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The condensation of several mega base pair human chromosomes in a small cell volume is a
spectacular phenomenon in biology. This process, involving the formation of loops in chromosomes,
is facilitated by ATP consuming motors (condensin and cohesin), that interact with chromatin
segments thereby actively extruding loops. Motivated by real time videos of loop extrusion (LE),
we created an analytically solvable model, which yields the LE velocity as a function of external
load acting on condensin. The theory fits the experimental data quantitatively, and suggests that
condensin must undergo a large conformational change, triggered by ATP binding and hydrolysis,
that brings distant parts of the motor to proximity. Simulations using a simple model confirm that
a transition between an open and closed states is necessary for LE. Changes in the orientation of
the motor domain are transmitted over ~ 50 nm, connecting the motor head and the hinge, thus
providing a plausible mechanism for LE. The theory and simulations are applicable to loop extrusion

in other structural maintenance complexes.

How chromosomes are structurally organized in the
tight cellular space is a long standing problem in biol-
ogy. Remarkably, these information carrying polymers in
humans containing more than 100 million base pairs, de-
pending on the chromosome number, are densely packed
(apparently with negligible knots) in the 5 — 10 pum cell
nucleus [1, 2]. In order to accomplish this herculean
feat nature has evolved a family of SMCs (Structural
Maintenance of Chromosomes) complexes [3, 4] (bacte-
rial SMC, cohesin, and condensin) to facilitate large scale
compaction of chromosomes in all living systems. Com-
paction is thought to occur by active generation of a
large array of loops, which are envisioned to form by
extrusion of the genomic material [5, 6] driven by ATP-
consuming motors. The SMC complexes have been iden-
tified as a major component of the loop extrusion (LE)
process [3, 4].

Of interest here is condensin, which has motor activity
as it translocates on DNA [7], resulting in active extru-
sion loops in an ATP-dependent manner [8]. We first
provide a brief description of the architecture of con-
densin (drawn schematically in Fig.1) because the the-
ory is based on this picture. Condensin is a ring shaped
dimeric motor to which a pair of SMC proteins (Smc2
and Smc4) are attached. Smc2 and Smc4, which have
coiled coil (CC) structures, are connected at the hinge
domain. The ATP binding domains are in the motor
heads [4, 9]. The CCs have kinks roughly in the middle
of the CCs [9]. The relative flexibility in the elbow region
(located near the kinks) could be the key to the confor-
mational transitions in the CC that are powered by ATP
binding and hydrolysis [4, 10]. At present, there is no
direct experimental evidence that this is so.

Previous studies using simulations [6, 11, 12], which
build on the pioneering insights by Nasmyth [5], sug-
gested that multiple condensins concertedly translocate
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along the chromosome extruding loops of increasing
length. In this mechanism two condensin heads move
away from each other extruding loops in a symmetric
manner. Cooperative action of many condensins [13, 14]
might be necessary to account for the ~ (1,000— 10, 000)
fold compaction of human chromosomes [15]. In the only
available theoretical study thus far [16], a plausible cat-
alytic cycle for the condensin is coupled to loop extrusion.
The present theory may be viewed as complementary to
the earlier study but differs not only in details but also
in the envisioned LE mechanism.

We were inspired by a real time video of LE in A-DNA
by a single condensin [8], which functions by extruding
loops through one head while the other head is likely
fixed. To describe the experimental outcomes quanti-
tatively, we created an analytically solvable model that
produces excellent agreement with experiments for the
LE velocity as a function of external load. The theory
suggests that in order for LE to occur there has to be
ATP-powered allosteric transition in condensin involving
a large conformational change that brings distant parts of
the motor to proximity. Simulations using a simple model
confirmed this finding, and further strongly suggest that
the conformational transitions are driven by a scrunch-
ing mechanism, discovered in the context of transcription
initiation by RNA polymerase resulting in bubble forma-
tion in promoter DNA [17], and further illustrated in
molecular simulations [18].

In order to develop a model applicable to condensin
(and cohesin), we assume that condensin is attached to
two loci (A and B) on the DNA. To retain the generality
of the theory, we do not explicitly describe the nature
of the attachment points at this juncture. However, the
picture in Fig.1 could be mapped onto a couple of work-
ing models proposed in the literature. In the scrunch-
ing model [19] the blue (red) sphere would be the motor
heads (hinge). In the so-called pumping model [16], loca-
tion A might correspond to the two heads of SMC com-
plex, which trap one end of the DNA. The red sphere
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FIG. 1. Left panel: Caricature of the structure of condensin,
which has two heads (ATPase domains) and a hinge connected
by coiled-coils, labeled Smc2 and Smc4. In the middle of the
CCs there is a flexible kink, referred to as an elbow. Right
panel: A schematic of the physical picture for one-sided loop
extrusion based on the architecture of a generic SMC complex.
DNA is attached to two structural regions on condensin. In
state 1 (upper panel) the conformation of condensin is ex-
tended with the spatial distance between A and B equal to
R1. The genomic length at the start is Lo, which can be large
or small. After the conformational transition (state 1 to state
2) the distance between A and B shrinks to Rz, and the length
of the extrusion during the single transition is Al = l; — 2,
which would vary from cycle to cycle.

