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6 Abstract‌ ‌ 
7 Deep‌‌convolutional‌‌neural‌‌networks‌‌(CNNs)‌‌are‌‌powerful‌‌computational‌‌tools‌‌for‌‌a‌‌large‌‌variety‌‌of‌‌tasks‌‌                             

8 (Goodfellow,‌ ‌2016).‌ ‌Their‌ ‌architecture,‌ ‌composed‌ ‌of‌ ‌layers‌ ‌of‌ ‌repeated‌ ‌identical‌ ‌neural‌ ‌units,‌ ‌draws‌‌                         

9 inspiration‌ ‌from‌ ‌visual‌‌neuroscience.‌‌However,‌‌biological‌‌circuits‌‌contain‌‌a‌‌myriad‌‌of‌‌additional‌‌details‌‌                         

10 and‌‌complexity‌‌not‌‌translated‌‌to‌‌CNNs,‌‌including‌‌diverse‌‌neural‌‌cell‌‌types‌‌(Tasic,‌‌2018).‌‌Many‌‌possible‌‌                             

11 roles‌ ‌for‌ ‌neural‌ ‌cell‌ ‌types‌‌have‌‌been‌‌proposed,‌‌including:‌‌learning,‌‌stabilizing‌‌excitation‌‌and‌‌inhibition,‌‌                           

12 and‌‌diverse‌‌normalization‌‌(Marblestone,‌‌2016;‌‌Gouwens,‌‌2019).‌‌Here‌‌we‌‌investigate‌‌whether‌‌neural‌‌cell‌‌                         

13 types,‌‌instantiated‌‌as‌‌diverse‌‌activation‌‌functions‌‌in‌‌CNNs,‌‌can‌‌assist‌‌in‌‌the‌‌feed-forward‌‌computational‌‌                           

14 abilities‌‌of‌‌neural‌‌circuits.‌‌Our‌‌heterogeneous‌‌cell‌‌type‌‌networks‌‌mix‌‌multiple‌‌activation‌‌functions‌‌within‌‌                           

15 each‌ ‌activation‌ ‌layer.‌ ‌We‌ ‌assess‌ ‌the‌ ‌value‌ ‌of‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌by‌ ‌comparing‌ ‌image‌‌                           

16 classification‌‌performance‌‌to‌‌that‌‌of‌‌homogeneous‌‌control‌‌networks‌‌with‌‌only‌‌one‌‌activation‌‌function‌‌per‌‌                           

17 network.‌ ‌We‌ ‌observe‌ ‌that‌ ‌mixing‌ ‌activation‌ ‌functions‌ ‌can‌ ‌improve‌ ‌the‌ ‌image‌ ‌classification‌‌abilities‌‌of‌‌                           

18 CNNs.‌‌Importantly,‌‌we‌‌find‌‌larger‌‌improvements‌‌when‌‌the‌‌activation‌‌functions‌‌are‌‌more‌‌diverse,‌‌and‌‌in‌‌                             

19 more‌ ‌constrained‌‌networks.‌‌Our‌‌results‌‌suggest‌‌a‌‌feed-forward‌‌computational‌‌role‌‌for‌‌diverse‌‌cell‌‌types‌‌                           

20 in‌‌biological‌‌circuits.‌‌Additionally,‌‌our‌‌results‌‌open‌‌new‌‌avenues‌‌for‌‌the‌‌development‌‌of‌‌more‌‌powerful‌‌                             

21 CNNs.‌ ‌ 

22 Introduction‌ ‌ 
23 Deep‌ ‌convolutional‌ ‌neural‌ ‌networks‌ ‌(CNNs)‌ ‌draw‌ ‌architectural‌ ‌inspiration‌ ‌from‌ ‌visual‌ ‌neuroscience.‌‌                     

24 CNNs‌ ‌contain‌ ‌many‌ ‌processing‌ ‌units‌ ‌that‌ ‌aim‌ ‌to‌ ‌emulate‌ ‌the‌ ‌role‌‌of‌‌neurons‌‌in‌‌the‌‌mammalian‌‌visual‌‌                                 

25 system,‌‌a‌‌series‌‌of‌‌iterative‌‌processing‌‌steps‌‌(Goodfellow,‌‌2016,‌‌Hubel‌‌&‌‌Wiesel,‌‌1959;‌‌Hubel‌‌&‌‌Wiesel,‌‌                               

26 1962).‌‌Recently‌‌performance‌‌of‌‌CNNs‌‌has‌‌rapidly‌‌improved‌‌across‌‌a‌‌wide‌‌range‌‌of‌‌computational‌‌tasks,‌‌                             

27 particularly‌‌visual‌‌object‌‌recognition‌‌and‌‌classification‌‌(LeCun‌‌et.‌‌al.,‌‌2015).‌‌CNNs‌‌work‌‌by‌‌developing‌‌                           

28 highly‌ ‌nonlinear‌ ‌representations‌ ‌of‌ ‌inputs‌ ‌across‌ ‌repeated‌ ‌layers‌ ‌of‌ ‌processing‌ ‌units.‌ ‌These‌‌                       

29 representations‌ ‌are‌ ‌learned‌ ‌through‌ ‌training‌ ‌by‌ ‌updating‌ ‌the‌ ‌connections,‌ ‌or‌ ‌weights,‌ ‌between‌ ‌units‌ ‌in‌‌                           

30 successive‌ ‌layers.‌ ‌Types‌ ‌of‌ ‌processing‌ ‌layers‌ ‌include‌ ‌convolutional‌ ‌layers,‌ ‌which‌ ‌convolve‌ ‌input‌ ‌with‌‌                         

31 learned‌ ‌spatial‌ ‌filters,‌ ‌activation‌ ‌layers‌ ‌which‌ ‌include‌ ‌a‌ ‌nonlinear‌‌activation‌‌function,‌‌and‌‌max-pooling‌‌                         
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32 layers.‌ ‌Typically,‌ ‌CNNs‌ ‌units‌ ‌are‌ ‌uniform‌ ‌across‌ ‌each‌ ‌layer‌ ‌within‌ ‌a‌ ‌network.‌ ‌Network‌‌                         

33 architectures—meaning‌ ‌the‌ ‌number,‌ ‌size,‌ ‌type,‌ ‌and‌ ‌arrangement‌ ‌of‌ ‌processing‌ ‌unit‌ ‌layers—are‌ ‌often‌‌                       

34 manually‌ ‌designed‌ ‌through‌ ‌iterative‌ ‌experimentation,‌ ‌although‌ ‌automated‌ ‌search‌ ‌techniques‌ ‌are‌ ‌being‌‌                     

35 actively‌ ‌developed‌ ‌(Zoph‌ ‌&‌ ‌Le,‌ ‌2016).‌ ‌Individual‌ ‌convolutional‌ ‌features‌ ‌and‌ ‌weights‌ ‌are‌ ‌determined‌‌                         

36 through‌ ‌iterative‌ ‌training,‌ ‌not‌ ‌architectural‌ ‌design.‌‌ ‌  

37 Biological‌ ‌circuits,‌ ‌however,‌ ‌contain‌ ‌diverse‌ ‌cell‌ ‌types‌ ‌at‌ ‌each‌ ‌location‌ ‌in‌ ‌the‌ ‌visual‌ ‌hierarchy.‌‌                           

38 Classification‌‌of‌‌neural‌‌cell‌‌types‌‌dates‌‌back‌‌to‌‌the‌‌pioneering‌‌work‌‌of‌‌Ramon‌‌y‌‌Cajal,‌‌who‌‌described‌‌in‌‌                                   

39 fine‌ ‌detail‌ ‌elaborate‌ ‌neural‌ ‌morphology‌ ‌(Llinas,‌ ‌2003).‌ ‌Recent‌ ‌studies‌ ‌have‌ ‌classified‌‌neurons‌‌by‌‌their‌‌                           

40 location‌‌in‌‌the‌‌brain,‌‌morphology,‌‌gene‌‌transcription,‌‌and‌‌electrical‌‌properties‌‌(Tasic,‌‌2018;‌‌Teeter,‌‌2018;‌‌                           

41 Gouwens,‌ ‌2019;‌ ‌Gouwens,‌ ‌2020).‌ ‌The‌ ‌biological‌ ‌function‌ ‌of‌ ‌these‌ ‌diverse‌ ‌neural‌ ‌cell‌ ‌types‌ ‌is‌ ‌not‌‌yet‌‌                               

42 fully‌ ‌understood,‌ ‌but‌ ‌is‌ ‌an‌ ‌active‌ ‌area‌ ‌of‌ ‌research‌ ‌(Burnham,‌ ‌2021;‌ ‌Zeldenrust,‌ ‌2021;‌ ‌Perez-Nieves,‌‌                           

43 2021).‌ ‌Many‌ ‌possible‌ ‌roles‌ ‌for‌ ‌neural‌ ‌cell‌ ‌types‌ ‌have‌ ‌been‌ ‌proposed,‌ ‌including:‌ ‌learning,‌ ‌stabilizing‌‌                           

44 excitation‌ ‌and‌ ‌inhibition,‌ ‌and‌ ‌diverse‌ ‌normalization‌ ‌(Marblestone,‌ ‌2016;‌ ‌Gouwens,‌ ‌2019).‌ ‌Recently‌‌                     

45 several‌ ‌studies‌ ‌have‌ ‌begun‌ ‌to‌ ‌investigate‌ ‌computational‌‌properties‌‌of‌‌networks‌‌with‌‌heterogeneous‌‌cell‌‌                         

46 types,‌ ‌instantiated‌ ‌in‌ ‌different‌ ‌ways‌ ‌such‌ ‌as‌ ‌excitatory‌ ‌vs‌ ‌inhibitory‌ ‌(Cornford,‌ ‌2020),‌ ‌synapses‌‌                         

47 (Burnham,‌ ‌2021),‌ ‌connectivity‌ ‌(Stöckl,‌ ‌2021),‌‌and‌‌intrinsic‌‌dynamics‌‌(‌Padmanabhan,‌‌2010;‌‌‌Gjorgjieva,‌‌                     

48 2016;‌ ‌Duarte,‌ ‌2019;‌ ‌Perez-Nieves,‌ ‌2021;‌ ‌Zeldenrust,‌ ‌2021).‌ ‌Broadly,‌ ‌these‌ ‌studies‌ ‌find‌ ‌computational‌‌                       

49 benefits‌ ‌from‌ ‌adding‌ ‌heterogeneity‌ ‌to‌ ‌neurons.‌ ‌Burnham‌ ‌et‌ ‌al,‌ ‌2021‌ ‌and‌ ‌Perez-Nieves‌ ‌et‌ ‌al,‌ ‌2021‌‌                             

50 investigated‌‌adding‌‌heterogeneous‌‌synaptic‌‌and‌‌membrane‌‌timescales,‌‌finding‌‌improved‌‌performance‌‌on‌‌                     

51 standardized‌ ‌sequential‌ ‌datasets.‌ ‌Stöckl‌ ‌et‌ ‌al,‌ ‌2021‌ ‌constructed‌ ‌networks‌ ‌with‌ ‌cell‌ ‌type‌ ‌specific‌‌                         

52 connectivity‌ ‌rules,‌ ‌and‌ ‌found‌ ‌improved‌ ‌performance‌‌with‌‌reduced‌‌number‌‌of‌‌neurons.‌‌Zeldenrust‌‌et‌‌al,‌‌                           

53 2021‌ ‌analytically‌ ‌derived‌ ‌a‌ ‌class‌ ‌of‌ ‌spiking‌ ‌network‌ ‌models‌ ‌that‌ ‌optimally‌ ‌track‌ ‌time-varying‌ ‌inputs,‌‌                           

54 resulting‌‌in‌‌networks‌‌with‌‌diverse‌‌internal‌‌dynamics.‌‌We‌‌build‌‌on‌‌these‌‌results‌‌by‌‌instantiating‌‌cell‌‌type‌                               

55 diversity‌ ‌as‌ ‌mixed‌ ‌activation‌ ‌functions,‌ ‌and‌ ‌explore‌ ‌the‌ ‌possible‌ ‌role‌ ‌for‌ ‌neural‌ ‌heterogeneity‌ ‌in‌‌                           

56 feed-forward‌ ‌computation‌ ‌in‌ ‌CNNs‌ ‌performing‌ ‌image‌ ‌classification.‌‌ ‌  

