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variability in postsynaptic density (PSD) areas for projections from neurons sharing
orientation preference with the postsynaptic cell, though the data was from adult, not from

juvenile mice (Lee et al., 2016).

The multisynaptic rule robustly enables fast learning

The correspondence with experiment observations discussed in the previous section
supports the plausibility of our framework as a candidate mechanism of synaptic plasticity
on the dendrites. Hence, we further studied the robustness of learning dynamics under the
proposed multisynaptic rule. Below, we turn off the spine elimination mechanism that is not
compensated by creation, as this process affects the learning dynamics.

In the proposed model, if the initial synaptic distribution on the dendrite g/V) is
close to the desired distribution p/Vv), spine size modification is in principle unnecessary. In
particular, the optimal EPSPs of most presynaptic neurons are small in our L2/3 model (Fig.
3C); hence most synaptic contacts should be placed on distal branches on average. Indeed,
when the initial synaptic distribution was biased toward the distal side, improvement in
classification performance became faster (black vs blue lines in Fig. 5A). This result suggests

that the synaptic distribution on the postsynaptic dendrite may work as a prior distribution.

Figure 5. Dynamics of the multisynaptic learning rule under various conditions
A) Learning dynamics under various initial synaptic distributions. The inset represents the

unit EPSP distributions when synaptic connections are biased toward the distal dendrite
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(black), unbiased (blue), and biased toward the proximal (light blue). B) Comparison with the
monosynaptic learning. We set the learning rate as n,=0.03, 0.1, 0.3, 1.0, from light gray to
black lines. To keep the E/I balance, the inhibitory weight was set to y,=2.0 for n,=1.0, and
y=1.25 for the rest. The magenta line is the same as the black line in A. C) Classification
performance after learning with different numbers of synapses per connection with or
without rewiring. For the E/Il balance, the inhibitory weights were chosen as y=2.0, 1.2, 0.75,
0.6, 0.5, 0.4, 0.3, when the number of synapses per connections were K=2,3,5,7,9, 11, 13,
respectively. D) The performance after learning with various synaptic failure probabilities.
Both in panel C and D, the performance was calculated after 1000 trials. E) Learning
dynamics under the surrogate rule. Thin gray lines represent examples. All panels were

calculated by taking the means over 50 simulations.

We next compared the learning performance with the standard monosynaptic
learning rule in which the learning rate is a free parameter (see Monosynaptic rule for the
detailed modelin Methods). If the learning rate is chosen at a small value, the neuron took a
very large number of trials to learn the classification task (light gray line in Fig. 5B). On the
other hand, if the learning rate is too large, the learning dynamics became unstable and the
performance dropped off after a dozen trials (black line in Fig. 5B). Therefore, the learning
performance was comparable with the multisynaptic rule only in a small parameter region
(nw~0.1). By contrast, in the multisynaptic rule, stable fast learning was achievable without
any fine-tuning (magenta line in Fig. 5B).

As expected from Figure 2, the proposed learning mechanism worked well even if
the number of synapses per connection was small (Fig. 5C). Without rewiring, the
classification task required seven synapses per connection for an 80% success rate, but
three was enough with rewiring (Fig. 5C). Moreover, the learning performance was robust
against synaptic failure (Fig. 5D). Although local excitatory inputs to L2/3 pyramidal cells
have a relatively high release probability (Branco and Staras, 2009), the stochasticity of
synhaptic transmission at each synapse may affect learning and classification. We found that
even if the half of presynaptic spikes were omitted at each synapse (see Task configuration
in Methods for details), the classification performance was still significantly above the

chance level (Fig. 5D).
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In the proposed model, competition was assumed among synapses projected from
the same presynaptic neuron, but it is unclear if homeostatic plasticity works in such a
specific manner. Thus, we next constructed a surrogate learning rule that only requires a
global homeostatic plasticity. In this rule, the importance of a synapse was not compared
with other synapses from the same presynaptic neuron, but was compared with a
hypothesized standard synapse (see The surrogate learning rule in Methods). When the unit
EPSP size of the standard synapse was chosen appropriately, the surrogate rule indeed
enabled neuron to learn the classification task robustly and quickly (Fig. 5E). Overall, these
results support the robustness and biological plausibility of the proposed multisynaptic

learning rule.

