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Abstract

High-throughput techniques allow for massive screening of drug combinations. To find combinations that exhibit an
interaction effect, one filters for promising compound combinations by comparing to a response without interaction.
A common principle for no interaction is Loewe Additivity which is based on the assumption that no compound
interacts with itself and that doses of both compounds for a given effect are equivalent. For the model to be consistent,
the doses of both compounds have to be proportional. We call this restriction the Loewe Additivity Consistency
Condition (LACC). We derive explicit and implicit null reference models from the Loewe Additivity principle that are
equivalent when the LACC holds. Of these two formulations, the implicit formulation is the known General Isobole
Equation [1], whereas the explicit one is the novel contribution. The LACC is violated in a significant number of
cases. In this scenario the models make different predictions. We analyze two data sets of drug screening that are
non-interactive [2, 3] and show that the LACC is mostly violated and Loewe Additivity not defined. Further, we
compare the measurements of the non-interactive cases of both data sets to the theoretical null reference models in
terms of bias and mean squared error. We demonstrate that the explicit formulation of the null reference model
leads to smaller mean squared errors than the implicit one and is much faster to compute.

Keywords

dose equivalence, Explicit Mean Equation, General Isobole Equation, Hill curve, null reference model, response
surface, synergy

I. Introduction1

In mixture toxicology and compound interaction model-2

ing one is interested in synergistic or antagonistic effects3

between biological compounds. When combining two4

or more compounds, their combined effect can be much5

larger than the individual effects. Such a so-called syn-6

ergistic effect allows for administration of lower doses7

to reach the same effect. This has applications in many8

areas such as chemotherapy [4].9

The basic understanding of synergy is any effect 10

greater than the expected effect with no interaction 11

assumed. This expected effect without interaction is 12

specified with a so-called null reference model. There- 13

fore, synergy depends highly on such a reference model 14

of a non-interactive scenario. The central problem of 15

defining such null reference models is the prediction 16

of a response surface from the conditional responses. 17

Conditional responses are the responses to a single com- 18

pound, that is, conditional on the concentration of the 19
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other compound being zero.20

Throughout the last century, several models for the21

null reference and methods to measure the deviance22

from these have been proposed. An extensive overview23

is given by Greco et al. [5] and recent reviews are given24

by Geary [6] and Foucquier and Guedj [7]. One of25

the most famous null reference models is the General26

Isobole Equation, which was introduced by Loewe [1],27

and is based on the so-called Loewe Additivity principle.28

Several other models have been introduced such as Bliss29

Independence [8], Chou and Talalay’s method [9], which30

concentrate on the null reference model locally, and the31

ZIP model [2]. Despite the variety of null reference32

models, there is no agreement on a best model or a33

best practice on how specifically synergy is detected.34

However, Loewe Additivity enjoys a wide reputation35

because of its principle of the sham combination. This36

principle rests on the idea that a compound combined37

with itself should yield no interaction effect.38

As the first experiments for the assessment of synergy39

were conducted in vivo, one used to administer varying40

doses of compounds, that is, the unit of compound per41

kilogram of biological system under investigation. That42

historical term still remains in the research area of syn-43

ergy and often the term dose is used to actually refer to44

concentrations, the number of molecules per unit volume.45

Throughout this study, we refer to the measured effect of46

a compound combination both as response and effect. In47

the literature this measured effect is also referred to as48

the phenotypic effect or as cell survival of disease agents49

or cancer cell lines. Measurements taken for only one50

compound, here referred to as the conditional responses,51

are also called mono-therapeutic [10] or single compound,52

but we prefer a more statistical terminology. We refer to53

the measurements of one cell line exposed to all combi-54

nations of the two compounds as a record, but in other55

literature it is referred to as response matrix [2, 11].56

Loewe Additivity is a phenomenological description,57

not a mechanistic one that is aiming to explain underly-58

ing mechanisms. A way to root Loewe Additivity in such59

mechanistic terms is undertaken by Baeder et al. [12].60

Further, we do not take temporal effects into consid-61

eration but work uniquely in the concentration space.62

While temporal considerations are important, in most63

high-throughput studies the effect is measured after a64

fixed period when transient responses have died out, but65

before effects like cell division set in.66

We first give a short introduction to conditional dose67

response curves in section II, to then describe the most68

common null reference principle, Loewe Additivity, in69

log(x)

re
sp

on
se

f1
f2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

−1.5 0.0 1.5− ∞ x1
y=0.9 x2

y=0.9 x1
y=0.3 x2

y=0.3

y=0.3

y=0.9

Figure 1: Dose-response curves (red and blue) as Hill
curves (Eq. 1). For the exemplary responses of
0.3 and 0.9 the different doses x1 and x2 reaching
that effect are shown (dashed lines). The dose-
response curves differ only in EC50 with e1 = 2
and e2 = 1. Values of the other parameters are
y0 = 1, y∞ = 0 and s = 2. To highlight the
sigmoidal shape of a Hill curve in log-space, the
logarithmic concentration space is depicted.

section III. We study Loewe Additivity’s consistency 70

condition and its consequences. Further, we introduce 71

an explicit null reference model derived from the Loewe 72

Additivity principle, which describes the same null refer- 73

ence model as the General Isobole Equation, when the 74

Loewe Additivity consistency condition is met. As this 75

consistency condition is often violated by experimental 76

data [6,13] we investigate in section IV the consequences 77

of these violations and provide solutions to the arising 78

issues, which we evaluate in section V. 79

II. Conditional Dose Response Curves 80

A common approach for modeling monotonic dose- 81

response curves fj with j ∈ {1, 2} is the Hill curve [14], 82

also referred to as sigmoid function. The Hill model is, 83

due to its good fit to many sources of data, the most 84

widely applied model for fitting compound responses [15]. 85

It has a sigmoidal shape with little change for small doses 86

but with a rapid decline in response once a certain thresh- 87

old is met. For even larger doses the effect asymptotes 88

to a constant maximal effect. Two exemplary Hill curves 89

are depicted in Fig. 1. There are several parameteriza- 90

tions of the Hill curve. We use the following throughout 91
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this study to fit conditional responses:92

