
Flow-Mediated Olfactory Communication in Honey Bee
Swarms

Dieu My T. Nguyen1, Michael L. Iuzzolino1, Aaron Mankel2, Katarzyna Bozek3,4,
Greg J. Stephens3,5, Orit Peleg1,6,7,∗

1Department of Computer Science, University of Colorado Boulder
2Department of Physics, University of Colorado Boulder

3Biological Physics Theory Unit, Okinawa Institute of Technology
4Center for Molecular Medicine Cologne, University of Cologne

5Department of Physics and Astronomy, Vrije Universiteit Amsterdam
6BioFrontiers Institute, University of Colorado Boulder

7Santa Fe Institute
∗Corresponding author (orit.peleg@colorado.edu)

May 23, 2020

Abstract
Honey bee swarms are a landmark example of collective behavior. To become a coherent swarm, bees1

locate their queen by tracking her pheromones, but how can distant individuals exploit these chemical2

signals which decay rapidly in space and time? Here, we combine a novel behavioral assay with the3

machine vision detection of organism location and scenting behavior to track the search and aggregation4

dynamics of the honey bee Apis mellifera L. We find that bees collectively create a communication network5

to propagate pheromone signals, by arranging in a specific spatial distribution where there is a characteristic6

distance between individuals and a characteristic direction in which individuals broadcast the signals. To7

better understand such a flow–mediated directional communication strategy, we connect our experimental8

results to an agent–based model where virtual bees with simple, local behavioral rules, exist in a flow9

environment. Our model shows that increased directional bias leads to a more efficient aggregation process10

that avoids local equilibrium configurations of isotropic communication, such as small bee clusters that11

persist throughout the simulation. Our results highlight a novel example of extended classical stigmergy:12

rather than depositing static information in the environment, individual bees locally sense and globally13

manipulate the physical fields of chemical concentration and airflow.14

1 Introduction
Animals routinely navigate unpredictable and unknown environments in order to survive and reproduce.15

One of the prevalent communication strategies in nature is conducted via volatile signal communication, e.g.,16

pheromones [Conte and Hefetz, 2008, Kant et al., 2015]. As the range and noise tolerance of information17

exchange is limited by the spatiotemporal decay of these signals [Celani et al., 2014, Wilson et al.,18

2015], animals find creative solutions to overcome this problem by leveraging the diffusivity, decay, and19

interference with information from other individuals [Cardé and Willis, 2008, Bénichou et al., 2011, Gire20

et al., 2016, Hein et al., 2016].21

For olfactory communication, honey bees use their antennae to recognize and respond to specific odors.22

Recent studies have revealed the bees’ distinct electrophysiological responses to different chemicals with23

quantifiable preferences [Zhao et al., 2020]. Olfactory communication with pheromones is crucial for many24

coordinated processes inside a honey bee colony, such as caste–recognition, regulating foraging activities,25

and alarm–broadcasting [Trhlin et al., 2011, Pankiw et al., 1998, Lensky and Cassier, 1995]. To become a26

coherent swarm in the first place, honey bees must locate their queen by tracking her pheromones that27

decay rapidly in time and space. How can honey bees that are far away from the queen locate her? The28

specific mechanisms of the signal propagation strategy are still unknown.29
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Figure 1: Honey bees use directed volatile communication to solve a localization problem of finding their queen.
A) Pheromone sensing bees amplify the signal by opening the Nasonov gland in their abdomen, and fan their wings
to transmit their pheromones backwards (a behavior called “scenting”). Photos of queen and worker bee were taken
by Alex Wild; Scenting bee reproduced from [Peters et al., 2017]. B) Solution to the queen localization problem:
by amplifying the queen’s pheromones, worker bees transmit the volatile signal over long distances while keeping
a certain distance d from one another. spi,t is the position of a given bee, and sdi,t is the unit vector representing the
direction of scenting. C) Example of a typical experiment where at t = 0 the queen is confined to a cage located at a
corner of the arena, and the worker bees are located at the furthest corner. After ∼ 30 minutes, the bees aggregate
around the queen’s cage. D) The mean reconstruction of the attractive surface f according to Eq. S2, averaged over
30 minutes. The mutual information (Eq. S4) between this surface and the density of the bees at the end of the
experiment illustrates the correlation between the scenting directions and the aggregation location of the bees. E) The
average number of scenting bees and the average distance between scenting bees over time. The aggregation process
is accompanied by a sharp increase and gradual fall in the number of scenting bees. In contrast, the distance between
scenting bees is lowest at the peak in number of scenting bees at the beginning and gradually increases over time.

We propose that the mechanism to locating the queen involves a behavior called “scenting,” where30

bees raise their abdomens to expose the Nasonov pheromone gland and release the chemicals [Pickett31

et al., 1981, McIndoo, 1914, Peters et al., 2017] (Fig. 1A, Supplementary Movie S1 left panel). In the32

traditional chemical signaling chemotaxis and quorum sensing scheme the produced chemical signal is33

isotropic, as seen in early embryonic development [Cates and Tailleur, 2015, Bäuerle et al., 2018] and34

aggregation of amoebae in Dictyostelium [Brenner et al., 1998, Levine, 1994, Kessler and Levine, 1993].35

On the contrary, scenting bees create a directional bias by fanning their wings, which draws air along36

the pheromone gland along their anteroposterior axis (Fig. 1A). We show that when bees perform the37

scenting behavior, they fan their wings to direct the signal away from the queen and towards the rest of the38

uninformed swarm. (Fig. 1B). This directional bias increases the probability that distant bees may sense39

those amplified pheromones, upon which they also stop at a certain distance from the scenting bee and40

amplify the signal along their own anteroposterior axis. The combination of detection and “rebroadcast”41

leads to a dynamic network that recruits new broadcasting bees over time, as the pheromones now travel a42

distance that is orders of magnitude the length of an individual. What are the advantages of a directional43

communication strategy vs. an isotropic one? And how do the bees harness the physics of directed signals44

to create an efficient communication network? To address these questions, we combined a novel behavioral45

assay, machine learning solutions for organism tracking and scenting detection and computational agent–46

based modeling of the communication strategy in honey bees and characterize the advantage of collective47

directional scenting.48
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2 Behavioral Assay Results
To quantify the correlation between the scenting behavior of the bees, localization of the queen, and49

the aggregation process, we established a behavioral assay in which worker bees search for a stationary50

caged–queen in a semi–two–dimensional arena (see Supplementary Information section 5.1 for more51

details). We recorded the search and aggregation behavior of the bees from an aerial view for 1–2 hours52

(see Supplementary Movie S1 for a closeup example scenting bee with her abdomen pointed upwards and53

wing–fanning behavior in this experimental arena, in contrast with a non-scenting bee standing still). To54

extract data from the recordings, we then developed a markerless, automatic, and high–throughput analysis55

method using computer vision methods and convolutional neural networks (CNNs). This pipeline allows56

us to detect individual bees as well the positions and orientations of scenting bees (see Supplementary57

Information section 5.2 and Fig. S2 for more details, and Supplementary Movie S2 for the movie of the58

example in Fig. S2B,C).59

2.1 Localization is correlated with scenting
In the 2–D experimental arena, worker bees placed at the opposite corner to the queen explore the space60

and eventually aggregate around the queen’s cage after ∼ 30 minutes (Fig. 1C). For each scenting bee i61

at time t, we collected its position, spi,t, and direction of scenting, sdi,t (unit vector). We then correlated62

the scenting events with the spatiotemporal density of bees in the arena by treating spi,t and sdi,t as a set of63

gradients that define a minimal surface of height f(x, y, t). This surface height f(x, y, t) corresponds to the64

probability that a randomly moving non–scenting bee will end up at position (x, y) by following the local65

scenting directions of scenting bees (see Supplementary Information section 5.4 for formal definitions and66

derivations).67

To show that the attractive surface f(x, y, t) is correlated with the final concentration of bees ρ(x, y, t′),68

we compute the normalized mutual information, NMI(〈f〉t ; 〈ρ(tend)〉), between the attractive surface69

averaged over the entire experiment (Fig. 1D) and the density of the bees averaged over the last 5 minutes70

of the experiment. The mutual information measures the information that the two variables, 〈f〉t and71

