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Abstract
Generative probabilistic modeling of biological
sequences has widespread existing and potential
application across biology and biomedicine, from
evolutionary biology to epidemiology to protein
design. Many standard sequence analysis meth-
ods preprocess data using a multiple sequence
alignment (MSA) algorithm, one of the most
widely used computational methods in all of sci-
ence(Van Noorden et al., 2014). However, as we
show in this article, training generative proba-
bilistic models with MSA preprocessing leads to
statistical pathologies in the context of sequence
prediction and forecasting. To address these prob-
lems, we propose a principled drop-in alternative
to MSA preprocessing in the form of a structured
observation distribution (the “MuE” distribution).
The MuE is a latent alignment model in which not
only the alignment variable but also the regressor
sequence can be latent. We prove theoretically
that the MuE distribution comprehensively gen-
eralizes popular methods for inferring biological
sequence alignments, and provide a precise char-
acterization of how such biological models have
differed from natural language latent alignment
models. We show empirically that models that
use the MuE as an observation distribution out-
perform comparable methods across a variety of
datasets, and apply MuE models to a novel prob-
lem for generative probabilistic sequence models:
forecasting pathogen evolution.

1. Introduction
High-throughput sequencing is pervasive across biology and
biomedicine, and critical to both past and ongoing discover-

1Program in Biophysics, Harvard University, Cambridge,
MA, USA 2Department of Systems Biology, Harvard Medical
School, Boston, MA, USA. Correspondence to: Eli N. We-
instein <eweinstein@g.harvard.edu>, Debora S. Marks <deb-
bie@hms.harvard.edu>.

Preprint, Copyright 2021 by the author(s).

ies and technological advancements. Analyzing large scale
sequence data, making predictions about unobserved or fu-
ture sequences, and generating new functional sequences,
are major and growing challenges with relevance to epi-
demiology (predicting pathogen evolution), immunology
(characterizing antibody repertoires), molecular evolution
(mapping substructure within protein families), protein de-
sign, and many more subfields of biology and biomedicine.
In principal, generative probabilistic modeling enables (a)
modular and uncertainty-aware data analysis, (b) formal
mathematical statement of underlying assumptions, and (c)
generation of new samples, which in the case of sequences
can be synthesized and tested in the laboratory (taking ad-
vantage of recent rapid progress in high-throughput synthe-
sis) (Kucukelbir et al., 2017; Russ et al., 2020). However,
although machine learning and statistics offer an extraor-
dinary array of generative probabilistic models, extending
existing methods to apply to biological sequences while ac-
counting for domain-specific prior knowledge is nontrivial.

When analyzing biological sequence data, a standard ap-
proach is to preprocess the data before building any models
by constructing a multiple sequence alignment (MSA). MSA
algorithms are among the most widely used methods in all
of science; according to a 2014 analysis, the 10th most cited
scientific paper of all time is an MSA algorithm, ahead of
all other computational data analysis and statistics papers
(Van Noorden et al., 2014; Thompson et al., 1994; 1997).
Recent major advances in machine learning and statistical
methods for protein structure prediction, variant effect pre-
diction for clinical genetics, protein design, epidemiological
tracking, and more have continued to rely on MSAs (Marks
et al., 2011; Frazer et al., 2020; Russ et al., 2020; Hadfield
et al., 2018). Although MSAs are a powerful tool for un-
derstanding sequence evolution, in Section 4.1 of this paper
we show that employing MSAs as preprocessing introduces
statistical pathologies in the context of generative sequence
prediction and forecasting.

As a principled, drop-in alternative to MSA preprocess-
ing, this paper provides a structured observation distribu-
tion for biological sequences, the “mutational emission”
(“MuE”) distribution. Observation distributions are a com-
mon general-purpose technique for extending continuous-
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Figure 1. (A) A standard approach to building biological sequence models is to preprocess the data by constructing an MSA. (B) We
propose modifying the model instead of the data using the MuE distribution.

space models to other types of data, perhaps most familiar
in the context of generalized linear models, where they are
sometimes also referred to as “error”, “emission”, or “out-
put” distributions. For instance, to predict count data, one
might use a Poisson as an observation distribution, or to
predict positive continuous data, one might use a Gamma.
Good observation distributions account for both the support
of the data and common forms of variability or noise in the
data. For biological sequences, we propose using the MuE
as an observation distribution. The MuE takes the form of a
latent alignment model in which the regressor sequence can
also be latent (Deng et al., 2018).1