Discussion

In this work, first we have used a simple conceptual model to show: (i) Multisynaptic
connections provide a non-parametric representation of probabilistic distribution of the
hidden parameter using redundancy in synaptic connections (Fig. 1AB); (ii) Updating of
probabilistic distribution given new inputs can be performed by a Hebbian-type synaptic
plasticity when the output activity is supervised (Fig. 1C-E); (iii) Elimination and creation of
spines is crucial for efficient representation and fast learning (Fig. 2A-C). In short, synaptic
plasticity and rewiring at multisynaptic connections naturally implements an efficient
sample-based Bayesian filtering algorithm. Secondly, we have demonstrated that the
proposed multisynaptic learning rule works well in a detailed single neuron model receiving
stochastic spikes from many neurons (Fig. 3). Moreover, we found that the model
reproduces the somatic-distance dependent synaptic organization observed in the L2/3 of
rodent visual cortex (Fig. 4F and G). Furthermore, the model suggests that the dendritic
distribution of multisynaptic inputs provides a prior distribution of the expected synaptic

weight (Fig. 5A).

Experimental predictions
Our study provides several experimentally testable predictions on dendritic synaptic

plasticity, and the resultant synaptic distribution. First, the model suggests a crucial role of
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developmental synaptogenesis in the formulation of presynaptic selectivity-dependent
syhaptic organization on the dendritic tree (Fig. 4F and G), observed in the primary visual
cortex (lacaruso et al., 2017). More specifically, we have revealed that the RF-dependence of
synhaptic organization is a natural consequence of the Bayesian optimal learning under the
given implementation. Evidently, retinotopic organization of presynaptic neurons is partially
responsible for this dendritic projection pattern, as a neuron tends to make a projection
onto a dendritic branch near the presynaptic cell body (Markram et al., 2015; Gal et al.,
2017). However, a recent experiment reported that RF-dependent global synaptic
organization on the dendrite is absent in the primary visual cortex of ferrets (Scholl et al.,
2017). This result indirectly supports the non-anatomical origin of the dendritic synaptic
organization, as a similar organization is arguably expected in ferrets if the synaptic
organization is purely anatomical.

Our study also predicts developmental convergence of synaptic connections from
each presynaptic neuron (Fig. 3G and Fig. 4l). It is indeed known that in adult cortex,
syhaptic connections from the same presynaptic neuron are often clustered (Kasthuri et al.,
2015; Schmidt, 2017). Our model interprets synaptic clustering as a result of an
experience-dependent resampling process by synaptic rewiring, and predicts that synaptic
connections are less clustered in immature animal. In particular, our result suggests that
synaptic clustering occurs in a relatively large spatial scale (~100pum; as shown in Fig 51), not
in a fine spatial scale (~10um). This may explain a recent report on the lack of fine clustering
structure in the rodent visual cortex (Lee et al., 2016).

Furthermore, our study provides an insight on the functional role of anti-Hebbian
plasticity at distal synapses (Letzkus et al., 2006; Sjostrom and Hausser, 2006). Even if the
presynaptic activity is not tightly correlated with the postsynaptic activity, that does not
mean the presynaptic input is not important. For instance, in our detailed neuron model,
inputs from neurons having a RF faraway from the postsynaptic RF still helps the
postsynaptic neuron to infer the presented stimulus (Fig. 3). More generally, long-range
inputs are typically not correlated with the output spike trains, because the inputs usually
carry contextual information (Bittner et al., 2015), or delayed feedback signals (Manita et al.,

2015), yet play important moduratory roles. Our study indicates that anti-Hebbian plasticity
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at distal synapses prevents these connections from being eliminated, by keeping the
syhaptic connection strong. This may explain why modulatory inputs are often projected to
distal dendrites (Bittner et al., 2015; Manita et al., 2015), though active dendritic
computation shuold also be crucial especially in case of Layer 5 or CA1 pryramidal neurons

(Segev and London, 2000).

Related works

Previous theoretical studies often explain synaptic plasticity as stochastic gradient descent
on some objective functions (Pfister et al., 2006; Nessler et al., 2013; Urbanczik and Senn,
2014; Hiratani and Fukai, 2016), but these models require fine-tuning of the learning rate
for explaining near-optimal learning performance observed in humans (Behrens et al.,
2007; Lake et al., 2015) and rats (Madarasz et al., 2016), unlike our model. Moreover, in this
study, we proposed synaptic dynamics during learning as a sample-based inference process,
in contrast to previous studies in which sample-based interpretations were applied for
neural dynamics (Orban et al., 2016).

