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Figure S1: Evaluation of the accuracy of the first-order approximation under simulation scenario 
S1 (MAF-independent EV) with large number of causal variants in a locus. Exact Formula 
represents estimated average power using exact theoretical formulas for the SKAT test statistic. 
The First-order Approximation represents estimated average power using the first-order 
approximation for the SKAT test statistic.    

 

  



Figure S2: Evaluation of the accuracy of the first-order approximation under simulation scenario 
S1 (MAF-independent EV) with large number of variants in a locus.  Exact Formula represents 
estimated average power using exact theoretical formulas for the SKAT test statistic. The First-
order Approximation represents estimated average power using the first-order approximation for 
the   SKAT test statistic.    

 

 



Figure S3: Evaluation of the accuracy of the first-order approximation under simulation scenario 
S2 (MAF-independent 𝜷𝒋). Exact Formula represents estimated average power using exact 

theoretical formulas for the SKAT test statistic. The First-order Approximation represents 
estimated average power using the first-order approximation for the   SKAT test statistic.    

 

  



Figure S4: Evaluation of the accuracy of the first-order approximation under simulation scenario 
S3 (MAF-log-dependent 𝜷𝒋). Exact Formula represents estimated average power using exact 

theoretical formulas for the SKAT test statistic. The First-order Approximation represents 
estimated average power using the first-order approximation for the   SKAT test statistic.    

 



Figure S5: Evaluation of the accuracy of the second order approximation under simulation 

scenario S1 (MAF-independent EV) with large number of variants in a locus. Exact Formula 

represents estimated average power using exact theoretical formulas for the SKAT test statistic. 

The Second Order Approximation represents estimated average power using the second order 

approximation for the SKAT test statistic. 

 



Figure S6: Evaluation of the accuracy of the second order approximation under simulation 

scenario S2 (MAF-independent 𝜷𝒋). Exact Formula represents estimated average power using 

exact theoretical formulas for the SKAT test statistic. The Second Order Approximation 

represents estimated average power using the second order approximation for the SKAT test 

statistic. 

 

  



Figure S7: Evaluation of the accuracy of the second order approximation under simulation 

scenario S2 (MAF-log-independent 𝜷𝒋). Exact Formula represents estimated average power 

using exact theoretical formulas for the SKAT test statistic. The Second Order Approximation 

represents estimated average power using the second order approximation for the SKAT test 

statistic. 

 

  



Figure S8: Histogram of MAFs ranging between 0.0001 and 0.01 in whole exome sequencing 
study with 15,000 individuals. We observe 743,094 variants with MAFs within this range. 
Quantiles of MAF are 0%: 0.0001, 25%: 0.00016, 50%: 0.0003, 75%: 0.0009 and 100%: 0.01; 
average MAF is 0.001.  

 

Figure S9: Histogram of a number of rare variants in a locus in whole exome sequencing study 
with 15,000 individuals. We observe 20,895 genes with at least two rare variants. Quantiles of 
number of variants in a locus are 0%: 2, 25%: 12, 50%: 24, 75%:  46 and 100%: 1580; average 
number of variants in a locus is 35.5.  

 



Figure S10: Histogram of MAFs in Exome Chip study with 140,000 individuals. We observe 
215,674 variants with MAFs within this range. Quantiles of MAF are 0%: 8.2e-06, 25%: 4.2e-05, 
50%: 1.65e-04, 75%: 5.9e-04 and 100%: 0.01; average MAF is 0.00074.  

 

Figure S11: Histogram of a number of rare variants in a locus in Exome Chip study with 140,000 
individuals. We observe 16,000 genes with at least two rare variants. Quantiles of number of 
variants in a locus are 0%: 2, 25%: 5, 50%: 9, 75%:  16 and 100%: 719; average number of variants 
in a locus is 13.  

 

  



Figure S12: Maximum probability of observing three statistical significant discoveries in the 
whole exome study as function of the number of underlying causal loci K and the total variation 
explained by them, Total EV. Effective sample size is set to 15,000 and level of the test is 2.5·10-6. 
Probabilities are estimated by (2) and assumption of independence between MAF and genetic effect β. We 
provide approximate contours (bounds) for probability of observing no discoveries at 5%. 

 

  



Figure S13 Maximum probability of observing three statistical significant discoveries in the 
Exome Chip study as function of the number of underlying causal loci K and the total variation 
explained by them, Total EV. Effective sample size is set to 140,000 and level of the test is 2.5·10-

6. Probabilities are estimated by (2) and assumption of independence between MAF and genetic effect β. 
We provide approximate contours (bounds) for probability of observing no discoveries at 5%. 

 

  



 

Figure S14: Effects of sensitivity and specificity on the power of variance component and burden 
tests under simulation scenario S1 (MAF-independent EV). Initial power for variance component 
test is set to 40%, number of variance in a locus is set to J=100 and number of causal variants to 
JC=10. Initial power of burden test statistic as result corresponds to 0.11.  

 

Figure S15: Effects of sensitivity and specificity on the power of variance component and burden 
tests under simulation scenario S2 (MAF-independent 𝜷𝒋). Initial power for variance component 

test is set to 40%, number of variance in a locus is set to J=50 and number of causal variants to 
JC=10. Initial power of burden test statistic as result corresponds to 0.056.  

 

  



Figure S16: Effects of sensitivity and specificity on the power of variance component and burden 
tests under simulation scenario S2 (MAF-independent 𝜷𝒋). Initial power for variance component 

test is set to 40%, number of variance in a locus is set to J=100 and number of causal variants to 
JC=10. Initial power of burden test statistic as result corresponds to 0.02.  

 

 


