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Abstract

The theoretical investigation of how spatial structure affects the evolution of so-
cial behavior has mostly been done under the assumption that parent-offspring
strategy transmission is perfect, i.e., for genetically transmitted traits, that muta-
tion is very weak or absent. Here, we investigate the evolution of social behavior
in structured populations under arbitrary mutation probabilities. We consider
populations of fixed size N, structured such that in the absence of selection, all
individuals have the same probability of reproducing or dying (neutral repro-
ductive values are the all same). Two types of individuals, A and B, correspond-
ing to two types of social behavior, are competiting; the fidelity of strategy trans-
mission from parent to offspring is tuned by a parameter u. Social interactions
have a direct effect on individual fecundities. Under the assumption of small
phenotypic differences (weak selection), we provide a formula for the expected
frequency of type A individuals in the population, and deduce conditions for
the long-term success of one strategy against another. We then illustrate this
result with three common life-cycles (Wright-Fisher, Moran Birth-Death and
Moran Death-Birth), and specific population structures (graph-structured pop-
ulations). Qualitatively, we find that some life-cycles (Moran Birth-Death, Wright-
Fisher) prevent the evolution of altruistic behavior, confirming previous results
obtained with perfect strategy transmission. We also show that computing the
expected frequency of altruists on a regular graph may require knowing more

than just the graph’s size and degree.
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.1 Introduction

2 Most models on the evolution of social behavior in structured populations study
s the outcome of competition between individuals having different strategies and
4 assume that strategy transmission from parents to their offspring is almost per-
5 fect (i.e, when considering genetic transmission, that mutation is either vanish-
¢ ingly small or absent). This is for instance illustrated by the use of fixation prob-
7 abilities to assess evolutionary success (e.g., Nowak et al., 2004; Nowak, 2006;
s Ohtsuki et al., 2006). Yet, mutation has been shown to affect the evolutionary
o fate of social behavior (Frank, 1997; Tarnita et al., 2009) and is, more generally,
10 a potentially important evolutionary force. Here, we explore the role of imper-
11 fectstrategy transmission—genetic or cultural—from parents to offspring on the
12 evolution of social behavior, when two types of individuals, with different social
13 strategies, are competing. We are interested in evaluating the long-term success
14 of one strategy over another.

15 A population in which mutation is not close (or equal) to zero will spend a
16 non-negligible time in mixed states (i.e., in states where both types of individ-
17 uals are present), so instead of fixation probabilities, we need to consider long-
18 term frequencies to assess evolutionary success (Tarnita et al., 2009; Wakano &
19 Lehmann, 2014; Tarnita & Taylor, 2014). We will say that a strategy is favored
20 by selection when its expected frequency is larger than what it would be in the
21 absence of selection.

22 In this study, we consider populations such that, in the absence of selection
23 (when social interactions have no effect on fitness), all individuals have equal

24 chances of reproducing, and equal chances of dying. In other words, in such a
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25 population of size N, the neutral reproductive value of each site is 1/ N (Taylor,
26 1990; Maciejewski, 2014; Tarnita & Taylor, 2014). We provide a formula that gives
2z thelong-term frequency of a social strategy in any such population, for arbitrary
28 mutation rates, and for any life-cycle (provided population size remains equal
29 to N). This formula is a function of the probabilities that pairs of individuals
so are identical by descent. These probabilities are obtained by solving a linear
31 system of equations, and we present explicit solutions for population structures
s2 with a high level of symmetry (structures that we call “n-dimensional graphs”).
33 We finally illustrate our results with widely used updating rules (Moran models,

s+  Wright-Fisher model) and specific population structures.

s 2 Models and Methods

s Population structures

37 We consider a population of fixed size N, where each individual inhabits a site
ss corresponding to the node of a graph D; each site hosts exactly one individual.
s The edges of the graph, {d;;}1<; j<n, define where individuals can send their
a0 offspring to; we consider graphs D that are connected, i.e., such that following
41 the edges of the graph, we can go from any node to any other node. Another
42 graph, &, with the same nodes as graph D but with edges {e; jh=ij=N» defines
a3 the social interactions between the individuals; £ can be the same graph as D,
4« but does not have to be (Taylor et al., 2007a; Ohtsuki et al., 2007; Débarre et al.,
45 2014). The edges of the two graphs can be weighted (i.e., d;; and e;; can take
46 any non-negative value) and directed (i.e., we can have d;; # dj,- ore;j # ejj for

47 some sites i and j). Finally, we denote by D and E the adjacency matrices of the
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ss dispersal and interaction graphs, respectively.

ss  Regular dispersal graphs In this study, we focus on dispersal graphs that are
so regular, i.e, such that for all sites i, the sum of the edges to i and the sum of the

51 edges from i are both equal to v:

M=

2. dji=v, 1)

N
D dij=
=g

I
—

52 where v is called degree of the graph when the graph is unweighted. All the
53 graphs depicted in the article satisfy eq. (1). Note that there is no specific con-
54 straint on the interaction graph £.

55 More detailed results are then obtained for regular graphs that display some

s6 level of symmetry, that we now describe:

57 Transitive dispersal graphs A transitive graph is such that for any two nodes
ss [ and j of the graph, there is an isomorphism that maps i to j (Taylor et al.,
se  2007a; ?); in other words, the graph looks the same from every node. In figure 1,

eo graphs (b)—(e) are transitive.

61 Transitive undirected dispersal graphs A graph is undirected if for any
s2 twonodes i and j, d;; = dj;. In figure 1, graphs (b), (c), (e) are both transitive

63 and undirected.

64 “n-dimensional” dispersal graphs We call “n-dimensional graphs” tran-
es sitive graphs whose nodes can be relabelled with n-long indices, such that the

es graph is unchanged by circular permutation of the indices in each dimension.
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n-dimensional

Figure 1: Examples of regular graphs of size 12. The graphs on the first line are
unoriented and unweighted graphs of degree v = 3; Graph (d) is oriented, graph (e)
is weighted. (a) is the Frucht graph, and has no symmetry. Graphs (b) and (d) are

one-dimensional, graphs (c) and (e) are two-dimensional (see main text).

67 The graphs can be directed and weighted. We denote by A/ the ensemble of
s nodeindices: N = {0,..., Ny =1} x---x{0,..., N — 1}, with [T}_; N, = N; number-
eo ingis done modulo Ny in dimension k. Then for all indices i, j and ! of A/, node

70 labelling is such that for all edges (modulo the size of each dimension),

dij=dik,j+k- )

71 Infigure 1, graphs (b) and (d) are 1-dimensional: we can label their nodes such
72 that the adjacency matrices are circulant. Graphs (c) and (e) are 2-dimensional:
73 the adjacency matrices are block-circulant, with each block being circulant. In
74 1(c), one dimension corresponds to the angular position of a node (N; = 6 posi-

75 tions), and the other dimension to the radial position of a node (N, = 2 positions,


https://doi.org/10.1101/082503
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/082503; this version posted October 21, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY 4.0 International license.

76 inner or outer hexagon). In 2(e), one dimension corresponds to the horizontal
77 position of a node (N; = 4 positions) and the other to the vertical position of a
7s node (N, = 3 positions). Condition eq. (2) may sound strong, but is satisfied for
7o the regular population structures classically studied, like stepping-stones (e.g.,

so cycle graphs, lattices), or island models (Taylor, 2010; Taylor et al., 2011).

s1 Types of individuals and social interactions

g2 There are two types (A and B) of individuals in the population, corresponding to
83 two strategies of social behavior. There are no mixed strategies: an individual of
84« type A plays strategy A, and individuals do not change strategies. The indicator
g5 variable X; represents the type of the individual present at site i: X; is equal to 1
ss if the individual at site i is of type A, and X; is equal to 0 otherwise (X; = 1 4(i)).
87 A N-long vector X gathers the identities of all individuals in the population, and
ss X is the population average of X (X =X N | X;/N).

89 Individuals in the population reproduce asexually. Fecundities are affected
90 by social interactions, and are gathered in a N-long vector f. We assume that
91 the genotype-phenotype map is such that the two types A and B are close in
92 phenotype space: the individual living at site i expresses a phenotype 6 X;, with
93 0 <« 1 (afeature called “6-weak selection” by Wild & Traulsen (2007)).

94 An individual’s fecundity depends on its own phenotype and on its interac-
95 tion neighborhood. Interaction neighborhoods are determined by the interac-

96 tion graph &, and the effect of social interactions on fecundity are given by a
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o7 function ¢p. We assume that the baseline fecundity is ¢(0,0) = 1, so that

fi(X,0) =¢(5Xi,zeli5Xl)
7
(3a)
=1+6

X;001y(0,0) +§euxza(2)</>(0,0) +0(6%),

e where d;,,)¢(0,0) represents the partial derivative of ¢ with respect to its n' ele-
99 ment, evaluated at (0,0), and Y_; refers to the sum Zfi 1° If we write b = 02)¢(0,0)

100 and —c=09()¢(0,0), then eq. (3a) becomes
fi(X,5) = 1+5(—cX,~ +bZelin) +0(6%). (3b)
!

