units were 1.299 vs. 0.354 and 0.456 vs. 0.127 for260

pedigree-based vs. genome-based (G) PEVD, respectively. The presence of full-sibs in dif-261

ferent management units decreased PEVD. However, corresponding statistics for CD were262

lower with the existence of full-sibs. This is explained by the fact that CD penalizes the263

estimates of connectedness when genetic variability is small. The CD statistic attempts to264

decrease the average PEV of the contrast while maintaining the variability of relatedness.265

Laloë (1993) stated that increased estimate of connectedness should not be achieved by sim-266

ply using genetically similar individuals and CD is the most relevant connectedness statistic267

in terms of genetic progress of agricultural species. This was confirmed in the mice data il-268

lustrating that the presence of full-sibs decreased the estimates of CD. Regardless of absence269

or presence full-sibs across-units, genomic information elucidated additional relationships,270

thus increasing connectedness relative to pedigree. This trend was also true for the G0.5 and271

Gs matrices. With r, when transitioning from A to G, the values of the statistic reduced;272

however, the G0.5 and Gs yielded greater values of connectedness than those of pedigree273

in the existence of full-sibs. In all cases, using one of the G, G0.5, or Gs matrix increased274

the estimates of connectedness statistics as compared to using the A. As shown in Table275

1, we found a similar overall pattern when h2 was set to 0.2, although connectedness re-276

mained less than the alternative higher heritability. Replacing pedigree with genome-wide277

markers increased the degree of connectedness captured among individuals in disconnected278

management units.279
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Illustrative examples280

To illustrate how G matrix impacted our measures of connectedness, we chose five man-

agement units including full-sib and non-full-sib individuals. In this example, management

units ”19F”, ”29A”, and ”36F” share at least one pair of full-sib individuals, whereas man-

agement units ”12A” and ”13C” do not share any full-sib individuals across management

units. Figure 1 shows PEVD-derived connectedness across management units when h2 = 0.8.

Comparison across management units with full-sibs in common had smaller PEVD hence

greater connectedness. The molecular information captures more of the genetic connected-

ness relative to pedigree for across management units. We further investigate how the G or

Gs increased connectedness across management units using PEVD and r by examining the

specific components in the scaled PEV matrix by following similar examples in Kennedy and

Trus (1993). For instance, disconnected “19F” and “13C” management units contained five

full-sib individuals each. The following matrix contains the pedigree-based PEV for the 10

individuals.



0.73 0.57 0.57 0.57 0.57 0.00 0.00 0.00 0.00 0.00

0.57 0.73 0.57 0.57 0.57 0.00 0.00 0.00 0.00 0.00

0.57 0.57 0.73 0.57 0.57 0.00 0.00 0.00 0.00 0.00

0.57 0.57 0.57 0.73 0.57 0.00 0.00 0.00 0.00 0.00

0.57 0.57 0.57 0.57 0.73 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.55 0.39 0.39 0.39 0.39

0.00 0.00 0.00 0.00 0.00 0.39 0.55 0.39 0.39 0.39

0.00 0.00 0.00 0.00 0.00 0.39 0.39 0.55 0.39 0.39

0.00 0.00 0.00 0.00 0.00 0.39 0.39 0.39 0.55 0.39

︸ ︷︷ ︸
19F

0.00 0.00 0.00 0.00 0.00 ︸ ︷︷ ︸
13C

0.39 0.39 0.39 0.39 0.55
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The first five individuals belong to “19F” and the remaining individuals belong to “13C”.281

Because there are no full-sib pairs across management units, off-diagonals are all zero. Thus,282

PEVD and r of two individuals across management units are 0.73 + 0.55 − (2 × 0) = 1.28283

and 0/(
√

0.73×
√

0.55) = 0, respectively.284

When the A matrix is replaced with the G matrix, the PEV matrix becomes



0.30 0.19 0.19 0.19 0.19 −0.01 −0.01 −0.01 −0.01 −0.01

0.19 0.32 0.21 0.21 0.19 −0.01 −0.02 −0.02 −0.01 −0.01

0.19 0.21 0.32 0.19 0.20 −0.01 −0.01 −0.01 −0.01 −0.01

0.19 0.21 0.19 0.30 0.19 −0.01 −0.01 −0.02 −0.01 −0.01

0.19 0.19 0.20 0.19 0.30 −0.01 −0.01 −0.02 −0.01 −0.01

−0.01 −0.01 −0.01 −0.01 −0.01 0.24 0.14 0.14 0.15 0.14

−0.01 −0.02 −0.01 −0.01 −0.01 0.14 0.24 0.16 0.14 0.13

−0.01 −0.02 −0.01 −0.02 −0.02 0.14 0.16 0.26 0.14 0.14

−0.01 −0.01 −0.01 −0.01 −0.01 0.15 0.14 0.14 0.25 0.14

︸ ︷︷ ︸
19F

− 0.01 −0.01 −0.01 −0.01 −0.01 ︸ ︷︷ ︸
13C

0.14 0.13 0.14 0.14 0.24



.