57 One‌ ‌basic‌ ‌classification‌ ‌of‌ ‌neurons‌ ‌uses‌ ‌their‌ ‌electrical‌ ‌input-output‌ ‌relationships‌ ‌characterizing‌ ‌them‌‌                       

58 electrophysiologically‌‌based‌‌on‌‌features‌‌of‌‌their‌‌‌f-I‌‌curves—nonlinear‌‌functions‌‌that‌‌map‌‌input‌‌current‌‌to‌‌                           

59 neuronal‌ ‌firing‌ ‌rate‌ ‌(Izhikevich,‌ ‌2007).‌ ‌In‌ ‌the‌ ‌deep‌ ‌learning‌ ‌context,‌ ‌neurons‌ ‌are‌ ‌reduced‌ ‌to‌ ‌units‌‌                             

60 represented‌ ‌by‌ ‌a‌ ‌single,‌ ‌1-dimensional‌ ‌quantity:‌ ‌their‌ ‌activation‌ ‌function.‌ ‌Activation‌ ‌functions‌ ‌are‌‌                       

61 typically‌‌nonlinear‌‌functions‌‌that‌‌transform‌‌the‌‌weighted‌‌sum‌‌of‌‌a‌‌unit’s‌‌input‌‌to‌‌an‌‌output‌‌value.‌‌Taking‌‌                                 

62 advantage‌‌of‌‌this‌‌similarity‌‌between‌‌activation‌‌functions‌‌and‌‌‌f-I‌‌curves,‌‌we‌‌can‌‌designate‌‌different‌‌CNN‌‌                             

63 unit‌ ‌cell‌ ‌types‌ ‌by‌ ‌applying‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌as‌ ‌an‌ ‌analog‌ ‌for‌ ‌electrophysiological‌ ‌classification.‌‌ ‌  

‌ 
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64 Applying‌‌these‌‌constraints‌‌in‌‌the‌‌deep‌‌learning‌‌context‌‌presents‌‌an‌‌opportunity‌‌to‌‌use‌‌CNNs‌‌as‌‌a‌‌model‌‌                                 

65 for‌ ‌studying‌ ‌the‌ ‌role‌ ‌that‌ ‌heterogeneous‌‌cell‌‌types‌‌might‌‌play‌‌in‌‌feed-forward‌‌sensory‌‌coding.‌‌Here‌‌we‌‌                               

66 investigate‌‌the‌‌effects‌‌of‌‌adding‌‌mixed‌‌activation‌‌functions‌‌as‌‌an‌‌analog‌‌for‌‌cell‌‌types‌‌to‌‌an‌‌existing‌‌CNN‌‌                                   

67 architecture.‌‌To‌‌constrain‌‌our‌‌investigation‌‌we‌‌did‌‌not‌‌explore‌‌heterogeneous‌‌connectivity‌‌(Stöckl,‌‌2021),‌‌                         

68 synapses‌ ‌(Burnham,‌ ‌2021),‌ ‌timescales‌ ‌(Burnham,‌ ‌2021‌ ‌and‌ ‌Perez-Nieves,‌ ‌2021),‌ ‌or‌ ‌spike-timing‌‌                     

69 (Zeldenrust,‌‌2021).‌‌We‌‌seek‌‌to‌‌characterize‌‌the‌‌network‌‌response‌‌to‌‌the‌‌addition‌‌of‌‌cell‌‌types‌‌in‌‌terms‌‌of‌‌                                   

70 classification‌‌accuracy,‌‌learning,‌‌and‌‌the‌‌network’s‌‌internal‌‌representation‌‌of‌‌the‌‌input‌‌space.‌‌We‌‌find‌‌that‌‌                             

71 mixed‌‌activation‌‌functions‌‌can‌‌improve‌‌image‌‌classification‌‌compared‌‌to‌‌control‌‌homogeneous‌‌networks,‌‌                       

72 and‌‌that‌‌the‌‌benefit‌‌of‌‌mixed‌‌activation‌‌functions‌‌is‌‌larger‌‌in‌‌more‌‌constrained‌‌networks.‌‌Finally,‌‌we‌‌find‌‌                                 

73 that‌ ‌internal‌ ‌representations‌ ‌in‌ ‌mixed‌ ‌networks‌ ‌differ‌ ‌from‌ ‌the‌ ‌control‌ ‌networks.‌‌ ‌  

‌ 

74 Results‌ ‌ 
75 Mixed‌ ‌activation‌ ‌functions‌ ‌on‌ ‌an‌ ‌image‌ ‌classification‌ ‌task‌.‌ ‌To‌‌investigate‌‌the‌‌role‌‌of‌‌heterogeneous‌                           

76 cell‌ ‌types‌ ‌in‌ ‌feed-forward‌ ‌processing,‌ ‌we‌ ‌implemented‌‌a‌‌programmatic‌‌framework‌‌that‌‌generates‌‌CNN‌‌                         

77 instances‌ ‌containing‌ ‌heterogeneous‌ ‌configurations‌‌of‌‌activation‌‌functions,‌‌then‌‌trains‌‌them‌‌on‌‌an‌‌image‌‌                         

78 classification‌ ‌task.‌ ‌We‌ ‌adopted‌ ‌the‌ ‌CIFAR-10‌ ‌image‌ ‌set‌ ‌as‌ ‌our‌ ‌primary‌‌classification‌‌benchmark.‌‌This‌‌                           

79 imageset‌‌contains‌‌10‌‌image‌‌classes‌‌with‌‌6000‌‌exemplars‌‌in‌‌each‌‌class‌‌(Krizhevsky,‌‌2009).‌‌As‌‌a‌‌standard‌‌                               

80 network‌ ‌testbed‌ ‌we‌ ‌used‌ ‌the‌ ‌popular,‌ ‌relatively‌ ‌simple,‌ ‌VGG11‌ ‌architecture‌ ‌(Simonyan‌ ‌&‌ ‌Zisserman,‌‌                         

81 2014).‌ ‌VGG11‌ ‌contains‌ ‌11‌ ‌composite‌ ‌layers‌ ‌including‌ ‌8‌ ‌convolutional‌ ‌layers‌ ‌and‌ ‌3‌ ‌fully‌ ‌connected‌‌                           

82 layers.‌‌We‌‌started‌‌experimentation‌‌with‌‌VGG11‌‌because‌‌its‌‌uniform‌‌architecture‌‌across‌‌layers‌‌allows‌‌for‌‌                           

83 straightforward‌‌analysis‌‌and‌‌modification,‌‌its‌‌popularity‌‌means‌‌its‌‌performance‌‌is‌‌well-studied‌‌on‌‌popular‌‌                         

84 datasets,‌ ‌and‌ ‌its‌ ‌depth‌ ‌offers‌ ‌the‌ ‌ability‌ ‌to‌ ‌attain‌ ‌state‌ ‌of‌ ‌the‌ ‌art‌ ‌classification‌ ‌accuracy.‌‌ ‌  

‌ 

85 We‌ ‌replaced‌ ‌the‌ ‌homogeneous‌ ‌activation‌ ‌functions‌ ‌(Figure‌ ‌1a)‌ ‌in‌ ‌VGG11‌ ‌to‌ ‌introduce‌ ‌heterogeneity‌‌                         

86 (Figure‌ ‌1b).‌ ‌In‌‌particular,‌‌each‌‌mixed‌‌network‌‌contains‌‌two‌‌activation‌‌functions‌‌within‌‌every‌‌activation‌‌                           

87 layer‌‌and‌‌fully‌‌connected‌‌layer.‌‌We‌‌refer‌‌to‌‌a‌‌network‌‌configuration‌‌that‌‌mixes‌‌activation‌‌functions‌‌A‌‌and‌‌                                 

88 B‌‌with‌‌a‌‌name‌‌of‌‌the‌‌form‌‌“mixed‌‌A-B”‌‌(Figure‌‌1b),‌‌and‌‌a‌‌homogeneous‌‌control‌‌network‌‌that‌‌uses‌‌only‌‌                                     

89 A‌‌or‌‌B‌‌as‌‌“control‌‌A”‌‌or‌‌“control‌‌B”‌‌(Figure‌‌1a).‌‌Note‌‌that‌‌our‌‌mixed‌‌networks‌‌contain‌‌the‌‌same‌‌number‌‌                                       

90 of‌ ‌units,‌ ‌connections,‌ ‌and‌ ‌learnable‌ ‌parameters‌ ‌as‌ ‌the‌ ‌control‌ ‌networks.‌ ‌For‌ ‌each‌ ‌mixed‌ ‌or‌ ‌control‌‌                             

91 configuration,‌ ‌we‌ ‌trained‌ ‌10‌ ‌initializations‌ ‌of‌ ‌the‌ ‌same‌ ‌network‌ ‌architecture‌ ‌with‌ ‌random‌ ‌starting‌‌                         

92 weights.‌‌This‌‌approach‌‌allows‌‌us‌‌to‌‌statistically‌‌assess‌‌whether‌‌mixed‌‌activation‌‌functions‌‌improve‌‌image‌‌                           

93 classification‌‌ability.‌‌For‌‌example,‌‌comparing‌‌the‌‌control‌‌networks‌‌Swish(7.5),‌‌and‌‌PTanh(1)‌‌(Figure‌‌1c),‌‌                         

94 with‌ ‌the‌ ‌corresponding‌ ‌mixed‌ ‌network‌ ‌Swish(7.5)-PTanh(1),‌ ‌we‌ ‌find‌ ‌the‌ ‌mixed‌ ‌network‌ ‌outperforms‌‌                       

95 both‌ ‌the‌ ‌linear‌ ‌average‌ ‌of‌ ‌the‌ ‌two‌ ‌control‌ ‌networks,‌ ‌and‌ ‌each‌ ‌control‌ ‌network‌ ‌individually‌ ‌(Figure‌ ‌1d).‌‌ ‌  
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‌ 
96 Figure‌‌1.‌‌(a)‌‌Homogeneous‌‌control‌‌networks‌‌corresponding‌‌to‌‌the‌‌mixed‌‌network‌‌in‌‌(b).‌‌Each‌‌control‌‌network‌‌                               
97 contains‌ ‌only‌ ‌one‌ ‌activation‌ ‌function‌ ‌across‌ ‌all‌ ‌units.‌ ‌‌(b)‌ ‌‌Illustration‌ ‌of‌ ‌mixed‌ ‌activation‌ ‌functions‌‌within‌‌a‌‌                               
98 CNN.‌‌PTanh‌‌and‌‌Swish‌‌units‌‌are‌‌intermixed‌‌within‌‌each‌‌activation‌‌and‌‌fully‌‌connected‌‌layer‌‌in‌‌the‌‌network.‌‌‌(c)‌‌                                   
99 PTanh‌ ‌and‌ ‌Swish‌‌nonlinear‌‌activation‌‌functions.‌‌PTanh‌‌is‌‌saturating,‌‌while‌‌Swish‌‌has‌‌rectification‌‌properties.‌‌                           

100 (d)‌ ‌Comparison‌ ‌of‌ ‌final‌ ‌classification‌ ‌accuracies‌ ‌for‌ ‌a‌ ‌heterogeneous‌ ‌configuration‌ ‌of‌ ‌VGG11‌ ‌and‌ ‌its‌‌                           
101 corresponding‌ ‌control‌ ‌networks.‌ ‌For‌ ‌each‌ ‌network‌ ‌type,‌ ‌each‌ ‌dot‌ ‌represents‌ ‌the‌ ‌final‌ ‌accuracy‌ ‌of‌ ‌a‌ ‌single‌‌                               
102 random‌‌initialization,‌‌and‌‌the‌‌dashed‌‌line‌‌is‌‌the‌‌mean‌‌accuracy‌‌across‌‌initializations.‌‌The‌‌max‌‌prediction‌‌is‌‌the‌‌                                 
103 greater‌ ‌of‌ ‌the‌ ‌two‌ ‌control‌ ‌cases,‌ ‌while‌ ‌the‌ ‌linear‌‌prediction‌‌is‌‌the‌‌average‌‌of‌‌the‌‌two‌‌control‌‌cases.‌‌Here‌‌the‌‌                                       
104 mixed‌‌network‌‌outperforms‌‌both‌‌predictions.‌‌‌(e)‌ ‌Examples‌‌of‌‌Swish‌‌and‌‌PTanh‌‌nonlinearities‌‌over‌‌a‌‌range‌‌of‌‌                               
105 parameter‌ ‌values.‌ ‌ 