in Fig.1 would be localized on the coiled coil to which
the genome is transiently attached. In state 1, the spa-
tial distance between the condensin attachment points is,
R = Ry (Fig.1), and the genomic length between A and
B is [;. Due to the polymeric nature of the DNA, the
captured length /; can exceed R;. However, R; cannot
be greater than the overall dimension of the SMC motor,
which is on the order of ~ 50 nm. Once a loop in the
DNA is captured, condensin undergoes a conformational
change triggered by either ATP binding and/or ATP hy-
drolysis, shrinking the distance from R; to Ry (where
Ry < Ry). As a result, the captured genomic length be-
tween A and B reduces to Iy (state 2). Consequently,
the loop grows by l; — l;. We define the step size of con-
densin as AR = Ry — R, and extrusion length per step
is Al = ll — l2.

In order to derive the velocity of loop extrusion, we first
estimate the loop length of DNA L captured by condensin
when the attachment points are spatially separated by R.
We show that on the length scale of the size of condensin
(~ 50 nm), it is reasonable to approximate £ ~ R. To
calculate the LE velocity it is necessary to estimate the
total work done to bend the DNA as well as account for
the work associated when an external load is applied [8].
Based on these considerations, we derive an expression
for the LE velocity, given by kgexp(—fAR/kgT)AR,

where kg is the rate of mechanical step at zero load, f
is the external load, kg is Boltzmann constant and T is
temperature.

We examined the possibility that the loop extrusion
length per step can be considerably larger than the size
of condensin [7-9, 20] by calculating, P(L|R), the con-
ditional probability that for realizing the contour length
L for a given end-to-end distance, R. An exact expres-
sion for the radial distance of end-to-end probability for
a fixed contour length (P(R|L)) for a semi-flexible poly-
mer has been derived [21] but it is complicated. We have
calculated P(R|L) using a mean-field theory that gives
excellent approximation [22, 23] to the exact expression,
which suffices for our purposes here. The expression for
P(L|R), which has the same form as P(R|L) up to a
normalization constant, is given by, (Supplementary In-
formation),

ATN{LY(R/L)?
L(1— (R/L)?)V?

3t{L}
P ( - (R/£)2))’
(1)

where t{L} = 3L/2l,, I, is the persistence length of

2 o

the polymer, and N{L} = ﬂ3/2(4+41‘;l/j+15a,2) with
af{L} = 3t/4. In Eq.(1), C is a normalization constant
that does not depend on £. The distribution P(L|R),
which scales as £73/2 for large £, has a heavy tail and
does not have a well defined mean (see Fig. 2a for the
plots of P(L|R) for different R). Therefore, we evalu-
ated the location of the peak (Lpeqr) in P(L|R), and
solved the resulting equation numerically. The depen-
dence of Lyeqr on R, which is almost linear (Fig.2b), is
well fit using Lpeqr = R exp(aR) with a = 0.003 nm ™! at
the length scale R < 60 nm. Therefore, with negligible
corrections, we used the approximation £ ~ R on the
length scales corresponding to the size of condensin or
the DNA persistence length. Note that the probability
that P(L|R), for a given I, (= 50 nm in Fig.2), is small
for large £. Indeed, the location of the largest probabil-
ity is at £ ~ [, ~ R, which is similar to what was found
for proteins as well [24]. Furthermore, the presence of an
external load would stretch the DNA, further justifying
the assumption (£ ~ R). Thus, LE of DNA loop that is
much larger than the size of condensin is unlikely, at least
as the principal mechanism. This suggests that the step
size of condensin is nearly equal to the extrusion length
of DNA, AR ~ Al.

Just like other motors, condensin hydrolyzes ATP,
generating p ~ 20 kpT chemical energy that is con-
verted into mechanical work, which in this case results
in extrusion of DNA loop [8]. To arrive at an expres-
sion for LE velocity, we calculated the thermodynamic
work required for LE. The required work W modulates
the rate of mechanical process by the exponential fac-
tor exp(—W/kgT). In our model, W has two contribu-
tions. The first is the work needed (Wpenq) to bend the
DNA. Condensin bends the DNA by decreasing the spa-
tial distance between the attachment points from R = R,