Average genomic relationships within management units were 0.419 and 0.440 for individuals

in “19F” and “13C”, respectively, whereas across management unit genomic relationships

were -0.09. The off-diagonals of zeros in pedigree-based PEV were replaced with small neg-

ative values. Although the diagonal elements within management units are not all equal

because of Mendelian sampling, PEVD between the first individuals from respective man-

agement units are 0.30 + 0.24 − (2 × −0.01) = 0.56. Given that off-diagonal elements are

negligible, the rate of PEVD reduction from shifting from A to G is almost 50% with the

most of difference coming from decreased PEV in the diagonals. Specifically, the rates of

PEV reduction (diagonals) from A to G were 59% and 56% for the first individuals in

“19F” and “13C”, respectively. The rates of PEC reduction cannot be defined since all

of the off-diagonal elements are zeros in A. Note that the r statistic using the G matrix
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does not yield increased estimates of connectedness compared with that using A because

−0.01/(
√

(0.30)×
√

0.24) = −0.04. Now consider the Gs matrix



0.68 0.56 0.56 0.55 0.56 0.32 0.32 0.32 0.32 0.32

0.56 0.69 0.58 0.57 0.56 0.32 0.31 0.31 0.32 0.32

0.56 0.58 0.69 0.56 0.56 0.32 0.32 0.32 0.32 0.32

0.55 0.57 0.56 0.67 0.56 0.32 0.32 0.31 0.32 0.32

0.56 0.56 0.56 0.56 0.67 0.32 0.32 0.31 0.32 0.32

0.32 0.32 0.32 0.32 0.32 0.61 0.50 0.50 0.51 0.49

0.32 0.31 0.32 0.32 0.32 0.50 0.61 0.51 0.49 0.48

0.32 0.31 0.32 0.31 0.31 0.50 0.51 0.63 0.50 0.50

0.32 0.32 0.32 0.32 0.32 0.51 0.49 0.50 0.62 0.49

︸ ︷︷ ︸
19F

0.32 0.32 0.32 0.32 0.32 ︸ ︷︷ ︸
13C

0.49 0.48 0.50 0.49 0.60



.

Here the PEV matrix within management units more closely resembles those from pedigree-285

based PEV. In addition, the negative elements across management units PEV were replaced286

with positive values. With use of Gs, PEVD and r between the first individuals from the287

two management units are 0.68 + 0.61− (2× 0.32) = 0.65 and 0.32/(
√

0.68×
√

0.61) = 0.50,288

respectively. When the scaled genomic relationship matrix Gs is used, r yields an increased289

connectedness estimate as compared to using pedigree-based relationships.290

Likewise, a subsequent example with “19F” and “36F” which can be viewed as connected

management units (Figure 1). Each management unit contains five full-sibs as in the previous
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case. The following matrix of pedigree-based PEV includes these 10 individuals.



0.73 0.57 0.57 0.57 0.57 0.50 0.50 0.50 0.50 0.50

0.57 0.73 0.57 0.57 0.57 0.50 0.50 0.50 0.50 0.50

0.57 0.57 0.73 0.57 0.57 0.50 0.50 0.50 0.50 0.50

0.57 0.57 0.57 0.73 0.57 0.50 0.50 0.50 0.50 0.50

0.57 0.57 0.57 0.57 0.73 0.50 0.50 0.50 0.50 0.50

0.50 0.50 0.50 0.50 0.50 0.73 0.57 0.57 0.57 0.57

0.50 0.50 0.50 0.50 0.50 0.57 0.73 0.57 0.57 0.57

0.50 0.50 0.50 0.50 0.50 0.57 0.57 0.73 0.57 0.57

0.50 0.50 0.50 0.50 0.50 0.57 0.57 0.57 0.73 0.57

︸ ︷︷ ︸
19F

0.50 0.50 0.50 0.50 0.50 ︸ ︷︷ ︸
36F

0.57 0.57 0.57 0.57 0.73


The first five individuals belong to “19F” and the remaining individuals belong to “36F”. In291

this case, off-diagonals are non-zero due to the presence of shared full-sib information across292

management units. Here PEVD and r of two individuals is 0.73 + 0.73 − (2 × 0.50) = 0.46293

and 0.50/(
√

0.73 ×
√

0.73) = 0.68, respectively. Relative to the pedigree-based non-full-294

sib comparison, a significant increase in connectedness was observed. The majority of the295

increase in connectedness is due to increased PEC between individuals.296

The following is the PEV matrix when pedigree is substituted with the genome-wide
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markers from G.