The major contributions of the paper are (1) identification of
statistical pathologies introduced by widely-used MSA pre-
processing methods, (2) a drop-in general purpose alterna-
tive, the MuE distribution, (3) a unified and comprehensive
theoretical framework for cataloging and rederiving existing
biological latent alignment models from the MuE and (4) a
novel application of generative probabilistic sequence mod-
els enabled by these advancements: forecasting pathogen
evolution. At the most practical level, our approach pro-
vides a complete recipe for applying one’s generative model
of choice to biological sequence data while avoiding the
pathologies of MSA preprocessing: add a softmax linker
function and the MuE to the output of the model.

2. Method
2.1. Background: MSA preprocessing

MSA algorithms are applied to families of evolutionarily
related biological sequences (protein, RNA or DNA). Let
{Y1, . . . , YN} be a dataset of N such sequences, which may
each be different in length, and let B denote the alphabet
(e.g. B = {A, T,G,C} for DNA). The principal goal of
an MSA algorithm is to infer sites in each input sequence
that are likely to be related to one another, meaning that
they descend from a common ancestor. To represent the
result of this inference, MSA algorithms convert the se-

1We will refer to biological alignments (diagrammatic represen-
tations of relatedness between sequences) as “multiple sequence
alignments” (Durbin et al., 1998). We will refer to machine learn-
ing alignments (latent variables which indicate which positions in
one sequence generate which positions in another sequence) as
“latent alignments” (Deng et al., 2018).

quence dataset into an N by J matrix, adding gap symbols
“−” such that sites in the same matrix column are those in-
ferred to be related (Figure 1A). Mathematically, MSA algo-
rithms can be summarized as nonlinear functions fMSA that
take in datasets of sequences and return processed datasets,
fMSA({Y1, . . . , YN}) = {YMSA,1, . . . YMSA,N}; for each
i ∈ {1, . . . , N}, we have YMSA,i ∈ (B ∪ {−})J . Note J
itself will depend on the input dataset.

MSA preprocessing is useful in that it (a) converts the
data into a matrix, and (b) adjusts for common sources
of variability in biological sequence data, in particular in-
sertion and deletion mutations. MSA preprocessing makes
building statistical models of sequences more straightfor-
ward. For instance, starting from an arbitrary generative
model pθ(v) describing continuous matrices v ∈ RJ×(B+1),
where B := |B|, one general strategy is to employ a
softmax linker function and a categorical observation dis-
tribution (softmax(v)j := exp(vj,b)/

∑
b′ exp(vj,b′) for

j ∈ {1, . . . , J}). The complete approach (Figure 1A) is,

Preprocess: {YMSA,1, . . . YMSA,N} := fMSA({Y1, . . . , YN}),
Model: Vi ∼ pθ(v) YMSA,i ∼ Categorical(softmax(Vi)).

(1)

This method allows, for example, the application of gener-
ative image models (such as variational autoencoders) to
biological sequence data (Riesselman et al., 2018). How-
ever, as we describe in depth in Section 4.1, MSA prepro-
cessing introduces substantial problems: each row of the
output matrix YMSA,i depends via fMSA on the entire in-
put dataset {Y1, . . . , YN} and we cannot know ahead of
time how future raw data YN+1 will change preprocessed
past data YMSA,i≤N . This makes likelihood-based model
evaluation on newly observed or heldout data ill-defined.

2.2. The mutational emission distribution

As a drop-in alternative to MSA preprocessing, we intro-
duce the “mutational emission” (“MuE”) distribution. The
MuE can be used in place of the Categorical observation
distribution in Equation 1,

Model: Vi ∼ pθ(v) Yi ∼ MuE(softmax(Vi), c, `, a
(0), a(t)),

(2)
where c, `, a(0), and a(t) are parameters of the MuE and
v ∈ RM×D (here the dimensions of v are hyperparame-
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w3
<latexit sha1_base64="Jqap7piIcWW5up2+v3ATn2Y9lBE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADoCNpQ==</latexit>

w4
<latexit sha1_base64="Z4Vsfm+PU1V5LIAy0eW8WRtO420=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEASNpg==</latexit>

w5
<latexit sha1_base64="+8rmszECI9EV3GoxPs4y4O59cp8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswODUyYnd3MzGrIhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp/ql70S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AEYiNpw==</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

w4
<latexit sha1_base64="Z4Vsfm+PU1V5LIAy0eW8WRtO420=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEASNpg==</latexit>