On the anti-Hebbian plasticity at distal synapse, previous modeling studies have
revealed its potential phenomenological origins (Graupner and Brunel, 2012), but its
functional benefits, especially optimality, have not been well investigated before. Particle
filtering is an established method in machine learning (Doucet et al., 2000), and has been
applied to artificial neural networks (Freitas et al., 2000), yet its biological correspondence

had been elusive.

Previous computational studies on dendritic computation have been emphasizing
the importance of active dendritic process (Segev and London, 2000), especially for
performing inference from correlated inputs (Ujfalussy et al., 2015), or for computation at
terminal tufts of cortical layer 5 or CA1 neurons (Urbanczik and Senn, 2014). Nevertheless,
experimental studies suggest the summation of excitatory inputs through dendritic tree is
approximately linear (Cash and Yuste, 1999; Hao et al., 2009). Indeed, we have shown that a
linear summation of synaptic inputs is suitable for implementing importance sampling.
Moreover, we have demonstrated that even in a detailed neuron model with active dendrites,

a learning rule assuming a linear synaptic summation works well.
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Methods
A conceptual model of multisynaptic learning

The learning rule for multisynaptic connections

In the model, CS (eg. tone stimulus) and US (eg. electric shock) were represented by binary
variables x,e{0,1} and y,e{0,1}. At each trial n, CS was delivered with Pr[x,=1]==,, and US

was given only when x,=1, with probability Pr[y,=11x,=1]=v,. For this task, the update rule

n+ _ 1

for the spine size factor g;" = va(vk)P(Vc =V | Xy pVin) 1S given as,

n+ _ 1

9" =P Ve = Vi X, Vi)
< i P(XaunYna 1Ve =Vi )P (Ve = Vi X, V1:0)
o< (Yt XtV = Vi) (g P(Ve =Vic X Vi)
=P (Yt | XprsVe = Vi) k-
In particular, in our problem setting, v. does not provide any information about y, when

xn=0, thus approximately (see the proof of convergence below),

p(yn+1 l XpsVe = Vk) = X [kan+1 +(1_ Vk)(1_ yn+1):|+ %(1 _Xn+1)
o<1+ (2v, = 1) X4 (2V i — 1)

Because the normalization factor is determined by

= ’ ’ ~l P(V;:Vk|X1:n,y1:n)_ n
1_J-p(vclx1:n!y1:n)dvc - sz qv(VK) _zkgk ,

the sum of {g«"*!} should also be normalized to 1. Thus the update rule is given as

gn+1 = |:1+f(xn+1,yn+1;vk):|g£ — 1+f(Xn+1=yn+1;Vk)
C X K Yai ) JgE 1 (X Ve

k1
where f(x,y;v)=(2v-1)x(2y-1) and w"=) w/=3 giv,. As for the resampling process, at

every trial n, if spine k satisfied g« < g, unit EPSP was resampled uniformly from [0,1), and

the spine size was set to gk = g

Proof of convergence

The derived learning rule can be rewritten as

logp(v, =V | X,.n¥1.0) = D, log[ 1+(2v, —1)x,, (2, —1) ]+ const,
so in order to prove convergence, we need to show that (p(v)s<|Og[1+(2v—1)xn,(2yn,—1)]> is

n

maximized at true v.. By considering Taylor expansion, the above equation is expanded as
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567  (log(1+2z))=Y "~ “L—(z"). In this form, the average is calculated as

(20 =1 (XY +(=1)" %, (1= )
=(2v-1)"v, +(1-2v)" (1-v,)x,

T

s ((2v=1)x, (2, -1))")

569  Note that (xn)™=xn if m>0, because x,=0 or 1. Thus, by substituting the above equation into

570  the Taylor expansion form,

o(v)=mv,log[1+(2v -]+ 7, (1-v,)log[1+(1-2v)]

571
=m,[ v, logv +(1-v,)log(1-v) ]+ const.