f(x) = y∞ +
y0 − y∞
1 + (xe )s

, (1)93

where y0 is the response at zero dose and y∞ the maxi-94

mal response of the cells to the compound, e the dose95

concentration reaching half of the maximal response96

and s the steepness of the curve. Eq. 1 is equivalent to97

the parametrization used in the drc package [16], the98

so-called four parameter log-logistic model. By our defi-99

nition of the Hill curve, a positive s leads to a descending100

Hill curve.101

III. Null Reference Models102

To quantify the degree of synergy between two com-103

pounds, their measured combination effect is compared104

to an expected effect assuming no interaction. The larger105

the deviance to such a null reference model, the larger106

the interaction effect. When combining two compounds,107

one typically measures also the response of each com-108

pound in the absence of the other. Knowing these two109

conditional responses of both compounds, the aim of110

a null reference model is to define the surface spanned111

between these conditional responses, assuming no inter-112

action between them.113

Throughout the extensive research that was conducted114

in the field of synergy over the last century, several null115

reference principles were introduced, but only two sur-116

vived the critics [5]: Loewe Additivity [1] and Bliss117

Independence [8]. The first assumes that one compound118

can be substituted for another (with a certain ratio119

dependent on each compound’s efficacy). As an interpre-120

tation one can say that according to Loewe Additivity121

the compounds have the same mechanism of action (act122

on the same pathway). In Bliss Independence, one as-123

sumes that the responses can be added as the compounds124

have a different mechanism of action (act independently).125

Throughout this paper we will exclusively focus on Loewe126

Additivity as it was shown that Loewe Additivity pre-127

dicts synergy better than Bliss Independence [3].128

The Loewe Additivity principle is based on an exper-129

iment with a sham combination, that is, combining a130

compound with itself. A compound does not interact131

with itself and yields therefore the same effect as if only132

one compound was administered with the sum of the133

doses. Combining two compounds, it is implied that134

these “act similarly, presumably at the same site of ac-135

tion, differing only in potency”, where potency is meant136

to be the effect [5, p.344]. To clarify this idea, consider137

an effect of y = 0.3, as depicted in Fig. 1 with the lower 138

dashed horizontal line. An effect of y = 0.3 denotes 139

therefore the survival of 30% of the cell culture. We 140

denote xy=0.3
1 to be the dose of compound 1 that reaches 141

an effect of y = 0.3 and xy=0.3
2 the dose of compound 142

2 to reach an effect of y = 0.3. In Fig. 1, these are 143

depicted on the x-axis where the two most right vertical 144

dashed lines intersect, which are descending from the 145

y = 0.3 effect that is reached by the red and blue curve, 146

respectively. 147

When visualizing the null response surface that is 148

spanned between the two Hill curves the doses of the 149

two compounds are mapped onto the x- and y-axis of a 150

Cartesian coordinate system and the response surface 151

can be represented in form of a contour plot, yielding 152

a 2D representation, see Fig. 2. Also here, one can 153

indicate the doses xy=0.3
1 on the x- and xy=0.3

2 on the 154

y-axis. Loewe argues that any compound combination 155

that lies on the straight line drawn between these two 156

points on the axes should also yield an effect of y = 0.3. 157

Mathematically, this corresponds to any set of dose pairs 158

(x1, x2) of the two compounds, which, divided each by 159

the doses that reach an effect of y = 0.3 individually, 160

sum up to one: 161

x1

xy=0.3
1

+
x2

xy=0.3
2

= 1. (2) 162

This idea can be generalized from y = 0.3 to any effect 163

y, which follows a continuous response curve fj(xj) with 164

j ∈ {1, 2} for each compound: 165

y = f1(x1) (3) 166

y = f2(x2), (4) 167

with a common response for the control dose f1(0) = 168

f2(0) and functions f1 and f2 being monotonic (either 169

increasing or decreasing). If doses xy1 and xy2 individually 170

each reach the same effect y, the dose xyj can be written 171

as the inverse of the response curve, namely f−1j (y). 172

This yields the so-called General Isobole Equation [1, 173

p.179] [17], in the following referred to as fGI (x1, x2): 174

x1

f−11 (y)
+

x2

f−12 (y)
= 1. (5) 175

This defines a response surface as depicted in Fig. 2 as a 176

contour plot. Different isoboles, also known as iso-effect 177

curves for response surfaces, are depicted for different 178

effects y and labeled in the plot. 179

For specific forms of f , the General Isobole Equa- 180

tion model fGI (x1, x2) can be computed analytically. 181

3
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Figure 2: Contour lines of the response surface from
Eq. 5, 8 or 9 with x1 on the x-axis and x2 on
the y-axis at linear concentrations.

In general, and in particular if f takes the form of a182

Hill curve, the definition of fGI (x1, x2) is implicit and183

numerical computations are needed to solve Eq. 5. More184

details on how to solve Eq. 5 numerically are presented185

in Appendix E.186

Following the main idea of Loewe Additivity presented187

in [1], we formalize a trade-off between the two com-188

pounds, meaning that we can exchange a given dose of189

compound 2 (x2) for a dose of compound 1 (xequiv
1 (x2))190

with the equivalent effect. Vice versa, we can exchange191

a given dose of compound 1 (x1) for an effect equivalent192

dose of compound 2 (xequiv
2 (x1)):193

xequiv
1 (x2) = f−11 (f2(x2)) (6)194

xequiv
2 (x1) = f−12 (f1(x1)). (7)195

The construction of response equivalent doses is illus-196

trated in Fig. 1 for response levels y = 0.9 and y = 0.3.197

With these equivalent doses one can construct two re-198

sponse surfaces. To do so, we add to the concentration199

x1 of compound 1 its equivalent dose xequiv
1 (x2) and the200

same mutatis mutandis for x2 and compute their effect:201

f2→1(x1, x2) = f1(x1 + f−11 (f2(x2))) (8)202

f1→2(x1, x2) = f2(f−12 (f1(x1)) + x2), (9)203

where effect fj→k stands for converting the dose of com-204

pound j into the equivalent dose of compound k. The205

response surfaces f2→1(x1, x2) and f1→2(x1, x2) are plot-206

ted in Fig. 2 as a contour plot, spanning a surface be-207

tween the first and second compound, that are depicted208

on the x- and y-axis, respectively. Note that the re- 209

sponse surfaces from Eq. 8 and Eq. 9 are identical to 210

the surface from Eq. 5. We will expand on this finding 211

later. 212

The two formulas in Eq. 8 and Eq. 9 must be equivalent 213

as both span the surface by expressing the concentra- 214

tion of one compound in terms of the other compound 215

yielding the same effect. Thus we introduce the Loewe 216

Additivity Consistency Condition, abbreviated as LACC, 217

namely that both equations, Eq. 8 and Eq. 9, must be 218

equivalent: 219

f2→1(x1, x2) = f1→2(x1, x2) ∀x1, x2∈R≥0. (10) 220

To our knowledge, we are the first to explicitly state this 221

consistency condition in a general mathematical form. 222

Surprisingly and often ignored in literature (e.g. [2, 5]), 223

the two formulas in Eq. 8 and Eq. 9 do not always yield 224

the same surface which leads to violations of the LACC. 225

In Theorem 1 we show that, in order for these two 226

equations to be equal, the dose and its effect equivalent 227

dose have to be proportional to each other: 228

xequiv
1 (x2) = f−11 (f2 (x2)) = cx2, (11) 229

xequiv
2 (x1) = f−12 (f1 (x1)) = 1

cx1, (12) 230

for a constant c > 0. The violation of the consistency 231

condition in Eq. 10 by violating the condition in Eq. 11 232

and 12 has been commented upon before by Tallarida 233

and Geary [6, 13], but no general proof has been pro- 234

posed. 235

Theorem 1. If and only if a dose and its equivalent are 236

proportional to each other (Eq. 11 and 12) the Loewe 237

Additivity Consistency Condition in Eq. 10 holds. 238

The proof can be found in Appendix A. Note that in 239

the proof, the important implicit assumption is made, 240

that both response curves yield the same maximal effect 241

y∞,1 = y∞.2. In further discussion of the LACC we 242

assume this equality. In section IV, we investigate the 243

consequences if the condition is not met. 244

Therefore, the principle of Loewe Additivity only 245

makes a consistent prediction for the response to a 246

mixture of compounds when the trade-off between the 247

compounds is linear. Put another way, the LACC is 248

only fulfilled when the dose-response curves are shifted 249

copies of each other on the logarithmic dose axis since 250

log
(
xequiv
1 (x2)