TAGC
<latexit sha1_base64="Jb650VR/+PEGRUXtgw95exdsZnM=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaIlSaIkJXwlcyN6yBxv2di+7eybk4GfYWGiMrb/Gzn/jAlco+JJJXt6bycy8IOZMG9f9dnIbm1vbO/ndwt7+weFR8fikpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Ma3O//USVZlI0zCSmfoSHgoWMYGOlbs96wbRxe1+b9oslt+wugNaJl5ESZKj3i1+9gSRJRIUhHGvd9dzY+ClWhhFOZ4VeommMyRgPaddSgSOq/XRx8gxdWGWAQqlsCYMW6u+JFEdaT6LAdkbYjPSqNxf/87qJCW/8lIk4MVSQ5aIw4chINP8fDZiixPCJJZgoZm9FZIQVJsamVLAheKsvr5NWpexdlSuPlVL1LosjD2dwDpfgwTVU4QHq0AQCEp7hFd4c47w4787HsjXnZDOn8AfO5w/72pEM</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

Example generated 
sequences Y<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>
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<latexit sha1_base64="MBbxfBHJTcxkoMwZ56palcchCnQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswODUyYnd3MzGrIhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp/ql70S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AEwyNqA==</latexit>

TACTGC
<latexit sha1_base64="8aGUhWYoSvCfXqg1rNBwNz6qReQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibR40CPKQY+YlI8EGrJdtrBhu627WxJS+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UW3ut8ZUKhYJV09i6oV4IFjACNZG8rrG86fubc29r017xZJdthdA68TJSAky1HvFr24/IklIhSYcK9Vx7Fh7KZaaEU5nhW6iaIzJCA9ox1CBQ6q8dHH0DF0YpY+CSJoSGi3U3xMpDpWahL7pDLEeqlVvLv7ndRId3HgpE3GiqSDLRUHCkY7QPAHUZ5ISzSeGYCKZuRWRIZaYaJNTwYTgrL68TpqVsnNVrjxWStW7LI48nME5XIID11CFB6hDAwg8wTO8wps1tl6sd+tj2ZqzsplT+APr8wczBpG3</latexit>

BA
Constraints on transition matrix

Corresponding pairwise 
sequence alignments

TACTGC
<latexit sha1_base64="8aGUhWYoSvCfXqg1rNBwNz6qReQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibR40CPKQY+YlI8EGrJdtrBhu627WxJS+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UW3ut8ZUKhYJV09i6oV4IFjACNZG8rrG86fubc29r017xZJdthdA68TJSAky1HvFr24/IklIhSYcK9Vx7Fh7KZaaEU5nhW6iaIzJCA9ox1CBQ6q8dHH0DF0YpY+CSJoSGi3U3xMpDpWahL7pDLEeqlVvLv7ndRId3HgpE3GiqSDLRUHCkY7QPAHUZ5ISzSeGYCKZuRWRIZaYaJNTwYTgrL68TpqVsnNVrjxWStW7LI48nME5XIID11CFB6hDAwg8wTO8wps1tl6sd+tj2ZqzsplT+APr8wczBpG3</latexit>

TAC-GC
<latexit sha1_base64="7nqecWx7ucfd+9R+9gAHpxvNioU=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b12+rVfXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx/3ZpGQ</latexit>

TA-GC
<latexit sha1_base64="pqUMqGuwGxhkQNRHdHACvdVZYII=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRmLiRdLCQY8oBz1iwldCG7JdtrBhu212tyak8De8eNAYr/4Zb/4bF+hBwZdM8vLeTGbm+TFnStv2t5Xb2Nza3snvFvb2Dw6PiscnbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe344/rc7zxRqVgkmnoSUy/EQ8ECRrA2kusaz582b6/u69N+sWSX7QXQOnEyUoIMjX7xyx1EJAmp0IRjpXqOHWsvxVIzwums4CaKxpiM8ZD2DBU4pMpLFzfP0IVRBiiIpCmh0UL9PZHiUKlJ6JvOEOuRWvXm4n9eL9HBjZcyESeaCrJcFCQc6QjNA0ADJinRfGIIJpKZWxEZYYmJNjEVTAjO6svrpF0pO9Vy5bFSqt1lceThDM7hEhy4hho8QANaQCCGZ3iFNyuxXqx362PZmrOymVP4A+vzB2i4kUM=</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