101 Our results are valid for any b and c, but throughout the article, we will consider
102 the case where b > 0 and c > 0, so that type-A individuals are “altruists”, and
103 we will seek to understand the impact of imperfect strategy transmission on the
104 frequency of altruists. When § = 0, all individuals in the population, whichever

105 their type, have the same fecundity: the trait is then neutral.

s Reproduction and mutation

107 The expected number of successful offspring established at site j at the next
108 time step, descending from the individual who is living at site i at the current
109 time step, is denoted by Bj; (f(X,6)), written Bj; for simplicity. “Successful off-
1o spring” of a focal individual means individuals who descend from this focal in-
111 dividual and who are alive and established at the start of the next time step.
112 Because there is exactly one individual per site, 0 < B;j; < 1. Mutation among

1z offspring occurs with probability i, 0 < ¢ < 1; when mutation occurs, the off-
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114 spring are of type A with probability p and of type B otherwise (0 < p < 1). For
115 instance, under this mutation scheme, the offspring of an individual of type A
116 is also of type A with probability 1 — u+ up (Taylor et al., 2007b; Nowak et al.,
117 2010; Tarnita & Taylor, 2014). The parameter p controls the asymmetry of muta-
1e  tion, and it is also the expected frequency of type- A individuals in the absence
119 of selection (i.e., when § = 0). Although we use the word “mutation”, which hints
120 at a genetic transmission of the trait, this framework can also describe vertical
121 cultural transmission, so ¢ does not have to be small. The mutation probability,
122 however, cannot be zero; if it were, the all- A and all- B states would be absorb-
123 ing: we would end up either with only type-A or only type-B individuals in the
124 population, and we would not be able to define a stationary distribution of pop-
125 ulation states—for similar reasons, p cannot be 0 nor 1.

126 We denote by D;(f(X,6)) (or D; for simplicity) the probability that the indi-
127 vidual living at site i is dead at the beginning of the next time step, given that the
128 population is currently in state X. This probability of death at site i can be ex-
120 pressed as a function of the probabilities of birth and establishment of offspring

130 at site 7, summing over the locations j of the potential parents:
N
D;=) Bij. (4)
j=1

131 There is exactly one individual per site, so at a given site i, there can be at most
132 one successfully established offspring at each time step, and 0 < D; < 1. On the

133 other hand, the expected number of offspring of the parent currently living at

10
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134 siteiis0 < Z;VZIBJ,- < N. We denote by

N
VViZZBﬁ+(1—Di) )
=1

135 the expected contribution to the next time step of the individual living in site j:
136 this includes this individual’s successful offspring, and the individual itself if it
137 survived—a quantity that we can also refer to as “fitness”.

138 Finally, we are considering population structures such that in the absence of
139 selection (6 = 0), all individuals have the same probability of reproducing, and
140 all individuals have the same probability of dying—meaning that all sites in the
141 population have the same reproductive value 1/N (Taylor, 1990; Caswell, 2001;

142 Maciejewski, 2014); this implies that for all sites i

N
> Bji(f(X,0) = B* = D;(f(X,0)). (6)
j=1

143 Life-cycles

124 Most of our results are derived without specifying a life-cycle (also called “up-
145 dating rule”). In the [llustrations section, we will give specific examples using
146 classical life-cycles: Moran models (Birth-Death and Death-Birth), with exactly
147 one birth and one death during a time step, and the Wright-Fisher model, where

14 all adults die and are replaced by new individuals at the end of a time step.

11
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s 3 Results

1

IS

150 Expected frequency of type- A individuals in the population

151 We describe here the key steps of the computation of the expected frequency
152 of type- A individuals in the population and refer the reader to Appendix A for
153 mathematical details.

154 The expected frequency of type- A individuals in the population, denoted by
155 [E[Y], can be computed from the stationary distribution of population states,
156 considering what happens during one during step. We denote by Q the set of
157 all possible states of the population and by ¢(X, 6§, ) the probability that the
158 population is in state X, in a model with strength of selection (phenotype dif-
159 ferences) 6 and mutation probability u (¢ is the stationary distribution of pop-
160 ulation states). Given state X of the population, at the end of the time step, the
161 state of the individual living at site i depends on whether it has survived dur-
162 ing the time step (first term within the brackets of eq. (7)), and, if it has been
163 replaced, on the type of the newly established offspring (second term within the

164 brackets); we then take the expectation over all population states, and obtain:

— 1 N N
E[X]= Y =Y |Q-D)Xi+ ¥ Bij (X; Q- +pp) |EX,6,w). @
xeaNi=1 j=1

165 This is the expected frequency of type- A individuals in the population. For in-
166  stance, if we run a simulation of the model for a very long time, the average over
167 time of the frequency of type-A individuals will provide an estimation of [E[Y];
168 this quantity does not depend on the initial state of the population.

169 We then assume that selection is weak, i.e., 0 is small, and write a first-order

12
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170 expansion of eq. (7) that contains derivatives of ¢, D; and B;; with respect to é.
171 For the last two, we further use the chain rule with the variables f, which rep-
172 resent the fecundity of the individual living at site k. In doing so, we let appear
173 quantities that are the expectations of the state of pairs of sites when no selec-
174 tion is acting (i.e., when & = 0; we call these “neutral expectations” and ¢ (X, 0, u)

175 is called neutral stationary distribution):

Pj= Y XjXp&(X,0,1) =Eo[X;X¢]. (8)
XeQ
176 The fact that these neutral expectations appear in our equations does not

177 mean that selection is initially not acting and then “turned on”: selection is act-
178 ing all the time, but it is weak because phenotypic differences are small (6 <« 1).
179 At the first order in 6, we can ignore the effect of selection on the expected state
180 of pairs of sites, and this is why we only need neutral expectations (eq. (8)).

181 Eventually, we deduce that the expected frequency of individuals of type A

182 in the population can be written as

E[X] = p+ (ﬁb_yc), ©)
uB " N
183 with
p= X (Z(l‘ﬂ)akaij—0ka1)€sz;1 +u ¥ 04Bijewp?, (10a)
AeI\d ikl
Y= Z}C(Z(l _H)akaij —6kaj) ij +H.Z‘kakaij pz, (10b)
Jk\i ij,

184 with P as definedineq. (8) and 0 fe being a shorthand notation for aifk 520" Eq. (9)

13
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185 is an approximation at the first order in § (we neglect terms in 62 and higher). A
186 weak mutation approximation of eq. (9) is presented in Appendix A.4.
187 The formulas for § and y (eq. (10a)-eq. (10b)) are still implicit, because we

188 need to evaluate the P;; terms, which we now do.

189 Expected state of pairs of sites at neutrality

190 Werecall that P;}, defined in eq. (8), is also the probability that both sites i and j
191 are occupied by individuals of type A, at neutrality (i.e., when 6 = 0). Under van-
192 ishing mutation (u — 0), convenient connections can be made between identity
193 in state and identity-by-descent (Cockerham & Weir, 1993; Rousset et al., 2000),
194 and then with coalescence times (Slatkin, 1991, 1993; Rousset, 2004; Allen et al.,
195 2012). Here as well, we can characterize P;; in terms of probabilities of identity-
196 by-descent, Q;;. Two individuals at sites i and j are said to be identical by de-
197 scent (IBD) if they share a common ancestor and if no mutation occurred in
198 their lineages since this common ancestor (Kimura & Crow, 1964, note though
199 that the original definition is with an infinite allele model, where each mutation
200 creates a new allele). If two individuals are IBD, then they are both of type A
201 with probability p, the expected state of a single individual at neutrality. If two
202 individuals are not IBD, then they are both of type A with probability p?. Sim-
203 plifying, we obtain

Pij=p*+Qijp(1-p) an

204 (Allen & Nowak, 2014) (see Appendix B.1 for more details). Eq. (11) also valid
206 when i = j. So we can work with IBD relationships.

206 To find the probabilities of identity-by-descent, we first write the probability

14
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207 that two individuals at sites i and j are IBD given the state X of the population at
208 the previous time step, and then take the expectation of this conditional prob-
209 ability. We can still do so without specifying the way the population is updated
210 (using notation as in Allen et al. (2015)), and the resulting equation is presented
211 in Appendix B.1, eq. (B.1). This equation can also be adapted to specific up-
212 dating rules, as shown in the Illustrations section (details of the calculations are
213 provided in Appendix B).