)
= log (c) + log (x2). This shift is de- 251

picted in Fig. 1. Two Hill curves are depicted, where one 252

is shifted horizontally relative to the other. The vertical 253

dashed lines indicate the different doses that reach the 254
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same effect, represented by the horizontal dashed lines at255

the exemplary effect levels of y = 0.3 and y = 0.9. The256

comparison of these two effects shows that equivalent257

doses are shifted equidistantly, independent of the effect258

they reach.259

As a corollary to Theorem 1, we show that isoboles260

are linear and parallel when the LACC holds.261

Corollary 1. If the Loewe Additivity Consistency Con-262

dition in Eq. 10 holds, (1) fGI (x1, x2) = f2→1 (x1, x2) =263

f1→2 (x1, x2) and (2) the isoboles are parallel.264

The proof can be found in Appendix B. Applying265

the LACC in Eq. 11 with f1 and f2 taking the form of266

two Hill curves, the following restriction on Hill curves267

guarantees the LACC (Eq. 10) to hold:268

Corollary 2. If the Loewe Additivity Consistency Con-269

dition in Eq. 10 holds with f1 and f2 taking the form of270

two Hill curves, then the slopes s and effect ranges y0271

and y∞ of the Hill curves must be the same. Further,272

the proportionality factor c takes the form of a fraction273

of the EC50 value e of the drug to be expressed in terms274

of the other divided by the EC50 value of this other drug,275

resulting in xequiv
1 (x2) = e1

e2
x2.276

See Appendix C for the proof.277

In summary, we have now derived three possible278

null reference models for Loewe Additivity. These279

are f2→1(x1, x2) (Eq. 8), f1→2(x1, x2) (Eq. 9) and280

fGI (x1, x2) (Eq. 5) which are all equivalent under the281

LACC.282

Note that the first two models, f2→1(x1, x2) (Eq. 8)283

and f1→2(x1, x2) (Eq. 9) are explicit formulations of284

the response surface and fGI (x1, x2) (Eq. 5) is implicit.285

Thus, there is an arbitrariness to Loewe Additivity which286

allows the construction of other null reference models.287

IV. Violation of the Loewe288

Additivity Consistency Condition289

In this section we investigate the consequences of viola-290

tions of the LACC. As mentioned before and commented291

by Tallarida [13] and Geary [6], the conditional response292

curves of experimental data are often not parallel and293

therefore, the LACC in Eq. 10 is often violated. Here,294

we investigate what different violations of the LACC295

imply for the null reference models.296

In Fig. 3, two Hill curves are depicted in three scenar-297

ios where the LACC is violated: two different slopes s298

or two different maximal effects y∞ or both. It becomes299

immediately clear that in all scenarios there is no pro- 300

portional relationship between the two curves. In Fig. 4 301

the three null reference models fGI (x1, x2), f2→1 (x1, x2) 302

and f1→2 (x1, x2) are depicted with the conditional re- 303

sponses following the Hill curves as depicted in Fig. 3. 304

The fGI (x1, x2) model is depicted in Fig. 4a, while the 305

two explicit models, f2→1(x1, x2) and f1→2(x1, x2) from 306

Eq. 8 and Eq. 9, are depicted in Fig. 4b and Fig. 4c, 307

respectively. In each column, the three cases of LACC 308

violation are depicted. 309

Let us first investigate in detail the first case of vi- 310

olation, assuming different slope parameters for the 311

conditional responses, as depicted in the left column 312

of Fig. 4. The fGI (x1, x2) displays straight isoboles, 313

which are not parallel as they are in Fig. 2. The straight- 314

ness is due to Berenbaum’s definition of the General 315

Isobole Equation and becomes obvious by inspection of 316

Eq. 5, which is symmetric in the fractional terms. This 317

is one of the reasons why this model has been popular. 318

The two explicit models in the left panel of Fig. 4b and 319

Fig. 4c display a concave or convex curvature to the 320

point of zero dose concentration. 321

Taking into consideration the common violation of 322

the LACC, as we show in section V, and the resulting 323

difference in response surfaces spanned by the three null 324

reference models, as depicted in the left column of Fig. 4, 325

we additionally define a new null reference model, that is 326

equivalent to the General Isobole Equation model under 327

the LACC, as a linear combination of the two explicit 328

formulations. Further, even under the violation of the 329

LACC in case of different slopes this combination gives 330

almost straight isoboles in the response surface: Since 331

the General Isobole Equation is clearly symmetric, we 332

take a weighted mean of the two explicit formulations 333

f2→1 (x1, x2) and f1→2 (x1, x2) given in Eq. 8 and Eq. 9: 334

335

fβ(x1,x2) = β (x1, x2) f2→1 (x1, x2) + 336

(1− β (x1, x2)) f1→2 (x1, x2) , (13) 337
338

with β (x1, x2) ∈ [0, 1]. 339

We show in Appendix D that equal weights are most 340

insensitive to a violation of the LACC by differing slopes: 341
342

fmean (x1, x2) = 343

1

2
(f2→1 (x1, x2) + f1→2 (x1, x2)) . (14) 344

345

In the following, we will refer to Eq. 14 as the Explicit 346

Mean Equation, or mathematically, as fmean (x1, x2). 347

A visualization of fmean (x1, x2) is given in Fig. 2 if 348

the LACC holds and if the LACC is violated the be- 349

haviour of fmean (x1, x2) is shown Fig. 5. For each of the 350

5
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Figure 3: Dose-response curves (red and blue) with different parameter settings that all violate the LACC: s1 6= s2 (left) with
s1 = 1 and s2 = 2, y∞,1 6= y∞,2 (center) with y∞,1 = 0.3 and y∞,2 = 0, and (right) with s1 6= s2 and y∞,1 6= y∞,2

with the same settings as above. Additionally, all other parameters that are chosen to be equal for both Hill curves
take the values: s = 1, y0 = 1, y∞ = 0 and e = 1.

three scenarios of violation of the LACC, as depicted in351

Fig. 3, fmean (x1, x2) is shown. The contour lines of the352

fmean (x1, x2) are depicted in white and for reference,353

the contour lines of fGI (x1, x2) are depicted in grey. In354

the left panel of Fig. 5, the situation is depicted for355

different slopes s but the same y∞. For this violation of356

the LACC the model shows nearly linear isoboles, with357

a slight curvature which is almost linear for x1 reaching358

a larger effect than x2 and convex for x1 reaching a359

smaller effect than x2. The other two cases of violation360

of the LACC will be discussed below.361

Above we mentioned that the slopes often differ, and362

it turns out that the same holds for the maximal effect363

values. In case one dose reaches an effect that cannot be364

reached by the other, there is no equivalence relationship365

between the two doses and therefore Loewe Additivity366

is not defined. Assume that dose x1 reaches a stronger367

effect that cannot be reached by compound 2:368

y∞,1 ≤ f1 (x1) < y∞,2. (15)369

For that effect y = f1 (x1), the inverse of the Hill curve of370

compound 2, f−12 (y) is not defined. For the fGI (x1, x2)371

model, di Veroli [10] suggests that one would need an372

infinite dose of x2 to reach that effect y, resulting in373

limf−1
2 (y)→∞ f−12 (y) and inserted into the fGI (x1, x2)374

model gives:375

lim
f−1
2 (y)→∞

x1

f−11 (y)
+

x2

f−12 (y)
= 1. (16)376

As the second fraction in the sum on the left-hand side377

vanishes, the expected response of the fGI (x1, x2) model378

for that dose combination, is the effect that is reached379

by compound 1 alone: y = f1 (x1).380

The inverse of the Hill curves of compound 2 is not 381

defined for any effect y greater than the maximal effect 382

y∞,2. This has as consequence for the explicit models 383

that f1→2 (x1, x2) is not defined. Following a similar 384

line of thought as di Veroli [10]: 385

xequiv
2 (x1) = f−12 (f1 (x1)) >> x2. (17) 386

Therefore, within f1→2 (x1, x2) = f2

(
xequiv
2 (x1) + x2

)
, 387

x2 becomes negligible. This results in 388

f2

(
xequiv
2 (x1)