A(y)
<latexit sha1_base64="u22idr/4XTUZ9c0+ZJU5zixAvLU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSBV1W3bisYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7LacedXGd+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8uUzvk+r0JB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V04CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm06zX7tFa/Pas0rvI6inAIR1AFG86hATfQhBYQeIRneIU348l4Md6Nj/lowch3DuAPjM8fIDeT6A==</latexit>

A(x)
<latexit sha1_base64="0poNQYoCSyL0ha/O34Ig9Z6wW/s=">AAAB+nicbVC7TsMwFL3hWcorhZElokIqS5UUJBgLLIxFog+pDZXjOq1Vx4lsB6hCPoWFAYRY+RI2/ganzQAtR7J0dM69usfHixiVyra/jaXlldW19cJGcXNre2fXLO21ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrzK/fU+EpCG/VZOIuAEacupTjJSW+mapFyA1woglF+ldUnk8Tvtm2a7aU1iLxMlJGXI0+uZXbxDiOCBcYYak7Dp2pNwECUUxI2mxF0sSITxGQ9LVlKOASDeZRk+tI60MLD8U+nFlTdXfGwkKpJwEnp7Mgsp5LxP/87qx8s/dhPIoVoTj2SE/ZpYKrawHa0AFwYpNNEFYUJ3VwiMkEFa6raIuwZn/8iJp1arOSbV2c1quX+Z1FOAADqECDpxBHa6hAU3A8ADP8ApvxpPxYrwbH7PRJSPf2Yc/MD5/AB6xk+c=</latexit>

A(y)
<latexit sha1_base64="u22idr/4XTUZ9c0+ZJU5zixAvLU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSBV1W3bisYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7LacedXGd+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8uUzvk+r0JB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V04CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm06zX7tFa/Pas0rvI6inAIR1AFG86hATfQhBYQeIRneIU348l4Md6Nj/lowch3DuAPjM8fIDeT6A==</latexit>

A(x)
<latexit sha1_base64="0poNQYoCSyL0ha/O34Ig9Z6wW/s=">AAAB+nicbVC7TsMwFL3hWcorhZElokIqS5UUJBgLLIxFog+pDZXjOq1Vx4lsB6hCPoWFAYRY+RI2/ganzQAtR7J0dM69usfHixiVyra/jaXlldW19cJGcXNre2fXLO21ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrzK/fU+EpCG/VZOIuAEacupTjJSW+mapFyA1woglF+ldUnk8Tvtm2a7aU1iLxMlJGXI0+uZXbxDiOCBcYYak7Dp2pNwECUUxI2mxF0sSITxGQ9LVlKOASDeZRk+tI60MLD8U+nFlTdXfGwkKpJwEnp7Mgsp5LxP/87qx8s/dhPIoVoTj2SE/ZpYKrawHa0AFwYpNNEFYUJ3VwiMkEFa6raIuwZn/8iJp1arOSbV2c1quX+Z1FOAADqECDpxBHa6hAU3A8ADP8ApvxpPxYrwbH7PRJSPf2Yc/MD5/AB6xk+c=</latexit>

A(y)
<latexit sha1_base64="u22idr/4XTUZ9c0+ZJU5zixAvLU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSBV1W3bisYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7LacedXGd+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8uUzvk+r0JB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V04CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm06zX7tFa/Pas0rvI6inAIR1AFG86hATfQhBYQeIRneIU348l4Md6Nj/lowch3DuAPjM8fIDeT6A==</latexit>