‌ 
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106 Search‌ ‌space.‌ ‌To‌ ‌keep‌ ‌the‌‌scope‌‌of‌‌the‌‌investigation‌‌practical,‌‌we‌‌defined‌‌a‌‌search‌‌space‌‌that‌‌balances‌‌                                 

107 dynamic‌‌range‌‌of‌‌effect‌‌with‌‌the‌‌feasibility‌‌of‌‌exploration.‌‌The‌‌dimensions‌‌of‌‌this‌‌space‌‌include‌‌the‌‌set‌‌of‌‌                                   

108 candidate‌ ‌activation‌ ‌functions‌ ‌and‌ ‌their‌ ‌associated‌ ‌parameters,‌ ‌the‌ ‌ten‌ ‌targetable‌ ‌activation‌ ‌layers‌ ‌in‌‌                         

109 VGG11,‌ ‌and‌‌the‌‌set‌‌of‌‌locations‌‌within‌‌the‌‌targeted‌‌layers‌‌at‌‌which‌‌activation‌‌functions‌‌can‌‌be‌‌applied.‌‌                                 

110 Since‌‌an‌‌exhaustive‌‌exploration‌‌of‌‌all‌‌possible‌‌permutations‌‌of‌‌even‌‌a‌‌small‌‌set‌‌of‌‌activation‌‌functions‌‌in‌‌                                 

111 a‌ ‌single‌ ‌layer‌ ‌is‌ ‌not‌ ‌feasible,‌ ‌we‌ ‌set‌ ‌out‌ ‌to‌ ‌target‌ ‌all‌ ‌activation‌ ‌layers‌ ‌with‌ ‌systematic‌ ‌cell‌ ‌type‌‌                                   

112 arrangements‌‌that‌‌offer‌‌a‌‌good‌‌sampling‌‌of‌‌the‌‌overall‌‌search‌‌space.‌‌Our‌‌results‌‌presented‌‌here‌‌used‌‌a‌‌1:1‌‌                                   

113 ratio‌ ‌of‌ ‌two‌ ‌activation‌ ‌functions‌ ‌within‌ ‌each‌ ‌layer‌ ‌of‌ ‌each‌ ‌network.‌‌ ‌  

114 Families‌ ‌of‌ ‌parametric‌ ‌activation‌ ‌functions.‌ ‌The‌ ‌choice‌ ‌of‌ ‌activation‌ ‌functions‌ ‌in‌ ‌artificial‌ ‌deep‌‌                         

115 networks‌ ‌is‌ ‌an‌ ‌active‌ ‌area‌‌of‌‌research‌‌(Ramachandran‌‌et.‌‌al.,‌‌2017).‌‌Different‌‌activation‌‌functions‌‌have‌‌                             

116 been‌ ‌historically‌ ‌used‌ ‌in‌ ‌deep‌ ‌learning‌ ‌with‌ ‌different‌ ‌motivations‌ ‌(Goodfellow‌ ‌et.‌ ‌al.,‌ ‌2016).‌ ‌We‌‌                           

117 separated‌ ‌activation‌ ‌functions‌ ‌into‌ ‌different‌ ‌families‌ ‌that‌‌exhibit‌‌the‌‌qualitatively‌‌different‌‌behaviors‌‌of‌‌                         

118 rectification‌ ‌and‌ ‌saturation‌ ‌(Figure‌ ‌1c).‌ ‌Commonly‌ ‌used‌ ‌members‌ ‌of‌ ‌each‌ ‌family‌ ‌are‌ ‌thought‌ ‌to‌ ‌offer‌‌                             

119 different‌ ‌advantages‌ ‌in‌ ‌deep‌ ‌neural‌ ‌networks.‌ ‌For‌ ‌example,‌ ‌rectifying‌ ‌functions‌ ‌like‌ ‌ReLU‌ ‌are‌ ‌often‌‌                           

120 piecewise‌‌linear,‌‌and‌‌are‌‌thought‌‌to‌‌help‌‌the‌‌network‌‌develop‌‌a‌‌sparse‌‌internal‌‌representation‌‌of‌‌the‌‌input‌‌                                 

121 space.‌ ‌Saturating‌ ‌activation‌ ‌functions‌ ‌like‌ ‌Tanh‌ ‌operate‌‌with‌‌bounded‌‌outputs‌‌at‌‌input‌‌extremes.‌‌And‌‌a‌‌                             

122 non-monotonic‌‌activation‌‌function‌‌like‌‌Swish‌‌offers‌‌behavior‌‌that‌‌is‌‌mostly‌‌rectifying,‌‌while‌‌maintaining‌‌                         

123 continuous‌ ‌differentiability.‌ ‌We‌ ‌reasoned‌ ‌that‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌might‌ ‌offer‌ ‌computational‌‌                     

124 benefits‌ ‌by‌ ‌combining‌ ‌the‌ ‌diverse‌ ‌advantages‌ ‌of‌ ‌different‌ ‌function‌ ‌families.‌ ‌We‌ ‌chose‌ ‌the‌ ‌parametric‌‌                           

125 activation‌‌function‌‌Swish‌‌to‌‌represent‌‌the‌‌rectifying‌‌family‌‌(eq.‌‌1),‌‌and‌‌the‌‌saturating‌‌activation‌‌function‌‌                             

126 PTanh‌ ‌of‌ ‌our‌ ‌own‌ ‌design‌ ‌to‌ ‌represent‌ ‌the‌ ‌saturating‌ ‌family‌ ‌(eq.‌ ‌2).‌ ‌ 

‌ 

127 In‌ ‌addition‌ ‌to‌‌mixing‌‌across‌‌function‌‌families,‌‌we‌‌can‌‌evaluate‌‌the‌‌benefits‌‌of‌‌mixing‌‌within‌‌a‌‌function‌‌                                 

128 family‌ ‌by‌ ‌changing‌ ‌the‌ ‌function‌ ‌hyper-parameters‌ ‌𝜷‌ ‌and‌ ‌α.‌ ‌Over‌ ‌a‌ ‌range‌ ‌of‌ ‌parameters,‌ ‌a‌ ‌single‌‌                               

129 nonlinearity‌ ‌like‌ ‌Swish‌ ‌or‌ ‌PTanh‌ ‌can‌ ‌take‌‌a‌‌variety‌‌of‌‌forms‌‌(Figure‌‌1e).‌‌PTanh‌‌has‌‌a‌‌parameter‌‌α‌‌that‌‌                                     

130 changes‌‌the‌‌curvature‌‌of‌‌the‌‌activation‌‌function‌‌such‌‌that‌‌the‌‌network‌‌cannot‌‌compensate‌‌by‌‌scaling‌‌the‌‌                               

131 input‌ ‌weights.‌ ‌As‌ ‌the‌ ‌Swish‌ ‌parameter‌ ‌𝜷‌ ‌increases,‌ ‌the‌ ‌function‌ ‌displays‌ ‌increasing‌ ‌rectification,‌‌                         

132 becoming‌‌more‌‌similar‌‌to‌‌ReLU.‌‌Here‌‌we‌‌explore‌‌mixing‌‌cell‌‌types‌‌both‌‌“within”‌‌function‌‌families:‌‌the‌‌                               

133 same‌ ‌function‌ ‌with‌ ‌a‌ ‌different‌ ‌parameter‌‌value,‌‌and‌‌“across”‌‌function‌‌families:‌‌different‌‌functions‌‌with‌‌                           

134 potentially‌ ‌different‌ ‌parameter‌ ‌values.‌ ‌ 
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‌ 

135 Accuracy‌‌relative‌‌to‌‌linear‌‌and‌‌max‌‌prediction.‌‌‌To‌‌evaluate‌‌the‌‌role‌‌of‌‌mixed‌‌activation‌‌functions,‌‌the‌‌                               

136 performance‌ ‌of‌ ‌a‌ ‌given‌ ‌mixed‌ ‌network‌ ‌is‌ ‌compared‌ ‌to‌ ‌that‌ ‌of‌ ‌its‌ ‌corresponding‌ ‌homogeneous‌ ‌control‌ ‌                             

137 networks‌ ‌using‌ ‌two‌ ‌metrics:‌ ‌the‌ ‌mixed‌ ‌network’s‌ ‌linear‌ ‌and‌ ‌max‌ ‌prediction‌ ‌(Figure‌ ‌1d).‌ ‌The‌ ‌linear‌‌                             

138 prediction‌ ‌expects‌ ‌the‌ ‌mixed‌ ‌network‌ ‌to‌ ‌perform‌‌as‌‌well‌‌as‌‌a‌‌linear‌‌combination‌‌of‌‌its‌‌control‌‌network‌‌                                 

139 accuracies.‌ ‌Our‌ ‌mixed‌ ‌networks‌ ‌use‌ ‌a‌ ‌1:1‌ ‌ratio‌ ‌of‌ ‌two‌ ‌activation‌ ‌functions,‌ ‌so‌ ‌the‌ ‌linear‌ ‌prediction‌‌is‌‌                                 

140 simply‌ ‌the‌ ‌average‌ ‌of‌ ‌the‌ ‌two‌ ‌control‌ ‌accuracies.‌ ‌For‌‌example,‌‌the‌‌control‌‌networks‌‌Swish(𝜷=7.5)‌‌and‌‌                             

141 PTanh(α=1)‌ ‌have‌ ‌mean‌ ‌final‌ ‌accuracies‌ ‌88.59%‌ ‌and‌ ‌85.24%,‌ ‌therefore‌ ‌the‌ ‌linear‌ ‌prediction‌ ‌for‌‌mixed‌‌                           

142 network‌ ‌Swish(𝜷=7.5)-PTanh(α=1)‌ ‌is‌ ‌86.92%.‌ ‌Note‌ ‌here‌ ‌that‌ ‌the‌ ‌mean‌ ‌final‌ ‌accuracy‌ ‌for‌ ‌both‌ ‌the‌‌                           

143 homogeneous‌ ‌control‌‌networks‌‌and‌‌the‌‌mixed‌‌networks‌‌is‌‌the‌‌average‌‌over‌‌10‌‌random‌‌initializations‌‌of‌‌                             

144 each‌ ‌network‌ ‌type.‌ ‌The‌ ‌max‌ ‌prediction‌ ‌accounts‌ ‌for‌ ‌the‌ ‌possibility‌ ‌that‌ ‌a‌ ‌mixed‌ ‌network‌ ‌learns‌ ‌to‌‌                               

145 compensate‌ ‌for‌ ‌the‌ ‌introduction‌ ‌of‌ ‌a‌ ‌population‌ ‌of‌ ‌units‌ ‌with‌ ‌a‌ ‌nonlinearity‌ ‌that‌ ‌performs‌ ‌poorly‌ ‌by‌‌                               

146 adjusting‌ ‌its‌ ‌weights‌ ‌to‌‌“ignore”‌‌those‌‌units,‌‌thereby‌‌inaccurately‌‌inflating‌‌the‌‌mixed‌‌net’s‌‌performance‌‌                           

147 with‌ ‌respect‌ ‌to‌ ‌its‌ ‌linear‌ ‌prediction.‌ ‌The‌ ‌max‌ ‌prediction‌ ‌is‌ ‌resistant‌ ‌to‌ ‌this‌‌effect.‌‌It‌‌expects‌‌the‌‌mixed‌‌                                   

148 network‌ ‌to‌ ‌perform‌ ‌as‌ ‌well‌ ‌as‌ ‌the‌ ‌best‌ ‌of‌ ‌its‌ ‌control‌ ‌network‌‌accuracies.‌‌For‌‌example,‌‌given‌‌the‌‌same‌‌                                   

149 control‌‌network‌‌accuracies‌‌presented‌‌above,‌‌the‌‌max‌‌prediction‌‌for‌‌mixed‌‌network‌‌Swish(7.5)-PTanh(1)‌‌                       

150 is‌ ‌88.59%.‌ ‌Figure‌ ‌1d‌ ‌shows‌ ‌results‌ ‌for‌ ‌Swish(7.5)-PTanh(1),‌ ‌with‌ ‌mean‌ ‌final‌ ‌accuracy‌ ‌of‌ ‌89.27%,‌‌                           

151 outperforms‌ ‌both‌ ‌the‌ ‌maximum‌ ‌and‌‌linear‌‌prediction‌‌of‌‌its‌‌control‌‌networks.‌‌Our‌‌primary‌‌investigation‌‌                           