214 Keeping in mind that Q;; = Qj; and that Q;; = 1, we then have to solve a
215 linear system of N(NN —1)/2 equations to obtain explicit formulas for all the Q;;
216 terms, for any regular graph. More explicit formulas for Q;; can be found for
217 regular graphs, and in particular for n-dimensional graphs, as we will see in the
218 [llustrations section. Finally, we can gather all probabilities of identity by de-

219 scentin a matrix Q.

220 Back to the expected frequency of type- A individuals

221 Using the relationship between the expected state of pairs of sites P;; and prob-
222 abilities of identity-by-descent Q;; (eq. (11)), we can rewrite eq. (9) as follows:

223

— (1I-p)
[E[X]zp+5—p " P [b(z eklalej ij)—c(zafkwj ij”, (12)
uB* N ikl Tk

224 where as before 0y, is a shorthand notation for 0%6 |5_0 ; Wj, the fitness of indi-

225 vidual j, was defined in eq. (5).

226 Interpretation For each focal individual at site k, we consider the influence

227 thatthisindividual can have on an identical-by-descent individual at site j (Q k)

15
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228 The focal k can directly provide a benefit to j (bex;) and hence affect j’s fitness
229 (0 fjo ), but k can also provide a benefit to another individual / (b ey;), and the
230 resulting change of I's fecundity affects j’s fitness (05 W;). By paying the cost of
231 being of type A (c), k affects its own fitness (0 ; Wi) but also indirectly the fitness

232 of j (akaj).

233 Structure parameter We say that a strategy is favored if its frequency at the
23« mutation-selection-drift equilibrium is higher than what it would be in the ab-
235 sence of selection. For type A, this translates into [E[Y] > p . With eq. (12), this

236 condition becomes
Yik1ek0sWi Qjk
Yjk0rWjQjk

K

b-c>0. (13)

237 Hence, a single parameter, x, summarizes, for a given life-cycle, the structure
238 of the population and the effect of mutation (Tarnita et al., 2009; Taylor & Ma-
239 ciejewski, 2012); « is interpreted as a scaled coefficient of relatedness, that in-

240 cludes the effect of competition (Lehmann & Rousset, 2010).

. 4 Illustrations

22 Updating rules

243 The results presented so far were valid for any updating rule, provided it is such
244 thatpopulation size remains equal to N. We now express the expected frequency
245 of type- A individuals for specific updating rules, commonly used in studies on
246 the evolution of altruistic behavior in structured populations: the Moran model

247 and the Wright-Fisher model. Under a Moran model (Moran, 1962), exactly one

16
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248 individual dies and one individual reproduces during one time step; hence, at
249 neutrality, B* = 1/N (B* was defined in eq. (6)). The order of the two events
250 matters, so two updating rules are distinguished (Ohtsuki & Nowak, 2006; Oht-
251 suki et al., 2006): Birth-Death and Death-Birth. In both cases, payoffs are com-

252 puted at the start of each time step, before anything happens.

253  Moran model, Birth-Death

25« Anyregular graph Under a Birth-Death (BD) updating, an individual j is cho-
255 sen to reproduce with a probability equal to its relative fecundity in the popula-
256 tion (fj/); f1); then its offspring disperses at random along the D graph, and so
257 displaces another individual i with a probability d;;/v, so that

fi dji N Lifidij

Bjji=———,and D; = Bijj=—. (14)
YUOXifiv ! ,:Zl vy

253 Note that with this updating rule, the probability of dying D; depends on the
259 composition of the population. With these probabilities of reproducing and dy-

260 ingeq. (12) becomes, using the matrix notation,

E[X] ~ p+5p( —P) [ ( Tr(E-Q) — —Tr(E D Q)) (1— %Tr(D~Q))] ,
(15)
261 where Tr (M) denotes the trace of a matrix M, i.e., the sum of its diagonal ele-
262 ments. The factors of the benefits b and costs ¢ contain direct (first terms) and
263 indirect (second terms) effects. The term Tr (E- Q) / N, associated to direct effects
26+ of a benefit b, is the average probability of identity by descent with a social inter-

265 actant. It is discounted by the indirect effects Tr (E-D- Q) /(INv), corresponding
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266 to the effects of a change in fecundity of competitors; with this updating rule,
267 competitors are one dispersal step away. Under a Birth-Death updating rule in-
268 deed, the survival of an individual at site k is reduced if another individual j
269 sends its offspring to site k, an event that occurs if the two are neighbors on
270 the dispersal graph (d ;). So the competition neighborhood is determined by D
271 (Grafen & Archetti, 2008). Similarly, the direct cost of a social interaction is dis-
272 counted by the effects on competitors (Tr (D - Q) /(INv)). We can further note that
273 for all dispersal graphs, 1 — ﬁTr (D-Q) =0, i.e, that costs are always costly. We

274 will see below that benefits are not always beneficial (b’s factor can be negative).

275 Probabilities of identity by descent With this updating rule, the probabil-

276 ities of identity by descent satisfy, for any i and j # i,

1
Qij =7 % (dijQui + diiQxj). (16)

277 (see Appendix B.2 for details on the derivation). For generic regular graphs, we
278 have to solve a system of N(IN —1)/2 equations to find the probabilities of iden-

279 tity by descent.

280 Transitive undirected graphs When the graph is transitive and undirected,

281 probabilities of identity by descent verify

_ -1
il ) , 17

Q=Ay (IN——D
v

282 where Iy is the identity matrix, and A is such that Q; ; = 1 for all i (the »; index

283 stands for “Moran”). In addition, we have 0 < Aj; < 1. With eq. (17), eq. (15)
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28+ simplifies into

E[X] ~ p+ 620 —P [b( —n TE-Q | A Tr(E))—c(l—l_AM)]. (18)
u 1-p N l1-p N 1

285 The term Tr (E) /N corresponds to social interactions with oneself; it is usually
286 considered as null in the case of pairwise interactions, but is not for common
287 good type of interactions (when benefits are pooled and then redistributed). So
288 unless interactions with oneself are strong (large Tr (E) / N), the factor modulat-
289 ing the effect of benefits b is negative, and as a result the expected frequency of
200 altruists cannot be greater than what it would be in the absence of selection (i.e.,
291 [E[Y] <p)

292 Evaluating probabilities of identity by descent in transitive regular graphs
203 still requires the inversion of a N by N matrix (eq. (17)), which can limit applica-
204 tions. Results are simpler in graphs that match our definition of “n-dimensional
205 graphs”; they depend on the dimensionality » of the graph and are presented in

206 Appendix B.2.

297  Moral model, Death-Birth

208 Any regular graph Under a Death-Birth (DB) updating, the individual who is
299 going to die is chosen first, uniformly at random (i is chosen with probability
s00 1/N). Then, all individuals produce offspring, and one of them (one offspring of
a1 parent j wins with probability f;d;;/ 3 ; fid;;) displaces the individual chosen
302 to die. When d;; # 0, one needs to clarify whether the individual chosen to die

s03 reproduces before dying or not; here we assume that this is the case, but some
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so4 alternative formulations do not. Under this updating rule, we have

1 1 fidji
D;=—,and B;; = (19)
TN YUNY fidy
305 Using matrix notation, eq. (12) becomes
1
E[X] ~ p+5p( —P) [ ( Tr (E- Q)——Tr(E D-D”. Q))—c(l_mTr(D.DT.Q))],
%

(20)
ss where © denotes transposition. We can again identify direct and indirect effects
s07 of benefits and costs; the direct effects are the same as for the Birth-Death up-
sos dating rule, but the indirect effects differ, reflecting the fact that competitors are
309 now two dispersal steps away (Grafen & Archetti, 2008; Débarre et al., 2014). Un-
sio der a Death-Birth updating rule indeed, individuals j and k are competing for
a1 a site I whose occupant has just been chosen to die if both j and k can send
sz their offspring to i; this depends on dj;dy;, leading to the D - DT products in
s13 eq. (20). Again, we can also note that 1 - =5 Tr(D-D”-Q) = 0, i.e,, that the costs

s14 are indeed costly.

315 Probabilities of identity by descent With the Death-Birth model as de-
s16  fined above, the system of equations for the probabilities of identity by descent

317 at neutrality is the same as in eq. (16).
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sis Transitive undirected graphs When the graph is transitive and undirected,

s19  eq. (17) still holds and eq. (20) simplifies into

H 1-w?) N l-p Nv  (A-p? N
_C(—u(z—u)+ Ay TrD)  Au )]
1-w? 1-p Nv  (1-p?

