




E Case study 1: Rac–Rho pathway

To investigate the Rac–Rho pathway, we let CCC(x, t) = {C1(x, t), C2(x, t)} such that C1(x, t) represents

the concentration of RhoA and C2(x, t) represents the concentration of Rac1. Figure 10 compares

the discrete and continuum solutions relating to Figure 5.
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Figure 10: 1D tissue dynamics for the interaction of RhoA and Rac1. (a),(c),(e) correspond to

non-oscillatory system where β̂ = 1 and (b),(d),(f) relate to an oscillatory system where β̂ = 2.5.
Characteristic diagrams in (a)–(b) illustrate the behaviour of C1(x, t) where the free boundary is
highlighted in red. The black horizontal lines indicate times at which C2(x, t) and q(x, t) snapshots
are shown in (c)–(d) and (e)–(f) respectively. In (c)–(f), the discrete and continuum solutions are
compared as the dots and solid line respectively for t = 0, 1, 90, 140, 190, 300. In both systems,
a = l0−φCp1/ (Gph + Cp1 ), k = 1 + 0.1C2, D1 = D2 = 1 and η = 1. Parameters: b1 = b2 = 1, δ1 = δ2 =
1, n = 3, p = 4, G1T

= 2, G2T
= 3, l0 = 1, φ = 0.65, Gh = 0.4.
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E.1 Single cell model

To investigate the influence of mechanobiological coupling on cellular dynamics, a discrete compu-

tational framework is used to model a single cell [12, 33]. We let C(t) =
{
C(1)(t), C(2)(t)

}
where

C(1)(t) represents RhoA and C(2)(t) represents Rac1. As only a single cell is of interest, C(t) is not

indexed with a subscript (Figure 11). Mechanobiological coupling is introduced such that the cell

resting length, a = a (C), and the cell stiffness, k = k (C), depend on the chemical family, C(t).

L(t) 

* *

*
x

*x

*

x

*

x

*
x

*
x

x *

x

*

x*

x

*

*

*

**

*

* *
*

*

Figure 11: Schematic of a single cell with length L(t). The mechanical cell properties, a and k,
depend on the family of chemical signals, C(t) =

{
C(1)(t), C(2)(t)

}
.

We model the cell as an overdamped, mechanical spring [8, 40] such that C(t) tends to decrease

as the cell expands, and tends to increase as the cell compresses. Thus, the governing equations are,

dL

dt
= −ε (L− a (C)) , (99)

dC(j)

dt
= Z(j) (C)︸ ︷︷ ︸

chemical
reactions

− C(j)

L

dL

dt︸ ︷︷ ︸
changes in
cell length

, (100)

where L(t) is the cell length, ε = 2k (C) /η is the rate of contraction, η is the mobility coefficient

and Z(j) (C) governs the reactions between the chemical species within the cell [12]. For simplicity,

the cell stiffness is chosen to be independent of C(t) such that ε is constant. The cell resting length

is assumed to vary from a fixed value, l0 [12]. By including a Hill function with amplitude φ, switch

location Gh and power p, we assume RhoA shortens the resting cell length [12],

a (C) = l0 − φ
(
C(1)

)p
Gh +

(
C(1)

)p . (101)

Equations (99) and (100) form a dynamical system. Phase planes are constructed to characterise

the dependence of the system stability on the strength of the mechanobiological coupling. We used

this analysis to inform our choice of model parameters in Section 3.2. The equilibrium points, L̄ and

C̄(j), are determined by setting the time derivatives to zero such that L̄ = a
(
C̄
)

and Z(j)
(
C̄
)

= 0.

To investigate a single cell containing only RhoA, we consider C(t) =
{
C(1)(t)

}
and let [12]

Z(1) (C) =

activation︷ ︸︸ ︷(
b+ γ

(
C(1)

)n
1 +

(
C(1)

)n︸ ︷︷ ︸
feedback loop

+β
(
L(t)− a

(
C(1)

))
︸ ︷︷ ︸

mechanobiological
coupling

)(
GT − C(1)

)
− δC(1),︸ ︷︷ ︸

deactivation

(102)
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where b is the basal activation rate, γ is rate of feedback activation, β governs the strength of

the mechanobiological coupling, GT is the total amount of active and inactive RhoA, and δ is the

deactivation rate [12, 33]. By substituting L̄ = a
(
C̄
)

into Z(1)
(
C̄(1)