152 aims‌ ‌to‌ ‌uncover‌ ‌under‌ ‌what‌ ‌conditions‌ ‌mixed‌ ‌activation‌ ‌function‌ ‌networks‌ ‌can‌ ‌outperform‌ ‌the‌ ‌max‌‌                           

153 prediction‌ ‌of‌ ‌their‌ ‌control‌ ‌networks.‌‌ ‌  

154 Diverse‌ ‌heterogeneous‌ ‌networks‌ ‌outperform‌ ‌homogeneous‌ ‌control‌ ‌networks.‌ ‌Using‌ ‌the‌ ‌VGG11‌‌                   

155 architecture,‌ ‌we‌ ‌applied‌ ‌heterogeneous‌‌configurations‌‌within‌‌and‌‌across‌‌the‌‌parametric‌‌spaces‌‌of‌‌Swish‌‌                         

156 and‌‌PTanh‌‌nonlinearities,‌‌then‌‌compared‌‌the‌‌final‌‌validation‌‌accuracies‌‌attained‌‌by‌‌each‌‌configuration‌‌on‌‌                           

157 CIFAR-10‌ ‌to‌ ‌the‌ ‌linear‌ ‌and‌ ‌max‌ ‌prediction‌ ‌based‌ ‌on‌‌each‌‌configuration’s‌‌corresponding‌‌homogeneous‌‌                         

158 control‌ ‌networks.‌ ‌We‌ ‌observe‌ ‌that‌ ‌cross-family‌ ‌networks‌ ‌and‌ ‌within-family‌ ‌networks‌ ‌composed‌ ‌of‌‌                       

159 diverse‌‌nonlinearities‌‌frequently‌‌beat‌‌their‌‌linear‌‌predictions‌‌(34‌‌out‌‌of‌‌35‌‌cross-family‌‌and‌‌21‌‌out‌‌of‌‌31‌‌                                 

160 within-family‌ ‌using‌ ‌VGG11).‌ ‌However,‌ ‌when‌ ‌we‌ ‌hold‌ ‌the‌ ‌same‌ ‌network‌ ‌configurations‌ ‌to‌ ‌the‌ ‌higher‌‌                           

161 standard‌ ‌of‌ ‌the‌ ‌max‌ ‌prediction‌ ‌(see‌ ‌example‌‌in‌‌Figure‌‌1d),‌‌network‌‌performance‌‌relative‌‌to‌‌the‌‌control‌‌                               

162 networks‌ ‌significantly‌ ‌depends‌ ‌on‌ ‌the‌ ‌choice‌ ‌of‌ ‌activation‌ ‌function‌ ‌parameters.‌‌ ‌  

163 Using‌ ‌the‌ ‌max‌ ‌prediction‌ ‌benchmark,‌ ‌6‌ ‌out‌ ‌of‌ ‌35‌ ‌cross-family‌‌heterogeneous‌‌configurations‌‌impart‌‌an‌‌                           

164 improvement‌‌in‌‌image‌‌classification‌‌accuracy‌‌to‌‌VGG11‌‌that‌‌is‌‌statistically‌‌significant‌‌after‌‌adjusting‌‌for‌‌                           

165 multiple‌ ‌comparisons‌ ‌(Figure‌ ‌2a,‌ ‌note‌ ‌that‌ ‌this‌ ‌panel‌ ‌excludes‌ ‌networks‌ ‌containing‌ ‌nonlinearities‌‌                       

166 Swish(𝜷=0.1)‌‌and‌‌PTanh(α=0.01)‌‌for‌‌visual‌‌clarity).‌‌We‌‌refer‌‌to‌‌a‌‌network‌‌that‌‌beats‌‌its‌‌max‌‌prediction‌‌as‌‌                                 
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167 exhibiting‌ ‌a‌ ‌positive‌ ‌response‌ ‌to‌ ‌mixed‌ ‌activation‌ ‌function.‌ ‌The‌ ‌largest‌ ‌positive‌ ‌response‌ ‌is‌ ‌that‌ ‌of‌‌                             

168 Swish(7.5)-PTanh(1),‌ ‌which‌ ‌beats‌ ‌its‌ ‌max‌ ‌prediction‌ ‌by‌‌0.7%‌‌on‌‌average.‌‌The‌‌magnitude‌‌of‌‌this‌‌effect‌‌                             

169 corresponds‌ ‌to‌ ‌around‌ ‌70‌ ‌additional‌ ‌correct‌ ‌image‌ ‌classifications‌ ‌in‌ ‌CIFAR-10’s‌ ‌test‌ ‌set‌ ‌that‌ ‌neither‌‌                           

170 control‌ ‌network‌ ‌configurations‌ ‌Swish(7.5)‌ ‌or‌ ‌PTanh(1)‌ ‌was‌ ‌able‌ ‌to‌ ‌correctly‌ ‌classify‌ ‌on‌ ‌average.‌ ‌The‌‌                           

171 mean‌‌validation‌‌accuracy‌‌relative‌‌to‌‌max‌‌prediction‌‌for‌‌cross-family‌‌configurations‌‌of‌‌VGG11‌‌is‌‌+0.04%‌‌                           

172 (Figure‌ ‌2b),‌ ‌and‌ ‌+0.79%‌ ‌relative‌ ‌to‌ ‌the‌ ‌linear‌ ‌prediction‌ ‌(Figure‌ ‌2c).‌‌VGG11’s‌‌cross-family‌‌parameter‌‌                           

173 landscape‌‌is‌‌relatively‌‌smooth,‌‌with‌‌a‌‌clear‌‌preference‌‌for‌‌higher‌‌Swish‌‌𝜷‌‌values‌‌(Figure‌‌2d).‌‌Specifically,‌‌                               

174 we‌ ‌find‌ ‌configurations‌ ‌that‌ ‌mix‌ ‌PTanh(α)‌ ‌with‌ ‌Swish(𝜷)‌ ‌functions‌ ‌using‌ ‌higher‌ ‌𝜷‌ ‌values‌ ‌exhibit‌ ‌the‌‌                             

175 largest‌ ‌increase‌ ‌in‌ ‌accuracy,‌ ‌and‌ ‌the‌ ‌highest‌ ‌final‌‌accuracy‌‌overall‌‌(Figure‌‌2d).‌‌However,‌‌we‌‌see‌‌a‌‌less‌‌                                 

176 clear‌ ‌preference‌ ‌for‌‌PTanh’s‌‌α‌‌values.‌‌It‌‌is‌‌worth‌‌noting‌‌that‌‌as‌‌Swish’s‌‌𝜷‌‌increases,‌‌the‌‌Swish‌‌function‌‌                                   

177 has‌‌stronger‌‌rectification‌‌and‌‌the‌‌activation‌‌profile‌‌more‌‌closely‌‌approximates‌‌that‌‌of‌‌ReLU‌‌(Figure‌‌1e).‌‌                             

178 These‌ ‌results‌ ‌demonstrate‌ ‌that‌ ‌heterogeneous‌ ‌activation‌ ‌functions‌ ‌can‌ ‌improve‌ ‌image‌ ‌classification.‌‌ ‌  

179 Within-family‌ ‌heterogeneous‌ ‌configurations‌ ‌of‌ ‌VGG11‌ ‌rarely‌‌outperform‌‌their‌‌max‌‌predictions‌‌(Figure‌‌                     

180 2b)—none‌‌of‌‌the‌‌31‌‌such‌‌configurations‌‌explored‌‌beat‌‌their‌‌max‌‌prediction‌‌with‌‌statistical‌‌significance.‌‌                           

181 This‌ ‌demonstrates‌ ‌that‌ ‌the‌ ‌benefit‌ ‌of‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌may‌ ‌arise‌ ‌from‌ ‌utilizing‌ ‌the‌ ‌diverse‌‌                             

182 characteristics‌ ‌of‌ ‌activation‌ ‌function‌ ‌families,‌ ‌such‌ ‌as‌ ‌saturation‌ ‌and‌ ‌rectification.‌‌ ‌  

183 Sticknet8—a‌ ‌reduced-parameter‌‌CNN.‌‌‌Between‌‌its‌‌filters,‌‌biases,‌‌and‌‌weights,‌‌VGG11‌‌contains‌‌over‌‌                       

184 120‌‌million‌‌trainable‌‌parameters.‌‌Additionally,‌‌since‌‌VGG11‌‌has‌‌been‌‌demonstrated‌‌to‌‌achieve‌‌over‌‌90%‌‌                           

185 testing‌ ‌accuracy‌ ‌on‌ ‌CIFAR-10‌ ‌(Fu‌ ‌2019),‌ ‌there‌ ‌remains‌ ‌less‌ ‌than‌ ‌10%‌ ‌left‌ ‌for‌ ‌potential‌ ‌improvement‌‌                             

186 beyond‌ ‌that‌ ‌as‌ ‌a‌ ‌result‌ ‌of‌ ‌the‌ ‌addition‌ ‌of‌ ‌heterogeneous‌ ‌activation‌ ‌functions.‌ ‌Motivated‌ ‌by‌‌the‌‌factors‌‌                               

187 above,‌ ‌we‌ ‌reasoned‌ ‌that‌ ‌more‌ ‌significant‌ ‌improvements‌ ‌may‌ ‌be‌ ‌readily‌ ‌observable‌ ‌in‌ ‌a‌ ‌network‌‌more‌‌                             

188 constrained‌ ‌than‌ ‌VGG11.‌ ‌Therefore‌ ‌we‌ ‌set‌ ‌out‌ ‌to‌ ‌investigate‌ ‌the‌ ‌effects‌ ‌of‌ ‌adding‌‌mixed‌‌cell‌‌types‌‌to‌‌                                 

189 Sticknet8—a‌ ‌CNN‌ ‌which‌ ‌we‌ ‌describe‌ ‌here,‌ ‌based‌ ‌on‌ ‌the‌ ‌VGG11‌ ‌architecture,‌‌but‌‌with‌‌approximately‌‌                           

190 1000‌‌times‌‌fewer‌‌parameters.‌‌Sticknet8‌‌joins‌‌the‌‌first‌‌2‌‌convolutional‌‌layers‌‌from‌‌VGG11‌‌with‌‌VGG11’s‌‌                             

191 final‌ ‌3‌ ‌fully-connected‌ ‌layers,‌ ‌while‌ ‌significantly‌ ‌reducing‌ ‌the‌ ‌number‌ ‌of‌ ‌parameters‌ ‌per‌ ‌layer.‌ ‌It‌‌                           

192 preserves‌ ‌aspects‌ ‌of‌ ‌VGG11’s‌‌architecture‌‌including‌‌its‌‌3x3‌‌convolutional‌‌filters,‌‌its‌‌repeated‌‌groups‌‌of‌‌                           

193 convolutional,‌ ‌activation,‌ ‌and‌ ‌pooling‌ ‌layers,‌ ‌and‌ ‌its‌ ‌relative‌‌layer-to-layer‌‌increases‌‌in‌‌parameters,‌‌but‌‌                         

194 reduces‌‌the‌‌number‌‌of‌‌filters‌‌in‌‌the‌‌first‌‌convolutional‌‌layer‌‌from‌‌64‌‌to‌‌just‌‌8.‌‌These‌‌changes‌‌result‌‌in‌‌a‌‌                                       

195 reduction‌‌from‌‌VGG11’s‌‌128‌‌million‌‌parameters‌‌down‌‌to‌‌Sticknet8’s‌‌119,000.‌‌Using‌‌Sticknet8‌‌as‌‌a‌‌base‌‌                             

196 architecture,‌ ‌we‌ ‌repeated‌ ‌the‌ ‌experiments‌ ‌performed‌ ‌on‌ ‌VGG11‌ ‌with‌ ‌the‌ ‌same‌ ‌set‌ ‌of‌ ‌heterogeneous‌‌                           