〈ρ(tend)〉, share, and determines how much knowing one variable reduces uncertainty about the other. The72

NMI is scaled between 0 (no mutual information) and 1 (perfect correlation). We averaged the density of73

bees over the last 5 minutes of the experiment to capture the density of the entire group and avoid discrete74

peaks of density resulting from movement of individual bees (see Supplementary Information section 5.475

for definitions). For the experiment shown in Fig. 1C–E, the NMI is 0.21. The top–right region in the arena76

with maximal 〈f〉t corresponds to the location around the queen, illustrating the correlation between the77

scenting directions and the queen localization of the bees. We performed N = 14 experiments of various78

group sizes, and report an average NMI of 0.11 (σ2 = 0.002). See Supplementary Information Table S179

for values for individual experiments and Fig. S3 for pairs of the average frame and the average attractive80

surface for all experiments.81

2.2 A characteristic distance between scenting bees
The aggregation process is accompanied by a sharp increase in the average number of scenting bees,82

followed by a slow decay, until there are few scenting bees and the majority of the bees are aggregated83

around the queen (Fig. 1E, orange curve). See Supplementary Movie S3 for the experiment shown in84

Fig. 1C–E, with the attractive surface reconstruction and time–series data. We also characterize the temporal85

dynamics of the distance between neighboring scenting bees, which are treated as adjacent points in the86

Voronoi diagram for each frame (see example diagram in Fig. S2E–F and Supplementary Information87

section 5.3 for more details). Throughout the growth in the number of scenting bees, the distance between88

scenting bees decreases to a minimal value, then increases as the number of scenters decreases (Fig. 1E,89

green curve).90

To show the reproducibility of the behavioral assay and assess the effect of group size in the aggregation91

process, we tested fourteen group sizes ranging from approximately 180 to 1000 bees. Three example92

experiments with Nbees = 320, 500, and 790 are shown in Fig. 2A and Supplementary Movies S4, S5, and93

S6. Each example includes three snapshots showing the process of aggregation around the queen’s cage94

over 60 minutes. The average number of scenting bees over time for all experiments of various group sizes95

are shown in Fig. 2B. Generally, there are more scenting bees over time as the number of bees in the arena96

increases. Across densities, we observe a typical characteristic of a sharp increase in scenting bees at the97
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beginning as the bees initially search for the queen and a slow decrease as they slowly aggregate around98

the queen’s cage. Based on observations, we assume that bees in tight clusters, such as those at the very99

beginning, do not usually scent as they are not sufficiently spread out to fan their wings.100

The time evolution of the average distance from all bees in the arena to the queen is shown in Fig. 2C.101

There are no clear distinctions between the temporal dynamics of this distance as a function of density.102

For most densities, there is a sharp drop in this distance to the queen very early on (∼ 100 − −200 s),103

corresponding to the early increase in number of scenting bees. The average distance to the queen then104

gradually falls as bees make their way to her vicinity.105

We also measured the distance between neighboring scenting bees over time for all group sizes (Fig. 2D).106

This distance shows a characteristic gradual increase over time. At the beginning of the aggregation process107

at the peaks in scenting bees, this distance is fairly constant across all sizes, ranging from 5.00 to 7.35 cm,108

with an outlier from the lowest group size experiment at 9.06 cm (Fig. 2E). A linear model is fit to109

the data (excluding the outlier) with the slope m = 0.00031 cm/nbees. The presence of this constant110

distance between nearest–neighbor scenting bees during the initial stage of the aggregation suggests111

the possibility of a pheromone concentration threshold that turns on scenting for individual bees in this112

collective communication network. As more bees aggregate around the queen, the bees collectively ‘turn113

off’ scenting. The higher distance between scenting neighbors later in the recordings suggest that the few114

remaining scenting events are more stochastic.115

These experimental results, scenting behavior with wing–fanning to direct pheromones, the threshold–116

dependent triggering of this behavior, and a characteristic distance between scenting bees, serve as core117

ingredients for our agent–based model. We will use the model as a proof of concept of our proposal of the118

mechanistic localization behavior, described in more detail in the next section. The goal of our modeling is119

to test hypotheses of the mechanisms behind the phenomenon and explore the possible emergent patterns120

that arise to assess the effect of the directional signaling strategy employed by the bees.121
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Figure 2: Distance between scenting bees is invariant to bee density. A) Example experiments of various bee
densities, each with three snapshots showing the process of aggregation around the queen’s cage over 60 minutes.
B) The average number of scenting bees over time for all experiments of various densities. There are more scenting
bees with higher number of bees in the arena. Across densities, we observe a typical characteristic of a sharp increase
in scenting bees at the beginning and decrease over time. C) The average distance to the queen over time for all
experiments of various densities. This distance gradually decreases as bees aggregate around the queen. The positive
correlation between distance to queen and number of scenting bees is evidence for the functional importance of
scenting events to the problem of queen finding. D) The average distance between scenting bees over time for all
experiments of various densities. Across densities, these distances are fairly constant at the beginning around the
peaks in B), and increase over time. This is suggestive of a computational strategy that will be described in Section 3.
E) The average distance between scenting bees at the peak in number of scenting bees as a function of density. Error
bars represent the standard deviation over all the distances for each density. The distance between scenting bees is
approximately constant across densities, except for a low–density outlier. A linear model (green line) is fit to the data,
excluding the outlier, with a slope of m = 0.00031 cm/nbees.
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3 Agent–Based Model Results
To identify the unifying behavioral principles that harness the dynamics of volatile signals, we developed a122

model that captures two important physical dynamics surrounding individual bees, substance diffusion123

and sensing local concentration gradients, while they perform search and identification. Our agent–based124

model is embedded in a flow environment where individuals can sense local concentrations of pheromones125

and propagate them backward as well as move uphill the gradient (see Supplementary Information section126

5.5 and Fig. 3 for full model details).127

3.1 Model predicts optimal signal propagation within a range of behavioral pa-
rameters

We systematically explore a range of values for the directional bias wb, and the threshold T , for various128

numbers of bees in the arena N . Parameters wb and T are potential behavioral parameters that bees could129

adjust based on input from the environment. The directional bias wb represents the magnitude of the130

directional diffusion of pheromone released by a bee (see Fig. 3B for a comparison of isotropic (wb = 0)131

vs directed diffusion (wb = 10). The threshold T is the local concentration of pheromone above which a132

bee is activated from the random walk (i.e. a bee scents or walks up the concentration gradient when this133

threshold is met). Each combination of the these three parameters is a trial repeated 20 times. All other134

parameters, including C0 (the initial pheromone concentration), D (diffusion coefficient), and γ (decay135

constant) from Eq. S6, remain constant across all trials.136

We quantify aggregation around the queen through the average distance of worker bees to the queen,137

〈d(t)〉 = 1/N
∑N
i=1

√
(xi(t)− xq)2 + (yi(t)− yq)2, where xi(t) and yi(t) are the x and y positions of worker138

bee i, respectively, and xq and yq are the x and y positions of stationary queen bee. We also extract various139

other properties of the aggregation processes in the model: the queen’s cluster size and the number of140

clusters as additional measures of efficiency, the distance to the queen from the farthest active bee (i.e., a141

bee that is scenting or performing the directed walk up the pheromone gradient) to assess how far signals142

as a function of wb and T propagate, and the number of scenting bees as a measure of energy expenditure.143

Our model predicts 4 distinct phases for all densities, which are determined by (wb, T ):144