)
= f2

(
f−12 (f1 (x1))

)
= f1 (x1) . (18) 389

Therefore, we suggest for fmean (x1, x2) to compute the 390

effect that is reached by the mean of f2→1 (x1, x2) and 391

f1 (x1): 392

fGI (x1, x2 | y < f2 (x2)) = f1 (x1) (19) 393

fmean (x1, x2 | y < f2 (x2)) =

1

2

(
f1
(
x1 + f−11 (f2 (x2))

)
+ f1 (x1)

)
. (20) 394

395

Thus fmean (x1, x2) predicts a larger effect than the 396

fGI (x1, x2) model. This solution is depicted in the 397

middle panels of Fig. 4 for the fGI (x1, x2) model as 398

well as for f2→1 (x1, x2) and f1→2 (x1, x2), and for the 399

fmean (x1, x2) model in the middle panel of Fig. 5. The 400

models have all a smaller effect than in the previous 401

scenario, where the slopes differ. All explicit models ex- 402

hibit nonlinear isoboles. f2→1 and f1→2 exhibit a similar 403

concave and convex curvature behaviour as in the sce- 404

nario of differing slopes. For fGI (x1, x2), f2→1 (x1, x2) 405

and fmean (x1, x2), the asymptotic behaviour is depicted. 406

6

.CC-BY 4.0 International licensea
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under 

The copyright holder for this preprint (which was notthis version posted July 9, 2017. ; https://doi.org/10.1101/161059doi: bioRxiv preprint 

https://doi.org/10.1101/161059
http://creativecommons.org/licenses/by/4.0/


Additive Dose Response Models: Explicit Formulations and the Loewe Additivity Consistency Condition

0.1

0.2
0.3

0.40.50.60.70.80.9
0

1

2

3

0 2 4 6
x1

x 2

fGI(x1,x2) with s1 ≠ s2, y∞,1 = y∞,2

0.3

0.4
0.5

0.60.70.80.90

1

2

3

0 2 4 6
x1

fGI(x1,x2) with s1 = s2, y∞,1 ≠ y∞,2

0.2

0.3

0.40.50.60.70.80.9
0

1

2

3

0 2 4 6
x1

fGI(x1,x2) with s1 ≠ s2, y∞,1 ≠ y∞,2

(a) fGI (x1, x2)

0.1

0.2
0.3

0.4
0.50.60.70.80.9

0

1

2

3

0 2 4 6
x1

x 2

f2→1(x1,x2) with s1 ≠ s2, y∞,1 = y∞,2

0.3

0.4

0.5
0.60.70.80.90

1

2

3

0 2 4 6
x1

f2→1(x1,x2) with s1 = s2, y∞,1 ≠ y∞,2

0.2

0.3

0.4
0.5

0.60.70.80.9
0

1

2

3

0 2 4 6
x1

f2→1(x1,x2) with s1 ≠ s2, y∞,1 ≠ y∞,2

(b) f2→1 (x1, x2)

0.1

0.2
0.30.40.50.60.70.80.90

1

2

3

0 2 4 6
x1

x 2

f1→2(x1,x2) with s1 ≠ s2, y∞,1 = y∞,2

0.2

0.3

0.40.50.60.70.80.90

1

2

3

0 2 4 6
x1

f1→2(x1,x2) with s1 = s2, y∞,1 ≠ y∞,2

0.1

0.2

0.3
0.40.50.60.70.80.90

1

2

3

0 2 4 6
x1

f1→2(x1,x2) with s1 ≠ s2, y∞,1 ≠ y∞,2

(c) f1→2 (x1, x2)

Figure 4: Violation of the LACC with either different slope parameters s1 6= s2 (left), or different maximal effects y∞
(middle) or both (right) for the fGI (x1, x2) (a), f2→1 (x1, x2) (b) or f1→2 (x1, x2) (c) model.
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Figure 5: Contour lines of the fmean (x1, x2) model depicted in white and the corresponding contour lines of fGI (x1, x2) shown
in grey. The three different scenarios, in which the LACC is violated, are shown from left to right: the slopes are
different, s1 6= s2, here depicted with s1 = 1, s2 = 2, y∞ = 0, or the maximal effect values differ, y∞,1 = y∞,2, here
shown with s = 1, y∞,1 = 0.3, y∞,2 = 0 or both are different, here shown with s1 = 1, s2 = 2, y∞,1 = 0.3, y∞,2 = 0.
The remaining two parameters of the Hill curve are set equal for all figures to y0 = 1 and e = 1.

These figures display a constant horizontal response for407

x1, only decreasing for increasing x2 doses. For the case408

where both scenarios of a violation are met, namely the409

violation of LACC and non-definition of Loewe Additiv-410

ity, we depict the response surfaces of the null models in411

the right column of Fig. 4 and the right panel of Fig. 5.412

The surfaces are, as in the first case, more contracted to413

the origin. The curvature behaviour of the isoboles of the414

explicit models is again similar to both previous cases415

and the asymptotic behaviour where one dose reaches a416

higher effect shows again no change in response in the417

direction of x1 doses.418

Analogously to the weighted mean, we can take the419

geometric mean of the two explicit models f2→1 (x1, x2)420

and f1→2 (x1, x2). This model together with an anal-421

ogous analysis to the Explicit Mean Equation model422

that was presented in this section can be found in Ap-423

pendix G.424

V. Evaluation425

With two data sets we will confirm Geary’s statement426

about the common violation of the LACC. Furthermore,427

we compare the different null reference models by consid-428

ering non-interactive records of two different data sets429

of compound screenings.430

The first data set was created by Mathews Griner et431

al. [18] and is a cancer compound synergy study. We432

refer to this data set as the Mathews Griner data. It is433

composed of 463 different drug-drug-cell combinations434

on the cancer cell line TMD8 and was published along435

with many other large compound-drug-cell combina- 436

tion studies on the website https://tripod.nih.gov/ 437

matrix-client/. It is a so-called one-to-all experiment, 438

meaning that one compound (in this case ibrutinib) 439

is combined with 463 other compounds. In this high- 440

throughput study all 463 compound combinations are 441

screened in a 6× 6 matrix design and the effect of the 442

compound combinations is measured as cell viability. 443

The six different concentrations of ibrutinib and the 444

paired compound decrease from 2.5µM and 125µM four 445

times with a four-fold dilution with the sixth dose being 446

zero [2]. 447

In a synergy modeling study, Yadav et al. [2] catego- 448

rized each record of the Mathews Griner data into three 449

interaction classes after visual inspection of its dose- 450

response matrix: synergy, no interaction, antagonism. 451

We only use the 252 dose response matrices classified as 452

non-interactive. 453

The other data set used in this study with a labeling of 454

the records is the anti fungal cell growth experiment on 455

the yeast S.cerevisiae by Cokol et al. [3] and from here on 456

referred to as the Cokol data set. In this study 200 dif- 457

ferent drug-drug-cell combinations were conducted with 458

33 different compounds and growth inhibition was mea- 459

sured. An 8×8 factorial design is used with doses linearly 460

increasing from 0 up to a dose close to the individually 461

measured maximal effect dose of the compound under 462

investigation. 463

The categorization of this data set is based on a com- 464

parison of the longest arc length of an isobole relative to 465

the expected longest linear isobole in a non-interactive 466
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scenario. In more detail, having estimated the response467

