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The formation of amyloid fibrils in Alzheimer’s disease and other neurodegenerative disorders is
limited by a slow nucleation step due to the entropic cost to initiate the ordered cross-β structure.
While the barrier can be lowered if the molecules maintain conformational disorder, poorly ordered
clusters provide a poor binding surface for new molecules. To understand these opposing factors,
we used all-atom simulations to parameterize a lattice model that treats each amino acid as a
binary variable with β-sheet and non-β states. We find that the optimal degree of order in a
nucleus depends on protein concentration. Low concentration systems require more ordered nuclei
to capture infrequent monomer attachments. The nucleation phase transitions to the elongation
phase when the β-sheet core becomes large enough to overcome the initiation cost, at which point
further ordering becomes favorable and the nascent fibril efficiently captures new molecules.

Introduction – The assembly of proteins into amyloid
fibrils causes numerous neurodegenerative diseases, such
as Alzheimer’s disease, Parkinson’s disease, and prion
disorders [1]. In vitro experiments show that the con-
version to the fibril state is limited by nucleation events.
Nucleation processes may be homogenous events, which
occur in free solution, and heterogeneous events, which
are catalyzed by surfaces or other species in the solu-
tion. An important class of the latter events is secondary
nucleation, in which existing fibrils promote the forma-
tion of new ones [2–6]. The combined effect of these
nucleation events is an exponential acceleration in the
monomer conversion rate.

Nucleation behavior indicates a free energy barrier sep-
arating the soluble and condensed states. Heterogeneous
and secondary nucleation often dominate over homoge-
neous nucleation because they lower the barrier [7]. In
the case of isotropic particle condensation, the barrier
arises because particles at the periphery have sacrificed
the translational entropy of the dilute phase, but only
have a fraction of the favorable interactions available to
interior particles. This interaction deficit, usually de-
scribed as a surface tension, becomes a smaller fraction
of the free energy as the cluster grows larger.

Surface tension does not limit 1D assemblies because
the surface energy does not depend on the cluster size
[8]. Early attempts to explain amyloid nucleation iden-
tified β-sheet layering as a second assembly dimension
[9, 10]. Another contribution to the barrier arises from
the conformational entropy cost of straightening into a
β-strand. For a molecule joining an established fibril the
template is rigid and entropy loss is limited to the in-
coming molecule. However, the initiation of β-structure
from two disordered molecules requires both molecules
to lose conformational entropy. As a result, this event
is net repulsive [11, 12]. This means that amyloid nu-
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cleation is better viewed as a 3D incorporation of amino
acid building blocks rather than a 1D or 2D assembly of
polypeptide strands. The β-sheet must be 4-6 strands
thick to overcome the entropic cost of straightening the
first molecule [12], consistent with numerous simulations
showing that fibrils shorter than this size are unstable
[13–21].

Previously, we used a three-molecule toy model to in-
vestigate conformational conversion during nucleation,
[11]. This model revealed that conversion is a compro-
mise between minimizing free energy by maintaining dis-
order and the retention of incoming molecules with a
large β-sheet template.

In this Letter we examine the more realistic scenario
where > 3 molecules are needed to surmount the barrier.
To access nucleation timescales, we adopt a multi-scale
approach in which all-atom simulations are used to pa-
rameterize a lattice model. We find that critical nuclei
consist of a β-sheet core surrounded by disordered tails.
The shape of the ordered core depends on both the ag-
gregation propensity and the protein concentration. Con-
centrated solutions favor clusters with shorter β-strands,
while lower concentrations favor longer β-strands. Dur-
ing the transition from nucleation to elongation β-sheet
order propagates along the molecules until the β-strands
reach their maximum length. This enlarges the avail-
able template, which is responsible for the transition from
transient binding during nucleation to nearly irreversible
binding during elongation.
Lattice model captures molecule addition and β-sheet

formation. Our model is based on a Markov State Model
(MSM) developed to study fibril elongation [22, 23]. In
those works the conformational search was discretized
using two reaction coordinates: 1) the alignment of an
incoming molecule with the template and 2) the number
of β-sheet H-bonds. Here we remove the alignment com-
plication by considering polyglutamine, motivated by the
aggregation-prone region of huntingtin protein [24–32].