B) Scenting A) Simulation Box C) Directed Walk
…

… …

L
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L
<latexit sha1_base64="yZTiw44w8Lgqr/tITViaHT1LyYQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXAxsIiAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH8w0QT+iI8lDzqixUvN+UK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5oMuUJmxNQSyhS3txI2pooyY7Mp2RC81ZfXSfuq6rlVr3ldqXt5HEU4g3O4BA9qUIc7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AJ5sjL8=</latexit><latexit sha1_base64="yZTiw44w8Lgqr/tITViaHT1LyYQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXAxsIiAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH8w0QT+iI8lDzqixUvN+UK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5oMuUJmxNQSyhS3txI2pooyY7Mp2RC81ZfXSfuq6rlVr3ldqXt5HEU4g3O4BA9qUIc7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AJ5sjL8=</latexit><latexit sha1_base64="yZTiw44w8Lgqr/tITViaHT1LyYQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXAxsIiAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH8w0QT+iI8lDzqixUvN+UK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5oMuUJmxNQSyhS3txI2pooyY7Mp2RC81ZfXSfuq6rlVr3ldqXt5HEU4g3O4BA9qUIc7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AJ5sjL8=</latexit><latexit sha1_base64="yZTiw44w8Lgqr/tITViaHT1LyYQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXAxsIiAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lCpXksH8w0QT+iI8lDzqixUvN+UK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/yMyyQ1KNlyUZgKYmIy/5oMuUJmxNQSyhS3txI2pooyY7Mp2RC81ZfXSfuq6rlVr3ldqXt5HEU4g3O4BA9qUIc7aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AJ5sjL8=</latexit>

Isotropic diffusion
wb = 0

Directed diffusion
wb = 10

scenting agent

l
<latexit sha1_base64="z3+tt5ZU6xvUZO1Li+MYQ2WT/4k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqiUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPO7Izf</latexit><latexit sha1_base64="z3+tt5ZU6xvUZO1Li+MYQ2WT/4k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqiUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPO7Izf</latexit><latexit sha1_base64="z3+tt5ZU6xvUZO1Li+MYQ2WT/4k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqiUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPO7Izf</latexit><latexit sha1_base64="z3+tt5ZU6xvUZO1Li+MYQ2WT/4k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqiUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPO7Izf</latexit>

x
<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

y
<latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit>

x
<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

x
<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

y
<latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit>

t
<latexit sha1_base64="yU3U3Q3OSW+TVCJg/JgJIEalxps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWML9gPaUDbbSbt2swm7E6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY7v5n77CbURiXqgSYpBzIZKRIIzslKD+uWKV/UWcNeJn5MK5Kj3y1+9QcKzGBVxyYzp+l5KwZRpElzirNTLDKaMj9kQu5YqFqMJpotDZ+6FVQZulGhbityF+ntiymJjJnFoO2NGI7PqzcX/vG5G0W0wFSrNCBVfLooy6VLizr92B0IjJzmxhHEt7K0uHzHNONlsSjYEf/XlddK6qvpe1W9cV2p+HkcRzuAcLsGHG6jBPdShCRwQnuEV3pxH58V5dz6WrQUnnzmFP3A+fwDbDIzn</latexit><latexit sha1_base64="yU3U3Q3OSW+TVCJg/JgJIEalxps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWML9gPaUDbbSbt2swm7E6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY7v5n77CbURiXqgSYpBzIZKRIIzslKD+uWKV/UWcNeJn5MK5Kj3y1+9QcKzGBVxyYzp+l5KwZRpElzirNTLDKaMj9kQu5YqFqMJpotDZ+6FVQZulGhbityF+ntiymJjJnFoO2NGI7PqzcX/vG5G0W0wFSrNCBVfLooy6VLizr92B0IjJzmxhHEt7K0uHzHNONlsSjYEf/XlddK6qvpe1W9cV2p+HkcRzuAcLsGHG6jBPdShCRwQnuEV3pxH58V5dz6WrQUnnzmFP3A+fwDbDIzn</latexit><latexit sha1_base64="yU3U3Q3OSW+TVCJg/JgJIEalxps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWML9gPaUDbbSbt2swm7E6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY7v5n77CbURiXqgSYpBzIZKRIIzslKD+uWKV/UWcNeJn5MK5Kj3y1+9QcKzGBVxyYzp+l5KwZRpElzirNTLDKaMj9kQu5YqFqMJpotDZ+6FVQZulGhbityF+ntiymJjJnFoO2NGI7PqzcX/vG5G0W0wFSrNCBVfLooy6VLizr92B0IjJzmxhHEt7K0uHzHNONlsSjYEf/XlddK6qvpe1W9cV2p+HkcRzuAcLsGHG6jBPdShCRwQnuEV3pxH58V5dz6WrQUnnzmFP3A+fwDbDIzn</latexit><latexit sha1_base64="yU3U3Q3OSW+TVCJg/JgJIEalxps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHgxWML9gPaUDbbSbt2swm7E6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTKUw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJJpjk2eyER3QmZQCoVNEiSxk2pkcSixHY7v5n77CbURiXqgSYpBzIZKRIIzslKD+uWKV/UWcNeJn5MK5Kj3y1+9QcKzGBVxyYzp+l5KwZRpElzirNTLDKaMj9kQu5YqFqMJpotDZ+6FVQZulGhbityF+ntiymJjJnFoO2NGI7PqzcX/vG5G0W0wFSrNCBVfLooy6VLizr92B0IjJzmxhHEt7K0uHzHNONlsSjYEf/XlddK6qvpe1W9cV2p+HkcRzuAcLsGHG6jBPdShCRwQnuEV3pxH58V5dz6WrQUnnzmFP3A+fwDbDIzn</latexit>

step 
move 

step 
move 

step 
move 

t + 1
<latexit sha1_base64="WuiVMzepB5r8XBbem0nsDL2M6gQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFHBD0GvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYaqkRd//9gpr6xubW8Xt0s7u3v5B+fCoaZPMcNHgiUpMO2RWKKlFAyUq0U6NYHGoRCsc3c781pMwVib6EcepCGI20DKSnKGTHvCC9soVv+rPQVYJzUkFctR75a9uP+FZLDRyxaztUD/FYMIMSq7EtNTNrEgZH7GB6DiqWSxsMJmfOiVnTumTKDGuNJK5+ntiwmJrx3HoOmOGQ7vszcT/vE6G0U0wkTrNUGi+WBRlimBCZn+TvjSCoxo7wriR7lbCh8wwji6dkguBLr+8SpqXVepX6f1VpUbzOIpwAqdwDhSuoQZ3UIcGcBjAM7zCm6e8F+/d+1i0Frx85hj+wPv8AbFojVc=</latexit><latexit sha1_base64="WuiVMzepB5r8XBbem0nsDL2M6gQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFHBD0GvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYaqkRd//9gpr6xubW8Xt0s7u3v5B+fCoaZPMcNHgiUpMO2RWKKlFAyUq0U6NYHGoRCsc3c781pMwVib6EcepCGI20DKSnKGTHvCC9soVv+rPQVYJzUkFctR75a9uP+FZLDRyxaztUD/FYMIMSq7EtNTNrEgZH7GB6DiqWSxsMJmfOiVnTumTKDGuNJK5+ntiwmJrx3HoOmOGQ7vszcT/vE6G0U0wkTrNUGi+WBRlimBCZn+TvjSCoxo7wriR7lbCh8wwji6dkguBLr+8SpqXVepX6f1VpUbzOIpwAqdwDhSuoQZ3UIcGcBjAM7zCm6e8F+/d+1i0Frx85hj+wPv8AbFojVc=</latexit><latexit sha1_base64="WuiVMzepB5r8XBbem0nsDL2M6gQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFHBD0GvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYaqkRd//9gpr6xubW8Xt0s7u3v5B+fCoaZPMcNHgiUpMO2RWKKlFAyUq0U6NYHGoRCsc3c781pMwVib6EcepCGI20DKSnKGTHvCC9soVv+rPQVYJzUkFctR75a9uP+FZLDRyxaztUD/FYMIMSq7EtNTNrEgZH7GB6DiqWSxsMJmfOiVnTumTKDGuNJK5+ntiwmJrx3HoOmOGQ7vszcT/vE6G0U0wkTrNUGi+WBRlimBCZn+TvjSCoxo7wriR7lbCh8wwji6dkguBLr+8SpqXVepX6f1VpUbzOIpwAqdwDhSuoQZ3UIcGcBjAM7zCm6e8F+/d+1i0Frx85hj+wPv8AbFojVc=</latexit><latexit sha1_base64="WuiVMzepB5r8XBbem0nsDL2M6gQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFHBD0GvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYaqkRd//9gpr6xubW8Xt0s7u3v5B+fCoaZPMcNHgiUpMO2RWKKlFAyUq0U6NYHGoRCsc3c781pMwVib6EcepCGI20DKSnKGTHvCC9soVv+rPQVYJzUkFctR75a9uP+FZLDRyxaztUD/FYMIMSq7EtNTNrEgZH7GB6DiqWSxsMJmfOiVnTumTKDGuNJK5+ntiwmJrx3HoOmOGQ7vszcT/vE6G0U0wkTrNUGi+WBRlimBCZn+TvjSCoxo7wriR7lbCh8wwji6dkguBLr+8SpqXVepX6f1VpUbzOIpwAqdwDhSuoQZ3UIcGcBjAM7zCm6e8F+/d+1i0Frx85hj+wPv8AbFojVc=</latexit>