A(x)
<latexit sha1_base64="0poNQYoCSyL0ha/O34Ig9Z6wW/s=">AAAB+nicbVC7TsMwFL3hWcorhZElokIqS5UUJBgLLIxFog+pDZXjOq1Vx4lsB6hCPoWFAYRY+RI2/ganzQAtR7J0dM69usfHixiVyra/jaXlldW19cJGcXNre2fXLO21ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrzK/fU+EpCG/VZOIuAEacupTjJSW+mapFyA1woglF+ldUnk8Tvtm2a7aU1iLxMlJGXI0+uZXbxDiOCBcYYak7Dp2pNwECUUxI2mxF0sSITxGQ9LVlKOASDeZRk+tI60MLD8U+nFlTdXfGwkKpJwEnp7Mgsp5LxP/87qx8s/dhPIoVoTj2SE/ZpYKrawHa0AFwYpNNEFYUJ3VwiMkEFa6raIuwZn/8iJp1arOSbV2c1quX+Z1FOAADqECDpxBHa6hAU3A8ADP8ApvxpPxYrwbH7PRJSPf2Yc/MD5/AB6xk+c=</latexit>

C

D

TAC-GC
<latexit sha1_base64="7nqecWx7ucfd+9R+9gAHpxvNioU=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b12+rVfXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx/3ZpGQ</latexit>

TA--GC
<latexit sha1_base64="JZ7ieKN0KbhRmleN2ISfZ4nLvFc=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxgdxhoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b122Lxvjrt5Qt2yV4ArRMnJQVIUevlv7r9kMQBFZpwrFTHsSPtJlhqRjid5bqxohEmIzygHUMFDqhyk8XRM3RhlD7yQ2lKaLRQf08kOFBqEnimM8B6qFa9ufif14m1f+MmTESxpoIsF/kxRzpE8wRQn0lKNJ8Ygolk5lZEhlhiok1OOROCs/ryOmmWS85VqfxYLlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx/VtpF6</latexit>

TACTGC
<latexit sha1_base64="8aGUhWYoSvCfXqg1rNBwNz6qReQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibR40CPKQY+YlI8EGrJdtrBhu627WxJS+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UW3ut8ZUKhYJV09i6oV4IFjACNZG8rrG86fubc29r017xZJdthdA68TJSAky1HvFr24/IklIhSYcK9Vx7Fh7KZaaEU5nhW6iaIzJCA9ox1CBQ6q8dHH0DF0YpY+CSJoSGi3U3xMpDpWahL7pDLEeqlVvLv7ndRId3HgpE3GiqSDLRUHCkY7QPAHUZ5ISzSeGYCKZuRWRIZaYaJNTwYTgrL68TpqVsnNVrjxWStW7LI48nME5XIID11CFB6hDAwg8wTO8wps1tl6sd+tj2ZqzsplT+APr8wczBpG3</latexit>

Corresponding multiple 
sequence alignment

a(t)
<latexit sha1_base64="jo1YusjEmJlgkW7rJ7zRPNdT4Q8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWatHHtIzn016x5FbcOcgq8TJSggz1XvGr249YEnKFTFJjOp4bo59SjYJJPi10E8NjysZ0yDuWKhpy46fzc6fkzCp9Moi0LYVkrv6eSGlozCQMbGdIcWSWvZn4n9dJcHDtp0LFCXLFFosGiSQYkdnvpC80ZygnllCmhb2VsBHVlKFNqGBD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEMxvAMr/DmxM6L8+58LFpzTjZzDH/gfP4A2tqPQA==</latexit>

w
<latexit sha1_base64="K+iivrhdeUPnWoxmB5CJQNdKl6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOYDjP8=</latexit>

Figure 2. (A) Condition 2.2 allows only the positions of a(t) in dark purple to be non-zero. (B) Example latent state paths w taken by the
Markov model in the MuE, and sequences Y that they can generate, given x is a one-hot encoding of the DNA sequence TACGC. Rows
correspond to positions 1, . . . , L, columns correspond to latent states 1, . . . ,K. (C) w defines a pairwise alignment between X and Y via
Definition 4.3. (D) The collection of w values describe a multiple sequence alignment of the generated sequences Y (Section 4.2).

ters rather than dimensions of the input data). The MuE
avoids the pathologies of MSA preprocessing by directly
generating complete, variable-length sequences (Figure 1B).
We refer generically to models that use a MuE observa-
tion distribution, such as Equation 2, as “MuE observation”
models. In the limiting case where Xi := softmax(Vi) is a
one-hot encoding of a sequence (i.e. Xi,m,d ∈ {0, 1} and∑
dXi,m,d = 1), the MuE can be interpreted biologically

as generating a mutant Yi of the sequence Xi, with some
probability of insertion, deletion and substitution mutations
controlled by the parameters c, a(0), a(t) and ` (Section 2.3).
A latent variable Wi in the MuE determines which positions
in the regressor Xi generate which positions in Yi, and can
be interpreted in terms of a latent MSA (Section 4.2). Intu-
itively, the MuE “adds in”, through a generative process, the
same mutations that MSA algorithms are intended to “filter
out” of the data via preprocessing.