)
= 0, C̄(1) is numerically

computed as the roots of,

0 = (−b− γ + δ)
(
C̄(1)

)n+1

+ (bGT + δGT)
(
C̄(1)

)n
+ (−b+ δ) C̄(1) + bGT. (103)

Equation (103) is independent of β. Thus, we vary β to investigate how the system stability depends

on the strength of the mechanobiological coupling (Figure 12). Phase planes are constructed using

quiver in MATLAB [67], and trajectories are computed using ode15s in MATLAB [43] (Figure 12).

Figure 12(a),(c) demonstrates that the equilibrium point is stable when β = 0.2, and the cell

exhibits non-oscillatory behaviour. By increasing the strength of the mechanobiological coupling

to β = 0.3, a limit cycle arises, which leads to continuous oscillations in L(t) and C(1)(t) (Figure

12(b),(d)). Stability analysis reveals that the equilibrium point is unstable for β = 0.3. Thus, all

solutions, regardless of the initial condition, exhibit oscillatory behaviour when β = 0.3 (Figure

12(b)).

To investigate how intracellular reactions between RhoA and Rac1 impact cell behaviour, we

consider C(t) =
{
C(1)(t), C(2)(t)

}
and let [12],

Z(1) (C) =

activation︷ ︸︸ ︷(
b1 + β̂

(
L(t)− a

(
C(1)

))
︸ ︷︷ ︸

mechanobiological
coupling

)
1

1 +
(
C(2)

)n (G1T − C(1)
)
− δ1C

(1),︸ ︷︷ ︸
deactivation

(104)

Z(2) (C) =
b2

1 +
(
C(1)

)n (G2T
− C(2)

)
︸ ︷︷ ︸

activation

− δ2C
(2),︸ ︷︷ ︸

deactivation

(105)

where C(1)(t) is the concentration of RhoA and C(2)(t) is the concentration of Rac1. Figure 13(a),(c)

illustrates that when the mechanobiological coupling is weak, β̂ = 1, the equilibrium point is stable

and the cell mechanically relaxes. By increasing the strength of the mechanobiological coupling to

β̂ = 2.5, a limit cycle arises and the cell exhibits oscillatory behaviour (Figure 13(b),(d)).
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Figure 12: Dynamics of a single cell containing RhoA. (a),(c) corresponds to a non-oscillatory system
where β = 0.2, and (b),(d) corresponds to an oscillatory system where β = 0.3. In (a)–(b), cyan rep-
resents the L nullcline and magenta represents the C(1) nullcline. The trajectory for

(
C(1)(0), L(0)

)
=

(0.5, 1) is shown in red. In (b), the additional trajectory for
(
C(1)(0), L(0)

)
= (0.5, 0.65) is drawn

as a dashed red line to demonstrate that all solutions exhibit oscillatory behaviour for β = 0.3.
Parameters are: b = 0.2, γ = 1.5, n = 4, p = 4, GT = 2, l0 = 1, φ = 0.65, Gh = 0.4, δ = 1, ε = 0.1 .
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Figure 13: Reactions between RhoA and Rac1 in a single cell. (a),(c) corresponds to a non-oscillatory

system where β̂ = 1, and (b),(d) corresponds to an oscillatory system where β̂ = 2.5. In (a)–(b),
magenta represents the C(1) nullcline and green represents the C(2) nullcline. The trajectory for(
L(0), C(1)(0), C(2)(0)

)
= (0.5, 1, 0.5) in shown in red. Parameters: b1 = b2 = 1, δ1 = δ2 = 1, n =

3, p = 4, G1T
= 2, G2T

= 3, l0 = 1, φ = 0.65, Gh = 0.4, ε = 0.1.
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F Case study 2: Activator–inhibitor patterning

Section 3.3 considers an activator–inhibitor system with CCC(x, t) = {C1(x, t), C2(x, t)}, where C1(x, t)

is the activator and C2(x, t) is the inhibitor. Figure 14 illustrates the long time behaviour of Figure

6(b),(d). Figure 14 demonstrates that two distinct activator peaks evolve as t → ∞ when d > dc.