197 network‌ ‌configurations.‌ ‌ 

‌ 
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‌ 
198 Figure‌ ‌2.‌ ‌Mixed‌ ‌activation‌ ‌functions‌ ‌improve‌ ‌image‌ ‌classification‌ ‌performance.‌ ‌(a)‌ ‌Summary‌ ‌of‌ ‌mixed‌‌                         
199 network‌‌accuracy‌‌relative‌‌to‌‌max‌‌prediction‌‌compared‌‌to‌‌control‌‌networks‌‌for‌‌VGG11‌‌(red)‌‌and‌‌Sticknet8‌‌(teal)‌‌                               
200 architectures.‌‌Only‌‌cross-family‌‌networks‌‌are‌‌shown‌‌for‌‌clarity.‌‌Error‌‌bars‌‌represent‌‌a‌‌95%‌‌confidence‌‌interval‌‌                             
201 across‌ ‌10‌ ‌independently‌ ‌trained‌ ‌random‌ ‌initializations.‌ ‌Stars‌ ‌and‌ ‌darker‌ ‌shading‌ ‌indicate‌ ‌significant‌‌                       
202 improvement‌ ‌of‌ ‌mixed‌ ‌network‌ ‌performance‌ ‌over‌ ‌control‌ ‌networks‌ ‌(one-sided‌ ‌t-test,‌ ‌p‌ ‌<‌ ‌0.05‌ ‌after‌‌                           
203 Benjamini-Hochberg‌ ‌correction‌ ‌for‌ ‌multiple‌ ‌comparisons).‌ ‌Networks‌ ‌containing‌ ‌nonlinearities‌ ‌Swish(𝜷=0.1)‌‌                 
204 and‌ ‌PTanh(α=0.01)‌ ‌excluded‌ ‌for‌ ‌visual‌ ‌clarity‌ ‌(present‌ ‌in‌ ‌remaining‌ ‌panels).‌ ‌‌(b)‌ ‌‌Comparison‌ ‌of‌ ‌mean‌‌peak‌‌                             
205 accuracy‌‌relative‌‌to‌‌max‌‌prediction‌‌for‌‌cross-‌‌and‌‌within-family‌‌mixed‌‌network‌‌configurations‌‌of‌‌VGG11‌‌(only‌‌                             
206 significant‌‌networks‌‌included).‌‌‌(c)‌ ‌Same‌‌as‌‌(b)‌‌using‌‌linear‌‌prediction.‌‌Notably,‌‌both‌‌cross-‌‌and‌‌within-family‌‌                             
207 mixed‌ ‌networks‌ ‌beat‌ ‌their‌ ‌linear‌ ‌predictions‌ ‌on‌ ‌average‌ ‌for‌ ‌both‌ ‌network‌ ‌architectures.‌ ‌‌(d)‌ ‌Peak‌ ‌accuracy‌‌                             
208 parameter‌ ‌landscapes‌ ‌for‌ ‌within-family‌ ‌Swish‌ ‌networks‌ ‌(left)‌ ‌and‌ ‌cross-family‌ ‌networks‌ ‌(right)‌ ‌for‌ ‌VGG11‌‌                         
209 architecture.‌ ‌‌(e)‌‌ ‌Same‌ ‌as‌ ‌(d)‌ ‌using‌ ‌Sticknet8‌ ‌architecture.‌ ‌ 

‌ 

210 Sticknet8‌‌offers‌‌more‌‌pronounced‌‌benefits‌‌of‌‌mixed‌‌activation‌‌functions.‌‌‌As‌‌expected,‌‌the‌‌CIFAR-10‌‌                         

211 final‌‌validation‌‌accuracies‌‌for‌‌Sticknet8‌‌are‌‌generally‌‌lower‌‌than‌‌they‌‌are‌‌for‌‌the‌‌less‌‌constrained‌‌VGG11.‌‌                               

212 The‌ ‌best‌ ‌configurations‌ ‌of‌‌Sticknet8‌‌attain‌‌peak‌‌accuracies‌‌around‌‌68%‌‌or‌‌lower‌‌(Figure‌‌2e).‌‌However,‌‌                             

213 the‌‌positive‌‌responses‌‌to‌‌the‌‌addition‌‌of‌‌cross-family‌‌mixed‌‌nonlinearities‌‌are‌‌both‌‌more‌‌frequent‌‌across‌‌                             

214 explored‌ ‌network‌ ‌configurations‌ ‌(Figure‌ ‌2a)‌ ‌and‌ ‌more‌ ‌pronounced‌ ‌within‌ ‌each‌ ‌configuration‌ ‌for‌‌                       

215 Sticknet8‌ ‌than‌ ‌for‌ ‌VGG11‌ ‌(Figure‌ ‌2b),‌ ‌supporting‌ ‌our‌ ‌expectation‌ ‌that‌ ‌improvements‌ ‌would‌ ‌be‌ ‌more‌‌                           
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216 readily‌ ‌observable‌ ‌in‌‌a‌‌parameter-constrained‌‌network‌‌that‌‌operates‌‌in‌‌a‌‌lower‌‌peak‌‌accuracy‌‌regime‌‌of‌‌                             

217 CIFAR-10‌‌than‌‌VGG11.‌‌Consistent‌‌with‌‌VGG11,‌‌the‌‌max‌‌prediction‌‌is‌‌a‌‌higher‌‌standard‌‌than‌‌the‌‌linear‌‌                               

218 prediction,‌ ‌and‌ ‌cross-family‌ ‌networks‌ ‌outperform‌ ‌within-family‌ ‌networks.‌ ‌Compared‌ ‌to‌ ‌the‌ ‌linear‌‌                     

219 prediction,‌‌42‌‌out‌‌of‌‌42‌‌cross-family,‌‌and‌‌27‌‌out‌‌of‌‌36‌‌within-family‌‌configurations‌‌outperform‌‌the‌‌linear‌‌                               

220 prediction.‌ ‌Using‌ ‌the‌ ‌max‌ ‌prediction‌ ‌benchmark,‌ ‌21‌ ‌of‌ ‌the‌‌42‌‌cross-family‌‌configurations‌‌of‌‌Sticknet8‌‌                           

221 exhibit‌ ‌a‌ ‌positive‌ ‌response‌ ‌to‌ ‌the‌ ‌introduction‌ ‌of‌ ‌mixed‌ ‌nonlinearities‌ ‌(Figure‌ ‌2a,‌ ‌note‌ ‌again‌ ‌some‌‌                             

222 network‌ ‌configurations‌ ‌excluded‌ ‌from‌ ‌figure‌ ‌for‌ ‌visual‌ ‌clarity),‌ ‌and‌ ‌3‌ ‌out‌ ‌of‌ ‌36‌ ‌within-family‌‌                           

223 configurations‌ ‌outperformed‌ ‌their‌ ‌max‌ ‌predictions.‌ ‌ 

224 While‌ ‌the‌ ‌effects‌ ‌in‌‌Sticknet8‌‌hold‌‌over‌‌a‌‌larger‌‌landscape‌‌of‌‌parameter‌‌values,‌‌the‌‌performance‌‌is‌‌less‌‌                                 

225 sharply‌‌dependent‌‌on‌‌specific‌‌parameter‌‌values‌‌(Figure‌‌2e).‌‌Interestingly,‌‌the‌‌best‌‌performing‌‌parameter‌‌                         

226 combinations‌ ‌differ‌‌between‌‌Sticknet8‌‌and‌‌VGG11,‌‌with‌‌Sticknet8‌‌achieving‌‌the‌‌best‌‌performance‌‌with‌‌                         

227 smaller‌ ‌values‌ ‌of‌ ‌Swish’s‌ ‌𝜷‌ ‌compared‌ ‌to‌ ‌VGG11‌ ‌(Figure‌ ‌2d,e).‌ ‌Notably,‌ ‌several‌ ‌mixed‌‌configurations‌‌                           

228 that‌ ‌negatively‌ ‌impacted‌ ‌the‌ ‌performance‌ ‌of‌ ‌VGG11‌ ‌are‌ ‌among‌ ‌the‌ ‌top‌ ‌performing‌ ‌configurations‌ ‌of‌‌                           

229 Sticknet8‌‌(Figure‌‌2a):‌‌Swish(2)-PTanh(1),‌‌Swish(5)-PTanh(0.05),‌‌and‌‌Swish(2)-PTanh(0.05).‌‌These‌‌three‌‌                 

230 configurations‌ ‌beat‌ ‌their‌ ‌max‌ ‌predictions‌ ‌by‌ ‌almost‌ ‌4%.‌‌ ‌  

231 Our‌ ‌results‌ ‌with‌ ‌Sticknet8‌ ‌demonstrate‌ ‌the‌ ‌computational‌ ‌advantages‌‌of‌‌mixed‌‌activation‌‌functions‌‌are‌‌                         

232 more‌‌pronounced‌‌in‌‌a‌‌more‌‌constrained‌‌network,‌‌with‌‌mixed‌‌activation‌‌configurations‌‌beating‌‌their‌‌max‌‌                           

233 predictions‌ ‌both‌ ‌more‌ ‌frequently‌ ‌and‌ ‌with‌ ‌larger‌ ‌magnitudes.‌ ‌As‌ ‌with‌ ‌VGG11,‌ ‌we‌ ‌observe‌ ‌the‌‌largest‌‌                             

234 benefit‌ ‌from‌ ‌mixing‌ ‌across‌ ‌activation‌ ‌function‌ ‌families.‌‌ ‌  

‌ 

235 Activation‌ ‌functions‌ ‌alter‌ ‌dimensionality‌ ‌of‌ ‌network‌ ‌responses.‌ To‌ ‌gain‌ ‌insight‌‌into‌‌when‌‌and‌‌how‌‌                           

236 mixed‌ ‌activation‌ ‌functions‌ ‌improve‌‌classification‌‌accuracy,‌‌we‌‌measured‌‌the‌‌dimensionality‌‌of‌‌network‌‌                       

237 activations‌ ‌within‌ ‌each‌ ‌layer‌ ‌in‌ ‌response‌ ‌to‌ ‌a‌ ‌stratified‌ ‌subset‌ ‌of‌‌500‌‌CIFAR-10‌‌images.‌‌We‌‌measured‌‌                               

238 dimensionality‌ ‌using‌ ‌the‌ ‌participation‌ ‌ratio.‌ ‌The‌ ‌participation‌ ‌ratio‌ ‌measures‌ ‌the‌ ‌dimensionality‌ ‌as‌ ‌the‌‌                         

239 square‌ ‌of‌ ‌the‌ ‌sum‌ ‌of‌ ‌the‌ ‌covariance‌ ‌matrix‌ ‌of‌ ‌unit‌ ‌activation‌ ‌eigenvalues‌ ‌over‌ ‌the‌‌sum‌‌of‌‌the‌‌squared‌‌                                   

240 eigenvalues‌ ‌(‌Recanatesi,‌ ‌2019a;‌ ‌Recanatesi,‌ ‌2019b;‌ ‌Gao,‌ ‌2017;‌ ‌Rajan,‌ ‌2010‌):‌ ‌ 

241
.‌ ‌ 

‌ 

242 We‌ ‌adopted‌ ‌the‌ ‌participation‌ ‌ratio‌ ‌because‌ ‌it‌ ‌is‌ ‌simple‌ ‌to‌ ‌compute‌ ‌and‌ ‌interpret.‌‌ ‌  

‌ 
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‌ 

243 Figure‌‌3.‌‌Different‌‌activation‌‌functions‌‌change‌‌the‌‌dimensionality‌‌of‌‌internal‌‌representations.‌‌(a)‌‌‌The‌‌average‌‌                           

244 dimensionality‌ ‌of‌ ‌the‌ ‌response‌ ‌to‌ ‌each‌ ‌image‌ ‌category‌ ‌(within‌ ‌category‌ ‌dimensionality)‌ ‌for‌ ‌different‌ ‌classes‌ ‌of‌‌                             

245 Sticknet8‌‌networks‌‌(mean‌ ‌±‌‌95%‌‌CI).‌‌‌(b)‌‌Same‌‌as‌‌(a)‌‌for‌‌VGG11‌‌networks.‌‌‌(c)‌‌‌Dimensionality‌‌across‌‌layers‌‌for‌‌an‌‌                                     

246 example‌ ‌Sticknet8‌ ‌mixed‌ ‌network‌ ‌and‌ ‌its‌ ‌control‌ ‌networks‌ ‌(colors).‌ ‌Each‌ ‌network‌ ‌has‌ ‌10‌‌random‌‌initializations‌‌                             

247 (lines).‌‌‌(d)‌‌Same‌‌as‌‌(c)‌‌for‌‌VGG11.‌‌‌(e)‌‌Dimensionality‌‌across‌‌three‌‌swish‌‌control‌‌networks‌‌with‌‌different‌‌parameter‌‌                                 