surface of a record, Cokol et al. chose the longest con-468

tour line and measure its length and direction (convex469

or concave). In case of the contour line being convex the470

record is categorized as synergistic and the arc length471

of the longest contour line determines the strength of472

synergy. As the labeling of these records is quantitative,473

we consider all records to be non-interactive if their ab-474

solute value is smaller than 0.8. This decision is based475

on communication with the authors [3]. This leaves us476

with 82 records.477

We received both categorizations after personal com-478

munication with the authors [2, 3]. For the purpose479

of comparing the null reference models introduced in480

section III and IV, we consider these two classifications481

as ground truth, given that no molecular information is482

available for verification.483

The conditional responses are fitted with Hill curves in-484

dividually, with the constraint to share the y0 parameter.485

For the fitting, we make use of the drc package [16]. More486

detailed information is given in Appendix E. Records487

with negative slopes or negative EC50 values are ex-488

cluded, which leaves us with 159 records for the Math-489

ews Griner and 79 for the Cokol data. The main reason490

for the exclusion of nearly 40% of the records of the491

Mathews Griner data is the fixed dose range applied to492

all compounds. Many conditional readouts show barely493

any response over the entire dose range. The compounds494

might therefore have no effect at all on the cell line or495

the dose range is too small to cause any effect.496

To support the statement from section IV about the497

LACC being often violated, we apply a Wilcoxon signed-498

rank test to the Mathews Griner data which combines499

one compound with a set of other compounds. One500

tests the null hypothesis that the slopes s from the two501

fitted conditional responses are equal. The other one502

tests for equality of the maximal effects y∞. Both tests503

on s and y∞ are significant with ps = 6.26× 10−5 and504

py∞ = 2.2× 10−16.505

To compare the performance of the models to cap-506

ture no interaction, we compare fGI (x1, x2) (Eq. 5) and507

fmean (x1, x2) (Eq. 14) by computing the bias and mean508

squared error between the null reference surfaces that509

are spanned by the models and the measured response510

data, excluding the outliers (see Appendix E).511

Scatter plots of the bias of both data sets are depicted512

in Fig. 6. For every record, the bias of fmean (x1, x2)513

is depicted on the x- and the bias of fGI (x1, x2) on514

the y-axis. A striking observation from Fig. 6 is that515

the bias values of fGI (x1, x2) are always larger than516
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Figure 6: Bias: mean difference between the responses given
by the model and the measured responses with
the diagonal is depicted. The distribution of the
models’ errors is given in histograms plotted on
the axes.

those of fmean (x1, x2). This holds for both data sets. 517

For positive bias values, this gives a smaller bias for 518

fmean (x1, x2) and for negative bias values, a smaller 519

bias in absolute terms for fGI (x1, x2). As the bias is 520

the mean of differences of estimated data points to the 521

measured ones, we look in detail into those differences 522

for each record. For all records of the Mathews Griner 523

and most records for the Cokol data set, we find that 524

the individual error values of each data point are larger 525

for the fGI (x1, x2) model. We suspect this to be due 526

to the definition of the explicit models, as, by taking 527

into consideration the effect of the other compound as 528

well, the spanned surfaces are steeper decreasing if the 529

LACC is violated. This becomes clear by inspecting 530

the right panel of Fig. 5, for which the contour lines 531

of the fmean (x1, x2) model are depicted in white with 532

the contour lines of the fGI (x1, x2) model depicted in 533

gray: due to the white contour being more contracted 534

to the origin than the gray ones, the response surface 535

of the explicit fmean (x1, x2) model has a steeper de- 536

crease than the implicit fGI (x1, x2) model. This is also 537

in line with the negative bias values, which are larger 538

for the fmean (x1, x2) model in absolute terms. If the 539

fGI (x1, x2) model spans a surface below the measured 540

data, the fmean (x1, x2) model then definitely spans a 541

surface below the fGI (x1, x2) model and therefore below 542

the measured data. 543

Additionally, we compare the mean squared error 544

values to the fGI (x1, x2) model and the fmean (x1, x2) 545
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Figure 7: Mean squared error between the measured and
the expected responses of the fmean (x1, x2) and
fGI (x1, x2) model. To better qualify the differ-
ences in mean squared error, the diagonal is de-
picted. The distribution of the models’ errors is
given in histograms plotted on the axes.

model. We do so using the Wilcoxon signed-rank test546

for paired samples. For the Mathews Griner and the547

Cokol data, the Wilcoxon signed-rank tests are signif-548

icant to reject the null hypothesis of an equal mean549

for the alternative hypothesis that the error values of550

the fGI (x1, x2) model are greater. The p-value for the551

errors of both null models on the Mathews Griner data552

is pMathews Griner = 1.46× 10−6 and for the Cokol data553

is pCokol = 7.68 × 10−5. Further, in Fig. 7, the errors554

of both data sets are depicted in two scatter plots, the555

Mathews Griner data on the left and the Cokol data556

on the right hand side. The mean squared errors of the557

fmean (x1, x2) model are drawn on the x-axis and the558

mean squared errors of the fGI (x1, x2) model on the559

y-axis. The models are considered to perform equally560

well if their mean squared error values are equal and561

therefore lie on the diagonal axis. As visual aid, this562

diagonal is drawn in both scatter plots. Points depicted563

in the lower triangle of a scatter plot represent records564

for which the fGI (x1, x2) model results in smaller mean565

squared error values and points in the upper triangle rep-566

resent records where the fmean (x1, x2) model performs567

better. There are a few outliers depicted in the lower568

triangle of the errors of the Mathews Griner data for569

records which yield an mean squared error value above570

0.03 with the fmean (x1, x2) model. Investigating these571

records shows a huge difference in slope parameters of572

the conditional responses. To give an example, the slope573

parameters of the record that results in an mean squared 574

error value above 0.04 for the fmean (x1, x2) model are 575

s1 = 1.2 and s2 = 9.6. The f1→2 (x1, x2) model gives 576

an almost ten times higher error, which is caused by 577

the surface being strongly contracted to the origin. The 578

majority of errors scatter in the range of [0, 0.01] and 579

are slightly above the diagonal. In the scatter plot on 580

the left-hand side of Fig. 7, there is a clear tendency 581

of records to scatter in the upper triangle, supporting 582

the Wilcoxon signed-rank test result of the fGI (x1, x2) 583

model resulting in larger error values. 584

To further investigate the difference between the 585

implicit and explicit formulation derived from the 586

Loewe Additivity principle, we conduct a small bench- 587

marking test. We compare the computation time 588

of the null reference models fGI (x1, x2) (Eq. 5) and 589

fmean (x1, x2) (Eq. 14). For this, we use the data set 590

from a study conducted by Yonetani and Theorell [19] 591

which is believed to have no synergistic or antagonistic 592

effect [20]. The data represents the inhibition of horse 593

liver alcohol dehydrogenase by two inhibitors, ADP ri- 594

bose and ADP. The data was used in an analysis of Chou 595

and Talalay [9]. We fit the conditional parameters as 596

described in Appendix E. For benchmarking, we use the 597

microbenchmark package [21]. It runs each calculation 598

per default 100 times. The median time to compute the 599

explicit formulation of Loewe Additivity is 280 times 600

faster than the implicit one (comparing to fGI (x1, x2)) 601

despite the double computing effort created by the Ex- 602

plicit Mean Equation model. Both, f2→1 (x1, x2, y) and 603

f1→2 (x1, x2, y), have to be computed. Further results 604

for the benchmark test on the null reference models are 605

shown in Fig. 8 in Appendix F. 606

VI. Discussion 607

With the rise of high-throughput methods, there is a 608

huge opportunity to investigate compound combinations 609

for synergistic effects. Especially with a first success in 610

a synergy study in vivo mice [22], there is an urge to 611

develop reliable methods to screen for promising com- 612

binations. Loewe Additivity is one of the most popular 613

principles to investigate synergistic effects in compound 614

combination studies. With the mathematical formula- 615

tion in the first part of this study we are to our knowledge 616

the first to have developed the theoretical background 617

and the consistency condition of Loewe Additivity. Fur- 618

ther, this mathematical derivation led to an explicit 619

formulation of Loewe Additivity which underlines the 620

arbitrariness of models derived from the Loewe Addi- 621
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tivity principle. As commented upon before in [6, 13],622