21)

s20  Wright-Fisher

st Under a Wright-Fisher model, generations are non-overlapping: all adults pro-
s22 duce offspring, then all adults die and the offspring disperse and compete for
323 establishment, so that

fidji

. (22)
X fidy

Dj = l,andBij =

32« In a Wright-Fisher model, at neutrality, B* = 1 (the entire population is renewed
325 at each generation; in a Moran model we had B* = 1/N); eq. (22) differing from
s26 its Moran Death-Birth equivalent (eq. (19)) by only a factor 1/ N, we end up with
327 the same equation as eq. (20) for the expected frequency of type- A individuals
s2s in the population. The difference between the Moran Death-Birth and Wright-
s20  Fisher life-cycles however lies in the evaluation of probabilities of identity by

330 descent.

331 Probabilities of identity by descent Under a Wright-Fisher model, the en-
ss2 tire population is replaced, so the equation is different from the one obtained

sss  under a Moran model; probabilities of identity by descent of two different indi-
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3¢ viduals satisfy (i # j)

d ,'d j
Qij=01 —M)Zz—kile- (23)
k,l v v

35 (see Appendix B.3 for details of the derivation.)

sss Undirected transitive graphs When the dispersal graph is undirected (D =

sz DT) and transitive, the probabilities of identity by descent verify

-2\
Q=Awr|In- Vzu DD| , (24)

sss  with Ay such thatforall i, Q;; = 1, and the wr index stands for “Wright-Fisher”.

ss9  With this, the expected frequency of type- A individuals becomes

[E[Y]:p+5”(1_”)[b(‘ﬂ(z—lzu)Tr(E-Q)+ AWFZTr(E))

H (1w N 1-w? N

_c(_H(Z—H)+ Awr )
(1-w?  Q-w?

(25)

s40 We canimmediately see the difference with the Moran Death-Birth case (eq. (21)),

s41 caused by a different equation for the probabilities of identity by descent Q. Cru-

s42 cially missing in eq. (25) is the positive term Av Tr(ED),

=i Nv without it, the factor as-

a43  sociated to the benefits b is negative unless interactions with oneself (Tr (E)) are
a4+ strong enough, as was the case with the Moran Birth-Death updating.

345 As for the Moran model, evaluating probabilities of identity by descent in
ass undirected transitive graphs (eq. (24)) involves the computation of the inverse
a7 of a N by N matrix. More explicit results can be obtained for “n-dimensional

ass graphs”; they are presented in Appendix B.3.
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us  Specific population structures

ss0  All numerical examples given in this section are derived with b >0 and ¢ >0, so
351 type- A individuals can be called altruists.

352 As an illustration, we explore the impact of mutation on the expected pro-
353 portion of type- A individuals in graph-structured populations, in which the same
s« graph defines dispersal and interactions among individuals (Lieberman et al.,

35 2005; Hindersin & Traulsen, 2015; McAvoy & Hauert, 2015), so that E=D.

ss6  Undirected transitive graphs When the graph undirected and transitive, the
357 equations for the expected frequency of altruists (type- A individuals) can be fur-

sss  ther simplified as follows:

Moran, Birth-Death

<1 p(1-p) (—uv B Am )_ (AM—u)]
E[X]=p+6 . [b (1—,u)2(1 /IM)+—1_ud11 c )| (26)

Moran, Death-Birth

-1 pa-p | (-r@-wv M Zedy  Au
E[X]~p+6 " [b( REnE a AMHI—# " +(1_#)2d11

(—p(Z—u)+/lM) Am dn
-c + — .
(1-pw? (1-pw v

27)

359 In both cases, 1), is obtained from eq. (17). Under a Wright-Fisher updating,

360 eq. (25) cannot be much further simplified.
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sst  Small graphs

se2 For regular graphs of small size, the probabilities of identity by descent can be
ses calculated directly using eq. (16) (Moran model) or eq. (23) (Wright-Fisher). In
s¢ figure 2, we show the value of E[ X] on three regular graphs that have the same
35 size (N = 12) and the same degree (v = 3), and we consider three common life-
se6 cycles in populations of fixed size (Moran Death-Birth, Moran Birth-Death, Wright-
ss7 Fisher). We compare the prediction based on eq. (9) (curves) to the outputs of
ses stochastic simulations (points). For all life-cycles, increasing the mutation prob-
se9  ability ymakesE [Y] closer to its value at the mutation-drift equilibrium (p). The
s7o curves corresponding to different structures are almost undistinguishable under
a7t a Moran model (figures 2(a) and (b))—the curve corresponding to the graph with
a2 no symmetry (red, squares) being a bit less similar though). In the Wright-Fisher
szs model (figure 2(c)) however, the effects of the three structures are clearly differ-
a7+ ent, even when p becomes very small: knowing only the size (V) and degree (v)
a5 of a regular graph is not enough in this case to precisely predict the expected

s7e  frequency of altruists in the population.

s77  Large graphs: variations on a circle

azs When the number of nodes gets larger, we have to concentrate on graphs with
a7e  a high level of symmetry. Here we will consider 1-dimensional graphs (graphs
ss0  whose nodes can be relabelled to satisfy eq. (2)) that are undirected, and hence
ss1 that can be categorised as undirected transitive graphs. For simplicity, we can
ss2 consider a circle graph, such that the nodes are arranged on a circle, and each

sss node is connected to its two neighbors only. Here, we assume that the num-
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Population structures
®

(a) Death-Birth (b) Birth-Death (c) Wright-Fisher
0.524 0.52+ 0.52 4
0.514 0.514 0.514
0.50 —M 0.50 0.50 1
%0.49 %0.49+ ®  1%0.49-
0.484 0.48 0.48
0.47 0.47 0.47 49/
0.46 - 0.46 - 0.46 -}
0.00 0.10 0.20 0.00 0.10 0.20 0.00 0.10 0.20
Mutation (w) Mutation (w) Mutation (u)

Figure 2: Expected frequency of type-A individuals E[X], depending on popu-
lation structure (legend on the first line), updating rule ((a): Moran Death-Birth,
(b): Moran Birth-Death, (c): Wright-Fisher), and mutation probability u (horizontal
axis): Comparison between the theoretical prediction (curves) and the outcomes
of numerical simulations (points). The horizontal dotted gray line corresponds to
p, the expected frequency of type-A individuals when there is no selection (i.e.,

when ¢ = 0). Other parameters: §=0.005, p =1/2.

s« ber of nodes is infinite: N — co. As previously, a given node hosts exactly one
sss individual (see figure 3(a)).

386 Under a Moran model, using eq. (B.12b), we find for y£ > 0

Amv=vpR-w, (28a)

se7 and, although the quantity is not needed to compute E [Y] under a Moran model,

sss the probability of identity by descent between two neighbors on the circle is
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s given by

1-v/2—-pw)
QMzTW; (28b)

se0 and we recover the formula presented in, e.g., Allen et al. (2012) (see Appendix B.2.4
so1 for details). This result is plotted in figure 3(c). We however need to note that the
s92 first-order approximation for E[X| fails when both u — 0 and N — oo: this is
ses  because the integral behind eq. (28a) does not converge when p — 0. Similarly,
s« forinstance, the first order approximation for the probability that two neighbors
ses are identical by descent 1 — u(IN—1), which was obtained by Taylor et al. (2007a),
se6 fails when N is too large compared to p.

397 The circle graph is too particular a graph for a Wright-Fisher updating. In-
sss deed, while we find the same equation for Ay as for A, in this case (eq. (28a)),
a9 the probability of identity by descent between neighbors is equal to 0. This is
s00 because all individuals reproduce at each time step, and their offspring can only
s01 establish on the node on the left or on the right of their parent, so that related-
a2 mness cannot build up. We can however modify the graph to allow for establish-
s0s  ment in the parent’s node: with probability (1 — m) the offspring remain where
a4+ the parent was, otherwise they move to the right or the left-hand side node (with
a5 probability m/2 for each; see figure 32(b)). In this case, we find the following

406 probability of identity by descent between neighbors:

u(2—,u)+2(1—,u)2m(1—m)—\/u(Z—p) (L+2m1-w)(2-p-2mQ1-pw)
20-w2mQ1-m)

Qwr = :
(29)
a7 (See Appendix B.3.4 for details.) The result is plotted in figure 3(d) for different

a0s values of the emigration probability m.
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(a) Circle graph (b) ...with self-loops
1 =m
_9-0-9. 03;8;&0
’ \ ’ 2 2 \
/ \ / \
[} 1 1] .
(c) Moran updating (d) Wright-Fisher updating
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S S .|
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o 00"1—1—1—1—\ e 00 T 1 1
0.0 0.4 0.8 0.0 0.4 0.8

Mutation (u) Mutation ()

Figure 3: Circle graphs, without (a) or with self-loops ((b); the weight of the self-
loop is 1—m), and Probability that two neighbors on the graph are identical by
descent, as function of the mutation probability u, for the Moran updating on an
infinite circle graph (c), and for the Wright-Fisher updating on an infinite circle
graph with self loops (d). In (d), emigration probabilities m take values 0.5, 0.75,

0.9, 0.999 (increasingly lighted curves).