The lattice model, illustrated in Fig. 1(a), evolves by
the Gillespie algorithm [33]. Lattice model monomers
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FIG. 1: (a) Snapshot from the lattice model mapped to (b) the corresponding molecular representation. Bonds are color coded
by type. Strong = red, weak = blue, and grey bonds are immobilized by other bonds. (c, d) MD snapshots from the sampling
of strong and weak H-bonds (side chains are not shown for clarity). Kinetic parameters for strong bonds are sampled from the
terminal molecules on an established cluster (c), while weak bonds are sampled using a dimer that is harmonically restrained
at the central amino acids (d).

have 11 amino acids and form anti-parallel β-sheets. This
is more stable than parallel β-sheets for polyglutamine
[34]. Each peptide unit is modeled as a binary vari-
able with states representing β-sheet and non-β confor-
mations. Each amino acid can form a pair of H-bonds,
which are mapped to a single bond in the lattice model
[Fig. 1(a, b)]. Peptide units at the periphery of the β-
core fluctuate between β-sheet and non-β states at rates
measured from the all-atom model. New molecules can
add to either end of the β-sheet at a concentration de-
pendent rate approximated by the Smoluchowski formula
for an absorbing sphere

kadd = 4πσDmc (1)

where c is the protein concentration, σ is the radius of
the sphere, approximated by half the length of an ex-
tended monomer, and Dm is the diffusion coefficient of
the monomer, 1.79× 10−10m2/s [35].
The committor is used to identify the transition state

ensemble. The committor is defined as the probabil-
ity that a nucleus of a specific size reaches the cutoff
size of 15 molecules before completely dissolving. If a
molecule breaks all bonds with the cluster it is consid-
ered to return to free solution. Our model does not con-
sider molecules that associate with the cluster without
backbone H-bonds. These non-β contacts are a negligi-
ble contribution to the association time during elonga-
tion [23]. The lower β-content during nucleation will in-
crease the importance of non-β states, however, the effect
amounts to concentration rescaling by helping to recruit
molecules. The effect of non-β states increases at high
concentrations where disordered oligomers are stable.

H-bond formation and breakage rates are obtained from
all-atom simulations. We use two sets of bonding rate
constants, depending on the position in the cluster.
“Strong” bonds form between a disordered amino acid
and an established β-strand. “Weak” bonds form be-
tween two disordered amino acids. These bonds result
in the loss of conformational entropy from both back-
bones, a greater penalty than bonds with a pre-existing
strand. Strong and weak bond kinetic parameters were

assessed using all-atom simulations on the hexamer and
dimer assemblies shown in Fig. 1(c, d) with harmonic re-
straints applied to the non-sampled bonds (see SI). Here
we present results for the AMBER14SB force field, which
has intermediate affinity of the three we tested (see SI).
AMBER14SB weak bonds have free energy εw = 0.71kBT
and the strong bonds, εs = −0.93kBT , provide enough
attraction to stabilize a single-layered β-sheet.

Established β-structure helps capture new molecules.
The assembly will grow when the attachment rate is
greater than the detachment rate and shrink when the
detachment rate is greater. While the attachment rate is
a function of concentration (Eq. 1), detachment is lim-
ited by the rupture of favorable interactions. To gain
intuition, consider an Arrhenius model in which the de-
tachment rate scales as e−ns|εs|/kBT , where ns is the num-
ber of strong bonds between the cluster and the departing
molecule. In the dimer ns = 0, so the detachment rate is
large. In the elongation phase ns is given by the molecule
length so the detachment rate is small.

Fibril nucleation is slow because it is unfavorable to
form a template large enough to capture new molecules.
However, the attachment rate increases with concentra-
tion, reducing the required template size. This is seen in
Fig. 2 which shows the committor as a function of nu-
cleus size. At high concentration (Fig. 2c) nucleation is
more likely than dissolution for a cluster containing about
four molecules and ten H-bonds. But, at lower concen-
tration (Fig. 2a) a 50% committor is not reached until
the cluster has about eight molecules and 30 H-bonds.
This trend toward larger nuclei at lower concentrations is
consistent with classical nucleation theory (CNT). Note
that the slope of the 50% committor changes with con-
centration. At high concentration the 50% contour is
nearly vertical, indicating that the number of molecules
in the cluster is the primary determinant of nucleation
probability. In this case, molecule addition is sufficiently
fast that an ordered template is not necessary to retain
molecules. Once the cluster reaches ∼ 4 molecules, it
becomes resistant to the transient loss of monomers and,
most likely, will continue to grow.
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FIG. 2: Probability of successful nucleation trajectories with parameters from the AMBER14SB force field as a function of the
number of molecules and the total number of H-bonds in the cluster. Increasing the concentration shifts the 50% probability
contour (red dotted line) to smaller clusters and reduces the need for β-structure due to the increased monomer deposition
rate.