248 values.‌ ‌‌(f)‌ ‌Dimensionality‌ ‌across‌ ‌three‌ ‌cross-family‌ ‌mixed‌ ‌networks,‌‌varying‌‌the‌‌swish‌‌parameter,‌‌and‌‌fixing‌‌the‌‌                             

249 tanh‌ ‌parameter.‌‌ ‌  

‌ 

250 We‌ ‌find‌ ‌in‌ ‌both‌ ‌Sticknet8‌ ‌and‌ ‌VGG11‌ ‌that‌ ‌changing‌ ‌the‌ ‌activation‌ ‌function‌ ‌dramatically‌ ‌alters‌ ‌the‌‌                             

251 dimensionality‌‌of‌‌network‌‌activations‌‌within‌‌each‌‌layer‌‌(Figure‌‌3a,b).‌‌Consistent‌‌with‌‌previous‌‌findings‌‌                         

252 (‌Recanatesi,‌ ‌2019a‌),‌ ‌in‌ ‌both‌ ‌Sticknet8‌ ‌and‌ ‌VGG11‌ ‌we‌ ‌find‌ ‌dimensionality‌ ‌generally‌‌increases‌‌moving‌‌                         

253 deeper‌ ‌into‌ ‌the‌ ‌network‌ ‌before‌ ‌decreasing‌ ‌in‌ ‌the‌ ‌final‌ ‌layers‌ ‌(Figure‌ ‌3a,b).‌ ‌Additionally,‌ ‌in‌ ‌both‌‌                             

254 architectures,‌ ‌the‌ ‌dimensionality‌ ‌was‌ ‌largely‌ ‌consistent‌ ‌across‌ ‌the‌ ‌10‌ ‌initializations‌ ‌of‌ ‌each‌ ‌network‌‌                         

255 configuration,‌ ‌with‌ ‌consistency‌ ‌increasing‌ ‌in‌ ‌deeper‌ ‌layers‌ ‌(Figure‌ ‌3c,d).‌ ‌The‌ ‌relationship‌ ‌between‌‌                       

256 activation‌‌functions‌‌and‌‌dimensionality‌‌within‌‌each‌‌layer‌‌appears‌‌complex.‌‌As‌‌a‌‌demonstration,‌‌Figure‌‌3‌‌                           

257 shows‌ ‌the‌ ‌dimensionality‌ ‌of‌ ‌several‌ ‌example‌ ‌network‌ ‌configurations.‌ ‌Mixed‌ ‌networks‌ ‌generally‌‌                     

258 displayed‌‌dimensionalities‌‌that‌‌differed‌‌from‌‌their‌‌control‌‌networks,‌‌and‌‌did‌‌not‌‌appear‌‌to‌‌follow‌‌a‌‌linear‌‌                               

259 relationship‌‌(Figure‌‌3c,d).‌‌The‌‌dimensionality‌‌responds‌‌nonlinearly‌‌to‌‌smooth‌‌variation‌‌of‌‌the‌‌activation‌‌                         

260 function‌‌parameter‌‌(Figure‌‌3e).‌‌In‌‌a‌‌mixed‌‌network‌‌configuration‌‌smoothly‌‌varying‌‌the‌‌parameter‌‌of‌‌one‌‌                             

261 activation‌ ‌function‌ ‌in‌ ‌the‌ ‌presence‌ ‌of‌ ‌a‌‌constant‌‌second‌‌activation‌‌function‌‌resulted‌‌in‌‌large‌‌changes‌‌in‌‌                               
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262 dimensionality‌ ‌(Figure‌ ‌3f).‌‌For‌‌example‌‌in‌‌Figure‌‌3,‌‌comparing‌‌each‌‌Swish()‌‌control‌‌network‌‌in‌‌Figure‌‌                             

263 3e‌‌with‌‌the‌‌corresponding‌‌mixed‌‌network‌‌in‌‌Figure‌‌3f,‌‌we‌‌find‌‌the‌‌layer‌‌with‌‌the‌‌largest‌‌dimensionality‌‌                                 

264 shifts‌ ‌to‌ ‌a‌ ‌deeper‌ ‌layer.‌ ‌In‌ ‌the‌ ‌case‌ ‌of‌ ‌Sticknet8,‌ ‌cross-family‌ ‌networks‌ ‌and‌ ‌within-family‌ ‌Swish‌‌                             

265 networks—but‌ ‌not‌ ‌within-family‌ ‌PTanh‌ ‌networks—displayed‌ ‌smaller‌ ‌dimensionality‌ ‌throughout‌ ‌layers‌‌                 

266 than‌‌control‌‌networks‌‌on‌‌average‌‌(Figure‌‌3a).‌‌We‌‌did‌‌not‌‌observe‌‌this‌‌pattern‌‌in‌‌VGG11‌‌(Figure‌‌3b).‌‌This‌‌                                   

267 discrepancy‌ ‌may‌ ‌underlie‌ ‌the‌ ‌increased‌ ‌benefit‌ ‌of‌ ‌mixed‌ ‌activation‌‌functions‌‌in‌‌Sticknet8‌‌compared‌‌to‌‌                           

268 VGG11.‌ ‌In‌ ‌summary,‌ ‌we‌ ‌find‌ ‌that‌ ‌modifying‌ ‌activation‌ ‌functions‌ ‌can‌ ‌dramatically‌ ‌alter‌ ‌the‌ ‌internal‌‌                           

269 representations‌ ‌of‌ ‌deep‌ ‌convolutional‌ ‌networks.‌‌ ‌  

‌ 

270 Discussion‌ ‌ 
271 Our‌ ‌results‌ ‌show‌ ‌that‌ ‌the‌ ‌addition‌ ‌of‌ ‌heterogeneous‌‌activation‌‌functions‌‌to‌‌deep‌‌networks‌‌can‌‌improve‌‌                             

272 image‌ ‌classification‌‌accuracy‌‌compared‌‌to‌‌the‌‌corresponding‌‌control‌‌activation‌‌functions‌‌independently.‌‌                     

273 Mixing‌ ‌activation‌ ‌functions‌ ‌across‌ ‌Swish‌ ‌and‌ ‌PTanh‌ ‌families‌ ‌had‌ ‌a‌ ‌larger‌ ‌benefit‌ ‌than‌ ‌within‌ ‌either‌‌                             

274 family‌ ‌alone.‌ ‌We‌ ‌found‌ ‌larger‌ ‌improvements‌ ‌from‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌in‌ ‌a‌ ‌more‌ ‌constrained‌‌                           

275 network.‌ ‌The‌ ‌dimensionality‌ ‌of‌ ‌the‌ ‌internal‌ ‌representation‌ ‌varied‌ ‌greatly‌ ‌depending‌ ‌on‌ ‌the‌ ‌choice‌ ‌of‌‌                           

276 activation‌ ‌functions.‌‌ ‌  

277 In‌ ‌this‌ ‌study‌ ‌we‌ ‌instantiated‌‌neural‌‌cell‌‌types‌‌by‌‌their‌‌activation‌‌functions,‌‌as‌‌a‌‌simplification‌‌of‌‌the‌‌‌f-I‌‌                                   

278 curves‌ ‌used‌ ‌to‌ ‌classify‌ ‌neurons,‌ ‌typically‌‌into‌‌“Type‌‌1”‌‌and‌‌“Type‌‌2”‌‌excitability.‌‌These‌‌types‌‌differ‌‌in‌‌                                 

279 how‌‌abruptly‌‌their‌‌‌f-I‌‌‌curves‌‌change‌‌in‌‌response‌‌to‌‌increase‌‌input‌‌current.‌‌Interestingly,‌‌one‌‌recent‌‌study‌‌                               

280 found‌ ‌that‌ ‌“Type‌ ‌1”‌ ‌and‌ ‌“Type‌ ‌2”‌ ‌excitable‌ ‌neurons‌ ‌make‌ ‌spike‌ ‌timing‌ ‌networks‌ ‌more‌ ‌robust‌ ‌to‌‌                               

281 correlated‌ ‌noise‌ ‌(Zeldenrust,‌ ‌2021).‌‌Our‌‌findings‌‌suggest‌‌that‌‌diverse‌‌‌f-I‌‌curves‌‌may‌‌offer‌‌feed-forward‌‌                           

282 computational‌‌benefits.‌‌However,‌‌some‌‌neurons‌‌exhibit‌‌nonlinear‌‌dynamics‌‌in‌‌their‌‌dendrites‌‌that‌‌are‌‌not‌‌                           

283 effectively‌ ‌summarized‌ ‌by‌ ‌the‌ ‌‌f-I‌ ‌curve,‌ ‌underscoring‌‌that‌‌activation‌‌functions‌‌are‌‌an‌‌approximation‌‌of‌‌                           

284 single‌‌neuron‌‌dynamics.‌‌Emerging‌‌work‌‌modeling‌‌dendritic‌‌computation‌‌(Beniaguev,‌‌2019;‌‌Gidon,‌‌2020)‌‌                       

285 has‌ ‌parallels‌ ‌to‌ ‌network-in-network‌ ‌approaches‌ ‌in‌ ‌deep‌ ‌learning‌ ‌(Lin,‌ ‌2013;‌ ‌Manessi,‌ ‌2019).‌ ‌Beyond‌‌                         

286 dynamical‌‌properties,‌‌there‌‌are‌‌many‌‌other‌‌attributes‌‌of‌‌neural‌‌diversity‌‌that‌‌are‌‌not‌‌commonly‌‌translated‌‌                             

287 to‌ ‌deep‌ ‌learning,‌ ‌such‌ ‌as‌ ‌cell‌ ‌type‌ ‌specific‌ ‌sensory‌ ‌inputs,‌ ‌excitatory‌ ‌vs‌ ‌inhibitory‌ ‌neurons,‌ ‌and‌‌                             

288 neuromodulation.‌ ‌Our‌ ‌findings‌ ‌join‌ ‌recent‌ ‌studies‌ ‌exploring‌ ‌the‌ ‌computational‌ ‌benefits‌ ‌of‌ ‌neural‌‌                       

289 diversity,‌ ‌such‌ ‌as‌ ‌cell‌ ‌type‌ ‌specific‌ ‌connectivity‌ ‌(Stöckl,‌ ‌2021),‌ ‌synaptic‌ ‌timescales‌ ‌(Burnham,‌ ‌2021;‌‌                         

290 Perez-Nieves,‌‌2021),‌‌and‌‌membrane‌‌timescales‌‌(Perez-Nieves,‌‌2021).‌‌Determining‌‌the‌‌functional‌‌role‌‌of‌‌                       

291 neural‌ ‌cell‌ ‌types‌ ‌is‌ ‌an‌ ‌active‌ ‌area‌ ‌of‌ ‌research,‌ ‌and‌ ‌many‌ ‌of‌ ‌these‌ ‌cell‌ ‌type‌ ‌attributes‌ ‌may‌ ‌have‌‌                                   

292 translational‌ ‌benefit‌ ‌to‌ ‌deep‌ ‌learning‌ ‌applications.‌ ‌ 
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293 An‌ ‌alternative‌ ‌approach‌ ‌to‌ ‌adding‌ ‌heterogeneity‌ ‌to‌ ‌network‌ ‌activation‌‌functions‌‌is‌‌to‌‌parameterize‌‌and‌‌                           

294 learn‌‌the‌‌activation‌‌function‌‌parameters‌‌for‌‌each‌‌unit‌‌in‌‌the‌‌network.‌‌This‌‌parametric‌‌approach‌‌has‌‌been‌‌                               

295 used‌ ‌with‌ ‌ReLU‌ ‌(He,‌ ‌2015;‌ ‌‌Balaji‌,‌ ‌2019),‌ ‌a‌ ‌set‌ ‌of‌ ‌basis‌ ‌functions‌ ‌(Goyal,‌ ‌202),‌ ‌and‌ ‌piecewise‌ ‌linear‌‌                                 

296 functions‌ ‌(Agostinelli,‌ ‌2015).‌ ‌Learning‌ ‌the‌ ‌activation‌ ‌function‌ ‌parameters‌ ‌has‌ ‌the‌ ‌benefit‌ ‌of‌ ‌increased‌‌                         

297 flexibility‌ ‌at‌ ‌the‌ ‌cost‌ ‌of‌ ‌additional‌ ‌parameters,‌ ‌and‌ ‌choices‌ ‌about‌ ‌the‌‌parametric‌‌form‌‌of‌‌the‌‌activation‌‌                               