we showed in two data sets that the LACC is often623

violated. These violations lead to differing predictions624

for different null reference models. Despite the com-625

mon violation of the LACC, the fGI (x1, x2) is popular.626

Therefore, it is important to tackle the biological ques-627

tion of which interaction to expect in case LACC is628

violated. We introduced the explicit model which is629

equivalent to the General Isobole Equation under the630

LACC and spans a similar surface if the LACC is vio-631

lated. In two non-interactive high-throughput data sets632

we found our new Explicit Mean Equation null reference633

model to show smaller bias values than those of the634

General Isobole Equation model. This is a consequence635

of the more contracted surface to the origin if the LACC636

is violated. Further, we found the explicit Explicit Mean637

Equation to have smaller mean squared errors than the638

General Isobole Equation. These findings provide for an639

explicit model to replace the standard implicit model,640

both based on the Loewe Additivity principle. Addition-641

ally, the explicit model speeds up the computation time642

by a factor of roughly 250. In a large high-throughput643

experiment with 10, 000 response matrices this would644

reduce computing time from 20 hours to 5 minutes. We645

herewith provide a first step into the direction of im-646

proving the biological and numerical issues that follow647

from the Loewe Additivity principle.648
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A. Loewe Additivity Consistency769

Condition770

Theorem 1. If and only if a dose and its equivalent are771

proportional to each other (Eq. 11 and 12) the Loewe772

Additivity Consistency Condition in Eq. 10 holds.773

Proof. For notational convenience we define g ≡ f−11 ◦f2774

thus g−1 = f−12 ◦ f1 The function g maps dose x2 to775

its effect-equivalent dose x1. The LACC can now be776

written as:777

x1 + g (x2) = g
(
g−1 (x1) + x2

)
. (21)778

“ =⇒ ” We first provide a proof for the LACC to hold if779

the equivalent doses are proportional, meaning780

xequiv
1 (x2) = g (x2) = cx2, (22)781

and thus782

xequiv
2 (x1) = g−1 (x1) =

1

c
x1. (23)783

We therefore have, by rewriting Eq. 21,784

x1 + cx2
!
= g

(
1

c
x1 + x2

)
= c

(
1

c
x1 + x2

)
= x1 + cx2.785

786

“ ⇐= ” Proving the theorem in the other direction,787

we assume that the LACC holds. Starting from the788

statement in Eq. 21 we define the function h (x1, x2) as789

the difference of these two equations:790

791

h (x1, x2) = x1 + g(x2)− g(g−1(x1) + x2)
!
= 0

∀x1, x2.
(24)792

793

As h (x1, x2) is constant for all x1, x2, its first derivative794

has to be zero:795

∂h (x1, x2)

∂x2
= g′ (x2)− g′

(
g−1 (x1) + x2

) !
= 0. (25)796

To further exclude that the inverse of g on x1 is always797

equal to zero, we take the derivative with respect to x1,798

which yields799

∂2h (x1, x2)

∂x1∂x2
=g′′

(
g−1 (x1) + x2

)
× ∂g−1 (x1)

∂x1
!
=0 ∀x1, x2,

(26)800

801

from which one can deduct that g′′
(
g−1 (x1) + x2

)
has802

to be zero for all x1, x2. This implies that g (x2) is linear803

in x2. Thus:804

g′(x2) = constant ⇒ g(x2) = c0 + cx2805

and since g(0) = 0, one obtains c0 = 0. Substituting 806

this result in Eq. 6, one gets: 807

xequiv
1 (x2) = g(x2) = cx2, (27) 808

which shows equivalent doses to be proportional. 809
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B. General Isobole Equation under810

LACC811

Corollary 1. If the Loewe Additivity Consistency Con-812

dition in Eq. 10 holds, (1) fGI (x1, x2) = f2→1 (x1, x2) =813

f1→2 (x1, x2) and (2) the isoboles are parallel.814

Proof. (1) Assume a response level denoted by y∗, then815

the doses of compounds 1 and 2 that cause this effect by816

themselves are given by f−11 (y∗) and f−12 (y∗) being re-817

lated by concentration scaling, i.e. f−11 (y∗) = cf−12 (y∗)818

(Eq. 11 and 12). The isobole for effect y∗ is given by819

y∗ = f1(x1 + cx2)820

⇒ f−11 (y∗) = x1 +
f−11 (y∗)

f−12 (y∗)
x2,821

822

which leads to the linear isobole equation depicted in823

Eq. 5, assuming f is a continuous and monotonic re-824

sponse:825
x1

f−11 (y∗)
+

x2

f−12 (y∗)
= 1. (28)826

(2) For a given y∗, this linear isobole equation gives827

the contour lines of the response surface. Since the two828

concentrations x∗1 and x∗2 are related by linear scaling829

(x∗1 = xequiv
1 (x2) = cx∗2, see Eq. 11), the isoboles for830

different effect levels y∗ are parallel. This becomes clear831

by replacing x∗2 with its equivalent cx∗1 in the linear832

isobole equation and solving then for x2:833

x1
x∗1

+
x2
x∗2

=
x1
x∗1

+
x2
cx∗1

= 1834

⇔ x2 = cx∗1 − cx1 = c (x∗1 − x1) ,835
836

where x∗1 = f−11 (y∗). Therefore, x2 is linearly dependent837

with a fixed slope parameter c > 0. This results in an838

isobole with slope −c for any effect y∗ that is reached839

by x∗1, and therefore the isoboles are parallel.840

C. Consistency condition for Hill 841

curve 842

Corollary 3. If the Loewe Additivity Consistency Con- 843

dition in Eq. 10 holds with f1 and f2 taking the form of 844

two Hill curves, then the slopes and effect ranges y0 and 845

y∞ of the Hill curves must be the same. Further, the 846

proportionality factor c takes the form of a fraction of 847

the EC50 value of the drug to be expressed in terms of 848

the other divided by the EC50 value of this other drug, 849

resulting in xequiv
1 (x2) = e1

e2
x2. 850

For the Loewe Additivity Consistency Condition, 851

xequiv
1 (x2) = f−11 (f2 (x2)) = cx2, (29) 852

to be fulfilled when using the Hill curve for fj , j ∈ {1, 2}, 853

which is of the form 854

fj (xj) = y∞,j +
y0,j − y∞,j
1 +

(
xj

ej

)sj , (30) 855

with its inverse being of the form 856

f−1 (yj) =

[
y0,j − yj
yj − y∞,j

]1/sj
ej (31) 857

one gets: 858

xequiv
1 (x2) =f−11 (f2 (x2)) 859

=

[
y0,1 − y∞,1

f2 (x2)− y∞,1
− 1

]1/s1
e1 860

=

 y0,1 − y∞,1
y∞,2 +

y0,2−y∞,2

1+
(

x2
e2

)s2 − y∞,1
− 1


1/s1

e1 861

=

 y0,1 − y∞,1 + (y0,1 − y∞,1)
(
x2

e2

)s2
y0,2 − y∞,1 + (y∞,2 − y∞,1)

