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Understanding under which conditions the increase of systems complexity is evolutionary advan-
tageous, and how this trend is related to the modulation of the intrinsic noise, are fascinating issues
of utmost importance for synthetic and systems biology. To get insights into these matters, we
analyzed chemical reaction networks with different topologies and degrees of complexity, interacting
or not with the environment. We showed that the global level of fluctuations at the steady state,
as measured by the sum of the Fano factors of the number of molecules of all species, is directly
related to the topology of the network. For systems with zero deficiency, this sum is constant and
equal to the rank of the network. For higher deficiencies, we observed an increase or decrease of the
fluctuation levels according to the values of the reaction fluxes that link internal species, multiplied
by the associated stoichiometry. We showed that the noise is reduced when the fluxes all flow to-
wards the species of higher complexity, whereas it is amplified when the fluxes are directed towards
lower complexity species.

PACS numbers: 02.50.Ey, 05.10.Gg, 05.40.Ca, 87.18.-h

I. INTRODUCTION

Fluctuations play a major role in the dynamics of a
large variety of complex biological processes. To properly
describe the stochastic and heterogeneous nature of sys-
tems such as the transcriptional machinery [1] or cell dif-
ferentiation processes [2], stochastic modeling approaches
are indispensable [3]. For example, intensive efforts have
been devoted in the last decade to the characterization
of stochasticity in chemical reaction networks (CRNs) by
studying the propagation of fluctuations through the net-
works [4, 5] or by analyzing the relation between ther-
modynamic properties and noise levels [6, 7]. However,
the full understanding of the stochastic properties of
biomolecular networks remains an intricate goal that is
far from being met.

A challenging open question concerns the relationship
between the complexity of biological systems and the
modulation of the intrinsic noise. At first glance, the
evolutionary pressure, which led from unicellular organ-
isms to higher eukaryotes, tends to favor both complexity
increase and noise reduction, but this is clearly not a gen-
eral rule. On the basis of modeling investigations, it has
been shown that, for some systems, the increase of sys-
tems complexity is associated to a decrease of the noise
level [8], whereas other processes are noise-driven [9]; for
still other systems, the intrinsic noise can be either in-
creased or decreased according to the parameter values
of the model [10].

The lack of a general understanding is due to the fact
that CRNs describing biological systems are usually very
large and complex and thus complicated to model math-
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ematically, especially via stochastic simulations in which
the parameter space becomes rapidly too large to be
tractable. Hence, only toy models can be realistically
analyzed.

The purpose of this work is to deepen our knowledge on
noise modulation in stochastic CRNs. This was done by
analyzing model systems with different degrees of com-
plexity and by exploring analytically and numerically
their dynamical behavior and parameter spaces, using
the Itō stochastic differential equations formalism. For
the systems studied, we observed general relations be-
tween some structural characteristics of the CRNs and
the noise levels evaluated by the Fano factors of the bio-
chemical species involved. We conjecture the validity of
these relations for general classes of CRNs.

II. STOCHASTIC CHEMICAL REACTION
NETWORKS

Let us briefly review some basic concepts of chemi-
cal reaction networks. They are defined by the [S, C,R]
triplets consisting of sets of chemical species S, complexes
C and elementary reactions R. In the case of open sys-
tems, the environment is considered as a complex with
vanishing stoichiometric coefficients. Let Ui(t) denote the
number of molecules of species i (with 1 ≤ i ≤card(S))
at time t. It satisfies the chemical Langevin equation
(CLE) in the Itō formalism [11]:

dUi(t)

dt
=

card(R)∑
j=1

kijaj(U(t)) +

card(R)∑
j=1

kij

√
aj(U(t))Γj(t)

(1)
where kij is the stoichiometry matrix, aj(U(t)) the rate
of reaction j and Γj(t) statistically independent Gaussian
white noises (Wiener processes). This equation describes
the temporal evolution of U(t) and implies that its condi-
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tioned probability density function obeys the associated
Fokker-Planck equation. Here we assume a mass-action
kinetic scheme for the CRNs, which means that the rate
of a chemical reaction is proportional to the product of
the concentrations of the reactants raised to powers equal
to their stoichiometric coefficients.