0.30 0.19 0.19 0.19 0.19 0.19 0.18 0.18 0.18 0.19

0.19 0.32 0.21 0.21 0.19 0.18 0.18 0.18 0.19 0.19

0.19 0.21 0.32 0.19 0.20 0.18 0.18 0.18 0.20 0.19

0.19 0.21 0.19 0.30 0.19 0.18 0.17 0.19 0.18 0.18

0.19 0.19 0.20 0.19 0.30 0.18 0.17 0.18 0.18 0.19

0.19 0.18 0.18 0.18 0.18 0.31 0.20 0.19 0.21 0.20

0.18 0.18 0.18 0.17 0.17 0.20 0.31 0.18 0.21 0.20

0.18 0.18 0.18 0.19 0.18 0.19 0.18 0.29 0.20 0.20

0.18 0.19 0.20 0.18 0.18 0.21 0.21 0.20 0.32 0.21

︸ ︷︷ ︸
19F

0.19 0.19 0.19 0.18 0.19 ︸ ︷︷ ︸
36F

0.20 0.20 0.20 0.21 0.31



.

Average genomic relationship within “36F” was 0.465 whereas average genomic relationship

across “19F” was 0.419. The off-diagonals no longer have small negative values and all

elements of PEV were reduced in comparison to those using A. Here PEVD and r between

the first individuals from the two management units are 0.30 + 0.31 − (2 × 0.19) = 0.23

and 0.19/(
√

0.30×
√

0.31) = 0.62, respectively. Again, while genomic information increased

estimates of connectedness as measured by PEVD, that was not the case for r. The reduction

in PEVD from A to G was about 50% and both diagonals and off-diagonals contributed to

increasing connectedness estimates. In particular, the rates of PEV reduction (diagonals)

from A to G were 59% and 58% for the first individuals in “19F” and “36F”, respectively.

The reduction in PEC due to the use of G was 62% for these two individuals, which was

larger than the reduction of the diagonals. This contributed to the unexpected results for r

because this statistic is based on a ratio. Now consider use of the scaled genomic relationship
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matrix, Gs, which yielded the following PEV matrix



0.68 0.56 0.56 0.55 0.56 0.55 0.55 0.54 0.54 0.56

0.56 0.69 0.58 0.57 0.56 0.54 0.54 0.54 0.55 0.55

0.56 0.58 0.69 0.56 0.56 0.54 0.55 0.54 0.56 0.55

0.55 0.57 0.56 0.67 0.56 0.54 0.53 0.55 0.54 0.55

0.56 0.56 0.56 0.56 0.67 0.55 0.53 0.54 0.54 0.55

0.55 0.54 0.54 0.54 0.55 0.69 0.57 0.55 0.58 0.56

0.55 0.54 0.55 0.53 0.53 0.57 0.68 0.55 0.57 0.56

0.54 0.54 0.54 0.55 0.54 0.55 0.55 0.67 0.57 0.57

0.54 0.55 0.56 0.54 0.54 0.58 0.57 0.57 0.70 0.58

︸ ︷︷ ︸
19F

0.56 0.55 0.55 0.55 0.55 ︸ ︷︷ ︸
36F

0.56 0.56 0.57 0.58 0.69



.

The PEV matrix including both within and across management units are more analogous to297

those of the pedigree-based PEV. Here PEVD and r between the first individuals from the298

two management units are 0.68 + 0.69− (2× 0.55) = 0.27 and 0.55/(
√

0.68×
√

0.69) = 0.80,299

respectively. The result reaffirms that scaling G to be on the same scale as A, genomic300

relatedness leads to an increases in the ratio sensitive connectedness statistic, a change301

consistent with the other statistics. Collectively, these particular examples, suggest that302

genomic information provided by G or Gs changes the estimates of relationship coefficients303

among animals and refines the estimates of connectedness.304

Cattle305

Clustering306

The partitioning around medoids clustering method yielded eight clusters. Table 2 contains307

descriptive statistics for those clusters. The number of individuals per cluster varied from 36308

to 127. The average of within cluster pedigree-based relationships was around 0.05 except for309
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cluster 6, in which distant relatives were grouped together. Between clusters, all pedigree-310

based relationships were close to zero. Each cluster was assigned to management units in311

four simulated scenarios as summarized in Figure 2.312

• Scenario 1: Each cluster was assigned to its own management unit313

• Scenario 2: Clusters 1, 2, 3, 4, and 5 were assigned to management unit 1 and clusters314

6, 7, and 8 were assigned to management unit 2315

• Scenario 3: Clusters 1, 2, 3 were assigned to management unit 1, clusters 7 and 8 were316

assigned to management unit 2, and individuals in clusters 4, 5, and 6 were assigned317

to both management units 1 and 2 to act as link among clusters or individuals that318

partially connect the two management units319

• Scenario 4: Individuals in clusters 1 to 8 were equally assigned to management units320

1 and 2321

The number of individuals in management units 1 and 2 were approximately equal in scenar-322

ios 2, 3, and 4. We computed PEVD, CD, and r for each of the four scenarios and compared323

genetic connectedness when using the A, G, Gs, and H kernel matrices.324

Prediction error variance of the difference325

Across management unit PEVD for each of four scenarios are presented in Tables 3. Con-326

nectedness estimates increased across management units when transitioning from scenario327

1 to scenario 4 for both heritability levels. Figure 3 shows the relative increase of genetic328

connectedness as measured with PEVD, as a percentage, across management units in com-329

parison to scenario 1. Genetic connectedness across management units in scenario 1 was330

compared to across management unit connectedness obtained from scenarios 2, 3, and 4.331