t + 2
<latexit sha1_base64="AJ9kclIdLLBbXVGq7v12mYGtE4o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWesCr2qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKuVT236t3XKw0vj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP7LsjVg=</latexit><latexit sha1_base64="AJ9kclIdLLBbXVGq7v12mYGtE4o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWesCr2qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKuVT236t3XKw0vj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP7LsjVg=</latexit><latexit sha1_base64="AJ9kclIdLLBbXVGq7v12mYGtE4o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWesCr2qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKuVT236t3XKw0vj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP7LsjVg=</latexit><latexit sha1_base64="AJ9kclIdLLBbXVGq7v12mYGtE4o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWesCr2qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKuVT236t3XKw0vj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP7LsjVg=</latexit>
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D) Example Simulation 
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<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

0 200 400 600
x

<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

0 200 400 600
x

<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

0 200 400 600
x

<latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit><latexit sha1_base64="iCohUQUoc78GKFNIM6RWyNZUcVk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7UvTyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4RyM6w==</latexit>

y
<latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit><latexit sha1_base64="eQntZIVswhP6zBCcVdFx7WeY3ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617rutbwijjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPioIzs</latexit>

0
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<latexit sha1_base64="3vsErXUd2JBSPrnWdI0fZ+UqOLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqsUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPBSIzW</latexit><latexit sha1_base64="3vsErXUd2JBSPrnWdI0fZ+UqOLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqsUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPBSIzW</latexit><latexit sha1_base64="3vsErXUd2JBSPrnWdI0fZ+UqOLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqsUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPBSIzW</latexit><latexit sha1_base64="3vsErXUd2JBSPrnWdI0fZ+UqOLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZqsUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFXGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPBSIzW</latexit>
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Figure 3: Scenting Model. A) Our L × L two dimensional simulation box is discretized into l × l sized pixels. B)
Scenting bees can produce directional bias (example on the right with wb = 10), compared to no directional bias on
the left. C) When a bee detects a local pheromone concentration that is above the activation threshold (C(x, y, t) > T ),
the bee calculates the concentration gradient around it (using the nearest 9 pixels, highlighted in different shades of
green) and walks up gradient towards higher pheromone concentrations. D) Example of a simulation showing a series
of snapshots. The queen is shown as a red filled circle, and worker bees are shown as a red filled circle colored by their
internal state: scenting (green), activated (orange) and non–activated (gray). Activated bees perform a directed walk
up the pheromone gradient, and non–activated bees are performing a random walk. The instantaneous pheromone
concentration C(x, y, t) corresponds to the green color scale. Simulation parameters are N = 100, wb = 30, T = 0.01

C0 = 0.0575, D = 0.6, and γ = 108.
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Phase 1: For low values of both wb and T , the bees aggregate into small clusters that are homogeneously145

spread throughout the simulation box (Fig. 4E). This is reflected by: 1) a sharp initial decrease and then146

gradual decrease of 〈d(t)〉 throughout the simulation (Fig. 4A), a consistently high number of scenting147

bees (Fig. 4B), a consistently small cluster of bees at the queen’s vicinity (Fig. 4C), and a consistently high148

distance of the farthest active bee from the queen (Fig. 4D). Simulation in Supplementary Movie S7.149

Phase 2: At higher values of T and wb, only bees in the vicinity of the queen are activated and join the150

local cluster around the queen. This is reminiscent of Diffusion Limited Aggregation (DLA) that results in151

a sparse fractal–like cluster around the queen (Fig. 4F). This phase is reflected by a gradual decrease in152

〈d(t)〉 and a gradual increase in the number of scenting bees, the queen’s cluster size, and the distance of153

the farthest active bee from the queen as bees slowly cluster via the random walk (Fig. 4A–D). Simulation154

in Supplementary Movie S8.155

Phase 3: At low values of T and high values of wb, the activated bees create a percolating network of156

senders and receivers of the pheromone signal (Fig. 4G). This combination of T and wb ensures the fastest157

aggregation process around the queen and the fastest growth of the queen’s cluster (Fig. 4A, C). This158

process keeps most bees active with the scenting task throughout the simulation (Fig. 4B). Although bees159

in phase 2 and 3 eventually cluster at the queen’s location, the pheromone signals in phase 3 reach a much160

farther distance at the beginning than in phase 2 where bees slowly cluster only via the random walk161

(Fig. 4D). Simulation in Supplementary Movie S9.162

Phase 4: When the activation threshold T is high enough, no worker bees are activated and no clusters are163

formed (Fig. 4H). In this phase, the bees simply perform a random walk. Simulation in Supplementary164

Movie S10.165

The existence of phase 3 suggests that using a directional signal is advantageous, as this phase does not166
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Figure 4: Directional bias is associated with optimal search and aggregation in the scenting model. A) The
average distance of the worker bees to the queen as a function of time steps, for examples of the four different phases.
B) The average number of scenting bees as a function of time steps, for examples of the four different phases. C) The
average queen’s cluster size as a function of time steps, for examples of the four different phases. D) The average
distance of the farthest active bee to the queen as a function of time steps, for examples of the four different phases.
E–H) Example of a simulation from the four different phases, showing a temporal series of snapshots. The queen is
shown as a red filled circle, and worker bees are shown as a red filled circle colored by their internal state: scenting
(green), perform a directed walk up the pheromone gradient (orange) and performing a random walk (gray). The
instantaneous pheromone concentration C(x,y,t) corresponds to the green color scale. Simulation parameters are
N = 300, C0 = 0.0575, D = 0.6, and γ = 108. For phase 1 wb = 0, T = 0.01 (E); for phase 2 wb = 10, T = 0.5 (F);
for phase 3 wb = 30, T = 0.05 (G); and for phase 4 wb = 0, T = 1.0 (H). Phase 3, which is associated with the fastest
aggregations around the queen, is highlighted in red.
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Figure 5: The effect of bee density on phase boundaries. Phase diagrams constructed from scenting model dynamics
using summary heatmaps in S5 as a function of T and wb for all three densities, N=50 (A), N=100(B), and N=300(C).
The area of the optimal phase (phase 3) grows with N.

exist in the absence of directional bias (wb = 0). Although in both phase 2 and phase 3, the bees are able167

to aggregate around the queen with similar values of the average final distance to the queen (such as for168

N = 100, the values are 0.56 and 0.53 units, respectively, in Fig. S5D), bees in phase 3 are able to reach169

a plateau distance to the queen earlier (on average at t = 5117 compared to t = 6864.6 in phase 2, in170

Fig. S5E) while requiring less scenting events to reach that plateau (on average 5566.18 events compared171

to 7732.50 in phase 2, in Fig. S5F).172

3.2 The effect of bee density on the phase boundaries
We use our model to construct phase diagrams for three different densities, low (L2/50), medium (L2/100),173

and high (L2/300). Across densities, low T and low wb result in phase 1 with multiple clusters (Fig. 5). In174

this phase, the range of T increases while the range of wb decreases as density increases. On the other175

hand, phase 4 is the result of high T and high wb values. With more bees in the arena, other phases expand176

while the range of phase 4 gets smaller.177

Phase 2 is typically the result of intermediate T values and low to intermediate wb values. These higher178