The MuE is a hidden Markov model (HMM) with block-
structured emission and transition matrices. Let ∆D denote
the D − 1 dimensional probability simplex, ∆D := {v :

v ∈ RD, vd ≥ 0,
∑D
d=1 vd = 1}.

Definition 2.1 (MuE) MuE(x, c, `, a(0), a(t)) is an HMM
with K = 2M + 1 latent states. The initial probability of
each latent state is given by a(0) ∈ ∆K , the latent state
transition matrix is a(t) ∈ (∆K)K , and the emission matrix
is x̃ ∈ (∆B)K . The matrices have block structure

x̃ :=

[
x
c

]
· `, a(t) :=

[
A(1,1) A(1,2)

A(2,1) A(2,2)

]
,

where x ∈ (∆D)M , c ∈ (∆D)M+1, ` ∈ (∆B)D, A(1,1) ∈
RM×M , and A(2,2) ∈ R(M+1)×(M+1). The transition ma-
trix must satisfy Condition 2.2.

Condition 2.2 (Biological latent alignments) Entries of
A(1,1), A(1,2), A(2,1) and A(2,2) below the main diagonal
must be zero. Entries of A(1,1) and A(1,2) on the main
diagonal must also be zero.

Condition 2.2, an upper triangular restriction, is illustrated
in Figure 2A and justified in depth in Section 4.2.

2.3. Biological interpretation of the MuE

To describe the biological interpretation of the MuE we con-
sider examples of different latent paths w = (w1, . . . , wL)
through state space that the MuE can take and the sam-
ples Y ∼ pMuE(y|x,w) that these paths will generate
(Figure 2B). Assume to start that D = B and ` = IB ,
where IB is the B × B identity matrix, and consider
the limiting case where x is a one-hot encoding of a se-
quence. Example 1: w = (1, . . . ,M) (no mutation). The
generated Y will be an exact copy of x, i.e. Y = x
when Y is represented as a one-hot encoding (Figure 2B
top). Example 2: w = (1, . . . ,m − 1,m + 1, . . . ,M)
(deletion). The generated Y will be missing the mth
letter of x, that is Y = (x1, . . . , xm−1, xm+1, . . . , xM )
(Figure 2B middle). Example 3: w = (1, . . . ,m,M +
m + 1,m + 1, . . . ,M) (insertion). The generated Y will
have an additional letter inserted after the mth letter of
x, that is Y = (x1, . . . , xm, S, xm+1, . . . , xM ) where
S ∼ Categorical(cm+1) (Figure 2B bottom). Condi-
tion 2.2 guarantees that the states k ∈ {1, . . . ,M} are
each visited at most once and in sequential order. Se-
quences such as {1, . . . ,m,m, . . . ,M} (repeated letter)
and {1, . . . ,m + 1,m, . . . ,M} (backtracking) are not al-
lowed under Condition 2.2. More general matrices ` al-
low for substitution mutations, with the probability of con-
verting from letter d to b given by `d,b. For example, if
w = (1, . . . ,M), then Y ∼ Categorical(x · `), that is Y is
a mutant of x with substitution probabilities determined by
` and no insertion or deletion mutations.

MuE observation models directly generalize models that use
MSA preprocessing in the special case where the dataset
sequences are all the same length and the MSA algorithm
does not add any gap symbols (that is, when fMSA(·) is the
identity). Assume D = B, and consider the “no mutation
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A structured observation distribution for biological sequences

limit” where ` = IB , a(0)1 = 1, and A(1,1)
m,m+1 = 1 for all

m ∈ {1, . . . ,M − 1}. In this case we find, for samples Y
of length M , that Y ∼ MuE(x, c, `, a(0), a(t)) simplifies
to Y ∼ Categorical(x). Thus Equation 2 and Equation 1
become equivalent. In practice, we typically select priors
on the MuE to favor the no mutation limit, since it serves as
a null hypothesis.