298 functions.‌ ‌We‌ ‌find‌ ‌the‌ ‌largest‌ ‌benefit‌ ‌from‌ ‌mixing‌ ‌across‌ ‌parametric‌ ‌families‌ ‌of‌ ‌activation‌ ‌functions,‌‌                           

299 demonstrating‌ ‌a‌ ‌distinct‌ ‌benefit‌ ‌beyond‌ ‌existing‌ ‌parametric‌ ‌approaches.‌‌ ‌  

300 These‌ ‌findings‌ ‌raise‌ ‌an‌ ‌intriguing‌ ‌question:‌ ‌how‌ ‌do‌ ‌diverse‌ ‌nonlinearities‌ ‌impart‌ ‌improvements‌ ‌in‌‌                         

301 feed-forward‌ ‌processing?‌ ‌One‌ ‌possibility‌ ‌is‌ ‌that‌ ‌mixed‌‌activation‌‌functions‌‌serve‌‌as‌‌more‌‌diverse‌‌basis‌‌                           

302 functions‌ ‌within‌ ‌each‌ ‌layer,‌ ‌allowing‌ ‌increasingly‌ ‌complex‌ ‌transformations‌ ‌from‌ ‌one‌ ‌layer‌ ‌to‌ ‌another,‌‌                         

303 increasing‌‌the‌‌overall‌‌expressivity‌‌of‌‌the‌‌network.‌‌A‌‌related‌‌possibility‌‌is‌‌that‌‌mixed‌‌activation‌‌functions‌‌                             

304 balance‌ ‌the‌ ‌computational‌ ‌roles‌ ‌of‌ ‌sparsification‌ ‌and‌‌saturation‌‌across‌‌transformations‌‌of‌‌the‌‌network’s‌‌                         

305 internal‌ ‌representation‌ ‌of‌ ‌the‌ ‌input‌ ‌space.‌ ‌Future‌ ‌work‌ ‌should‌ ‌further‌ ‌investigate‌ ‌the‌ ‌underlying‌‌                         

306 mechanisms‌ ‌of‌ ‌diverse‌ ‌nonlinearities‌ ‌by‌ ‌examining‌ ‌the‌ ‌internal‌ ‌representations‌ ‌in‌ ‌mixed‌ ‌versus‌‌                       

307 non-mixed‌ ‌networks.‌ ‌The‌ ‌relationship‌ ‌between‌ ‌network‌ ‌performance‌ ‌and‌ ‌internal‌ ‌representations‌ ‌is‌‌an‌‌                       

308 active‌ ‌field‌ ‌of‌ ‌study,‌ ‌and‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌may‌ ‌serve‌ ‌as‌ ‌a‌ ‌useful‌ ‌test‌ ‌case‌ ‌for‌ ‌future‌ ‌work.‌‌ ‌  

309 Our‌ ‌study‌ ‌explored‌ ‌the‌ ‌simplest‌ ‌alternating‌‌configurations‌‌for‌‌mixed‌‌activation‌‌functions‌‌in‌‌a‌‌1:1‌‌ratio.‌‌                             

310 Ideally,‌ ‌automatic‌ ‌search‌ ‌techniques‌ ‌could‌ ‌generalize‌ ‌our‌ ‌approach‌ ‌to‌ ‌find‌ ‌optimal‌ ‌combinations‌ ‌of‌‌                         

311 multiple‌‌activation‌‌function‌‌families‌‌across‌‌different‌‌layers‌‌of‌‌deep‌‌networks.‌‌Additionally,‌‌we‌‌found‌‌the‌‌                           

312 highest‌ ‌performing‌ ‌activation‌ ‌functions‌ ‌in‌ ‌VGG11‌ ‌and‌ ‌Sticknet8‌ ‌differed.‌ ‌This‌ ‌highlights‌ ‌the‌‌need‌‌for‌‌                           

313 further‌‌research‌‌to‌‌understand‌‌which‌‌activation‌‌functions,‌‌and‌‌in‌‌which‌‌combinations,‌‌lead‌‌to‌‌the‌‌largest‌‌                             

314 improvement‌ ‌in‌ ‌accuracy.‌‌Our‌‌finding‌‌that‌‌a‌‌more‌‌constrained‌‌network‌‌had‌‌a‌‌larger‌‌benefit‌‌from‌‌mixed‌‌                               

315 cell‌ ‌types‌ ‌suggests‌ ‌that‌ ‌one‌ ‌may‌‌see‌‌larger‌‌benefits‌‌on‌‌more‌‌complex‌‌datasets.‌‌In‌‌addition,‌‌future‌‌work‌‌                                 

316 should‌ ‌explore‌ ‌the‌ ‌role‌ ‌of‌ ‌mixed‌ ‌activation‌ ‌functions‌ ‌in‌ ‌settings‌ ‌beyond‌ ‌image‌ ‌classification.‌ ‌Deep‌‌                           

317 learning‌‌is‌‌rapidly‌‌being‌‌applied‌‌to‌‌many‌‌tasks,‌‌and‌‌our‌‌study‌‌is‌‌only‌‌an‌‌initial‌‌investigation‌‌into‌‌the‌‌role‌‌                                     

318 of‌ ‌diverse‌ ‌activation‌ ‌functions.‌‌ ‌  

319 In‌ ‌summary,‌ ‌‌heterogeneous‌ ‌cell‌ ‌types‌ ‌are‌ ‌a‌‌striking‌‌feature‌‌of‌‌biological‌‌circuits,‌‌and‌‌notably‌‌absent‌‌in‌‌                               

320 deep‌ ‌artificial‌ ‌neural‌ ‌networks.‌ ‌In‌ ‌this‌ ‌study‌ ‌we‌ ‌instantiated‌ ‌diverse‌ ‌cell‌ ‌types‌ ‌by‌ ‌diverse‌ ‌activation‌‌                             

321 functions.‌‌While‌‌many‌‌possible‌‌roles‌‌for‌‌cell‌‌types‌‌have‌‌been‌‌proposed,‌‌here‌‌we‌‌demonstrate‌‌their‌‌benefit‌‌                               

322 in‌‌feed-forward‌‌computation‌‌in‌‌deep‌‌convolutional‌‌networks.‌‌This‌‌finding‌‌opens‌‌a‌‌large‌‌number‌‌of‌‌future‌‌                             

323 studies‌ ‌to‌ ‌examine‌ ‌the‌ ‌role‌ ‌of‌ ‌cell‌ ‌types‌ ‌in‌ ‌biological‌ ‌circuits,‌ ‌and‌ ‌as‌ ‌tools‌ ‌in‌ ‌machine‌ ‌learning.‌‌ ‌  

‌ 
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324 Methods‌ ‌ 
325 Network.‌‌Our‌‌base‌‌network‌‌architecture‌‌is‌‌VGG11‌‌(Simonyan‌‌&‌‌Zisserman,‌‌2014).‌‌The‌‌Pytorch‌‌instance‌                           

326 of‌ ‌VGG11‌ ‌contains‌ ‌11‌ ‌composite‌ ‌layers,‌ ‌8‌ ‌convolutional‌ ‌layers‌ ‌and‌ ‌3‌ ‌fully-connected‌ ‌layers.‌ ‌Each‌‌                           

327 convolutional‌ ‌layer‌ ‌consists‌ ‌of‌ ‌a‌ ‌series‌ ‌of‌ ‌3x3‌ ‌convolutional‌ ‌filters,‌ ‌a‌ ‌ReLU‌ ‌activation‌ ‌layer,‌ ‌and‌ ‌a‌‌                               

328 pooling‌ ‌layer‌ ‌that‌ ‌is‌ ‌included‌ ‌following‌ ‌activation‌ ‌layers‌ ‌1,‌ ‌2,‌ ‌4,‌ ‌6,‌ ‌and‌ ‌8.‌ ‌Each‌ ‌fully-connected‌ ‌layer‌‌                                 

329 consists‌ ‌of‌ ‌a‌ ‌series‌ ‌of‌ ‌units‌ ‌linearly‌ ‌connected‌‌to‌‌input‌‌features‌‌with‌‌weights‌‌and‌‌biases,‌‌followed‌‌by‌‌a‌‌                                   

330 ReLU‌ ‌activation‌ ‌layer‌ ‌and‌ ‌a‌ ‌dropout‌ ‌layer.‌ ‌VGG11‌ ‌contains‌ ‌128‌ ‌million‌ ‌trainable‌ ‌parameters.‌‌ ‌  

331 Additionally,‌ ‌we‌ ‌developed‌ ‌a‌ ‌smaller‌ ‌network‌ ‌we‌ ‌named‌ ‌Sticknet8.‌ ‌Sticknet8‌ ‌takes‌ ‌the‌ ‌first‌ ‌two‌‌                           

332 convolutional‌‌layers‌‌from‌‌VGG‌ ‌and‌‌grafts‌‌them‌‌onto‌‌VGG’s‌‌final‌‌3‌‌fully-connected‌‌layers.‌‌Additionally,‌                           

333 the‌ ‌number‌ ‌of‌ ‌units‌ ‌per‌ ‌layer‌ ‌decreased‌ ‌(Table‌ ‌1).‌ ‌Sticknet8‌ ‌contains‌ ‌119,000‌ ‌trainable‌ ‌parameters.‌‌ ‌  

‌ 

334 Pytorch‌ ‌framework.‌ ‌‌We‌ ‌trained‌ ‌networks‌ ‌using‌ ‌Pytorch‌ ‌(Paszke,‌ ‌2019).‌ ‌Each‌ ‌network‌ ‌had‌ ‌either‌‌the‌‌                           

335 VGG11‌‌or‌‌Sticknet8‌‌architecture‌‌with‌‌random‌‌initial‌‌weights.‌‌Each‌‌network‌‌configuration‌‌is‌‌described‌‌by‌‌                           

336 the‌ ‌names‌ ‌of‌ ‌their‌ ‌control‌ ‌nonlinearities‌ ‌and‌ ‌their‌ ‌corresponding‌ ‌parameter‌ ‌values.‌ ‌We‌ ‌initialized‌ ‌10‌‌                           

337 instances‌ ‌of‌ ‌the‌ ‌base‌ ‌network‌ ‌with‌ ‌random‌ ‌weights,‌ ‌then‌ ‌replaced‌ ‌every‌ ‌ReLU‌ ‌layer‌ ‌with‌ ‌a‌‌                             

338 MixedActivationLayer,‌ ‌alternating‌ ‌the‌ ‌control‌ ‌nonlinearities‌ ‌across‌ ‌each‌ ‌unit‌ ‌in‌ ‌the‌ ‌layer.‌ ‌ 

‌ 

339 Training‌ ‌dataset‌ ‌and‌ ‌procedure.‌ ‌We‌ ‌trained‌ ‌our‌ ‌networks‌ ‌for‌ ‌image‌ ‌classification‌ ‌on‌ ‌the‌ ‌CIFAR-10‌‌                           

340 dataset—a‌‌10-class‌‌set‌‌of‌‌32x32‌‌pixel‌‌images‌‌with‌‌6000‌‌images‌‌per‌‌class,‌‌broken‌‌into‌‌5000‌‌training‌‌and‌‌                                 

341 1000‌‌validation‌‌images‌‌(Krizhevsky,‌‌2009).‌‌Networks‌‌are‌‌optimized‌‌for‌‌top-1‌‌accuracy‌‌via‌‌cross-entropy‌‌                         

342 loss‌ ‌using‌ ‌the‌ ‌training‌ ‌algorithm‌ ‌Adam,‌ ‌which‌ ‌picks‌ ‌the‌ ‌best‌ ‌learning‌ ‌rate‌ ‌per‌ ‌network‌ ‌parameter‌‌                             

343 (Kingma,‌‌2015).‌‌This‌‌counteracts‌‌effects‌‌observed‌‌when‌‌using‌‌stochastic‌‌gradient‌‌descent‌‌where‌‌a‌‌global‌‌                           

344 learning‌‌rate‌‌can‌‌lead‌‌to‌‌different‌‌observed‌‌rates‌‌of‌‌change‌‌in‌‌loss‌‌depending‌‌on‌‌the‌‌choice‌‌of‌‌activation‌‌                                   

345 function.‌ ‌For‌ ‌each‌ ‌network‌ ‌configuration,‌ ‌10‌ ‌random‌ ‌initializations‌ ‌are‌ ‌trained‌‌independently‌‌to‌‌assess‌‌                         