We observed increased genetic connectedness as more individuals from the same clusters332

were shared between management units, resulting in the highest connectedness estimates in333
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scenario 4. Transitioning from scenario 1 to scenario 4 increased connectedness for A and G334

for both heritability levels. The proportional increase in genetic connectedness in pedigree-335

based relationships were larger than those of genomic-based relationships because G matrix336

substantially increased measured connectedness between disconnected management units in337

scenario 1, reducing the gains in the following scenarios 2, 3 and 4. Also, as heritability338

increased, larger values of connectedness were observed. In general, with G and G0.5 in-339

creased the estimates of connectedness compared to those of the A regardless of heritability340

levels. This is in agreement with the mice dataset. However, with Gs, values of PEVD were341

unexpected: although with scaled Gs produced estimates of connectedness that are higher342

than those with A when h2 was set to 0.8, the same pattern was not observed for h2 = 0.2.343

Coefficient of determination344

Across CD for each of four scenarios are presented in Tables 3. Similar to PEVD the extent of345

connectedness across management units increased when moving from scenario 1 to scenario 2346

and 3 regardless of the heritability levels. Supplementary material Figure S1 in File S1 shows347

the percentage increase in CD across management units when scenario 1 was treated as a base348

comparison. As with PEVD, CD statistics revealed an increase in the degree of connectedness349

as more individuals from the same clusters were assigned to different management units.350

However, the increase of CD was not observed when transitioning from scenario 1 to scenario351

4. Again, this is because CD accounts for the reduction of connectedness due to reduced352

relatedness variability between individuals under comparison in scenario 4. This pattern was353

observed for both pedigree and genomic-based connectedness. Overall, G, G0.5, and Gs all354

produced CD greater than those with A regardless of heritability level, yielding consistent355

measures of connectedness.356
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Prediction error correlation357

Prediction error correlations across management units for each of four scenarios are presented358

in Tables 3. The results align with those of the mice dataset in that G-based r statistics359

behave erratically in all scenarios making them difficult to interpret. However, the antici-360

pated increases in r were observed with transition from the A to the G0.5 or the scaled Gs361

matrix. Here G0.5 and Gs-based measures consistently yielded greater connectedness values362

than those of pedigree counterparts. Figure S2 in File S1 shows the percentage increases363

in r across management units when scenario 1 was treated as a base comparison. Here the364

Gs instead of the G matrix was used. The results align with those of PEVD and CD,365

where the extent of pedigree-based and genomic-based r statistics increase the most when366

more individuals from the same clusters were assigned to different management units. The367

magnitude of the increase was larger when heritability was greater. However, the increase368

of connectedness moving from Scenario 1 to 2 was not observed in pedigree-based measures.369

While both scenarios are not connected designs because pedigree-based relationships across370

the eight clusters were close to zero, it is interesting to note that with pedigree-based r371

scenario 2 was more disconnected than scenario 1. From Kennedy and Trus (1993), this is372

because stronger within unit connectedness can reduce between unit connectedness.373

Ungenotyped and genotyped individuals374

We considered a scenario where only individuals in younger generations were genotyped in375

the cattle dataset. For this purpose, we used the H matrix that blends ungenotyped and376

genotyped individuals. As shown in Table S1 in File S1, results using the H matrix lie377

somewhere between the results obtained when using the A, G, and Gs matrices. This is378

expected because the H matrix was created from a combination of A and G or Gs. Although379

an increase in measures of connectedness was observed compared to using the pedigree alone,380

this increase was smaller than when all individuals were genotyped. This finding suggests381
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the possibility of strengthening the degree of connectedness even when only a subset of382

individuals was genotyped. An exception was observed when H constructed from Gs for383

PEVD: in this case the measures of connectedness were less than that from A.384

Principal component analysis of connectedness385

Principal component plots for CD derived from A and G matrices for scenarios 1 and 4 are386

presented in Figures 4 and 5, respectively. These correspond to the two extreme scenarios387

considered in the cattle dataset. In scenario 1 with h2 = 0.8, eight clusters assigned to dis-388

tinctive management units were separated from each other as expected using pedigree-based389

relationships (Figure 4). Genomic information brought these eight clusters closer to each390

other, thus shortening the distance between individuals from different management units.391

While eight clusters were less distinguishable from one another due to lower heritability, the392

same pattern was observed when h2 was 0.2. These findings align with the fact that use393

of genomic information increases measures of connectedness compared to pedigree. In both394

cases, cluster 6, which consisted of unrelated individuals, was clustered far away from the395

other clusters in the pedigree-based analysis. PCA yielded two clear clusters in scenario 4396

when h2 = 0.8, which correspond to the two management units considered (Figure 5). Re-397

placing A with G resulted in a tighter concentration of a single cluster. A similar tendency398

was observed when h2 = 0.2 supporting the findings that the extent of measures of con-399

nectedness between individuals from different management units is enhanced with genomic400

information. The remaining PC plots for PEVD (A and G) and r (A and Gs) are in Figures401