0 5 Discussion

410 While most studies on the evolution of cooperation assume an almost perfect fi-
s11 delity of strategy transmission from parent to offspring, here, we explored the
s12 effect of arbitrary mutation on the evolution of social behavior in structured
«13 populations. We provide a formula (eq. (12)) that gives the expected frequency
412 of a given strategy, for any life-cycle, any mutation probability, and that is valid
s15  in populations of fixed size that are such that the reproductive values of all sites

s16 are equal (i.e., when all individuals have the same fecundity, they all have the
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417 same chance of actually reproducing). The formula depends on the probability
«1s  of identity by descent of pairs of individuals, and we show how to compute those

#19 in general.

20 ldentity by descent and expected state of pairs of sites

a1 The effects of social interactions depend on the actual types of the individuals
422 who interact. With imperfect strategy transmission from parents to their off-
a2s  spring (¢ > 0), common ancestry does not guarantee that two individuals are
a2« of the same type. The concept of identity by descent, as we use it in this arti-
425 cle, adds to common ancestry the condition that no mutation has occured in
426 the two individuals’ lineages since the common ancestor (Kimura & Crow, 1964;
a2z Taylor etal., 2007b), and hence garanties that the two individuals are of the same
428 type. Two individuals that are not IBD can be treated independently, and we can
429 hence relate the probability that the individuals at two sites i and j to their ex-
a0 pected state (eq. (11) and Allen & Nowak (2014)). Finally, equations with proba-
a3t bilities of identity by descent are much simpler than those for the expected state

a2 of pairs of sites.

w3 A structure parameter x

a3« Tarnita et al. (2009) and Taylor & Maciejewski (2012) showed that, when so-
a35 cial interactions affect fecundities, there exists a parameter independent of the
436 terms of the interaction matrix that summarizes the effects of population struc-
437 ture (in terms of dispersal patterns and also of who interacts with whom) and
s3s depends on the rule chosen to update the population and on mutation; here we

439 provide a generic formula for such a structure parameter. This parameter, x, can
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a0 beinterpreted as a scaled relatedness (Queller, 1994; Lehmann & Rousset, 2010),
441 which includes the effect of competition. Eq. (13) provides a generic formula for
42 «, for any life-cycle and population structure (provided condition eq. (1) is sat-
43 isfied).

444 The actual value of the scaled relatedness x depends on the life-cycle and
45 on the mutation probability u. First, x includes competition (what we call “in-
ss direct effects”), and the scale of competition depends on the life-cycle (Grafen
447 & Archetti, 2008; Débarre et al., 2014). Second, even direct effects—and so even
a3 what is referred to as relatedness—do depend on the life-cycle and .

449 Finally, there is a single structure parameter x because social interactions
a0 only affect fecundity. Previous studies assuming vanishing or absent mutation
451 have shown that the parameter will be different if social interactions instead
452 influence survival (Nakamaru & Iwasa, 2006; Taylor, 2010) and that we need
43 more than one parameter if social interactions affect both fecundity and sur-

454 vival (Débarre et al., 2014).

ss  Updating rules and the evolution of altruism

46 We illustrate our results with specific updating rules, with either exactly new in-
457 dividual at each time step (Moran Birth-Death, Moran Death-Birth), or exactly
458 N new individuals, i.e., the entire population being renewed at each time step
459 (Wright-Fisher). Previous studies done under the assumption of vanishing mu-
s60 tation rates (and with undirected transitive dispersal graphs) found that updat-
461 ing rules had a great impact on the evolution of altruism, and in particular, that
s62 selection did not favor altruism (benefits given to others exclusively) under a

s6s  Wright-Fisher or Moran Birth-Death updating (the “cancellation result”; Taylor,

29


https://doi.org/10.1101/082503
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/082503; this version posted October 21, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY 4.0 International license.

s64 1992; Taylor et al., 2011; Ohtsuki et al., 2007; Lehmann et al., 2007); the result
a5 holds with imperfect strategy transmission as well. This is because the compe-
466 tition radius (individuals one dispersal step away [D] with a Moran Birth-Death
467 updating, individuals two dispersal steps away [D.D] with a Wright-Fisher up-
468 dating) matches the radius on which identities by descent are computed (see
a9 €q. (17) and eq. (24)). On the other hand, under a Death-Birth updating, com-
470 petition is against individuals two dispersal steps away, but identity by descent
471 is computed using individuals one dispersal step away: competition is “diluted”,
472 and altruism can be favored by selection. Again, note that the conclusions for
473 the Moran model depend on which trait is affected by the social behavior: al-
474 truism is favored under a Birth-Death updating if survival, instead of fecundity;,
a7 is affected by social behavior (Nakamaru & Iwasa, 2006; Taylor, 2010; Débarre

476 etal., 2014).

«77  Implications for adaptive dynamics

a7s  Our results are obtained by considering the changes that occur during one time
479 step from a given population state, chosen from the stationary distribution of
a0 population states—hence the phrase “long-term”, which differs from the use
45t made by, for instance Van Cleve (2015), where it refers to a trait substitution
42 sequence. Yet, our results can also be used in that context. The adaptive dy-
483 namics framework describes evolution as a series of trait substitutions (Geritz
a8+ et al., 1997; Champagnat et al., 2006; Champagnat & Lambert, 2007; Lehmann,
45 2012; Lehmann & Rousset, 2014) and is based on the assumption that mutations
sgs are rare and incremental; in a finite population, trait evolution proceeds along

se7 a gradient of fixation probabilities. Computing those fixations probabilities can

30


https://doi.org/10.1101/082503
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/082503; this version posted October 21, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY 4.0 International license.

sss  be challenging in spatially structured populations.

489 Yet, the existence of a single parameter (in this case, defined as 0 = (x —
a0 1)/(x + 1), Tarnita et al., 2009) to characterize population structure and update
se1 rules led to the extension of the adaptive dynamics framework to populations
a2 with arbitrary structure (Allen et al., 2013), the structure parameter however re-
43 maining unspecified in general. Our formula for « (eq. (13)) is valid for arbitrary
s« mutation, so a fortiorifor vanishing mutation probabilities, and can therefore be
a5 used to explicitly study adaptive dynamics in structured populations (provided

a6 the reproductive values of all sites are equal).

« Data accessibility
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Appendix A

= A Expected frequency of type-A individuals

20 Conditional expectations

ss0  We denote by E[X; (7 + 1)|X(#)] the expected state of the individual at site i at
est time f+ 1, given that the population is in state X at time ¢. Because X; is an
s32 indicator variable, E[ X; (¢ + 1)|X()] =P [X; (¢ + 1) = 1| X(2)]. Site i is occupied by
sss an individual of type A at time ¢+ 1 if: i) it was occupied by an individual of type
e3¢ A attime ¢ and this individual has not been replaced (i.e., has not died) between
es5 tand t+1 (first term in eq. (A.1)), or ii) the individual has been replaced by a
s36 new one, whose parent was in site j at t; in this case, either the parent was of
e37 type A and the offspring is not a mutant; or, whichever the type of the parent,

ess the offspring is a mutant and mutated into type A (second term of eq. (A.1)):

E[X;(t+DIX(®)] =1 -D)X;i+)_ Bij (Xj 1—p) +up). (A.1)
j

s0 Unconditional expectations

s40 We now want to consider the long-term outcome of competition. We denote by
s41  &(X,0, ) the probability that the population is in state X, given phenotype dif-
s42 ference 6 between the two types and a mutation rate u, and by Q the ensemble
e43 of all possible population states. By definition, the expectation of the state of the
s« population is given by E[ X]| = ¥ xeq X E(X, 6, ).