T values prevent the percolation seen in phase 3, as the pheromone signals are not as far reaching when179

bees are less sensitive to sense them to become propagators. Phase 3 with the successful aggregation via180

percolation is achieved with intermediate to high wb and low T values. As density increases, the range of181

wb and T for phase 3 is greater as there are more bees to create and sustain the communication network in182

the arena. When there is higher density of bees, the bees are able to aggregate around the queen while not183

needing to be as highly sensitive (i.e., lower T value) to the signals. Across all densities, phase 3 never184

occurs when there is no directional bias (i.e., wb = 0). This illustrates the importance of the directed185

signaling strategy to create an effective communication network. The existence of a network of transmitters186

and receivers of pheromones that percolates across the entire simulation box is crucial to achieve fast and187

successful aggregation around the queen.188

4 Discussion & Conclusion
Combining new experiments and high-throughput machine vision tracking of location and scenting behavior,189

we illuminated the communication mechanisms that honey bee swarms employ to locate their queen,190

a difficult problem given the limited information available from short–lived pheromone signals. We191

find that individual bees act as receivers and senders of signals by using the Nasonov scenting behavior,192

releasing pheromones from the glands and fanning their wings to direct the signals backward (Fig. 1A–B,193

Supplementary Movie S1 left pane). In an arena with a caged queen, bees were quick to activate a collective194

communication network, as we see a sharp, early–time increase in the number of scenting bees (Fig. 1E,195

2B). In this network, scenting bees stand at a characteristic distance from their neighbors while dispersing196

signals (Fig. 2E), which suggests a concentration threshold in the activation mechanism of individual bees197

scenting behavior. We show that the scenting events are highly correlated with the collective aggregation198

around the queen (Fig. 1D, S3). Together, these experimental results provide testable hypotheses of the199

mechanisms of this collective communication strategy and of whether the threshold–dependent directional200

signaling behavior is advantageous – concepts that we explore with the agent–based model.201
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The experimental findings guide our design and implementation of an agent–based model of the202

queen–localization phenomenon. We model individual bees as virtual agents with relatively simple rules for203

movement, detection of pheromone based on a concentration threshold, directed signaling, and chemotaxis204

to move up the local gradient (Fig. 3). The virtual bees are not aware of the queen’s location or of the205

global pheromone profile in the flow environment. We show that by only local interactions, these virtual206

bees are able to aggregate around the queen mostly quickly and efficiently when they implement directed207

signaling within a range of bias values (i.e., 10 ≤ wb < 60) (Fig. 4). When the density of bees increases in208

the virtual arena, effective aggregation can also occur with a wider range of T as opposed to being limited209

to lower T or lower sensitivity to pheromones (Fig. 5). Thus with more bees active in the communication210

network, individuals can afford to be less sensitive while still achieving swarm formation. Overall, the four211

different phases that are present in the model show us the possible emergent properties of this honey bee212

phenomenon. Importantly, our modelling emphasizes the significance of wing–fanning behavior, which213

allows for directed signaling in the swarm.214

In addition to presenting novel mechanistic details about the queen localization phenomenon in honey215

bees, we have also developed a new and effective image analysis pipeline for markerless, automatic, and216

high–throughput honey bee detection and behavior recognition (Fig. S2). Our approach uses state–of–the–217

art neural network models that are trained on our honey bee data and can be retrained and applied to218

other systems. Our high–throughput pipeline can be easily improved for future applications. First, the219

detection of individual bees currently employs a classical computer vision approach of simple Otsu’s adaptive220

thresholding, morphological transformations, and connected components. While these methods are quick221

and sufficient to identify bees from background, they struggle to separate bees when they significantly222

touch or overlap in the image, a problem exacerbated by our back light system. In future designs, we223

will modify our experimental setup to use different lighting systems where more features on bees are224

visible, allowing the usage of CNNs for the task of image segmentation to detect more individual bees in225

dense environment (e.g. [Bozek et al., 2018]). Additionally, while using the wing angle as a proxy for226

scenting in static images is effective, scenting is a time–dependent behavior which could be more accurately227

identified using information from multiple frames. Temporal information can be incorporated using activity228

recognition networks [Karpathy et al., 2014, Carreira and Zisserman, 2017] on labeled videos of bees. This229

will require tracking individual bees over time to build a labeled dataset composed of short movies of the230

scenting behavior. We will explore recent efforts in automatic tracking of bees, such as works by [Bozek231

et al., 2020]. The ability to track the scenting behavior of bees over time will allow us to answer interesting232

questions regarding the roles worker bees play in this swarming context. For example, does every bee233

eventually scent or does only a proportion of the same bees scent while others follow the pheromone trails234

to the queen?235

Various future directions arise. The model will allow testable predictions about the resilience of the236

communication network. This concept includes assessing the effect of node failure via removal of some237

signaling bees, interference with a secondary signal via introducing artificial pheromone to the network,238

and the disruption of pheromone flows in the presence of wind. Experiments can then be performed to test239

the model’s phenomenological predictions. Together, the tools will allow better understanding of how the240

dynamic nature of the network allows the swarm to overcome local obstacles such as solid objects, deal241

with a non–stationary search target, as well as turbulent airflow and conflicting chemical signals.242

From a physics perspective, our active system functions by coupling flows and forces in the presence243

of feedback [Peleg, 2019, Peters et al., 2019, Peleg et al., 2018]. The individual building blocks (in this244

case, a bee) can sense their micro–environment (flow, forces, chemical content) and respond in a way that245

promotes survival; typically, the response changes the macro–environment the individual is embedded246

in, thus creating a perpetual coupling between the individuals, the group, and the environment. From a247

biological perspective, our approach is an extension of the studies of classical stigmergy [Theraulaz and248

Bonabeau, 1999] wherein organisms deposit and respond to static information in the environment. In249

contrast, the bees in our system are able to sense local chemicals but also manipulate the global physical250

fields by actively directing signals with the scenting behavior. Harnessing the bees’ natural solutions to251

communication – honed by eons of evolution, selection, and refinement – we can not only more deeply252

understand collective animal behavior, but leverage that understanding to create bio–inspired system253

designs in the fields of dynamic construction materials, swarm robotics, and distributed communication.254
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5 Supplementary Information

5.1 Experimental setup
To quantify the correlation between the scenting behavior of the bees, localization of the queen, and255

the aggregation process, we established a behavioral assay and a high–throughput analysis method to256

automatically extract position and orientation information from the recordings.257

Figure S1: Setup for Behavioral Assay. A) Overview of setup,
with a camera mounted on a tripod and positioned above the
arena to capture an aerial view. B) Aerial view showing camera
recording above the arena. C) Close–up of the arena, which is
consisted of a light panel, the wooden frame as the arena on top
of the panel, and a plexiglass sheet to enclose the experimental
space.

European honeybees (Apis mellifera L.) are258

known to scent while standing or walking on259

solid surfaces, rather than flying. Hence, we260

restrict our indoors experimental arena to be261

semi–two–dimensional. The arena is com-262

posed of a wooden frame, and a plexiglass263

sheet, enclosing a volume of 50 cm x 50 cm264

x 1.5 cm. This space allows bees to walk and265

flap their wings, but keeps the bees from flying266

to avoid visual occlusions. To record the be-267

havior of the bees, we mount a video camera268

(4k resolution, 30 fps) to a tripod, positioned269

directly above the arena to capture an aerial270

view (Fig. S1). We collect bees directly from271

our apiary at the BioFrontiers Institute. First,272

we capture a queen from our queen bank, and273

place her in mesh cage (10.5 x 2.2 x 2.2cm),274

long enough to provide moving space. This275

ensures that the queen is confined to the cage276

while worker bees can sense her pheromones277

and attend to her. We then collect roughly278

2000 worker bees from one of our hives, and279

isolate them from their original queen for 24 hours. A dollop of fondant is placed in the bucket for the280

bees to feed themselves throughout their time inside the lab. After the queenless period, we introduce281

the workers to the caged queen and allow them to spend 24 hours together, for a total of 48 hours of282

adjustment before the experiments.283

Before the start of each experiment, the bees in the respective group are cooled down for approximately284