S3, S4, S5, and S6 in File S1, which presented a pattern similar to Figures 4 and 5.402
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Discussion403

With sufficient connectedness across management units, BLUP of genetic values can be fairly404

compared. Without such connectedness, making selection decisions based on breeding values405

of individuals from different management units might be associated with an increased risk406

of uncertainty in genetic evaluation due to imperfect separation of the genetic signal from407

noise. In addition to PEVD, CD, and r, other connectedness measures have been applied to408

pedigree data (e.g., Foulley et al., 1992; Fouilloux et al., 2008), which have their own char-409

acteristics. Advancement of molecular biotechnology now enables us to assess connectedness410

at the genomic level. Although genomic data are clearly important in genetic evaluations411

due to increased accuracy of estimates of genetic merit for non-parent individuals, little con-412

sideration has been given to the effect of genomic information on connectedness measures.413

In this study, we employed three measures of connectedness to examine the extent to which414

genomic information increases the estimates of connectedness.415

Relatedness in quantitative genetics416

The majority of connectedness among management units was driven by the degree of genetic417

links or relatedness. The theory behind relatedness is largely entrenched in quantitative ge-418

netics dating back to work of Fisher (1918) and Wright (1921). Quantitative genetics offers419

a useful framework to study traits and diseases that are controlled by a considerable number420

of small effect genes. For traits with polygenic genetic architectures, inheritance does not421

exhibit a clear genotype-phenotype pattern. However, genetic resemblance between relatives422

(e.g., the genetic correlations between parent and offspring or between pairs of different423

types of siblings) can be exploited to estimate quantitative genetic parameters. For this424

reason, genetic resemblance between relatives has been at the heart of quantitative genetics.425

Consequently, the vast majority of the theoretical developments and applications of the last426

century were built around family data. The availability of dense panels of common SNPs427
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has made it possible to trace Mendelian sampling and hence capture more detailed relat-428

edness compared to pedigree information. It enables quantifying kinships among distantly429

related individuals that are not related because of incomplete pedigrees. Thus, it has opened430

new opportunities for quantitative genetic analysis using data from distant relatives. The431

rationale is that individuals are genomically related to some extent and molecular similarity432

introduces covariance even if individuals are not related in the sense of known pedigree.433

These factors possibly contribute to the reduction of PEV or increase of PEC and hence434

lead to increased capturing of genetic connectedness in PEVD, CD, and r such that genetic435

merit estimates can be better compared across management units.436

The impact of genomic information on connectedness437

We found from the mice data that genomic information increased favorable changes in mea-438

sures of connectedness among individuals from different management units and reduced the439

risk of potential uncertainty in EBV-based comparisons when selecting individuals across440

management units. In addition, the rate of improvement in measures of connectedness in441

PEVD and r was greater when there was at least one full-sib in different management units.442

This is in concordance with Legarra et al. (2008) who used the same dataset and reported443

that the use of genome-wide selection increased predictive performance up to 0.22 across444

families and up to 0.03 within families compared to pedigree-based regression counterparts.445

On the other hand, CD accounted for the reduction of variability of relatedness between446

individuals under comparison resulting in decreased estimates of connectedness. Analysis447

of cattle data supported the results from mice and revealed that the benefit of using ge-448

nomic information is greater for a disconnected design rather than a connected design. PCA449

was performed to visualize improvement in connectedness when moving from pedigree to450

genomic-based relationships. The PC plots supported the evidence that genomic informa-451

tion can improve detection of connectedness between individuals from different management452

units. This is particularly so when more individuals from the same clusters are assigned to453
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different management units.454

Choice of kernel matrices455

Unlike PEVD and CD, comparisons between the A and G kernel matrices evaluated by the456

r statistic behaved irregularly. By examining the specific components of the PEV matrix for457

G and A in the mice dataset, we found genomic information reduces off-diagonal elements458

more than diagonals. This illustrates a fundamental difference between r and either PEVD459

or CD because this statistic is based on the ratio, rather than the magnitude of individual460

elements. It may be argued that the inconsistent connectedness results from r occur because461

the G matrix is not on the same scale as the A matrix, suggesting that r statistics are not462

invariant regarding how genomic relatedness is defined. Given pedigree information, the463

numerator relationship matrix is defined as IBD. On the other hand, given a marker matrix,464

there are a number of ways to construct a genomic relationship matrix as discussed by Toro465

et al. (2011). The G matrix we used captures the proportion of the genome that is IBS by466

accounting for the covariance structure among individuals by molecular markers (Toro et al.,467

2002). This kernel matrix is an estimator of IBD relationships (Powell et al., 2010). Caution468

should be exercised when interpreting connectedness measures derived using genomic data as469

the underlying assumption is that relationships are built based on alleles being IBS and not470

necessarily being IBD. Therefore, we attempted to make G more compatible to A by using471

G0.5 derived from allele frequencies equal to 0.5 and by using the min-max scaler transforma-472

tion to produce the scaled genomic relationship matrix Gs. For instance, compared to using473