CRNs are said to be complex balanced [12, 13] if, for
each complex y, the sum of the mean reaction rates for
the reactions r ⊂ R for which y is a reactant complex is
equal to the sum of the mean reaction rates for r′ ⊂ R
for which y is a product complex at the steady state U :

∑
j∈r

E(aj(U)) =
∑
j∈r′

E(aj(U)). (2)

Detailed balanced CRNs are a subclass of complex bal-
anced systems for which this relation holds separately
for each pair of forward and inverse reactions linking two
complexes. Detailed balanced steady states correspond
to thermodynamic equilibrium states, whereas the others
are non-equilibrium steady states (NESS).

To characterize the topology of a given CRN, the no-
tion of deficiency has been introduced [12, 13] as

δ = card(C)− L−X , (3)

where L is the number of linkage classes, namely the num-
ber of connected components of the reaction network, and
X is the dimension of the stoichiometry subspace, namely
the rank of the network.

CRNs are also characterized by their reversibility prop-
erties. They are said to be reversible if the existence of
a reaction that turns one complex into another implies
the existence of the reverse reaction. They are weakly re-
versible if the existence of a reaction path from complex
one to complex two implies the existence of a path from
complex two to complex one.

We focused here on open and closed, weakly reversible,
mass-action CRNs of arbitrary deficiency, which admit a
steady state that is not always complex balanced.

III. MODEL SYSTEMS

We studied three types of weakly reversible CRNs, de-
picted in Fig.1. The simplest one (Fig.1a) is defined by
the reaction chain:

n X Y ∅ X (4)

It represents for example the assembly of monomeric
molecules X into homo-oligomers Y, where n ∈ N>0 indi-
cates the number of monomers in each oligomer. When
n = 1, this CRN represents the interconversion between
two states of the same molecule (e.g. activated or not)
or between two localizations (e.g. intra- or extracellular).
Both species are linked to the environment.

The system of Itō stochastic differential equations
(SDE) that describes this CRN reads as (see Eq. (1)):

dX(t) = dPX(t)− dDX(t)− n (dF (t)− dG(t))

dY (t) = dPY (t)− dDY (t) + dF (t)− dG(t) (5)

where X(t) and Y (t) indicate the number of molecules
of species X and Y. dPX(t) and dPY (t) are the pro-
duction terms for the variables X(t) and Y (t) respec-
tively, dDX(t) and dDY (t) are the associated degrada-
tion terms, while dF (t) and dG(t) are interconversion
terms. Assuming mass-action kinetics, these terms can
be written as:

dPX(t) = pxdt+
√
px Γpx(t)

dDX(t) = dxX(t)dt+
√
dxX(t) Γdx(t)

dPY (t) = pydt+
√
py Γpy (t)

dDY (t) = dyX(t)dt+
√
dyX(t) Γdy (t)

dF (t) = fX(t)ndt+
√
fX(t)n Γf (t)

dG(t) = gY (t)dt+
√
gY (t) Γg(t) (6)

where px, dx, py, dy, f, g ∈ R≥0 are the parameters of the
model. We assumed here that the number of molecules
is large enough so that the approximation Xn ≈ X(X −
1)...(X − n+ 1) holds.

We also studied more complex CRNs, which model for
instance a biological system in which a molecular species
undergoes a homo-oligomerization process through an in-
termediate oligomerization step of lower order (Fig.1b):

n X Y , m Y Z

X ∅ , Y ∅ , Z ∅ (7)

with n,m ∈ N>0, or in which the homo-oligomerization
process occurs with or without an intermediate step
(Fig.1c):

n X Y , m Y Z , nm X Z

X ∅ , Y ∅ , Z ∅ (8)

The SDEs modeling these CRNs can be easily obtained
by generalizing Eqs. (5-6).

IV. INTRINSIC NOISE

A central parameter that quantifies the role of fluc-
tuations in biochemical systems is the Fano factor F (t),
defined as the ratio between the variance of a stochastic
variable U(t) and its mean: F (t) = Var[U(t)]/E[U(t)].
If the variable follows a Poisson distribution, its Fano
factor F is equal to one. When F is larger than one, the
intrinsic noise affects more strongly the variable concen-
tration, and the distribution is called super-Poissonian.
The distribution is sub-Poissonian when F < 1.
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To analyze the role of the fluctuations in the different
types of CRNs depicted in Fig.1, we computed the sum
of the Fano factors of all species at the steady state as
a function of the system’s parameters. This Fano factor
sum is taken to represent the global noise level of the sys-
tem. We obtained its expression from the SDEs of Eqs
(5-6) by employing an Euler-Mayurama time discretiza-
tion scheme [14]. The equations were studied analyti-
cally with a moment closure approximation [15] as well
as through numerical simulations. A detailed analysis of
these systems will be presented in an upcoming paper
[16]; here we show the main results.