5–10 minutes in a fridge (4◦C) to deactivate the bees’ flying capability for easier handling. The queen285

bee in the mesh cage is isolated from the workers and placed into a position in the arena. Workers are286

then placed into the arena, and the plexiglass sheet is quickly placed on top to completely enclose the287

experimental space (Fig. S1C). Temperature of the arena is recorded from the beginning to the end of each288

experiment for a duration of 1 hour. Temperature is monitored regularly to ensure that the heat from the289

backlight board stays below 32−−35◦C and does not become a confounding factor to the fanning behavior.290

When the experiments are over, the bees are collected from the experimental area and returned to the291

apiary to their respective hive and queen bank. The arena and the plexiglass are cleaned (Lysol disinfectant292

wipes and wet paper towels) after each single experiment to remove any remaining pheromones for the293

next experiment.294

5.2 Computer vision and deep learning approach for high–throughput analysis
To extract information from the experimental videos and characterize the collective aggregation via directed295

pheromone signaling, we employ various computer vision and deep learning approaches. These approaches296

allow us to perform automatic detection of individual bees and of scenting bees as well as estimation of the297

scenting direction.298

We extracted color images from a given video at 30 fps and converted to 8-bit grayscale for storage, and299

used Otsu’s method to adaptively threshold the images, resulting in binary maps [Sezgin and Sankur, 2004].300

Morphological opening is then applied to the binary images to erode then dilate them [Dougherty, 1992].301

This process removes noise and separates individual bees from clustered groups. Connected components302

is applied to the binarized images, resulting in centroids (x, y positions) and pixel area. The pixel areas303

follow a multimodal distribution that represents junk artefacts (e.g., bee legs), individual bees, and larger304

bee groups that were not separated during the morphological transformations. The centroids and areas of305
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Figure S2: Image Analysis. A) Examples from labeled/annotated data–sets, used to train a CNN models to detect
bees and classify them to scenting vs. non–scenting categories as well as estimate their body orientations and therefore
scenting directions. B) Example of a snapshot where individual bee are detected. Individual bees are highlighted in
green and clusters in purple. No purple box is drawn for large clusters to reduce clutter. C) The same snapshot showing
the recognition of the scenting bees (highlighted in cyan). D) A zoomed–in fraction of the snapshot that shows the
detected body orientation of the scenting bees, shown by an arrow. E) Example Voronoi diagram of the frame image
from B), showing the centroids of the scenting bees as green dots inside cells (black lines). F) A zoomed-in fraction of
the diagram in E) that shows a particular scenting bee (green dot) in a cell and neighbor scenting bees (red dots) that
occupy the cells adjacent to the green bee. Grey dots represent scenting bees that are not counted as neighbors of the
green bee. The Euclidian distance between the bee in green and all the bees in red are computed and averaged for this
particular scenting bee.

individual bees are saved, and an additional processing step is performed on the large bee group detections.306

One more iteration of morphological opening is performed, followed by connected components. The307

resulting areas now follow a distribution where the smaller clusters represent individuals and show a308

sharp peak. The individual bee detections are added to the initial stack of individual detections, and the309

group detections are finalized as inseparable clusters. The centroid information is leveraged for cropping310

individual and grouped bees from the original images.311

We trained a convolutional neural network (CNN) to classify individual bee images as scenting or312

non–scenting, examples shown in Fig. S2A. Neural networks require large annotated datasets. To address313

this issue, we developed an annotation tool to rapidly generate 28,458 labeled images. The labeled dataset314

was split into training, validation, and test sets in order to assess the generalizability of the model. Although315

scenting is a time–dependent behavior, given the characteristic behavior of vigorous wing–flapping in316

scenting bees, we are able use the wing angle as a proxy for scenting, enabling the use of static images to317

identify scenting bees. We trained a ResNet–18 model [He et al., 2016] with data augmentation (horizontal318

and vertical flipping, brightness adjustments, scaling, translation, and rotation) and balanced sampling to319

combat the class imbalance (9:1 non–scenting to scenting) for 1203 epochs with early stopping to prevent320

over–fitting. We achieved 95.17% accuracy, 95.39% true positive rate, and 95.15% F1 score (95.39% recall,321

94.92% precision) on the test set, indicating that our model can generalize to unseen data during training.322

We also employ deep learning for the task of orientation prediction by posing it as a regression problem,323

allowing the estimation of continuous orientation angles. The same CNN architecture from the classification324

task is used, with a modified loss function to output continuous values for the predicted angles:325

L =

√
[arctan (sin (y − yp) , cos (y − yp))]2 (S1)

where y is the true label, and yp is the network’s prediction. Similar to the scenting bee classification task,326

we created a labeled dataset of 15,435 images each with head and tail positions, from which we compute327
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the ground–truth orientation angle (Fig. S2A). On the test set, this model achieves 96.71% with 15◦ of328

error tolerance. Together, these computer vision and deep learning methods allow us to automatically329

process long recordings to detect individual bees (Fig. S2B), classify scenting bees and non–scenting bees,330

and estimate their body orientations for scenting directions (Fig. S2C–D).331

5.3 Analysis of extracted data
With the positions and orientations of scenting bees extracted from the recordings, we obtain several332

measurable time-series properties from the experiments. The number of scenting bees are extracted per333

frame of each density experiment, presented as a rolling mean with the window size of 100 frames (Fig. 2B).334

To compute the distance between neighbor scenting bees, for each frame of an experiment, we define a335

Voronoi diagram whose points are the positions of the scenting bees in that frame. For a given scenting336

bee, its neighbors are the points that create cells adjacent to the cell of that bee. The Euclidian distance337

from the bee to its neighbors are computed and averaged, and for a given frame, these distances for all338

scenting bees are averaged. The time–series data for this property is presented as a rolling mean with a339

window size of 100 frames (Fig. 2C). The final property we extracted from the experimental data is the340

average distance to the queen (Fig. 2D). Because the computer vision method to detect individual bees341

cannot find every single individual bee (when bees touch or overlap, they count as a clustered group),342

we alternatively computed the average distance of all black pixels to the queen’s location in binary frame343

images. Because the queen’s cage is stationary and the remaining black pixels in the arena only represent344

the moving worker bees, this is an effective method to measure this distance to the queen over time.345

We note that because the bees were placed in the fridge before the experiments to reduce flying346

capability for easier handling, they were not yet very active in the initial clusters. Hence, our analysis of347

the experiments can begin before all bees are spread out to capture the sharp increase in the number of348

scenting bees at the beginning. Besides the initial peak in the number of scenting bees at the beginning349

in each of the experiments, two experiments also show a sharp peak in the later half of the recording350

(Fig. 2B). These later peaks are a result of a sudden mass scenting event with many bee participants, and351

require further investigation.352

5.4 Correlation definition
Now that we have the positions and directions of all scenting bees in our experiments, we turn to ask353

how these scenting events are correlated with the spatiotemporal density of bees in the arena, defined as354

ρ(x, y, t). For each scenting bee i at time t, we define its position as spi,t, and its direction of scenting as sdi,t355

(unit vector). If the scenting bees provide directional information to non–scenting bees, we could treat spi,t356

and sdi,t as a set of gradients that define a minimal surface of height f(x, y, t). Hence, f(x, y, t) corresponds357

to the probability that a randomly moving non–scenting bee will end up at position (x, y) by following the358

local scenting directions of scenting bees:359

f(x, y) =
∑

∀∇f

∫
∇fdxdy (S2)

where ∇f = spi,t + sdi,t. Specifically, we regularize the least squares solution of the reconstruction of a360

surface from its gradient field, using Tikhonov regularization [Harker and O’Leary, 2008, Harker and361

O’Leary, 2011]. An example of the reconstruction of the surface is shown in (Fig. 1B). Finally, we define the362

correlation between the attractive surface f(x, y, t) and the concentration of bees ρ(x, y, t′), using mutual363

information:364

MI(f(x, y, t); ρ(x, y, t′)) =
∑

fi∈f

∑

ρi∈ρ
P(f,ρ)(fi, ρi) log

P(f,ρ)(fi, ρi)

P(f)(fi)P(ρ)(ρi)
(S3)

where P(f,ρ) is the the joint probability mass function of f(x, y, t) and ρ(x, y, t′), and P(f)(fi) and P(ρ)(ρi)365

are the marginal probability mass functions of f(x, y, t) and ρ(x, y, t′), respectively.366

To scale the results between 0 (no mutual information) and 1 (perfect correlation) for interpretability,367

we use the normalized mutual information (NMI):368

NMI(f(x, y, t); ρ(x, y, t′)) =
MI(f(x, y, t); ρ(x, y, t′))√(∑

fi∈f P(f)(fi) logP(f)(fi)
)(∑

ρi∈ρ P(ρ)(ρi) logP(ρ)(ρi)
) (S4)
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Figure S3: Concentration of Bees vs Attractive Surfaces. A–N) For each of the density experiments, we show the
average frame of the last 5 minutes of the experiment when we typically have bees’ final aggregation around the queen,
with the corresponding attractive surface averaged over the entire experiment. Note that in the frames, the queen’s
cage is replaced by a rectangle that matches the color of the background to not interfere with the mutual information
computation. The red dot denotes the queen’s location. The aggregation around the queen typically correlates with
the areas of maximal f(x, y) in the attractive surface. The mutual information is computed for each of these pairs of
average frame and average surface.