G, entries of PEV matrix from using Gs were more similar to those A, especially when there474

was connectedness, and in turn r statistics yielded greater connectedness values. Although475

connecting marker-based genomic relatedness to classical theory is still an open question in476

quantitative genetics, care needs to be taken when comparing genetic connectedness with477

genomic connectedness especially when the ratio-based statistic is used. Moreover, many478

additional factors may influence the elements of IBS matrix such as the choice of MAF, the479
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density of SNPs, imperfect linkage disequilibrium (LD) between markers and quantitative480

trait loci, and error associated with estimating genomic relationships from a finite set of481

markers (e.g., Goddard, 2009).482

Choice of connectedness statistics483

There was an issue with PEVD coupled with the Gs matrix in the cattle dataset when h2484

was 0.2 as the estimates of connectedness were less than those using A (Table 3). Note that485

this was not the case when h2 was equal to 0.8. The H matrix blended from the A and486

G kernel matrices yielded the estimates of connectedness that lie somewhere between the487

results obtained when using A and G alone. However, this pattern was not observed when488

Gs was used in conjunction with A to compute PEVD (Table S1 in File S1). Apparently,489

scaling has a negative influence on blending for PEVD, which warrants further research. One490

potential reason with Gs for the discrepancy is the proportional increase of PEC relative to491

PEV is larger when transitioning from the A to Gs. This issue of proportional change is492

similar to that observed earlier with the r statistic coupled with G. These results illustrate493

that connectedness statistics are not invariant with respect to how the genomic relationship494

matrix is created and each of them captures different aspects of genomic connectedness. The495

CD was the only one statistic that yielded consistent estimates of increased connectedness496

throughout this study. Its consistency was observed regardless of choice of kernel matrices,497

heritability levels, datasets used, and simulated scenarios for management units.498

Future direction499

One important direction for future study is to investigate whether increased connectedness500

observed by genomic relatedness also leads to increased predictive accuracy of genetic values501

across management units assessed by cross-validation. In addition, while the current norm502

of genomic prediction is to use an IBS relationship matrix that aims to capture relationships503

at unknown QTLs through LD between markers and QTLs, we argue that improving the504
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quality of breeding value comparisons and improving the accuracy of genomic prediction can505

be viewed as relevant but two different items. In this regard, a genome-wide IBD relationship506

matrix (e.g., Fernando and Grossman, 1989), where marker inheritance is traced through a507

known pedigree, may be worthwhile to revisit for the purpose of ascertaining connectedness508

in a future study.509

Also, for the r statistic, we summarized connectedness by averaging the r statistic of510

pairs of individuals across units rather than by averaging the relevant components of PEC511

and PEV followed by taking their ratio; our justification for that choice was provided in the512

Appendix. When the latter summary statistic was used for r, the differences were negligible513

in the mice data and the pattern was the same for the scenario 1 of cattle data.514

In conclusion, this study confirms that use of genomic relatedness improved genetic con-515

nectedness across management units compared to use of pedigree relationships. To our516

knowledge, this marks the first thorough investigation of genomic connectedness. We con-517

tend that our work is a critical first step toward better understanding genetic connectedness518

that may have a positive impact on genomic evaluation of agricultural species.519
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Appendix524

Prediction error correlation statistic across units525

When a population is divided into two management units, and relatedness between those two

units is based on the G matrix, the flock connectedness or unit connectedness correlation

(r) of Kuehn et al. (2008) always yields an estimate of -1. Here, we wish to illustrate that

result. Flock connectedness is derived by averaging the relevant components of PEC and

PEV followed by taking their ratio. Suppose that there are two units and the numbers of

individuals in units i′ and j′ are ni′ and nj′ , respectively. The total number of individuals

is N = ni′ + nj′ . The assumptions of the G matrix is that the genotyped individuals

represent the base population where the expected value of self-relatedness is 1, assuming no

inbreeding, and that the mean relatedness of any one individual to the rest of the individuals

is zero. Consequently, the expectation of diagonal elements of the G matrix is equal to the

number of individuals assuming no inbreeding and the expectation of off-diagonal elements

is −1/(N − 1) (e.g., Yang et al., 2013). Then the expectation of numerator in the r statistic

is proportional to

E
[∑

PECi′j′

]
∝ − ni′nj′

(N − 1)
,
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and the expectation of denominator is the square root of the product between

E
[∑

PEVi′i′

]
∝ ni′ − 2 · ni

′(ni′ − 1)

2
· 1

(N − 1)

= ni′ −
n2
i′ − ni′
N − 1

=
(N − 1)ni′ − n2

i′ + ni′

N − 1

=
Nni′ − ni′ − n2

i′ + ni′

N − 1

=
Nni′ − n2

i′

N − 1

and

E
[∑

PEVj′j′

]
∝ nj′ − 2 · nj

′(nj′ − 1)

2
· 1

(N − 1)