2.4. Inference

The marginal likelihood of the MuE with the latent state vari-
able of the HMM integrated out, pMuE(y|x, c, `, a(0), a(t)),
is analytically tractable via the HMM forward algorithm
and differentiable. The standard forward algorithm requires
O(L) sequential matrix multiplications, where L is the
length of the sequence (typically a few hundred amino acids
in our setting), but it can also be parallelized to achieve
O(logL) time (Särkkä & Garcı́a-Fernández, 2020; Rush,
2020). Using the MuE marginal likelihood allows infer-
ence with automatic differentiation variational inference,
stochastic gradient MCMC, and related scalable approx-
imate Bayesian inference algorithms (Section S3.1) (Ku-
cukelbir et al., 2017; Welling & Teh, 2011). We have
made available an implementation of the MuE within the
probabilistic programming language Edward2, making it
straightforward to explore different MuE observation mod-
els and inference methods (Section S3.2) (Tran et al., 2018).
https://github.com/debbiemarkslab/MuE.

3. Related Work
Methods that use MSA preprocessing. MSA preprocessing
is widely used as a starting point for biological sequence
data analysis, perhaps most commonly in combination with
other non-probabilistic analysis methods. One very common
class of probabilistic methods that nearly always use MSA
preprocessing is phylogenetic models, which are central
to evolutionary biology and epidemiology (where they are
used to reconstruct disease outbreaks), and widely used in
nearly every other area of biology (Hadfield et al., 2018;
Felsenstein, 2004). Another is fitness models, including
Potts models and variational autoencoder models, which are
used to infer the structure of proteins and RNA, predict the
functional effects of clinical variants, design new proteins,
etc. (Marks et al., 2011; Hopf et al., 2017; Frazer et al.,
2020; Russ et al., 2020).

Standard methods that avoid MSA preprocessing. Although
MSA preprocessing is problematic from the perspective of
probabilistic modeling, the use of probabilistic models to
infer multiple sequence alignments – that is, in order to
accomplish the preprocessing – is standard. Perhaps the
most widely used such method is the profile HMM, which,
besides being used to infer multiple sequence alignments, is
also at the core of modern sequence database search meth-

TATGC
<latexit sha1_base64="qxjbT2cyndQDWfs3f5s9Hs3wzYw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at637xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKRJkWo=</latexit>

TATC
<latexit sha1_base64="dJm03PUM79X7LxBHt7KRKZQxt3s=">AAAB8nicbVA9T8MwEHX4LOWrwMhiUSExVUkZYCx0YSxSv6Q0qhzXaa06dmRfkKq0P4OFAYRY+TVs/BvcNgO0POmkp/fudHcvTAQ34Lrfzsbm1vbObmGvuH9weHRcOjltG5VqylpUCaW7ITFMcMlawEGwbqIZiUPBOuG4Pvc7T0wbrmQTJgkLYjKUPOKUgJX8nvXCafOuWZ/2S2W34i6A14mXkzLK0eiXvnoDRdOYSaCCGON7bgJBRjRwKtis2EsNSwgdkyHzLZUkZibIFifP8KVVBjhS2pYEvFB/T2QkNmYSh7YzJjAyq95c/M/zU4hug4zLJAUm6XJRlAoMCs//xwOuGQUxsYRQze2tmI6IJhRsSkUbgrf68jppVyvedaX6WC3X7vM4CugcXaAr5KEbVEMPqIFaiCKFntErenPAeXHenY9l64aTz5yhP3A+fwAPt5EZ</latexit>

TAGTC
<latexit sha1_base64="q+vedE+4GuRxb/BsbEmJpA1wxTY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at/etxmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKQ8kWo=</latexit>

TAGTGC
<latexit sha1_base64="xl5LauTldLoFG4uAnCDJnQ8mddg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYYIlSYIkJXwlcyN6yBxv29s7dPRJy8DtsLDTG1h9j579xgSsUfMkkL+/NZGaeF3GmtG1/W5mt7Z3dvex+7uDw6Pgkf3rWUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ri789oRKxULR0NOIugEeCuYzgrWR3J7xvFnjrtaoVWf9fMEu2kugTeKkpAAp6v38V28QkjigQhOOleo6dqTdBEvNCKfzXC9WNMJkjIe0a6jAAVVusjx6jq6MMkB+KE0JjZbq74kEB0pNA890BliP1Lq3EP/zurH2b92EiSjWVJDVIj/mSIdokQAaMEmJ5lNDMJHM3IrICEtMtMkpZ0Jw1l/eJK1S0bkplh5Lhcp9GkcWLuASrsGBMlTgAerQBAJP8Ayv8GZNrBfr3fpYtWasdOYc/sD6/AE5JpG7</latexit>