Our controls for the NMI calculations include generating 10 pairs of uniformly random 1000 × 1000369

matrices that perfectly correlate (i.e., they are identical pairs of matrices). Averaged over the 10 trials, the370

NMI is 1.00 as expected. For the case of highly uncorrelated matrices, we generated 10 pairs of uniformly371

random 1000× 1000 matrices, which have a low average NMI of 0.006.372

N 180 250 310 320 370 400 420 430 440 500 590 650 790 1000
NMI 0.14596 0.07251 0.11406 0.20955 0.05825 0.11051 0.07247 0.10504 0.06116 0.06052 0.10512 0.09441 0.16013 0.10707

Table S1: Mutual Information Between Concentration of Bees and Average Attractive Surface. For all density
experiments, the mutual information and normalized mutual information between the attractive surface averaged over
the entire experiment and the average frame from the last 5 minutes of the experiment are shown.

5.5 A candidate set of behavioral rules
To explore the honeybee communication network in the queen–finding context, we built an agent–based–373

model predicated on a pheromone diffusion and concentration gradient model and a set of simple behavioral374
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rules. We chose this family of models to study how simple behavioral rules can generate complex collective375

behaviors.376

In the agent–based model, we model pheromone diffusion using the 2–dimensional (2–D) diffusion377

partial differential equation to describe the concentration of pheromone, C(x, y, t), at a position and time:378

∂C(x, y, t)

∂t
= D

∂2C(x, t)

∂x2
+D

∂2C(y, t)

∂y2
− wx

∂C(x, t)

∂x
− wy

∂C(y, t)

∂y
− γC(x, y, t) (S5)

UaQdRPWalk
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Figure S4: Probabilistic State Machine Dia-
gram. The behaviors of worker bees are pre-
sented as a state model with finite states (cir-
cles) and probabilistic and conditional transi-
tions (links).

whereC(x, y, t) is the pheromone concentration at position [x, y]379

at time t, wx, and wy are the x and y components of emission380

vector, respectively, D is the diffusion coefficient, and γ is the381

decay constant. Treating a single scenting bee as a point source382

of localized and instantaneous pheromone emission, we solve383

eq. S5:384

C(x, y, t) =
C0√
t
exp

(
− (x− wbwxt)2 + (y − wbwyt)2

4Dt
− γt

)

(S6)
where C0 is the initial pheromone concentration and wb is the385

magnitude of directed emission. The environmental parameters386

of the model include: the size of the 2–D square arena (Xmin and387

Xmax) and the size of a grid cell (δX), the start and final time388

of the simulation (ti and tf ) and the time integration constant389

(δt).390

The queen bee acts as a stationary and frequent source of391

pheromone and a global point of convergence. Her pheromone392

emission is modeled as an axi–symmetric diffusion process, i.e.,393

without directional bias (wb = 0). Worker bees in the simulation394

obey the following behavioral rules: (1) Workers begin by per-395

forming a random walk in the arena. Workers near the queen396

will detect her pheromone if it is above their detection threshold397

(T) at their positions in the arena. (2) If the threshold is met, a398

worker bee will determine her heading direction as the direction399

uphill the gradient.The negative vector of the gradient scaled by wb is the direction to emit pheromone and400

disperse it via wing fanning for signal propagation. The bee will then either walk up the concentration401

gradient or stand still for a certain time to emit and fan her own pheromones, to inform other bees in402

the swarm of the queen’s direction, each event with a 0.5 probability. (3) Bees that detect this cascade of403

secondary signals will follow the same rules to head in the direction of maximum pheromone concentration404

or emit their own and further propagate the information.405

We formalize the worker bees’ behavior as a probabilistic state machine (PSM) [Rabin, 1963]. The406

PSM consists of a set of finite states that describe bee behavior, such as random walking or fanning, and a407

probabilistic transition matrix that prescribes the manner in which a bee may change from one state to408

another. Specifically, the state model SMworker = (S, s0, I,M), associated with each worker bee in our409

ABM, defines her set of behavioral rules within the environment, and SMworker components are fixed410

across all worker bees and are specified as follows.411

• S = {randomWalk, directedWalk, thresholdMet, emit, fan}, is a set of finite states, where the412

variable randomWalk is a random walk when the activation threshold is not met, directedWalk is413

the walk uphill the concentration gradient, thresholdMet is when the concentration threshold of414

the bee is met, emit is the instantaneous release of pheromone, and fan is the wing fanning at a415

constant position.416

• s0 = randomWalk is the initial state of each bee417

• I = {ti, ci}, is a set of flags for the input conditions on state transitions, where for a given bee, ti is a418

counter for the time that bee is in the fan state and ci is the concentration at that bee’s position.419

For the transition matrixM , there are two relevant ABM parameters, Pw and T , which represent the420

emission period comprised of the emit and the fan state and the concentration threshold over which a421
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worker bee can be activated from state randomWalk. The table provides the conditions and probabilities for422

transitioning from the current state, sc, to the next state, sn. The table (Table S2) is defined as follows, with423

randomWalk, thresholdMet, and directedWalk abbreviated as rWalk, tMet, and dWalk, respectively.424

This state model is also visually represented in a state diagram in Fig. S4.425

sc

sn rWalk tMet emit fan dWalk

rWalk ci < T ci ≥ T 0 0 0
dWalk ci < T ci ≥ T 0 0 0
tMet 0 0 0.5 0 0.5
emit 0 0 0 1 0
fan ti ≥ Pw ∧ ci < T ti ≥ Pw ∧ ci ≥ T 0 ti < Pw 0

Table S2: Probabilistic State Machine Transition Matrix for Honeybee Behavioral Rules.

To compute the direction of greatest local change in concentration for a given bee, we calculate the426

gradient of pheromone concentration:427

O(x,y)C = KiEi(x− xi − wbwxt)x̂+KiEi(y − yi − wbwyt)ŷ (S7)

where Ki = −A/2Dt
√
t and Ei = exp

(
−(x− xi − wbwxt)2 + (y − yi − wbwyt)2/4Dt− γt

)
, x, y are the428

position of the activated bees, and xi, yi are the position of the scenting bees (i.e., pheromone source)429

i. The cumulative gradient for the concentration at a single bee’s position is the sum of the normalized430

gradients resulting from each pheromone source or emitting bee i:431

O(x,y)Ccumulative =
∑

i

O(x,y)Ci(x, y) =
∑

i

KiEi(x− xi − wbwxt)x̂+
∑

i

KiEi(y − yi − wbwyt)ŷ (S8)

This gradient defines the vector that points in the direction of the bee’s heading for its directed walk. The432

negative vector of the gradient is the direction for this bee’s pheromone emission for signal propagation,433

and thus its x and y components make up the wx and wy terms of Eq. S6.434

Parameter Meaning Value(s)
Xmin, Xmax Size of grid arena -3, 3
δX Grid cell size 0.01
ti, tf Start and final time 0, 50
δt Time integration constant 0.005
D Diffusion coefficient 0.6
γ Decay constant 108
(xq, yq) Queen 2-D position (0,0)
Pq Queen emission frequency 80
C0q Queen initial concentration 0.0575
wbq Queen bias scalar 0
(xw, yw) Worker 2-D position ∈ [Xmin, Xmax]

Pw Worker emission period 80
C0w Worker initial concentration 0.0575
wbw Worker bias scalar 0, 10, 20, 30, 40, 50, 60
Nw Worker density 50, 100, 300
T Worker activation threshold 1e-4, 1e-3, 0.01, 0.025, 0.05, 0.075, 0.1, 0.20, 0.25, 0.3, 0.4, 0.5, 0.6, 0.7, 1.0

Table S3: Agent-based Model Parameters. Free parameters of the ABM are bolded.