= nj′ −
n2
j′ − nj′
N − 1

=
(N − 1)nj′ − n2

j′ + nj′

N − 1

=
Nnj′ − nj′ − n2

j′ + nj′

N − 1

=
Nnj′ − n2

j′

N − 1
,

so that

E
[∑

PEVi′i′

]
· E

[∑
PEVj′j′

]
=
Nni′ − n2

i′

N − 1
·
Nnj′ − n2

j′

N − 1

=
N2ni′nj′ −Nni′n2

j′ −Nn2
i′nj′ + n2

i′n
2
j′

(N − 1)2
.
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Note that the first three terms in the numerator are equal to zero

N2ni′nj′ −Nni′n2
j′ −Nn2

i′nj′ = Nni′nj′(N − nj′ − ni′)

= Nni′nj′ [N − (nj′ + ni′)]

= Nni′nj′(N −N)

= 0

because N = ni′ + nj′ . Therefore, the r statistic between units i′ and j′ is given by

r =
E [

∑
PECi′j′ ]√

E [
∑

PEVi′i′ ] · E [
∑

PEVj′j′ ]

=
− ni′nj′

(N−1)√
n2
i′n

2
j′

(N−1)2

=
− ni′nj′

(N−1)
ni′nj′

(N−1)

= −1.

When N = ni′ +nj′ , this result holds regardless of relatedness level, connectedness level, and526

how individuals are partitioned into the two management units i′ and j′. The partitioning of527

animals into two distinct units is particularly relevant in the context of genomic prediction528

where animals may be divided into training and testing sets. In this scenario, computing529

the connectedness between the two sets along the lines of Rincent et al. (2012) and Isidro530

et al. (2015) is potentially informative relative to expectations of the performance of resulting531

genomic predictors. The Gs or G0.5 matrix changes the expectation of off-diagonal elements532

to positive values and shifts the statistic by a constant as explained in the Methods section,533

yielding connectedness between units i′ and j′ of close to 1. Because scenarios 2 to 4 in534

the cattle dataset simulated two management units, the average of the r-statistic of pairs535

of individuals in different management units was used to summarize connectedness in this536
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study. Note that this is shown as lamb connectedness or individual connectedness in Kuehn537

et al. (2008). The two types of connectedness differ mainly by whether we take the average538

followed by the ratio (unit connectedness) or take the ratio first followed by the average539

(individual connectedness).540
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Tables and Figures541

Table 1: Average genetic connectedness measures across management units in the mice
data. PEVD, CD, and r denote prediction error variance of the difference, coefficient of
determination, and prediction error correlation. We compared pedigree-based A, standard
genome-based G, genome-based G0.5 assuming equal allele frequencies, and scaled genome-
based Gs matrices to evaluate relationships among individuals. Two heritability values 0.8
and 0.2 were simulated. Values inside parentheses represent connectedness when at least one
full-sib pair was present in different management units.

Heritability (h2)
Methods Kernels 0.8 0.2

PEVD
A 1.299 (0.354) 1.331 (0.366)
G 0.456 (0.127) 1.037 (0.285)

G0.5 0.374 (0.104) 0.824 (0.224)
Gs 0.532 (0.149) 1.254 (0.345)

CD
A 0.034 (0.024) 0.009 (0.007)
G 0.662 (0.650) 0.234 (0.227)

G0.5 0.640 (0.624) 0.207 (0.199)
Gs 0.690 (0.678) 0.270 (0.262)

rij
A 0.004 (0.600) 0.003 (0.486)
G -0.001 (0.525) -0.001 (0.478)

G0.5 0.559 (0.794) 0.433 (0.708)
Gs 0.496 (0.771) 0.270 (0.622)
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Table 2: Descriptive statistics of the 8 clusters in the cattle data.

Cluster Number of individuals Average pedigree relationship
1 52 0.054
2 61 0.053
3 46 0.040
4 36 0.052
5 43 0.043
6 127 0.005
7 55 0.055
8 80 0.047
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Table 3: Average genetic connectedness statistics across management units in the cattle
data. S1 (completely disconnected), S2 (disconnected), S3 (partially connected), and S4
(connected) represent four management unit scenarios. PEVD, CD, and r denote prediction
error variance of the difference, coefficient of determination, and prediction error correlation.
We compared pedigree-based A, standard genome-based G, genome-based G0.5 assuming
equal allele frequencies, and scaled genome-based Gs kernel matrices to evaluate relationships
among individuals. Two heritability values 0.8 and 0.2 were simulated.