572  Therefore, (v) is maximized at v = v..
573

574  Monosynaptic learning rule

575 For comparison, we implemented a monosynaptic learning rule. By expanding the

576  exactsolution v/ =3 x.,y,/> Xx,:
577 V= (xnyn +2::1xn,y,,,)/(x,, +2::1x,,,) ~ \7:’1(1+xn(y,, —\70”’1)/2::1x,,,yn,).
578 Hence, by using a single variable v,", the learning rule is given as VZ,=V§I1(1+77Xn(yn—‘7n"f1)),

579 where n represents the learning rate. In the optimal learning depicted in Figure 1E, v was
580  estimated as v =(1+Y, X,¥,)/(2+Y, %)

581

582  Details of the conceptual model

583 In the simulations, we used mx=0.3, and v. was randomly chosen from [0,1)
584  uniformly at each simulation (not at each trial). The number of connections was kept at
585  K=10 except for Figure 2B in which K=2 to 20 were used. Initial value of k-th connection v«

586  was set as vk=(k+0.5)/K except for Figure 2C in which the initial distribution was biased by

587 choosing vk as vk,:—log(1—[1—e“5 ky) where Az is the bias parameter. Resampling was

588 performed with the threshold g»=0.0001, and a new unit EPSP vk was uniformly sampled
589 from [0,1). In Figure 2B and C, the errors were calculated after learning from 10# trials.

590
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Detailed single neuron model

Morphology

We constructed a detailed neuron model based on a model of L2/3 pyramidal neuron with
active dendrites (Smith et al., 2013) using NEURON simulator (Hines and Carnevale, 1997).
Here, we used the original reconstructed morphology without scaling. We distributed 1000
excitatory synaptic inputs from 200 presynaptic neurons randomly on the dendrite. Synaptic
input was modeled as a double exponential conductance change with the rise time
Trise=0.5ms, the decay time Tgecay=2.5ms, and the reversal potential was set to OmV. For each
synapse k from presynaptic neuron j, we first applied a synaptic input with a constant weight
factor yy=2.5nS, and then determined the unit EPSP v/ of synapse k by measuring somatic
membrane potential change. The minimum and the maximum value of the unit EPSP of the
given model were vmin=0.57mV and vnax=2.39mV, respectively. In the simulation of the task,
using malleable spine size factor g, we set the weight factor of synapse k as yyg/*. Similarly,
200 inhibitory synaptic inputs were uniformly distributed on the dendrite, and the rise and
decay time of conductance was set as 0.5ms and 2.5ms, and the reversal potential was set to

-90mV. The inhibitory weight factor was chosen as y;=0.75nS.

Stimulus Selectivity

We hypothesized that all excitatory presynaptic neurons are simple cells having direction
selectivity {6} at receptive field (RF) {(r;, ©)}. Here, the position of RF in the visual field was
defined by the relative position to the postsynaptic neuron in the polar coordinate (Fig. 3C).
We modeled the mean firing rate of presynaptic neuron j for a stimulus @ at the RF of the

postsynaptic neuron (i.e. at r=0) as
2n
P, ((9):j0 p(67:6,)p(6" at{r,p;}16 atr=0)de’ .

The first term p(O’;Oj) is the mean response of the neuron with orientation selectivity 6;

when orientation 8’ is presented at its own RF, hence using a von Mises distribution, the
response is approximately given as p(e’;ej)spoexp(;cocos[z(e’—ej)J)/(ano(xo)) (Swindale,

1998). The second term is the probability of observing a stimulus with orientation 8’ at the
position (rj, @) given stimulus 6 at the center. The orientation 8’ at (r;, ¢) should be similar
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to the orientation @ at the center if r; ~ 0, or ¢; ~ 8 due to continuity and contour statistics
(Simoncelli and Olshausen 2001; Geisler et al., 2001). Hence, we modeled the conditional
probability as

p(e’ at{r,p}160atr= 0) = exp(—rj/ro +K] cos[2(0’—0)])/(27rlo(rc}))

where «!(6)=--"—exp|x, cos|2(p,-60)||]. Note that the marginalized probability exp(-ri/ro) is
J [ J

Tj+hnin

smaller than one as an explicit stimulus may not exist at (r;, ) if the RF is far away from the

center. By calculating the integral, the mean firing rate is derived as

pj(9)=(polo(1?].)/[27#0(KO)IO(K;)J)e"’/"’ where 16/.z\/(Ko)z+(K;)2+2K0chos(2[9j—90]) . In the

simulation, we used ko=2.0, k,=4.0, po=1.51, rmin=0.01lexp(ky), and r,=1.0. The selectivity
of each presynaptic neuron was uniformly sampled from the ranges: 0<rj<3, 0<¢;j<2m, and
0<O@<m.