A. Deficiency zero

We studied a series of δ = 0 CRNs among which the
following three classes :

(a) Closed CRNs described in Figs 1a-b with pi = di =
0 for all species i;

(b) Open CRNs described in Figs 1a-b with pi = di = 0
for all but one species;

(c) Open CRNs described in Figs 1a-c with n = m = 1.

Types (a) and (b) are detailed balanced systems, admit-
ting equilibrium states for all reaction rates, while (c) is
only complex balanced.

For all these CRNs we found analytically that the sum
of the steady state Fano factors over all species i is equal
to the rank :

card(S)∑
i=1

Fi = X (9)

It can be checked that all CRNs with deficiency zero sat-
isfy this simple relation. It is directly related to the re-
sult shown for this kind of CRNs in [17]: the steady
state probability distribution of the number of molecules
of each species can be expressed as a product of Poisson
distributions, or as a multinomial distribution in the case
some conservation laws hold and thus the state space is
reduced, for example in closed systems where the number
of molecules is conserved.

B. Deficiency one

For systems with deficiency larger than zero that ad-
mit a stationary solution, the situation becomes more
complicated due to the correlation between the chemical
species in the stationary state.

Consider first the δ = 1 homo-oligomerization CRN
shown in Fig. 1a and Eq. (4) with n > 1 and the two
species X and Y linked to the environment. Note that
in this model, both monomers and oligomers can be de-
graded, but also produced; to obtain the more realistic

FIG. 1: Schematic picture of the reaction networks analyzed
in this letter.

case in which only the monomer is produced, the oligomer
production rate py must be set to zero.

Using the same analytical procedure as for the δ =
0 case, we showed that the internal flux Ψ that flows
between the two species X and Y:

Ψ = f E[Xn]− gE[Y ] (10)

is generally non-zero. The other mean fluxes of the sys-
tem involve exchanges with the environment and are pro-
portional to Ψ. We obtained the analytical relation for
the sum of the Fano factors in terms of the rank and the
mean flux:

card(S)∑
i=1

Fi = X − α (n− 1) Ψ (11)

where α is a positive function of the system’s parameters.
The rank is here equal to X = 2. As expected, this
equation reduces to Eq. (9) when n = 1 (i.e. the system
is complex balanced) or Ψ = 0 (i.e. the steady state is
detailed balanced). The analytical and numerical results
for the sum of Fano factors as a function of Ψ, for different
values of n and the parameter f , are plotted in Fig. 2.

Relation (11) means that there is a global reduction of
the intrinsic noise level, as measured by the sum of Fano
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FIG. 2: Sum of Fano factors over the two different species
as a function of the mean flux Ψ, for different values of n
(1, 2 and 4) and different values of the parameter f , for the
SDEs shown in Fig. 1a; all other parameters are kept fixed:
px = py = 200, dx = dy = 0.001 and g = 0.002. The analyt-
ical solutions are indicated with lines and the solutions from
stochastic simulations with dots.

factors, when the mean flux Ψ is positive, thus when
the net flux is directed towards the chemical species with
higher degree of complexity (here the oligomer Y). When
the flux is directed towards the species with lower com-
plexity (here the monomer X), there is a global amplifi-
cation of the noise. We would like to emphasize that the
larger the complexity level, the larger the reduction or
amplification effect. Indeed, the proportionality coeffi-
cient between the Fano factor sum and the flux increases
in absolute value with n.

This relation can easily be generalized to the other
δ = 1 systems depicted in Fig. 1b-c, for the parameter
values for which there is only one independent mean flux
linking two complexes of different reaction stoichiometry.
Note that, in the case of several (dependent) fluxes, the
positiveness of the proportionality function α is only en-
sured if they all flow from lower to higher complexity or
vice versa.