Heritability (h2)
Scenarios Methods Kernels 0.8 0.2

S1

PEVD
A 0.077 0.102
G 0.051 0.085

G0.5 (Gs) 0.039 (0.066) 0.066 (0.110)

CD
A 0.324 0.112
G 0.539 0.224

G0.5 (Gs) 0.528 (0.558) 0.195 (0.265)

rij

A 0.017 0.005
G -0.014 -0.007

G0.5 (Gs) 0.725 (0.468) 0.465 (0.174)

S2

PEVD
A 0.016 0.022
G 0.011 0.020

G0.5 (Gs) 0.008 (0.014) 0.015 (0.025)

CD
A 0.376 0.152
G 0.636 0.326

G0.5 (Gs) 0.625 (0.652) 0.290 (0.373)

rij

A 0.014 0.004
G -0.015 -0.007

G0.5 (Gs) 0.738 (0.496) 0.468 (0.177)

S3

PEVD
A 0.012 0.018
G 0.008 0.016

G0.5 (Gs) 0.007 (0.011) 0.013 (0.020)

CD
A 0.460 0.211
G 0.653 0.346

G0.5 (Gs) 0.649 (0.669) 0.312 (0.394)

rij

A 0.018 0.005
G -0.012 -0.006

G0.5 (Gs) 0.739 (0.498) 0.468 (0.178)

S4

PEVD
A 0.007 0.007
G 0.005 0.007

G0.5 (Gs) 0.004 (0.007) 0.005 (0.009)

CD
A 0.125 0.048
G 0.367 0.132

G0.5 (Gs) 0.362 (0.384) 0.114 (0.158)

rij

A 0.024 0.008
G -0.007 -0.002

G0.5 (Gs) 0.741 (0.502) 0.470 (0.181)

40

.CC-BY-ND 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted April 24, 2017. ; https://doi.org/10.1101/130138doi: bioRxiv preprint 

https://doi.org/10.1101/130138
http://creativecommons.org/licenses/by-nd/4.0/


0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

29
A

36
F

12
A

13
C

19F

29A

36F

12A

0.2 0.2

0.2

1.06

1.06

1.06

1.02

1.02

1.02

0.88

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

29
A

36
F

12
A

13
C

19F

29A

36F

12A

0.07 0.07

0.08

0.4

0.37

0.39

0.4

0.38

0.41

0.33

Figure 1: Prediction error variance of the difference (PEVD) for across five management units
in the mice dataset. Management units ”19F”, ”29A”, and ”36F” share at least one pair of
full-sibs individudals with each other, whereas ”12A” and ”13C” do not share any individuals
across management units. The left and right are pedigree-based (A) and genomic-based (G)
connectedness, respectively. Darker color represents less genetic connectedness.
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Figure 2: Four simulation scenarios considered in the cattle dataset. MU stands for manage-
ment unit. Scenario 1: Completely disconnected - 8 clusters assigned to separate manage-
ment unit. Scenario 2: Disconnected - clusters 1, 2, 3, 4, and 5 assigned to management unit
1 and clusters 6, 7, and 8 assigned to management unit 2. Scenario 3: Partially connected
- clusters 1, 2, 3 assigned to management unit 1, clusters 7 and 8 assigned to management
unit 2, and the remaining clusters 4, 5, and 6 assigned to both management units 1 and 2
that act as link among clusters or individuals that partially connect the two management
units. Scenario 4: Connected - all clusters 1 to 8 were equally assigned to management units
1 and 2.
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Figure 3: Percentage of relative increase in prediction error variance of the difference (PEVD)
across management units in comparison to base Scenario 1. Two heritability values 0.8
and 0.2 were simulated. S1 (completely disconnected), S2 (disconnected), S3 (partially
connected), and S4 (connected) represent four management unit scenarios. Left: A matrix.
Right: G matrix.

43

.CC-BY-ND 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted April 24, 2017. ; https://doi.org/10.1101/130138doi: bioRxiv preprint 

https://doi.org/10.1101/130138
http://creativecommons.org/licenses/by-nd/4.0/


−10

0

10

20

−40 −20 0 20
PC1 (20.3% explained var.)

P
C

2
 (

8
.4

%
 e

x
p

la
in

e
d

 v
a

r.
)

2 4 6 8
Clusters

−10

0

10

20

−40 −20 0 20
PC1 (18.2% explained var.)

P
C

2
 (

3
.3

%
 e

x
p

la
in

e
d

 v
a

r.
)

2 4 6 8
Clusters

SC1 (heritability = 0.8)

−10

0

10

20

−40 −20 0 20
PC1 (2.8% explained var.)

P
C

2
 (

0
.5

%
 e

x
p

la
in

e
d

 v
a

r.
)

2 4 6 8
Clusters

−10

0

10

20

−40 −20 0 20
PC1 (4.5% explained var.)

P
C

2
 (

1
.8

%
 e

x
p

la
in

e
d

 v
a

r.
)

2 4 6 8
Clusters

SC1 (heritability = 0.2)

Figure 4: Principle component (PC) plots for Scenario 1 with coefficient of determination
(CD) statistics. The first and second rows are according to heritability of 0.8 and of 0.2.
The first and second columns are derived from pedigree-based (A) and genome-based (G)
CD, respectively. The PC plots were grouped by clusters and colored in different colors.
Individuals within the same cluster were grouped by the circles.
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Figure 5: Principle component (PC) plots for Scenario 4 with coefficient of determination
(CD) statistics. The first and second rows are according to heritability of 0.8 and of 0.2.
The first and second columns are derived from pedigree-based (A) and genome-based (G)
CD, respectively. The PC plots were grouped by clusters and colored in different colors.
Individuals within the same cluster were grouped by the circles.
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