P(LIR) =C
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FIG. 2. (a) P(L|R) for different R. R = 40 nm (in red),
R = 50 nm (in blue), and R = 60 nm (in green). (b) Position
of the peak for P(L|R), denoted as Lpcqr, as a function of
R. Blue line is the numerically evaluated peak obtained by
dP(L|R)/dL = 0. The dotted red line is the fit, Lpcar =
Rexp(aR) with a = 0.003 nm~'. We used [J¥* = 50 nm as
the persistence of DNA.

to R = Ry (Fig.1). The associated genomic length of
DNA in this process is Ly, = Lo + [;(Fig.1). Note that
Lg could be large or small. The second contribution is
Witep, which comes from application of an externally ap-
plied load (f). Condensin resists f up to a threshold
value [8]. The mechanical work done during the step size
AR = R1 — R2 is Wstep = fAR

We calculated Wyenq as the free energy change
for bringing a semi-flexible polymer with contour
length Ly, from the end-to-end distance R; to
Rs. It can be estimated using the relation,
Wiena ~ —kpTlog (P(Rq|Ls)) + ksTlog (P(R:1|Ly)),
where P(R|L) is given by Eq.(1) without the factor C.
Although P(R|L) is a distribution, implying that there
is a distribution for Wy,,q, for illustrative purposes, we
plot Wyeng for a fixed Ry = 50 nm at different values of
Rs in Fig.3. It is evident that condensin has to overcome
the highest bending penalty in the first step of extrusion,
and subsequently Wiyeyq is flat. If Ry = 50 nm, which
is approximately the size of condensin, we estimate that
condensin pays 3 kg7 to initiate the extrusion process
(blue line in Fig.3).

Once the energetic costs for LE are known, we can cal-
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FIG. 3. Energetic cost to bend DNA, Whena, as a function
of Ls. Lyx is the sum of the length of DNA that is already
extruded (Lo) and the length newly captured (11). Note that
Ls; > Ry by physical consideration. We set Ri = 50 nm
which is the size of condensin. Ry = 24 nm, 15 nm, and 5 nm
for blue line, red line, and green line, respectively.

culate the LE velocity as a function of an external load
applied to condensin. From energy conservation, we ob-
tain the equality, np = Wiend + Wetep{f} + Q, where n
is the number of ATP molecules consumed per mechan-
ical step, p is the energy released by ATP hydrolysis,
and @ is the heat dissipated during the extrusion pro-
cess. The maximum force is obtained when the equality
np = Wiend + Wtep{ fmas} holds. If we denote the rate
of mechanical transition as kt and reverse rate as k—,
fluctuation theorem [25-27] with conservation of energy
gives the following relation:

k+//€7 _ e(nM*(WbcndJrWstep{f}))/kBT. (2)

Once the details of the catalytic cycle of the SMC motor
are identified it is possible to extend Eq.(2) to multiple
intermediate steps to include ATP dependence, ([27] for
theoretical descriptions in the context of molecular ma-
chines). We can extract the load dependent term in the
expression, which is written as,

k= koe_Wstep{f}/kBT’ (3)

where ko = k~e(™#~Wrena)/ksT {g the rate of the mechan-
ical transition at 0 load. Thus, with the assumption that
AR is the extruded length per reaction cycle, the velocity
of LE, ©, may be written as,

Q{f} = koe FAR/EET AR, (4)

In the experimental set up in Ganji et al. [8] f is related
to the relative DNA extension, which can be calculated
using the expression [28, 29],

=5, ko) -l @

x = R/L, where R is end-to-end distance of the whole
DNA and L is the contour length.
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FIG. 4. The velocity of loop extrusion by condensin as a func-
tion of the relative extension of the DNA (x). Red dots are
from the experiment [8], and the solid line is the theoretical
fit. The fitting parameters are ko = 20 s and AR = 26 nm.
We used lpDNA = 50 nm for the persistence length of the
DNA. The velocity (in unit of nm/s) may be obtained using
the conversion 1 bps = 0.34 nm.

We used Eq.(4) to fit the experimentally measured LE
velocity as a function of DNA extension [8]. The fitting
parameters are AR, and kg, the step size for condensin,
and the rate of extrusion at 0 load, respectively. In prin-
ciple, AR could be determined experimentally once the
structures of motors in different nucleotide binding states
are known. For now, excellent fit of theory to experi-
ments, especially considering the dispersion in the data,
gives kg = 20 s~! and AR = 26 nm. This indicates
that condensin undergoes a conformational change, with
AR ~ 26 nm, during each extrusion cycle. We note that
ko = 20 s7! is one order of magnitude faster than the
hydrolysis rate estimated from experiments, 2 s~ [7, 8].
The value of kg obtained here is the same as was the value
assume elsewhere [16], who also obtained an expression
for LE velocity as a function. The shape of the curve
in [16] is similar to the one calculated using our theory.