346 statistical‌ ‌significance,‌ ‌using‌ ‌the‌ ‌same‌ ‌optimal‌ ‌learning‌ ‌rate‌ ‌selected‌ ‌for‌ ‌each‌ ‌network‌ ‌configuration.‌‌                         

347 VGG11‌ ‌and‌ ‌Sticknet8‌ ‌networks‌ ‌were‌ ‌trained‌ ‌without‌ ‌using‌ ‌a‌ ‌learning‌ ‌rate‌ ‌scheduler‌ ‌for‌ ‌500‌ ‌or‌ ‌300‌‌                               

348 epochs‌ ‌respectively.‌ ‌ 

‌ 

‌ 

‌ 

‌ 
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‌ 

349 Table‌ ‌1.‌ ‌Description‌ ‌of‌ ‌network‌ ‌architectures.‌‌ ‌  

‌ 

‌ 

‌ 

Layer‌ ‌  VGG11‌ ‌  Sticknet8‌‌ ‌  

Conv1‌ ‌  64‌ ‌filters‌ ‌  8‌ ‌filters‌ ‌ 

Activation1‌ ‌  64‌ ‌units‌ ‌  8‌ ‌units‌ ‌ 

MaxPool1‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌ 

Conv2‌ ‌  128‌ ‌filters‌ ‌  16‌ ‌filters‌ ‌ 

Activation2‌ ‌  128‌ ‌units‌ ‌  16‌ ‌units‌ ‌ 

MaxPool2‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌ 

Conv3‌ ‌  256‌ ‌filters‌ ‌  -‌ ‌ 

Activation3‌ ‌  256‌ ‌units‌ ‌  -‌ ‌ 

Conv4‌ ‌  256‌ ‌filters‌ ‌  -‌ ‌ 

Activation4‌ ‌  256‌ ‌units‌ ‌  -‌ ‌ 

MaxPool4‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌  -‌ ‌ 

Conv5‌ ‌  512‌ ‌filters‌ ‌  -‌ ‌ 

Activation5‌ ‌  512‌ ‌units‌ ‌  -‌ ‌ 

Conv6‌ ‌  512‌ ‌filters‌ ‌  -‌ ‌ 

Activation6‌ ‌  512‌ ‌units‌ ‌  -‌ ‌ 

MaxPool6‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌  -‌ ‌ 

Conv7‌ ‌  512‌ ‌filters‌ ‌  -‌ ‌ 

Activation7‌ ‌  512‌ ‌units‌ ‌  -‌ ‌ 

Conv8‌ ‌  512‌ ‌filters‌ ‌  -‌ ‌ 

Activation8‌ ‌  512‌ ‌units‌ ‌  -‌ ‌ 

MaxPool8‌ ‌  Kernel=2,‌ ‌stride=2‌ ‌  -‌ ‌ 

FC9‌ ‌  4096‌ ‌units‌ ‌  128‌ ‌units‌ ‌ 

Activation9‌ ‌  4096‌ ‌units‌ ‌  128‌ ‌units‌ ‌ 

FC10‌ ‌  4096‌ ‌units‌ ‌  128‌ ‌units‌ ‌ 

Activation10‌ ‌  4096‌ ‌units‌ ‌  128‌ ‌units‌ ‌ 

FC11‌ ‌  4096‌ ‌units‌ ‌  128‌ ‌units‌ ‌ 
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‌ 
350 Figure‌‌4.‌‌‌Learning‌‌rate‌‌vs.‌‌cross-entropy‌‌loss‌‌over‌‌a‌‌single‌‌training‌‌epoch.‌‌Lower‌‌learning‌‌rates‌‌fail‌‌to‌‌improve‌‌                                   
351 the‌ ‌loss,‌ ‌while‌ ‌higher‌ ‌learning‌ ‌rates‌ ‌cause‌ ‌it‌ ‌to‌ ‌diverge.‌ ‌The‌ ‌best‌ ‌value‌ ‌is‌ ‌somewhere‌‌on‌‌the‌‌negative‌‌slope‌‌                                     
352 between‌‌~5e-4‌‌and‌‌1e-2‌‌(Smith‌‌2015).‌‌We‌‌initialized‌‌(Take‌‌learning‌‌rate,‌‌blue‌‌dot)‌‌each‌‌network‌‌configuration‌‌                               
353 with‌ ‌50%‌ ‌of‌ ‌the‌ ‌maximum‌ ‌learning‌ ‌rate‌ ‌(Peak‌ ‌learning‌ ‌rate,‌ ‌green‌ ‌dot).‌‌ ‌  

‌ 

354 Network‌ ‌training‌ ‌and‌ ‌initial‌ ‌learning‌ ‌rate‌ ‌selection.‌ ‌Given‌ ‌that‌ ‌our‌ ‌networks‌ ‌contain‌ ‌mixtures‌ ‌of‌‌                           

355 activation‌ ‌functions‌ ‌with‌ ‌different‌ ‌input/output‌ ‌scaling‌ ‌properties,‌ ‌it‌ ‌was‌ ‌important‌ ‌to‌ ‌use‌ ‌a‌ ‌training‌‌                           

356 procedure‌ ‌that‌ ‌would‌ ‌optimize‌ ‌individual‌ ‌parameters‌ ‌at‌ ‌different‌ ‌learning‌ ‌rates.‌ ‌However,‌ ‌Adam‌ ‌-‌ ‌our‌‌                           

357 optimizer‌‌(Kingma,‌‌2015)‌‌-‌‌is‌‌sensitive‌‌to‌‌the‌‌initial‌‌global‌‌learning‌‌rate‌‌specified‌‌during‌‌instantiation.‌‌As‌‌                               

358 with‌ ‌stochastic‌ ‌gradient‌ ‌descent,‌ ‌specifying‌ ‌too‌ ‌low‌ ‌an‌ ‌initial‌ ‌learning‌ ‌rate‌ ‌results‌ ‌in‌ ‌small‌ ‌updates‌ ‌to‌‌                               

359 network‌‌parameters‌‌that‌‌fail‌‌to‌‌reduce‌‌the‌‌loss‌‌function‌‌over‌‌many‌‌training‌‌epochs,‌‌while‌‌specifying‌‌too‌‌                               

360 high‌‌a‌‌learning‌‌rate‌‌prevents‌‌the‌‌optimizer‌‌from‌‌finding‌‌loss‌‌minima,‌‌leading‌‌to‌‌divergent‌‌behavior.‌‌This‌‌                               

361 effect‌ ‌is‌ ‌particularly‌ ‌challenging‌ ‌in‌ ‌our‌ ‌case‌ ‌because‌ ‌a‌ ‌given‌ ‌network‌ ‌configuration‌ ‌can‌ ‌have‌ ‌its‌ ‌own‌‌                               

362 optimum‌ ‌initial‌ ‌learning‌ ‌rate‌ ‌that‌ ‌if‌ ‌used‌ ‌to‌ ‌train‌ ‌other‌ ‌configurations‌ ‌can‌ ‌significantly‌ ‌hamper‌ ‌their‌‌                             

363 learning,‌ ‌making‌ ‌comparisons‌ ‌of‌ ‌final‌ ‌accuracy‌ ‌less‌ ‌meaningful.‌ ‌Therefore‌ ‌we‌ ‌adopted‌ ‌a‌ ‌routine‌ ‌to‌‌                           

364 choose‌ ‌the‌ ‌best‌ ‌initial‌ ‌learning‌ ‌rate‌ ‌per‌ ‌network‌ ‌configuration‌ ‌from‌ ‌a‌ ‌range‌ ‌of‌ ‌values‌ ‌based‌ ‌on‌ ‌loss‌‌                                 

365 recorded‌‌at‌‌each‌‌value‌‌(Smith‌‌2015).‌‌The‌‌global‌‌learning‌‌rate‌‌is‌‌swept‌‌from‌‌low‌‌to‌‌high‌‌over‌‌the‌‌course‌‌of‌‌                                       

366 a‌ ‌single‌ ‌training‌ ‌epoch,‌ ‌stepping‌ ‌the‌‌learning‌‌rate‌‌and‌‌recording‌‌the‌‌loss‌‌after‌‌each‌‌minibatch.‌‌The‌‌best‌‌                                 

367 initial‌‌learning‌‌rate‌‌is‌‌then‌‌determined‌‌to‌‌be‌‌the‌‌highest‌‌value‌‌before‌‌loss‌‌starts‌‌to‌‌diverge,‌‌i.e.‌‌the‌‌lowest‌‌                                     

368 point‌ ‌of‌ ‌the‌ ‌LR-loss‌ ‌profile‌ ‌in‌ ‌Figure‌ ‌4.‌ ‌This‌ ‌value‌ ‌is‌ ‌averaged‌ ‌across‌ ‌10‌ ‌network‌ ‌initializations‌ ‌per‌‌                                 

369 configuration,‌‌divided‌‌by‌‌2‌‌to‌‌account‌‌for‌‌variance‌‌in‌‌the‌‌LR-loss‌‌profile‌‌across‌‌initializations‌‌that‌‌might‌‌                               

370 cause‌ ‌the‌ ‌routine‌ ‌to‌ ‌select‌ ‌too‌ ‌high‌ ‌a‌ ‌value,‌ ‌and‌ ‌given‌ ‌as‌ ‌input‌ ‌to‌ ‌the‌ ‌Adam‌ ‌optimizer‌ ‌at‌ ‌the‌ ‌start‌ ‌of‌‌                                         

371 training.‌ ‌ 

‌ 
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372 Max‌‌and‌‌Linear‌‌Predictions.‌‌‌For‌‌each‌‌mixed‌‌network,‌‌we‌‌define‌‌a‌‌maximum‌‌and‌‌linear‌‌prediction.‌‌For‌‌                               

373 each‌ ‌corresponding‌ ‌control‌ ‌network,‌‌we‌‌compute‌‌the‌‌average‌‌validation‌‌accuracy‌‌across‌‌the‌‌10‌‌random‌‌                           

374 initiations,‌ ‌and‌ ‌refer‌ ‌to‌ ‌this‌ ‌as‌ ‌the‌ ‌control‌ ‌accuracy.‌ ‌The‌ ‌maximum‌ ‌prediction‌ ‌is‌ ‌the‌‌maximum‌‌control‌‌                               

375 accuracy‌ ‌across‌ ‌all‌ ‌corresponding‌ ‌control‌ ‌networks.‌ ‌The‌ ‌linear‌ ‌prediction‌ ‌is‌ ‌the‌ ‌weighted‌ ‌average‌‌                         

376 between‌ ‌the‌ ‌corresponding‌ ‌control‌ ‌networks.‌ ‌Unless‌ ‌otherwise‌ ‌specified,‌ ‌our‌ ‌control‌ ‌networks‌ ‌were‌‌                       

377 mixed‌ ‌in‌ ‌a‌ ‌1:1‌ ‌ratio,‌ ‌so‌ ‌the‌ ‌weighted‌ ‌average‌ ‌was‌ ‌a‌ ‌simple‌‌average.‌‌Where‌‌presented‌‌in‌‌the‌‌text,‌‌95%‌‌                                     

378 confidence‌ ‌intervals‌ ‌were‌ ‌computed‌ ‌by‌ ‌assuming‌ ‌normally‌ ‌distributed‌ ‌variations‌ ‌across‌‌the‌‌10‌‌random‌‌                         

379 initiations.‌‌ ‌  

380 To‌‌establish‌‌statistical‌‌significance‌‌for‌‌our‌‌mixed‌‌networks‌‌compared‌‌to‌‌their‌‌control‌‌cases‌‌we‌‌utilized‌‌a‌‌                               

381 1-sided‌ ‌t-test‌ ‌between‌ ‌control‌ ‌and‌ ‌mixed‌ ‌networks.‌ ‌Pairs‌ ‌of‌ ‌initializations‌ ‌from‌ ‌both‌ ‌groups‌ ‌were‌‌                           

382 randomly‌ ‌selected.‌ ‌We‌ ‌corrected‌ ‌for‌ ‌multiple‌ ‌comparisons‌ ‌using‌‌the‌‌Benjamini-Hochberg‌‌correction‌‌to‌‌                       

383 produce‌ ‌a‌ ‌corrected‌ ‌false-positive‌ ‌rate‌ ‌of‌ ‌p=0.05.‌ ‌ 

‌ 
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