Based on the selectivity described above, we modeled the spiking activity of
presynaptic neuron j as a Poisson process with the rate p=p{(0) under the presence of
stimulus 68=6. or 6.. In addition, we assumed that all presynaptic neurons follow a Poisson

process with the rate p=psp, in the spontaneous activity. In the simulation, we set ps;=0.01 po.

Task configuration

We next consider the activity of the postsynaptic neuron. A sensory neuron should decode
the presented stimulus given stochastic spiking spikes of presynaptic neurons. In particular,
here we consider decoding of stimulus orientation @ given spike counts from M presynaptic
neurons si;.m'={si’,s2,...,sm}. As the spikes were generated from Poisson processes in the

model, the log-likelihood ratio of 8=6. against the spontaneous activity ¢ is given as

p(6+IS:M) Y t [p(9+)J Y Y w 1
log——£= ) S'lo L + -p.(0.))= st +C.,
oEn il Pl DI

where w; Elog(p/.(@)/psp). Hence, if the synapses projected from presynaptic neuron jlearn to
represent w;" jointly, the somatic membrane potential naturally represents the
log-likelihood of the stimulus being 8., assuming passive dendritic integration.

In this task configuration, the estimated log-likelihoods are on average the same

for two perpendicular stimuli 6=6, and 8- before learning, but the estimated log-likelihood
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becomes significantly larger for 8=6. once the correct weight structure is acquired. Hence,
we evaluated the learning performance by a classification between 8=6. and 6, using 6- as
a control.

In the simulation, we first generated the spike counts of each presynaptic neurons
{s1%, s2t, ...,sm} by sampling from Poisson distributions with the rates {pi, p2, ..., pu} where
pi=p(0,) or p(B-) depending on the task. Based on the spike count sj, spike timings of the
m-th spike from presynaptic neuron j at trial t was determined as t/ = (£ +m—1)At . /5!
where Atsimuus=20ms, and ¢/' is a random variable uniformly depicted from [0,1). In the
presence of synaptic failure, we instead defined a spike count at each synapse k by sit ~

Binomial(sj, 1-rs9, where rsris the failure rate. Inhibitory spikes were calculated in the same

way, but the spike probability was defined by the total excitatory inputs as anh=278§//\/7mh

to achieve the E/I balance.

The learning rule for the detailed model

We next derived the multisynaptic learning rule for this task. The optimal estimation of the

weight from presynaptic neuron j at trial tis given as

Wt_ W’“BXWI ( t_ /I 1:t0 d ’_ Vinax ’ t_ /l 1:1‘9 d ’
i 'ij_W Sj’1:t W—V.’J/WV'ij—'}/WV Sj’1:t V.

Here, we introduced a scaling factor y. to represent a dimensionless value w by a unit EPSP v

[mV]. In the simulation, we used yw=Wmax/Vmax- By importance sampling,

1

’ p(W/t = ’}/wv,l Sj:t’ett)
q(v’)

1

1 & YWijp(th' =YV ik l Sj:1’91:r)
Ny’ ~
q(v')av K; av,)

K
[ _ Vma)( _ t
w; = Jv YV = VW; 9iVic»
i —

where g}, = p(w} =7,v,1s]".6,,)/(Ka(v,)) represents the relative spine size of spine k from

presynaptic neuron j, and K is the total number of synapses per presynaptic neuron.
Therefore, considering a Bayesian filtering, the update of {w/} is done by the following
update of spine size {g%}:

g;‘k = g;k 'p(S; I Ot’Wj = 7ijk)’ g;ﬂ = gjk/zkg/tk )

where p(sjle,,w/:ywv,k)=5(9,=9+)-exp([ywv,k+Iogpsp]s;—pspe“"f*)/(s}!), and &(x) is a function
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that returns 1 if x is true, but returns O otherwise.