(a)

(b)

FIG. 3: (a) Solution concentration determines the shape of
the β-sheet core in critical nuclei as seen by the number of H-
bonds per molecule in the critical clusters (defined by the 50%
committor). Line shows fit to Eq. 5. (inset left) Low concen-
tration nuclei have extensive β-structure to provide a strong
binding surface for newly docked molecules. (inset right)
Higher concentration nuclei have shorter β-strands because
the higher deposition rate places lower demands on retaining
new additions. (b) Nucleation success rate versus monomer
concentration measured in lattice simulations.

In contrast, the 50% committor is nearly horizontal at
lower concentration (Fig. 2a), indicating that the degree
of structural order is more important than the number
of molecules. This is because monomer addition is in-
frequent, so successful nuclei are those that retain added
molecules, which requires large ns. Note that structural
ordering is not a consequence of longer waiting times.
Acquiring order is unfavorable below the critical size, so

successful nuclei are the small fraction with fluctuations
taking them uphill on the free energy landscape.

Nucleation at low concentration requires highly ordered
clusters. The effects of concentration are highlighted
in Fig. 3a, which shows the number of H-bonds per
molecule in clusters on the 50% committor line. Again,
we see the trend that low c requires a high degree of order
(∼ 4 bonds per molecule) in critical clusters, while poorly
ordered clusters (∼ 2.5 bonds/molecule) are enough at
high c. Also, the concentration behavior depends on
the aggregation propensity of the molecules. This can
be seen from the more aggregation-prone AMBER99SB-
ILDN force field, which shows high concentration behav-
ior at 0.2 mM (Fig. 3a). In contrast, AMBER14SB has
a larger detachment rate and requires a c ' 0.4 mM to
nucleate from low order clusters.

FIG. 4: The free energy cost of forming β-structure can be
overcome by the formation of strong bonds in the interior of
a β-sheet. As the cluster grows larger, these bonds promote
an ordering transition.

These results can be understood within CNT using the
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cluster free energy

F = Nεs + γbb+ γhh, (2)

where b and h are the β-sheet dimensions in the β-strand
and molecule stacking directions, respectively, the verti-
cal surface tension is given by the translational entropy
cost to recruit a molecule γh = −kBT ln c/c0 (c0 is a ref-
erence concentration), the horizontal surface tension is
γb = εw − εs, and the total number of bonds in the clus-
ter is N = abh, where a is a geometric factor (a = 1 for
a rectangular cluster). For fixed N , the optimal cluster
dimensions are b = (γhN/aγb)

1/2 and h = (γbN/aγh)1/2,
which can be used to find the free energy maximum

F ‡ =
γbγh
a|εs|

, N‡ =
γbγh
aε2s

(3)

at which point the cluster has dimensions

h‡ =
γb
a|εs|

, (4)

b‡ =
γh
a|εs|

. (5)

The nucleation rate from CNT is

kCNT ∼ ce−F
‡/kBT = ce−h

‡γh/kBT , (6)

where the Arrhenius term gives the probability of finding
a cluster at the free-energy maximum F ‡. From Eq. 6,
we can verify that h‡ satisfies the relationship

h‡ =
d ln(kCNT)

d ln c
− 1 = nc − 1, (7)

where nc is the effective reaction order of nucleation [36].
Eq. 7 shows that the nucleus size can be obtained from
the slope of double logarithmic plot of the nucleation rate
against monomer concentration [36]. This plot is shown
in Fig. 3b, with kCNT given by the fraction of simulations
that reach the cutoff size of 15 molecules.

From Fig. 3b we obtain nc = h‡ + 1 = 5.0, which
can be used in Eq. 5 to find a = 0.44, consistent with a
diamond-shaped β-sheet. This value can be used in the
expression for b‡ = kBT ln(c/c0)/(aεs), which captures
the change in β-ordering as a function of concentration
(Fig. 3a). Here the reference concentration c0 = 1.15
mM, determined by fitting, sets the vertical offset.