5.6 Construction of the phase diagrams
We extracted several straightforward properties from the model data for time-series analyses presented435

in Fig. 4A–B, D: the bees’ average distance to the queen, the average number of scenting bees, and the436

average distance to the queen from the farthest active bee. To obtain the clustering data to characterize the437

growth of the queen’s cluster size and the number of clusters that form over time (Fig. 4C, S5A–B), we use438

the density-based spatial clustering of applications with noise (DBSCAN) algorithm (eps: 0.25, minimum439

number of bees to form a cluster: 5) to cluster bees at every time step [Ester et al., 1996]. Finally, to find440

the time when the average distance to the queen reaches a plateau value (Fig. 4E), we find the time step441

after which the difference between contiguous distance values is 0.001 or below for at least 300 time steps.442
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Figure S5: Summary Heatmaps for N = 100. A–C) Summary heatmaps used to construct the phase diagrams. A)
The average final number of clusters as a function of T and wb, used to identify phase 1 simulations that result in more
than 1.4 clusters. B) The average final size of the queen’s cluster, used in combination with A) to identify phase 4.
Phase 4 simulations have 0–1.4 clusters and the cluster size is less than 90 bees. C) The average distance of the farthest
active bee to the queen during the initial 1000 time steps of the simulation, used to distinguish between the random
walk in phase 2 and percolation in phase 3. Phase 2 simulations must have this average distance below 1.5, while
simulations in phase 3 must meet the threshold of 1.5 or greater. D–F) Summary heatmaps showing various properties
of each phase, with average values for each phase annotated and all phases overlaid. D) The average final distance to
the queen. E) The average time the simulations reach a plateau distance to the queen. F) The average total number of
scenting events up to the time to the plateau distance.

We then sum the number of scenting events from the beginning of the simulation to the time to the plateau443

distance to the queen (Fig. 4F).444

To construct the phase diagrams, we use three summary heatmaps to distinguish the phases: the445

final number of clusters, the final queen’s cluster size, and the distance of the farthest active bee to the446

queen (Fig. S5A–C). For trials with the intermediate density of bees, (L2/100), we sequentially applied the447

following conditions to each simulation to group it into the appropriate phase:448

• If the final number of clusters > 1.4: Phase 1449

• If the final number of clusters 0− 1.4 and the final queen’s cluster size < 90 bees: Phase 4450

• If the farthest active distance < 1.5: Phase 2451

• If the farthest active distance ≥ 1.5: Phase 3452

For low density of bees, (L2/50), the sequential conditions are:453

• If the final number of clusters > 1.1: Phase 1454

• If the final number of clusters 0− 1.1 and the final queen’s cluster size < 45 bees: Phase 4455

• If the farthest active distance < 1.2: Phase 2456

• If the farthest active distance ≥ 1.2: Phase 3457

Lastly, for high density of bees, (L2/300), the sequential conditions are:458

• If the final number of clusters > 2.0: Phase 1459

• If the final number of clusters 0− 2.0 and the final queen’s cluster size < 270 bees: Phase 4460

• If the farthest active distance < 2.3: Phase 2461

• If the farthest active distance ≥ 2.3: Phase 3462
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Algorithm 1 Honeybee Queen-Finding Algorithm
1: procedure Set Environmental Parameters
2: Spatial: Xmin, Xmax, δX
3: Temporal: ti, tf , δt
4: Pheromonal: D, γ

5: procedure Set Queen Parameters
6: xq , yq , Pq , C0q , wbq

7: procedure Set Worker Parameters
8: xw, yw, Pw, C0w

9: Free parameters: wbw , T,Nw

10: procedure Simulate Queen-Finding
11: Initialize Environment, Queen, and Workers
12: Initialize Pheromone Sources
13: Initialize Concentration Map
14: for t_i in timesteps do
15: . Step 1. Check if each bee is emitting and build list of pheromone sources
16: . Step 1.1. Check Queen
17: if t_i % Pq == 0 then
18: Queen emits pheromone via Equation S6
19: Add Queen to Pheromone Sources
20: . Step 1.2. Check Workers
21: for worker_i in Workers do
22: if state == emit then
23: worker_i emits pheromone via Equation S6
24: Add worker_i to Pheromone Sources
25: . Step 2. Build Concentration Map & Calculate gradient for each worker using Pheromone Sources list
26: for pheromone_source_i in Pheromone Sources do
27: Update Concentration Map
28: for worker_i in Workers do
29: Calculate concentration gradient via Equation S8
30: Calculate directed emission direction
31: . Step 3. Update next state for Workers
32: for worker_i in Workers do
33: Update next state according to SMworker

Supplementary Movies
• S1: Example closeup movie of a scenting bee (left panel) and a non-scenting bee (right panel) in the

semi-2D experimental arena from an aerial view. The scenting bee is pointing up her abdomen and
fanning vigorously. The non-scenting bee is standing still.

• S2: Example movie of results from the image analysis pipeline as shown in Fig. S2. The left panel
shows the detection of individuals (green boxes) and clusters (purple boxes) using the computer
vision methods of adaptive thresholding, morphological transformations, and connected components.
Note that for very large clusters, no purple boxes are drawn to reduce visual clutter. The right panel
shows the recognition of scenting bees and the estimation of their scenting directions (cyan arrows)
using convolutional neural networks.

• S3: Example movie of the N = 320 experiment and data shown in Fig. 1. The left panel shows
the experimental movie with annotated scenting directions on scenting bees (cyan arrows). The
center panel shows the attractive surface reconstructions f over time to show the correlation between
scenting directions and aggregation location of the bees. The right panel shows the time-series data of
the number of scenting bees over time, where we observe a sharp peak at the beginning and gradual
decrease.

• S4, S5, S6: Three example movies of the experiments of various densities (N = 320, 500, 790) shown
in Fig. 2. The queen bee is in a cage at the top right corner of the arena. Worker bees are placed at
the bottom left corner at the beginning. Over time, they collectively form a communication network
using the scenting behavior and end up aggregating around the queen.

• S7: Example movie of a simulation in phase 1 in the agent-based model (wb = 0, T = 0.01, N = 300,
C0 = 0.0575,D = 0.6, γ = 108). In this phase at relatively low values of T and wb, the bees aggregate
into small clusters that are homogeneously spread throughout the simulation box.
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• S8: Example movie of a simulation in phase 2 in the agent-based model (wb = 10, T = 0.5, N = 300,
C0 = 0.0575, D = 0.6, γ = 108). In this phase at relatively higher values of T and wb, only bees that
randomly walk near the queen are activated (i.e., scent or perform the directed walk up the gradient)
and join the local cluster around her. This is similar to a Diffusion Limited Aggregation that results in
a sparse fractal-like cluster.

• S9: Example movie of a simulation in phase 3 in the agent-based model (wb = 30, T = 0.05, N = 300,
C0 = 0.0575, D = 0.6, γ = 108). In this optimal phase at relatively low values of T and high values
of wb, the activated bees create a percolating network of senders and receivers of the pheromone
signals. The aggregation process and the growth of the queen’s cluster is the fastest compared to
other phases.

• S10: Example movie of a simulation in phase 4 in the agent-based model (wb = 0, T = 1.00, N = 300,
C0 = 0.0575, D = 0.6, γ = 108). In this phase, the high activation threshold T results in no workers
bees ever activated and no clusters formed around the queen. The bees perform the random walk
throughout the entire simulation.

Code
Code for the image analysis of the experiments and the agent-based model will be made available upon
publication.
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