Thus, unlike [25,26], we do not observe continuous peak splitting.
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Figure 14: The evolution of spatial–temporal patterns in a homogeneous tissue with Schnakenberg
dynamics, where D1 = 0.5 and D2 = 5 such that d > dc. (a) illustrates the behaviour of the
activator, C1(x, t), and (b) illustrates the behaviour of the inhibitor, C2(x, t). Parameters are as in
Figure 6.

F.1 Linear stability analysis and computation of critical diffusivity

In this section, we summarise the linear stability analysis used to determine the critical diffusivity

value, dc. The classical Turing analysis for reaction–diffusion equations on fixed domains is out-

lined in Chapter 2 of [55]. As this paper considers reaction–diffusion equations on evolving cellular

domains, our approach to the linear stability analysis is based on the classical Turing analysis.

Following [55], we non-dimensionalise the governing equations (Equations (26) and (30)). For the

activator–inhibitor system stated in Section 3.3, the governing equations for a homogeneous tissue

are:

∂q(x, t)

∂t
=
k

η

∂

∂x

(
1

q2(x, t)

∂q(x, t)

∂x

)
, (106)

∂C1(x, t)

∂t
+

∂

∂x

(
− k

ηq3(x, t)

∂q(x, t)

∂x
C1(x, t)−D1

∂C1(x, t)

∂x

)
= n1 − n2C1(x, t) + n3C2

1(x, t)C2(x, t), (107)

∂C2(x, t)

∂t
+

∂

∂x

(
− k

ηq3(x, t)

∂q(x, t)

∂x
C2(x, t)−D2

∂C2(x, t)

∂x

)
= n4 − n3C2

1(x, t)C2(x, t). (108)
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To non-dimensionalise Equations (106)–(108), we consider:

u = C1
(
n3

n2

)1/2

, v = C2
(
n3

n2

)1/2

, w =
q

Q
,

t̃ =
D1t

L2(0)
, x̃ =

x

L(0)
, d =

D2

D1
, (109)

γ =
L2(0)n2

D1
, a =

n1

n2

(
n3

n2

)1/2

, b =
n4

n2

(
n3

n2

)1/2

,

where Q has the same magnitude and units of q(x, t). Setting − k
ηQ2D1

= 1 gives the non-dimensional

governing equations as,

∂w(x̃, t̃)

∂t̃
= − ∂

∂x̃

(
1

w2(x̃, t̃)

∂w(x̃, t̃)

∂x̃

)
, (110)

∂u(x̃, t̃)

∂t̃
+

∂

∂x̃

(
1

w3(x̃, t̃)

∂w(x̃, t̃)

∂x̃
u(x̃, t̃)− ∂u(x̃, t̃)

∂x̃

)
= γf(u, v), (111)

∂v(x̃, t̃)

∂t̃
+

∂

∂x̃

(
1

w3(x̃, t̃)

∂w(x̃, t̃)

∂x̃
v(x̃, t̃)− d∂v(x̃, t̃)

∂x̃

)
= γg(u, v), (112)

where

f(u, v) = a− u+ u2v, (113)

g(u, v) = b− u2v. (114)

As setting the spatial derivatives in Equations (111)–(112) to zero yields Equation (2.13) of [55], the

linear stability analysis is similar to the classical Turing analysis [55].

The classical Turing analysis considers the conditions where the homogeneous steady state,

(u, v) = (u0, v0), is linearly stable in the absence of spatial variation [55]. Setting Equations (113)–

(114) to zero gives the homogeneous steady state as u0 = a + b and v0 = b/(a + b)2. For Turing

patterns on fixed domains, Equation (2.27) of [55] states that the critical diffusivity is the positive

root of

d2
cf

2
u + 2 (2fvgu − fugv) dc + g2

v = 0, (115)

where the derivatives in Equation (115) are evaluated at (u0, v0). Using the quadratic formula, the

critical diffusivity for Turing patterns on fixed domains is

dc =
2(a+ b)(a+ 3b) +

√
4(a+ b)2(a+ 3b)2 − 4(a+ b)4

(
−1 + 2b

a+b

)2

2
(
−1 + 2b

a+b

)2 . (116)

Guided by Equation (116), we explore relative diffusivity values above and below dc to observe the

formation of spatial–temporal patterns on an evolving cellular domain.
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