(
x2

e2

)s2 − 1

1/s1

e1862

=

 y0,1 − y0,2 + (y0,1 − y∞,2)
(
x2

e2

)s2
y∞,1 − y0,2 + (y∞,1 − y∞,2)

(
x2

e2

)s2
1/s1

e1863

864865

Hence, in order for xequiv
1 (x2) to be constant y∞,1 = 866

y∞,2, which gives: 867

xequiv
1 (x2) =

y0,1 − y0,2 + (y0,1 − y∞)
(
x2

e2

)s2
y∞ − y0,2

1/s1

e1 868

869
870
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and y0,1 = y0,2, simplifying to:871

xequiv
1 (x2) =

 (y0 − y∞)
(
x2

e2

)s2
y∞ − y0

1/s1

e1872

=−
(
x2
e2

)s2/s1
e1873

=x
s2/s1
2

e1

e
s2/s1
2

874

875

which is constant if s2/s1 = 1⇔ s1 = s2.876

The Loewe Additivity Consistency Condition is there-877

fore fulfilled for the Hill curves in the same ranges,878

y∞,1 = y∞,2 and y0,1 = y0,2 and with the same slope879

s1 = s2.880

D. Violation of the Loewe Additivity 881

Consistency Condition 882

When the LACC applies, the General Isobole Equation, 883

fGI (x1, x2), and both explicit solutions, f2→1(x1, x2) 884

and f1→2(x1, x2), are equivalent. When the LACC fails, 885

one may wonder how to combine the two explicit so- 886

lutions such that they are still close to the solution of 887

the General Isobole Equation Eq. 5. Since the solution 888

of the General Isobole Equation Eq. 5 is symmetric, it 889

makes sense to take the (weighted) mean of the two 890

solutions f2→1(x1, x2) and f1→2(x1, x2). Therefore, we 891

define 892

893

fmean (x1, x2) = β(x1, x2)f2→1(x1, x2)+ 894

[1− β(x1, x2)]f1→2(x1, x2) , (32) 895
896

with β(x1, x2) a weighting function. We wonder how to 897

choose β(x1, x2) such that fmean (x1, x2) ≈ fGI (x1, x2) 898

under mild violations of the LACC. 899

In case the LACC holds, we have 900

xequiv
1 (x2) = cx2 and xequiv

2 (x1) =
x1
c
, 901

i.e. the equivalent doses are proportional to the original 902

doses. To study mild violations of LACC, which we will 903

refer to as LACC-ε, we add a small quadratic term, i.e., 904

consider 905

xequiv
1 (x2) = cx2 + εcx22 and xequiv

2 (x1) =
x1
c
− εx

2
1

c2
, 906

such that we have the consistency equations: 907

xequiv
1 (xequiv

2 (x1)) = x1 +O(ε2) 908

and 909

xequiv
2 (xequiv

1 (x2)) = x2 +O(ε2) 910

where we take ε to be small so that we can ignore all 911

second and higher order terms in ε. Note the different 912

dependence on c in the two quadratic terms. These are 913

necessary for the consistency condition to hold. Our 914

goal is now to find β(x1, x2) such that under LACC- 915

ε we still have fmean (x1, x2) = fGI (x1, x2), or, to put 916

it differently, such that fmean (x1, x2) still satisfies the 917

General Isobole Equation. 918

Theorem 2. Under LACC-ε, the simple arithmetic 919

mean fmean (x1, x2) with β(x1, x2) = 1/2 satisfies the 920

General Isobole Equation. 921
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Proof. As an intermediate step, we note that we can922

rewrite f2 into f1 and vice versa through923

f2(x2 + xequiv
2 (x1)) = f1(xequiv

1 (x2 + xequiv
2 (x1)) and924

f1(x1 + xequiv
1 (x2)) = f2(xequiv

2 (x1 + xequiv
1 (x2)) ,925

926

with927

xequiv
1 (x2 + xequiv

2 (x1)) =928

= cx2 + cxequiv
2 (x1) + εc(x2 + xequiv

2 (x1))2929

= cx2 + x1 − ε
x21
c

+ εcx22 + 2εx1x2 + ε
x21
c

930

= x1 + xequiv
1 (x2) + 2εx1x2 .931

and932

xequiv
2 (x1 + xequiv

1 (x2)) =933

=
x1
c

+
xequiv
1 (x1)

c
− ε (x1 + xequiv

1 (x2))2

c2
934

=
x1
c

+ x2 + εx22 − ε
x21
c2
− 2ε

x1x2
c
− εx22935

= x2 + xequiv
2 (x1)− 2ε

x1x2
c

,936

where, here and in the following, we ignore second and937

higher order terms in ε.938

For fmean (x1, x2) to satisfy the General Isobole Equa-939

tion, we need940

x1

f−11 (fmean (x1, x2))
+

x2

f−12 (fmean (x1, x2))
= 1 .941

Luckily, using the above expressions, we have two ways942

to rewrite fmean (x1, x2): in terms of f1,943

fmean (x1, x2)944

= β(x1, x2)f1(x1 + xequiv
1 (x2))945

+[1− β(x1, x2)]f1(x1 + xequiv
1 (x2) + 2εx1x2)946

= f1

(
x1 + xequiv

1 (x2) + 2ε[1− β(x1, x2)]x1x2

)
,947

and in terms of f2,948

fmean (x1, x2)949

= β(x1, x2)f2(x2 + xequiv
2 (x1)− 2εx1x2/c)950

+[1− β(x1, x2)]f2(x2 + xequiv
2 (x1))951

= f2(x2 + xequiv
2 (x1)− 2εβ(x1, x2)x1x2/c) ,952

where the last step follows from the observation that,953

again keeping track of just the first order terms in ε,954

βf(x+ ε) + (1− β)f(x)955

= βf(x) + βεf ′(x) + (1− β)f(x)956

= f(x) + βεf ′(x) = f(x+ βε) . (33)957
958

Plugging these two formulations at the obvious places 959

in the General Isobole Equation, we obtain 960

1 =
x1

f−11 (fmean (x1, x2))
+

x2

f−12 (fmean (x1, x2))
961

=
x1

x1 + xequiv
1 (x2) + 2ε[1− β(x1, x2)]x1x2

962

+
x2

x2 + xequiv
1 (x2)− 2εβ(x1, x2)x1x2/c

963

=
x1

x1 + cx2 + εcx22 + 2ε[1− β(x1, x2)]x1x2
964

+
cx2

cx2 + x1 − εx21/c− 2εβ(x1, x2)x1x2
. 965

Further expansion in ε yields 966

0 = − x21
(x1 + cx2)2

{
cx22 + 2[1− β(x1, x2)]x1x2

}
ε 967

+
c2x22

(x1 + cx2)2
{
x21/c+ 2β(x1, x2)x1x2

}
ε . 968

So, for the first order term in ε to cancel, we must have 969

0 = −cx1x2 − 2[1− β(x1, x2)] + cx1x2 + 2β(x1, x2) 970

= −2 + 4β(x1, x2) , 971

with solution β(x1, x2) = 1/2: simple equal weighting. 972

973
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E. Data Cleaning, Fitting of Hill974