Next we tested whether the predicted value of AR ~
26 nm is reasonable using simulations of a simple model.
Because the ATPase domains are located at the heads of
condensin, it is natural to assume that the head domain
undergoes conformational transitions upon ATP binding
and/or hydrolysis. The structure of prokaryotic SMC
suggests that there is a change in the angle between the
two heads upon ATP binding [9]. Furthermore, images of
the CCs of the yeast condensin (Smc2-Smc4) using liquid
atomic force microscopy (AFM) show they could adopt
a few distinct shapes [19, 30]. Based on these experi-
ments, we hypothesize that the conformational changes
initiated at the head domain results in changes in the an-
gle at the junction connecting the motor head to the CC
that propagates through the whole condensin via the CC
by an allosteric mechanism. The open (O-shaped in [9]),
with the hinge that is ~ 45 nm away from the motor do-
main, and the closed (B-shaped in Fig.1 in [9] in which
the hinge domain is in proximity to the motor domain)
are the two relevant allosteric states for LE. To capture
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FIG. 5. Simulations for the transition between O—B transi-
tion. (a) Example of a trajectory showing the change in the
head-hinge distance R. The trajectory is for lgc ~ 70 nm.
Aty is the time step of simulation (SI) (b) Distributions of
P(R) and P(Rz) with I§° ~ 70 nm. The histogram for open
state and closed state are in blue and red, respectively. The
mean values of open state and closed state (R1 = 41 nm and
Ry = 20 nm, respectively) are indicated in the figure. The
distributions were calculated from 50 trajectories (40,000 time
points).

the reaction cycle (O — B — O), we model the CCs as
kinked semi-flexible polymers (two moderately stiff seg-
ments connected by a flexible elbow), generalizing a simi-
lar description of stepping of Myosin V on actin [31]. By
altering the angle between the two heads the allosteric
transition between the open (O-shaped) and closed (B-
shaped) states could be simulated (SI contains the de-
tails).

We tracked the head-hinge distance in open state (R;)
and closed state (Rz2), and AR; = Ry — Ry, in the
simulations. The sample trajectory in Fig.5a, monitor-
ing the conformational transition between the open and
closed states, shows that AR, changes by ~ 21 nm for
l, = 70 nm, which roughly coincides with the value
extracted by fitting the theory to experimental data.
Higher (smaller) values of AR, may be obtained using
larger (smaller) values of IS¢ (see section III in the ST).
Fig.5b, shows the distributions, P(R;) and P(R2) ob-
tained from multiple trajectories as condensin undergoes
a transition between the O and B states. The distribu-
tions are broad suggestive of high degree of heterogene-
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ity in the structural transition. The large dispersion in
P(R;) and P(R3) found in the simulations is in agree-
ment with experiments [19], which report that the dis-
tance between the peaks is A = 17 + 7 nm whereas we
find that it is 21 £+ 7 nm where uncertainty is calculated
using standard deviation of the distributions. In the SI
we show that ARg depends on the value of lgc of the

isolated Smc2 or Smc4 (Fig.1). Note that lgc cannot
be too small because a minimum rigidity in the elements
transmitting allosteric signals is required [32]. Overall
the simulations not only clarify the physical basis of the
theory but also lend support to recent single molecule
experiments [19] on a single condensin extruding loops
in DNA.

In summary, we have created a theory that quantita-
tively explains the experimental data on a single con-
densin mediated loop extrusion, which is a major event
in compacting chromosomes. A key prediction of our the-
ory is that during the reaction cycle there is an allosteric
transition that changes the hinge-head distance by about
AR ~ 26 nm, which is realized if the persistence length
of the isolated kinked CC exceeds ~ 70 nm. We conclude
with a few additional remarks. (1) We focused only on
one-sided loop extrusion (asymmetric process) scenario
for a single condensin, as demonstrated in the in vitro ex-

periment [8]. Whether symmetric LE could occur when
more than one condensin loads onto DNA producing Z-
loop structures [13] and if the LE mechanism depends on
the species [33] is yet to be settled. Similar issues likely
exist in loop extrusion mediated by cohesins [14, 34]. We
believe that our work, which only relies on the polymer
characteristics of DNA and implicitly on an allosteric
mechanism for loop extrusion, provides a framework for
theoretical investigation of LE by different scenarios. (2)
If our estimate that 76 bps (AR =~ 26 nm) is taken liter-
ally, the theoretical value of the ideal stall force would be,
fmaz = #=Whend A pajve estimate yields faz = 3 pN,
exceeding 1 pN (see Fig.S7 in the SI), which implies that
SMC complexes are inefficient motors. (3) Finally, if LE
occurs by scrunching, as gleaned from simulations, and
advocated through experimental studies [19], it implies
that the location of the motor is relatively fixed on the
DNA and the loop is extruded by transitions that occur
in the coiled coils.
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