C. Higher deficiencies

To get insights into the intrinsic noise in more complex
CRNs and generalize Eq. (11), we studied networks with
higher deficiency values. First we considered the CRN
of deficiency δ = 2 shown in Fig. 1b and Eq. (7), with
n,m > 1 and the three species X, Y and Z linked to the
environment. It has two independent fluxes that flow
between pairs of species:

Ψ1 = f1 E[Xn]− g1 E[Y ]

Ψ2 = f2 E[Y m]− g2 E[Z] (12)

The fluxes that link the species to the environment are
linear combinations of these two fluxes.

We also considered the more complex case with defi-
ciency δ = 3 shown in Fig. 1c and Eq. (8). For n,m > 1
and all species linked to the environment, this system has
three independent fluxes, the two given by Eq. (12) and
a third one:

Ψ3 = f3 E[Xnm]− g3 E[Z] (13)

We showed analytically and numerically that the
global intrinsic noise in these two CRNs, defined as the
sum of the Fano factors over all species, is given by :

card(S)∑
i=1

Fi = X −
δ∑
j=1

αj(−
card(S)∑

i

kij) Ψj (14)

where all αj are positive functions of the parameters and
where (−

∑
i kij) is the reaction’s stoichiometry, equal to

(n−1), (m−1) and (nm−1) for j = 1, 2, 3, respectively;
the rank is X = 3. The sum is over the δ independent
internal mean fluxes expressed as a function of forward
and backward reactions as Ψj = E[aj − a−j ], for which
the stoichiometry of reactant and product differ. The
analytical results for system (7) are plotted in Fig. 3.

Eq. (14) shows that when all the fluxes flow from the
species of lower degree of complexity to the species of
higher complexity, the global intrinsic noise level is re-
duced. In contrast, when the fluxes are directed towards
the lower complexity species, it is amplified. Again, the
effect on the noise is higher for larger stoichiometry val-
ues (−

∑
i kij). When the fluxes do not all have the same

sign, there start to be a competition between the fluxes.
In that case, whether the noise is reduced or amplified
depends on the parameters of the system, as pictorially
shown in Fig. 3.

V. CONCLUSION

In this letter we analyzed the global intrinsic noise in
CRNs through the estimation of the sum of Fano fac-
tors over all chemical species involved. We found that
this quantity depend crucially on the value of the CRN’s
deficiency. For all weakly reversible CRNs with δ = 0
the sum of Fano factors is always constant and equal to
the rank of the system independently of the model’s pa-
rameter. For higher deficiency systems, additional terms
appear which are proportional to the fluxes between the
complexes times the reaction stoichiometry. If all fluxes
flow in the direction of higher complexity, a global re-
duction of the noise is observed, while an amplification
occurs when fluxes are directed towards lower complexity.

To get insights into the biological meaning of
our results, consider for example the system com-
posed of monomeric proteins that undergo an homo-
oligomerization process. In this case, that corresponds
to Fig. 1a with py = 0, the mean flux is directed towards
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FIG. 3: Sum of Fano factors over the three different species as
a function of the two independent mean fluxes Ψ1 and Ψ2, for
different values of parameters f and g, for the SDEs shown
in Fig. 1b with n and m equal to 2 ; all other parameters
are kept fixed: px = py = pz = 100, dx = dy = dz = 0.001.
The blue surface is the surface

∑
i Fi = 3 while the orange

is obtained by solving analytically the SDE systems in the
moment closure approximation. In the quadrants I and III,
when the signs of the fluxes are equal, there is, respectively,
an increase or a decrease of the global noise. In the other
quadrants, both scenarios are possible, according to the pa-
rameters of the model.

higher complexity and thus the sum of Fano factors is
always smaller than or equal to the rank, which signals
global noise reduction. In contrast, for systems model-
ing the chemical hydrolysis of cellulose and hemicellulose
into monomeric sugars, where instead px = 0 and the
flux is directed towards the lowest complexity species,
we always have global noise amplification.

Several points remain to be addressed. The analysis
of the Fano factors of each individual chemical species in
the CRN are left for an upcoming paper [16]. We will also
extend our results to systems with more general kinetic
schemes [21–23]. Last but not least, a clear interpretation
of our results in terms of entropy production rates will
contribute to deepen our physical understanding of the
noise modulation in CRNs [6, 7].
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