Nucleation transitions to elongation when the cluster is
large enough to spontaneously order. The defining feature
of the nucleation phase is that it is dominated by the en-
tropic cost of straightening the first molecule [11]. When
the cluster reaches 4-6 β-strands strong bonds within the
β-sheet provide enough energy to overcome this cost. At
this point it is no longer advantageous for the cluster
to maintain disordered tails and β-structure will extend
along the entirety of the molecules. Fig. 4 shows the
concentration dependence of the transition from nucle-
ation to elongation. At high c ordering happens more

gradually than low c, as seen by a lower number of H-
bonds per molecule. Two factors contribute to this re-
sult. First, ordering does not need to be as extensive
at high c to achieve the capture efficiency of elongation.
Secondly, elongation at high c outpaces the ordering of
newly attached molecules.
Disorder in the nucleation phase allows promiscuity in

cross-seeding. Aβ16−22 reduces the lag time of Aβ1−40
despite the fact that molecules are not mixed in the re-
sulting fibrils [37]. This is explained by our results show-
ing that the critical nucleus contains only a portion of the
aggregating molecules, so the nucleus will not be sensitive
to molecule length. Therefore, the lag time reduction by
protein mixtures will depend on c because at lower c the
ordered portion of the nucleus will be larger and more
sensitive to mismatches.

The nucleation mechanism in our simulations blurs
the line between one-step nucleation, where condensation
and ordering coincide, and two-step nucleation, where
condensation precedes ordering [7, 38–40]. We find β-
sheet ordering occurs concurrently with initial cluster for-
mation and, in fact, is necessary for molecule retention.
However, the molecules remain mostly disordered. Pre-
vious simulations of fibril nucleation have shown a two-
step mechanism [36]. However, the model in that work
represented molecules using an all-or-nothing conversion
between ordered and disordered states. Our work shows
that a partial conversion to the ordered state is an im-
portant mechanism to lower the nucleation barrier.

Our coarse-grained representation only accounts for in-
termolecular backbone H-bonds, allowing for analysis of
secondary structure formation. However, sidechain and
non-β backbone contacts are potentially significant in at
least two ways. First, omitting non-β interactions pre-
vents completely disordered clusters. This is less of an
issue at concentrations below the critical concentration
for disordered oligomers. But, disordered binding will, in
general, lower the free energy of pre-nucleation clusters
[41]. Second, our model does not include the stacking of
β-sheets via steric zipper interactions [42]. The absence
of single-layer fibrils in experiments suggests that steric
zippers are necessary for fibril stability. This implies that
the stability of single-layer sheets in our simulations is a
result of force fields that overly stabilize protein-protein
interactions [43–46]. Should this be a force field arti-
fact, it is fortuitous for our study because it allows us
to study β-sheet initiation without the complication of
multiple layers.
Conclusion – There are many different mechanisms for

fibril nucleation, including homogenous nucleation, sec-
ondary nucleation catalyzed by fibrils, and heterogeneous
nucleation at impurities or interfaces. All of these path-
ways must surmount a free energy barrier that arises from
the fact that immature clusters lack the stabilizing in-
teractions of established fibrils so the entropic costs of
condensing and ordering are incompletely compensated.
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Our work shows that the conformational entropy contri-
bution to the barrier is reduced by limiting the extent
of secondary structure in the cluster and that the opti-
mal amount of structure depends on the concentration of
free protein. This finding should apply regardless of the
specific nucleation pathway.
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M. Törnquist, M. Vendruscolo, C. M. Dobson, A. K.
Buell, T. P. Knowles, and S. Linse, Nature chemistry
10, 523 (2018).

[7] D. Erdemir, A. Y. Lee, and A. S. Myerson, Accounts of
chemical research 42, 621 (2009).

[8] J. Chen, E. Zhu, J. Liu, S. Zhang, Z. Lin, X. Duan,
H. Heinz, Y. Huang, and J. J. De Yoreo, Science 362,
1135 (2018).

[9] S. Auer, C. M. Dobson, M. Vendruscolo, and A. Maritan,
Physical review letters 101, 258101 (2008).

[10] J. Zhang and M. Muthukumar, The Journal of chemical
physics 130, 01B610 (2009).

[11] L. Zhang and J. D. Schmit, Physical Review E 93, 060401
(2016).

[12] L. Zhang and J. D. Schmit, Israel journal of chemistry
57, 738 (2017).

[13] J. Nasica-Labouze and N. Mousseau, PLoS computa-
tional biology 8 (2012).
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