Curve and Parameter Estimation for975

Implicit Models976

A first step of processing the data includes an outlier977

analysis of the raw reads by fitting a spline surface and978

deleting outliers. Further, we explain how to calculate979

the implicit response values of the fGI (x1, x2) model.980

To detect outliers, we fit the data to a general additive981

model (GAM) using thin plate splines [23]. We use the982

method gam() of the mgcv-package [24]. Every data983

point is rejected for which its absolute residual value is984

larger than three times the inter-quantile range of all985

residuals of a given record. For the Mathews Griner986

data, this leads to 125 records out of the 466 where987

a mean of 1.59 outliers were excluded per record. A988

maximum of 6 outliers was detected once. Similarly, we989

excluded 4.21 data points for the Cokol data on 150 of990

the total 200 records with a maximum of 13 data points.991

The two conditional responses of a record are fitted in992

parallel to two Hill functions in the form of Eq. 1 with993

the drc package [16]. Unlike other synergy analyses such994

as [2], the response at zero concentration y0 is not fixed995

but only constrained to be the same for both response996

curves. The other Hill parameters, y∞, s and e are fitted997

for both compounds individually.998

The fGI (x1, x2) model is an implicit model for the999

response y. Therefore, a root finder is used to find a re-1000

sponse ŷi for a given parameter set Θ = {y0, y∞,j , ej , sj},1001

and concentrations xi,1 xi,2. For finding such a root the1002

standard implementation of a root finder in the R stats1003

package, uniroot() [25], is used which uses the Brent-1004

Dekker-van Wijngaarden algorithm [26, Chapter 9]. As1005

convergence criterion we used 1.22 × 10−4. To ensure1006

the existence of the inverse values of the Hill curve at a1007

given response y, f−1 (y), the responses are limited to1008

the range for which the Hill curve is defined, [y0, y∞].1009

Responses outside this range are set to the closest range1010

limits, i.e. if y > y0 ⇒ y = y0 and if y < y∞ ⇒ y = y∞.1011

F. Benchmark Test on Generated 1012

Data from Yonetani 1013

To show the speed advantage of the explicit formula- 1014

tion derived from the Loewe Additivity principle, we 1015

conducted a benchmarking test. We compare the com- 1016

putation time of the null reference models GI (Eq. 5), 1017

f2→1 (x1, x2) (Eq. 8), f1→2 (x1, x2) (Eq. 9), and Explicit 1018

Mean Equation (Eq. 14). For this, we use the data 1019

set from [19] which is known to be non-interactive [20]. 1020

We fit the conditional parameters as described in Ap- 1021

pendix E. For the benchmarking test, we made use of the 1022

microbenchmark package [21]. It runs each calculation 1023

per default 100 times. 1024

fGI

x1,x2


 f2→1


x1,x2


 f1→2


x1,x2


 fmean


x1,x2




1e
+

02
1e

+
03

1e
+

04
1e

+
05

Benchmarking of null reference models

null reference models

tim
e 

[µ
s]

Figure 8: Benchmarking times on a log-scale for the four
models fGI (x1, x2) (Eq. 5), the explicit formula-
tion (Eq. 8 and Eq. 9), and its mean formulation
fmean (x1, x2) (Eq. 14).

A visualization of the runtime is depicted in Fig. 8 1025

The explicit formulations are clearly faster in computing 1026

time than the implicit ones. 1027
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G. Geometric Mean Model1028

Analogously to the weighted mean, we take the geomet-1029

ric mean of the two explicit models f2→1 (x1, x2) and1030

f1→2 (x1, x2) depicted in Eq. 8 and 91031

fgeometric (x1, x2) =
√
f2→1f1→2. (34)1032

In parallel to the Explicit Mean Equation, the geometric1033

mean is the least sensitive to a violation of the LACC1034

with an equal weighting of both formulations f2→1 and1035

f1→2: Assume the Explicit Geometric Mean Equation1036

model with weights β(x1, x2):1037

1038

fgeometric (x1, x2) =1039

f2→1(x1, x2)β(x1,x2)f1→2(x1, x2)1−β(x1,x2) . (35)1040
1041

Obviously, under LACC we have fgeometric (x1, x2) =1042

fmean (x1, x2) = fGI (x1, x2) for any choice of β(x1, x2).1043

Theorem 3. Under LACC-ε, the (weighted) geomet-1044

ric mean fgeometric (x1, x2) equals the arithmetic mean1045

fmean (x1, x2) with the same β(x1, x2).1046

Proof. Following the exact same line of reasoning as in1047

the proof of Theorem 4 up to Eq. 33 in Appendix D,1048

again ignoring second and higher order terms in ε, we1049

get1050

fgeometric (x1, x2)1051

= f1

(
x1 + xequiv

1 (x2)
)β(x1,x2)

1052

×f1
(
x1 + xequiv

1 (x2)− 2εx1x2

)1−β(x1,x2)

1053

= exp
{
β (x1, x2) log f1

(
x1 + xequiv

1 (x2)
)

1054

+ [1− β(x1, x2)]1055

× log f1

(
x1 + xequiv

1 (x2)− 2εx1x2

)}
1056

= f1(x1 + xequiv
1 (x2) + 2ε[1− β(x1, x2)]x1x2)1057

= fmean (x1, x2) ,1058

where we applied the reasoning of (33) to the term in1059

the exponent.1060

This then gives the following corollary:1061

Corollary 4. Under LACC-ε, the simple geometric1062

mean fgeometric (x1, x2) with β(x1, x2) = 1/2 satisfies1063

the General Isobole Equation.1064
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Figure 10: Mean squared error between the measured and
the expected responses of the fgeometric (x1, x2)
and fGI (x1, x2) model. To better qualify the
differences in mean squared error, the diagonal
is depicted. The distribution of the models’ mean
squared error is given in histograms plotted on
the axes.

Analogously to Fig. 5, the Explicit Geometric Mean 1065

Equation model takes different shapes for the different 1066

violations of LACC, as depicted in Fig. 3. They are 1067

depicted in Fig. 9 1068

We compute the mean squared error values of each 1069

non-interactive record and compare them with the mean 1070

squared errors of the fGI (x1, x2) model. The scatter 1071

plots for the two data sets are depicted in Fig. 10. A 1072

Wilcoxon signed-rank on both error value sets for the 1073

fGI (x1, x2) and the fgeometric (x1, x2) model, with the al- 1074

ternative hypothesis being that the errors of fGI (x1, x2) 1075

are larger, give the following p-values: for the Mathews 1076

Griner data set: 6.38× 10−6 and for Cokol 7.26× 10−4. 1077
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Figure 9: Contour lines of the fmean (x1, x2) model for three different scenarios, where the LACC is violated: from left
to right: the slopes are different, s1 6= s2, here depicted with s1 = 1, s2 = 2, y∞ = 0, or the maximal effect
values differ, y∞,1 = y∞,2, here shown with s = 1, y∞,1 = 0.3, y∞,2 = 0 or both are different, here shown with
s1 = 1, s2 = 2, y∞,1 = 0.3, y∞,2 = 0. The remaining two parameters of the Hill curve are set equally for all figures
to y0 = 1 and e = 1 are equal.
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