At every trial, synapses with spine size g’ < g was removed with 20% chance. If a
synapse is removed, a new synaptic contact from the corresponding presynaptic neuron was
simultaneously created on one of the dendritic branches to which the neuron initially had
projections. Probability of selecting a branch was set to be proportional to the length of the
branch. Spine size of a newly created synapse was set to gix’=1/K. This rewiring procedure is
slightly different from the one in the conceptual model, because rewiring becomes too
frequent if we directly apply the latter.

In addition to rewiring of synaptic connections, we also included an elimination
process that is not compensated by new connections, as the total number of synaptic
connections is known to decreases during development (Holtmaat and Svoboda, 2009). In
particular, inactive synapses are expected to be more fragile (Wiegert and Oertner, 2013).
Hence, we tracked the firing rate of presynaptic neuron during the training phase by
ri=(1-1z,)r/ " +s; /7, . At every trial, if the presynaptic firing rate satisfies rf < re-m, we

eliminated the synaptic contact with 20% chance. Throughout the simulation, we used g =

0.001, 17/=10.0, and re-»=0.05.

Monosynaptic learning rule for the detailed model

As presynaptic neurons follow stationary Poisson processes, the learning rule for

monosynaptic connection was defined as
gi=g/"+n,(s exp[-2r,v, |- ps).

where nu is the learning rate parameter (Nessler et al., 2013; Hiratani and Fukai, 2016), and
vjis the unit EPSP of the synaptic connection from neuron j. To ensure stability, we bounded

the spine size between 0 < g/ < 1, and doubled the scaling factor from y, to 2yu.

The surrogate learning rule

In the surrogate rule, each synapse estimates the mean unit EPSP by v; =(1-g})v,+g}v;,
where v, is the standard unit EPSP. Subsequently, a synapse updates its spine size by

t+1

g = g;kexp(S§ |Og|:p/-k/Pﬁ(’t:|—[ij _pl(')k‘t:l)/z'
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.k

where p, =p,exp(r,vy), Py =pyexp(r,vy), and Zr=exp{ﬁﬁ(sﬁlog[p,k/pfk‘]—[p,-k—p,‘-’k"]) -

The normalization term Z:is global in a sense that the term is given by the summation over

all the excitatory synapses projected to the postsynaptic neuron. To ensure the stability, we

bounded the spine size factor as 0<gj <1/2, and set Vo=1.5Vmin (=0.9mV).

Performance evaluation

During the training phase, only the target (i.e. horizontal stimulus 8=6.) was presented. In
the test phase, we presented 200 stimuli, of which 100 stimuli were the horizontal stimulus
(6=0.), while the other half were the vertical stimulus (8=6.). In Figure 3F, 5A, 5B and 5E, we
stopped the training at every 10 trials, and measured the performance. The classification

performance was measured by the ratio of horizontal trials in which the maximum EPSP

height Av] exceeded the threshold v, =(m,/c}+m,/cl)/(1/o}+1/0), to the total of 100 trials,
where m,=E[Av]] and o} =Var[Av]] were calculated over 100 test stimuli (n=1, 2, ...,100).
Although the evaluations were made solely on false negatives, we also observed significant
decrease of false positives during learning (Fig. 3E). When a postsynaptic action potential

was emitted, we used the estimated membrane threshold Avi,=25mV as the maximum EPSP

height Av,, but such a trial was rare (<1%) in our model setting.

Details of the NEURON simulations

Initial values of spine sizes {g/} were chosen such that g#~1/q/Vv/) is satisfied. To
this end, we first estimated the unit EPSP density at v=v/# through a sample-based

approximation:
a,(v})= 3 3 o[vi - tav vl <vf+iav]=q, (1)),

__va(v))

where dv=(Vmax—Vmin)/10. Then we calculated gt by gf=<'—-—~ . In Figure 5A, to

X av)
generate a biased synaptic distribution, we randomly sampled a position from the whole

1A

dendritic tree with probability (%L—;X)M-( L)

Lmax

/10-8(15,2—/13) , and added a synapse until 1000

synapses are created on the dendritic tree. Here, L’ is the distance from the soma, Lmax is its
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maximum length, Az is the bias parameter, and B(x,y) is the Beta function.
Presynaptic selectivity and initial synaptic contacts were randomly generated for
each simulation, while the dendritic morphology was fixed. Further details of the model are

available at ModelDB (http://modeldb.yale.edu/225075 with access code "1234").
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