645 When the stationary distribution is reached (i.e., for very large 1), [E[X (t+

s 1)] = E[X(0)] = E[X]; we consider the population average of X, X = ¥; X;/N.
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Appendix A
e47 From eq. (A.1), we obtain
. N 1 (N N
E[X]=) ZN ZB,-jxj—D,-Xi—pZBij(Xj—p)+X,~)€(X,5,u),
XeQi=1 j=1 j=1

s4s  Which, after simplifications, becomes

1
&N

N
Z(ZBij—Dj)Xj—uZZB,-J- (Xj—p)]f(x,a,u)zo. (A.2)
j=1\i i j

s4o  Weak selection approximation While eq. (A.2) is valid for any ¢ and 6, we now
eso assume that §, which scales the phenotype difference, is small, so that we can
es1 neglects terms of order 5 and higher. We note that in the absence of selection
es2  (i.e.,, when the expressed phenotypes are identical, 6 = 0), the expected state of
es3  a site j when the stationary distribution is reached is equal to the probability
es« that a mutated offspring is of type A (i.e., > xeq Xj¢(X,0, 1) = p; see section A.3
es5s  below for more details). Using eq. (6) and the compact notation ds to represent

656 % ’5_0, a first-order expansion of eq. (A.2) yields, after simplifications:

5
0= — Y Za(;B,-j—a(;Dj)Xj—yZZagB,-j X;j—-p |EX,0,w
XeQ| j \i i j
5
_oH Y ZB*(Xj—p)lagf(X,(?,p)+O(52). (A.3a)
NXEQ j
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Appendix A

es7  Because ¢ is a probability distribution, )" xeq 0s¢(X, 9, 4) = 0; reorganizing eq. (A.3a),

658 We obtain

- 1
0sE[X] = ,uNB*()gQ ; Zi:aﬁBij_aéDj)Xj]f(X,oy,U)
6
= > |p)_0sBij (Xj—p)]f(x,o,u))Jro(—*). (A.3b)
Xeal i,j uB

659 We can now use the chain rule:

X 0B

0sBij =Y ——| 0sfx (A.4a)
=0 0k ls=o
N 0D

0sDj =Y. a_f] 3sfic (A.4b)
k=0 YJk 156=0

es0 where the 05 f} terms are computed using the definition of f presented in eq. (3b).
st We also denote by P the expected state of a pair of sites (j, k) evaluated when

662 there are no social interactions (6 = 0):

Pj= ) XjXi$(X,0,0). (A.5)
XeQ

e63 Doing so, we realize that we can write eq. (A.3b) as

— 5
OsE[X] = INB (Bb—1yc) +O(E), (A.6)

e+ with § and y as defined in eq. (10).

6 Plugging eq. (A.6) in the following equation

fo2)
o

E[X] = p+005E[X] + 062, (A7)
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Appendix A

666 we recover eq. (9).

7 In the absence of selection (6 =0)

ess In the absence of selection, neither D; nor B; ; depend on the state of the popula-
eeo tion, because all individuals now have the same fecundity. Consequently, when
670 0 =0, and given that neutral reproductive values are all equal (eq. (6) in the main

671 text),eq. (A.1) becomes
E[X;(t+DIX(1)] =1 -B")X; + ZB?]. (X;(1-w)+upB*. (A.8)
j

672 We now take the expectation of eq. (A.8) over the neutral distribution of states

e73  (&(X,0,)); since B?j does not depend on X, we have
Eo[Xi] = Q- B")Eo[ X;] + ZB?J. (Eo[X;] 1 - ) +upB*, (A.92)
J
67+ and we obtain after simplifying
Eo[Xi] = p. (A.9b)

e7s  Weak mutation

676 When u = 0, there is no stationary distribution of states, because the states X =0
677 and X =1 (loss of type-A and loss of type-B individuals, respectively) are ab-
e7s sorbing. We can nevertheless extend ¢ by continuity at p = 0, so that (X,6,0) =
679 limy_.o¢(X, 0, ). Then, it does not matter whether we Taylor-expand ¢ first in &

es0 then in y or first in u and then in §, and so we can consider p < § and § < u
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Appendix A

681

(Tarnita & Taylor, 2014).

sz Weak selection then weak mutation Starting from eq. (A.3a), a first order ex-

es3 pansion near p = 0 yields

i

Z Y. |D0sBij —0sD; | X;0,£(X,0, ) L Y. > 0sBij (Xj - p)é(X,0,0)
N
XeQ j

XeQi,j

8
Z Y B*(Xj—p)st(X,6,0) + O ﬁ)*O(“)‘
XeQ j

(A.10)
e8¢« Here we have § < u < 1. Notation d,, stands for —|

685

Weak mutation then weak selection Starting from eq. (A.2), a first order ex-
686

pansion near ¢ = 0 and then a first order expansion near 6 = 0 yields

1
Z Z(Za(sBij —65Dj)Xj6ﬂ€(X,0,u) N Z ZagBij (Xj - p)§(X,0,0)
XeQ j i XeQi,j

L Y B" (X~ pOs(X,5,0) +o(§) +0)
XeQ j

(A.11)
es7 Here we have p < < 1.

688 At the first orders, eq. (A.10) and eq. (A.11) are the same
689

When u — 0, the population is either in state X = 0 or in state X =1, so

£(1,6,0)=1-£(0,6,0) = lin%[E[X], (A.12a)
#—»
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Appendix A
and as a result
656(1) 670) = _656(076) 0) . (A-12b)
In addition, when 6 =0,
E(I,O,l.l) =p. (A.IZC)

So at the first orders, reorganizing eq. (A.10) (or equivalently eq. (A.11)), we ob-
tain the following equation for the derivative with respect to § of the expected
state of the population when y — 0 (Tarnita & Taylor, 2014):

1
05¢(1,6,0) = —
5¢( ) 3

*

1
< 2 Z(Z%Bu —65D,-)X,-6ué(x,o,u)

XeQ j \i
(A.13)

1
- PP ) (95Bij (1) - 95B:; (0)
L]
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Appendix B

s B Probabilities of identity by descent

ss6 We first start by showing the link between the expected state of a pair of sites

97 (P;j) and probabilities of identity by descent (Q;;), for any life-cycle.

698 Any Iife-cycle
e99 Notation

700 To be able to consider any life-cycle, we use notation similar to what is used in
701 Allen et al. (2015). At each time step, from 1 to N individuals are replaced, de-
702 pending on the updating rule; R denotes the set of individuals that are replaced
703 (i.e., the sites where an individual is replaced by another one). For each site i
704 where a replacement happened (i € R), a(i) gives the index of the site where the
705 parent of the new individual lived, while for individuals that were not replaced,
706 Vie{l,...,N}\R,a(i) = i'. Finally, p(R, @) denotes the probability of the replace-
707 ment event (R, @). In the absence of selection, this probability does not depend

708 on the current state of the population.

700 Expected state of a pair of sites

710 Considering two different sites i and j, depending on the updating rule, at each
711 time step, i) either none of the individuals are replaced—then they are both of
712 type A if they already were [first term in eq. (B.1)], ii) either one of the individ-
713 uals (i or j) is replaced—then they are both of type A if the surviving individual

714 is A and if either the parent of the other individual was of type A and no mu-

IHere we extend the notation used in Allen et al. (2015), because in their study, @ : R — {1,..., N}
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Appendix B

715 tation occurred, or the offspring mutated into type A whichever the type of its
716 parent [second and third terms in eq. (B.1)]), or finally #ii) both individuals are
717 replaced—then the probability that both offspring are of type Ais Py(j)a(jy (1—pu+
718 UP)2+2(p—Patira(i)) 1 — p+pp)(up) + (1 —2p + Pyiya() (p)?, which simplifies

719 into the fourth term in eq. (B.1)). We obtain the following equation:

V(i, j)ell,...,N¥% i # ],

Pij= Y qRa) Paiai
R,a
i¢R,jER

+ Y qRa) [Pawag) (1 - W+ pup]
R,a

i¢R, jeR (B.1)

+ Y qR,a) [Pagiya(j(1— ) + pup]
R
ieR,?&R

+ Y 4R [Pamapd-w?+Q2-wup®].
®,
ieR,?eR

720 Identity by descent

721 Considering two different sites i and j, depending on the updating rule, at each
722 time step, i) either none of the individuals are replaced—then they are identical
723 by descent (IBD) if they already were [first term in eq. (B.1)], ii) either one of the
724 individuals (i or j) is replaced—then they are both IBD if the surviving individ-
725 ual and the parent of the new individual were and no mutation occurred [second
726 and third terms in eq. (B.1)]), or finally iii) both individuals are replaced—then

727 then are IBD if their two parents were and no mutation occurred in either [fourth
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72s term in eq. (B.1)]. We obtain the following equation:

V(i,j)ell,...,N¥ i #],

Qij= Y. pRAQuwap+ Y. PR &) Qaia(l—w

R, R,
ieR,}xeR ieR,?eR (B.2)
+ Y pRA)QuiayA-mw+ Y, PR @) Quiiyaiy1—w?.
R, R,
ieR,;'xezR ieR,}xeR
729 For all pairs i # j, eq. (B.1) and eq. (B.2) are equivalent when we set
P;j-p?
Qij= ———, (B.3)
p(1-p)

730 and eq. (B.3) is also valid when i = j (in this case Q;; = 1 and P;; = p). So we can
731 use the recursion on Q presented in eq. (B.2) together with eq. (B.3).

732 Finally, while Q;; is an expectation over the stationary distribution of pop-
733 ulation states, we also introduce the indicator variable g;;(¢), equal to 1 if, in a
73+ realization of the process, the individuals at sites i and j are IBD at time t. We

735 also denote by Q the matrix gathering the Q;; terms.

76 Moran model

737 In a Moran model, exactly one individual died and one individual reproduces
738 during one time step. Given a state X at time ¢, for i # j, probabilities of identity

730 by descent verify

Ak qri () + dii G j (1)
" :

2 1-p
[E[Qij(t+1)|X(t)]:ql'j(t)(l—ﬁ)‘F ~ ; (B.4)
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Appendix B

740 Taking the expectation of this quantity over the stationary distribution of states,

741 'We obtain
1

Qij = —Vu ; (dijQui+diiQij) G #)), (B.5)

2

72 and Q;j =1 when i = j. Eq. (B.5) is valid for any regular graph; all the Q;; terms
743 can be found by solving a system of N(N —1)/2 equations (since Q;; = Q;;). We

744 can also write eq. (B.5) in matrix form:
l—p T
Q= 7y (QD+D" Q) +L, (B.6)

75 where D is the adjacency matrix of the dispersal graph (with elements d;;), T
746 denotes transposition, and L is a diagonal matrix whose ith diagonal element is

747 1 —=Y 1 di;Qpgilv (i.e., such that Q;; = 1).

748 Transitive undirected graphs

740 When the dispersal graph is transitive, then all the elements on the diagonal of
750 L are equal, so we can write L = Aj/Iy, where Iy is the N by N identity matrix.
751 When the graph is also undirected, D = D', and we also show by induction that

752 DQ = QD (Grafen & Archetti, 2008).

753 Let us assume without loss of generality that initially (¢ = 0) all individuals are
754 IBD (g;;(0) = 1yn, where 1y is the N-by-N matrix containing only ones) and
75 of type B (X(0) = {0,...,0}). Also, let us denote by {((X, t) the probability that
756 the population is in state X at time ¢ given that it was in state {0,...,0} at time 0,

757 and by E;[] expectations with respect to that distribution, at time #. Then from
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758 eq. (B.4), since g;; = 1, and given that the graph is regular,

o
o

2 1-
Ei[q] =(1—N)1NN+2T“1NN+A11N, (B.7)

759 SO

2
D-[El[q]:(l—ﬁ)leN+2 N”

VINN+/11D=[E1[(1]-D. (B.8)
760 Then, assuming that D and E,[q] commute, and given that we assume D = D7,

2(1-p)

2
£rofa) = 1= 5 Ela] + 22D Eifa] + A, B3

761 SO

2 2(1-p)
D-Epi[q] = (1 - E)DWEt[q] t—x P p? ‘E¢[q] +A:D=E;s1[q]-D (B.10)
762 And so, when t — oo, we have D-Q = Q-D. O
763 Then with a transitive undirected dispersal graph, eq. (B.6), simplifies into
1-
Q:TD'Q"‘AMIN; (B.11)

764 and so (for u > 0),

-1
Q=AM(IN——1 “) , (B.12a)

v
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765 With

Ay = — (B.12b)

7

s Eq. (B.11) also implies

D

1- u)z

Q= D-D- Q+}LM—'UD+}LMIN (B.13)

767 It is possible to find more explicit formulae when the graphs are transitive and

768 'when they are n-dimensional, and we do so for 1-D and 2-D graphs.

760 One-dimensional graphs

770 On a 1-D graph, numbering the different nodes modulo N, for all i and j, by
771 definition of a 1-D graph, d;;j = dy, j-; = d j-i» and as a result similar equalities
772 hold for the expected states of pairs of sites: Q;j = Qo j-; = Q i-i- We can hence

7

N

3 rewrite eq. (B.5) as follows, keeping in mind that Q;; = Q;; and that node num-

774 bering is done modulo N:

u .
Qlj_Q] l:_ZdOJ kQOk z+d01 kQO] k (i#j)
k
—uZdo kPo,j—i—k+do Py j-irk Ichange of variables k' = j — k]
k
u
_Z P] i—- k+dkP] i+k»
k
775 so that

Oz

deQz k+del+k) +61AMm, (B.14)

48


https://doi.org/10.1101/082503
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/082503; this version posted October 21, 2016. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY 4.0 International license.

Appendix B

776 where §; =1 when [ =0 and §; = 0 otherwise, and A is as defined in the previous

777 section, i.e., such that QO =1:

1-u
v

Av=1-

Y diQx. (B.15)
k

778 (Recall that Q; = Q_)).
779 To solve for Ql, we can follow the same method as in Malécot (1975); Gandon
7e0 & Rousset (1999) and use discrete Fourier transforms, defining the transforms of

7t Q and of d as follows:

-1 2nql
2,=Y Qlexp(—l 9 ) (B.16a)
=0 N
N-1 5 2
Dy = Z d;exp (—l nql). (B.16b)
120 N

72 and in particular (v being the degree of the dispersal graph)
Do=) d;=v. (B.16¢)
1

783 We obtain

N=li- -~ -~ 2nql
Qq =Apm+ Z i (deQl—k+del+k) exp (—l q ), (B.17a)
—o | 2v \% N
I-p
78« Solving for 2, we obtain
A
9,= M (B.17¢)
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785 To recover Q, we now use an Inverse Discrete Fourier Transform

.10l 2nqr
Qr:NqZ::OQqexp(l ~ ); (B.18)
7ss combining eq. (B.17c) and eq. (B.18), we obtain
R it A 2
Q,=— = M exp(z nqr). (B.19a)
N =01- 35 (24 +7-4) N

787 When r = 0, we have Qg = 1, so combining this with eq. (B.19a), we can now

788 evaluate A:
N

= yN-1 1

q=0 1-TE(9,+9_,)

(B.19b)

780 Finally, when the graph is not oriented, 7, = Z_.

790 Two-dimensional graphs

7e1  Similar calculations are done with two-dimensional graphs. Numbering is done
792 modulo N; for the first dimension, and modulo N, for the second dimension

793 (N1 N2 = N). The 2-D equivalent of eq. (B.14) is

- 1 — IJ/ Nl—l N2—1 _ _ _ _
Ql] = - Z Z dk] Ql]*k] + dk] Qll+k‘1 + 5[1 A/M} (B-ZO)

1) 2v k1=0 kp=0 \ k2 Lk ky lp+ky I

794 where dr, = 1 when (ky, k2) = (0,0) (modulo N; and N»), and 6k, = 0 otherwise,
ko k2
795 and
l_luNl—lNg—l o
Av=1- Y ) dnQx. (B.21)

v ll =0 lz =0 ke ke
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Appendix B
796 We then use 2-D Discrete Fourier Transforms:
NZINzZL 27'[6]1[1 27[6]2[2
Daq = Q1 exp (—l )exp (—z ), (B.22a)
@ ZIZ:O ZZZ:O b N Ny

Ni—1N;—1 2 I 2 I
9111 = Z Z dll eXp(—l%) exp(_lw)’ (B.22b)
1

a2 ll =0 12 =0 lz

797 and obtain

1—
Daq =Ay+ k (@ql + @—m) Pa. (B.23a)
a2 2v a2

—q2 q2

798 Solving for 2,
q2

A
e@m = M

- , (B.23b)
- (9 o)

799  Finally, an Inverse Fourier Transform gives us Qn:
n

- 1 A 2 2
Qn=— Z = M —— €X] (z nqlrl)exp(lw), (B.23¢)
. N qng 1— Z_J‘ (@Zé + _@_Z;) N; No
g0 with C such that Po = p:
0
N
Am (B.23d)

Zq q2 1-p q —-q
! I—T (@qzl‘f'@ qgl)

sot And when the graph is undirected, -7} = 2.
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Appendix B

so2 Illustration: infinite circle

sos  On a circle graph (like in figure 3(a)), the Fourier transform of the dispersal dis-

so4 tanceis

2nq
=2 —. B.24
D4 =2cos ( N ) (B.24)
sos  We can evaluate A, using eq. (B.19b),
N
Am = SN : , (B.25a)

=0 2nq
q 1-(1-pw) cos(%)
sos and when population size is infinite, this becomes

1

Am

=— ] = Vp2-p). (B.25b)
Jo T=(1=7 cos @ 9X

sz Butwe note that the integral does not converge when y — 0. Finally, we compute

sos probabilities of identity by descent using eq. (B.19a), and obtain eq. (28b) in the

soe main text for neighbors on the the circle (g = 1).

s1o - Wright-Fisher model

811 In a Wright-Fisher model, all individuals are replaced at each time step. Given a

g2 state X attime ¢, for i # j, probabilities of identity by descent verify

iy
E[qi;(t+DIX(0] =01 - w2 Y.~ (1), (B.26)

KV
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s13  Taking the expectation of this quantity over the stationary distribution of states,
s14 Wwe obtain
(1-p?

Qij = TZ (drid1j Qi) @#, (B.27)
k1

815 and Q;; = 1 when i = j. Eq. (B.27) is valid for any regular graph; all the Q;; terms
s16  can be found by solving a system of N(N —1)/2 equations (since Q;; = Q;;). We

817 can also write eq. (B.5) in matrix form:

02
Q= a VZ” ) (D'QD) +L, (B.28)

s1s where D is the adjacency matrix of the dispersal graph (with elements d;;), T
s19 denotes transposition, and L is a diagonal matrix whose ith diagonal element is

s20 such that Q;; = 1.

g2t Transitive undirected graphs

s22  When the dispersal graph is transitive, then all the elements on the diagonal of
s2s L are equal, so we can write L = Ay rly, where Iy is the N by N identity matrix.
s2« Like in the case of a Moran updating, when the graph is also undirected, D = D7,

g5 and we also show by induction that DQ = QD (Grafen & Archetti, 2008).

826 Let us assume without loss of generality that initially (¢ = 0) all individuals are
sz IBD (q;;(0) = 1yn, where 1y is the N-by-N matrix containing only ones) and
s2s  of type B (X(0) = {0,...,0}). Also, let us denote by {((X, f) the probability that
s2o the population is in state X at time ¢ given that it was in state {0,...,0} at time 0,

ss0 and by E,[] expectations with respect to that distribution, at time #. Then from
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831 eq. (B.26), since g;; = 1, and given that the graph is regular,

w

(1-p?
Ei[q] = Vzu 1vn + M1y, (B.29)
832 SO
(1-pw?
D-Ei[q] = Vz” viyn+MD=E[q]-D. (B.30)

sss  Then, assuming that D and E;[q| commute, and given that we assume an undi-

sa+ rected dispersal graph (D = DD,

Eror[q] = & ;;t)zD-D~[Et[q] + A0y, (B.31)
835 SO

D-Eafq] = & ;z'u)zD-D-D ‘E¢[q] +A:D=E1[q]-D (B.32)
83 And so, when f — oo, we have D-Q = Q-D. O
837 Then with a transitive undirected dispersal graph, eq. (B.28), simplifies into
Q= (l;f)ZD-D-QmWFIN, (B.33)

sss and so (for u > 0),
Q=Awr|Iy- (l;éu)zDD 1, (B.34a)
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839  with

1

(B.34b)

_ -1 )
(IN_ (lvél)z DD) )
1,1

»

/1WF=(

s40 It is possible to find more explicit formulae when the graphs are transitive and
s41  when they are n-dimensional, and we do so for 1-D and 2-D graphs.
si2  One-dimensional graphs

sss In a 1D graph, we can rewrite eq. (B.27) as follows, were Q,, = Qp,, (numbering

s+ being done modulo N):

drd; ~
- Ykl Qm-1+k (M#0)
Qm = v (B.35)
1 (m=0).
ss5s  Using a Discrete Fourier Transform (see eq. (B.16)), we obtain,
(1-p)?
sas  with
did; ~
Awr=1-Y FHQ 1k (B.36b)
ki v
g7 Solving for 2, we obtain
A
Py =—r——— (B.36¢)
]. - Vél @q @—q
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ss  Then using an Inverse Fourier Transform to recover Q (see eq. (B.18)), we obtain

- 1N A 2nqr
Q, :N Z (1—,u)v;/F exp(z q ) (B.37)
4=01— V2 @q@—q
sso  Noting that Qg = 1, we can evaluate A:
N
Awr = SN - . (B.38)
=0 1_(1;7’21)2%79%
gso Two-dimensional graphs
g1 Following the same method as previously, we obtain
~ 1 A 2wqgrr 27 qor
Qu=— ) —= )ZWF exp(z 7 1)exp(zﬂ), (B.39a)
» Ngg, 1- S8 (989°0) Ny N
with
N
Awr = T : (B.39b)

quqz . a-w? (01,0
1= (7,775)

ss2  Illustration: Circle graph with self-loops

853 On a circle graph with self-loops (like in figure 3(b)), the Fourier transform of the
g« dispersal distance is

Dq= (1—m)+mcos(2an). (B.40)
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sss  (Here v = 1, while with the circle graph we had v = 2; this does not matter for

gss IBD). We can evaluate Ay r using eq. (B.38),

N
AWF = Zx3 - : (B.41a)

2

=0 1—(1—u)2((1—m)+mcos(2”T‘7])
ss7 and when population size is infinite, this becomes

1

Ji ' L dx
0 1-(1-w?2((1-m)+m cos(2mx))?

3 2\/(2—p)u(—p—2(1 —wm+2)(u+2(1—-pum)
VC—wp—20-wm+2) +/uu+20-wm)’

Awr =

)

(B.41b)

sss  according to Mathematica (Wolfram Research, Inc., 2015) (isn’t this amazing?).
sss Here as well, the integral does not converge when p — 0. Finally, we compute
g0 probabilities of identity by descent using eq. (B.39a), and obtain eq. (29) in the

sst main text for neighbors on the the circle (g = 1).
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« C Derivatives of B;; and D, for specific life-cycles

sss  Birth-Death updating

ss« With a Moran Birth-Death updating rule (see eq. (14)), the derivatives of B;; and

ses D ; with respect to f are

0B; i dii0; tN-1
_—u — JL’ (C.1a)
Ofilssg v NP
0D ; dy; 1
et I — (C.1b)
afk 6=0 NV J\[2
ges  with
1 whenj=k,
Ojk= (C.2)
0 otherwise.
ss7  Consequently,
oW; 0 dri
_J — Sik ﬁ (C.3)

sss Death-Birth updating

gso  With a Moran Death-Birth updating rule (see eq. (19)), the derivatives of B;; and

s70  Dj with respect to f are given by the following equations:

0Bij O, jdiiv—djidy; (C.48)
0fk lseo Nv?2 ' ‘
9D, 0 (C.4b)
0 fk 5=0 ’ .
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g7t with 6 ; as defined in eq. (C.2). As aresult,

(C.5)

sz Wright-Fisher updating

s73  With a Wright-Fisher updating rule (see eq. (22)), the derivatives of B;; and D;

g7+ with respect to fi are

0B;; Or idriv—diidy;
ij _ k,j%ki _ Jjitki , (C.6a)
oD, 0 (C.6b)
afk 65=0 ' .
75 with 6y ; as defined in eq. (C.2). Finally,
—_— =0k,i— . (C.7)
0fk l5=0 ! z:zi v?
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Appendix C

e Figures

877 Figure 1

n-dimensional

Figure 1: Examples of regular graphs of size 12. The graphs on the first line are
unoriented and unweighted graphs of degree v = 3; Graph (d) is oriented, graph (e)
is weighted. (a) is the Frucht graph, and has no symmetry. Graphs (b) and (d) are

one-dimensional, graphs (c) and (e) are two-dimensional (see main text).
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Appendix C

e7s  Figure 2

Population structures
®

(a) Death-Birth (b) Birth-Death (c) Wright-Fisher
0.52 0.52 0.52
0.51 0.51 1 0.51 1
o.so—Mé—@ 0.50 1 0.50

X0 49 <0 49 1¥0 49 4
049 7049 2.0.49
0.48 0.48 ¢ 0.48
0.47 0.47 0.47 49
0.46 - 0.46 - 0.46 -
0.00 0.10 0.20 0.00 0.10 0.20 0.00 0.10 0.20
Mutation (w) Mutation (w) Mutation (u)

Figure 2: Expected frequency of type-A individuals E[X], depending on popu-
lation structure (legend on the first line), updating rule ((a): Moran Death-Birth,
(b): Moran Birth-Death, (c): Wright-Fisher), and mutation probability u (horizontal
axis): Comparison between the theoretical prediction (curves) and the outcomes
of numerical simulations (points). The horizontal dotted gray line corresponds to
p, the expected frequency of type-A individuals when there is no selection (i.e.,

when 6 = 0). Other parameters: §=0.005, p =1/2.
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Appendix C
s7o Figure 3
(a) Circle graph (b) ...with self-loops
1 =m
PR Q98-8 5
’ \ / 22 \
/ \ ’ \
(c) Moran updating (d) Wright-Fisher updating
~ 1.07 ~ 1.0
= = |
e 0.8 e 0.8+
la) fa)
m m
< 0.6 - 0.6
5] IS}
2 0.4 2 04
=) =)
2 0.2 2 o2
& OO"Y—Y—Y—Y—\ & 00 T T T T 1
0.0 0.4 0.8 0.0 0.4 0.8
Mutation (u) Mutation ()

Figure 3: Circle graphs, without (a) or with self-loops ((b); the weight of the self-
loop is 1 - m), and Probability that two neighbors on the graph are identical by
descent, as function of the mutation probability u, for the Moran updating on an
infinite circle graph (c), and for the Wright-Fisher updating on an infinite circle
graph with self loops (d). In (d), emigration probabilities m take values 0.5, 0.75,

0.9, 0.999 (increasingly lighted curves).
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