TATGC
<latexit sha1_base64="qxjbT2cyndQDWfs3f5s9Hs3wzYw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at637xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKRJkWo=</latexit>

TAGTC
<latexit sha1_base64="q+vedE+4GuRxb/BsbEmJpA1wxTY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at/etxmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKQ8kWo=</latexit>

TAT-C
<latexit sha1_base64="7aTKmaZaaOKeG/BTY+k20R7LeeA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyWpBz1We/FYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589ad62rxmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvZSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVua7WHmuV+n0eRxHO4BwuwYEbqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AHytkVA=</latexit>

TA-TGC
<latexit sha1_base64="zbb+h90kMMygjzp4mgT3v8A87ag=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b126v6fXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx8RVpGh</latexit>

TA-T-C
<latexit sha1_base64="TAD2dlGcDm3vL6LsQ3w75/RGFho=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxgdxBoSVKY4kJXwlcyN6yBxv29s7dPRJy8DtsLDTG1h9j579xgSsUfMkkL+/NZGaeF3GmtG1/W5mt7Z3dvex+7uDw6Pgkf3rWUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ri389oRKxULR0NOIugEeCuYzgrWR3J7xvFnjrtgo1mb9fMEu2UugTeKkpAAp6v38V28QkjigQhOOleo6dqTdBEvNCKfzXC9WNMJkjIe0a6jAAVVusjx6jq6MMkB+KE0JjZbq74kEB0pNA890BliP1Lq3EP/zurH2b92EiSjWVJDVIj/mSIdokQAaMEmJ5lNDMJHM3IrICEtMtMkpZ0Jw1l/eJK1yyamUyo/lQvU+jSMLF3AJ1+DADVThAerQBAJP8Ayv8GZNrBfr3fpYtWasdOYc/sD6/AHpq5GH</latexit>

TAGT-C
<latexit sha1_base64="CihuLLIHEgu1l01N8agEATLR5QM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b12/v6VXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx8RipGh</latexit>

TAGTGC
<latexit sha1_base64="xl5LauTldLoFG4uAnCDJnQ8mddg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYYIlSYIkJXwlcyN6yBxv29s7dPRJy8DtsLDTG1h9j579xgSsUfMkkL+/NZGaeF3GmtG1/W5mt7Z3dvex+7uDw6Pgkf3rWUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ri789oRKxULR0NOIugEeCuYzgrWR3J7xvFnjrtaoVWf9fMEu2kugTeKkpAAp6v38V28QkjigQhOOleo6dqTdBEvNCKfzXC9WNMJkjIe0a6jAAVVusjx6jq6MMkB+KE0JjZbq74kEB0pNA890BliP1Lq3EP/zurH2b92EiSjWVJDVIj/mSIdokQAaMEmJ5lNDMJHM3IrICEtMtMkpZ0Jw1l/eJK1S0bkplh5Lhcp9GkcWLuASrsGBMlTgAerQBAJP8Ayv8GZNrBfr3fpYtWasdOYc/sD6/AE5JpG7</latexit>

Y1
<latexit sha1_base64="COd9bgMQAyQeLiwwoaH4w8aIig0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHdtY2F</latexit>

Y2
<latexit sha1_base64="4cQzjieBS+G8ib5bpdDogP/G1uE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPfOY2G</latexit>

Y3
<latexit sha1_base64="eNjw15IPyYN35gfE5jtYW4C1Fd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4L2Nhw==</latexit>

Y4
<latexit sha1_base64="NAdFSyKacvuspZmuUB76jNebIKc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kGNiA==</latexit>

Observe: 
Y1, Y2, Y3

<latexit sha1_base64="8VWCY3mpY7rwo3hN92kOg3zCTl0=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLLbCnosevFYwX6xXZZsmm1Ds8mSZIVS+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8KOVMG9f9dtbWNza3tgs7xd29/YPD0tFxS8tMEdokkkvVibCmnAnaNMxw2kkVxUnEaTsa3c389hNVmknxaMYpDRI8ECxmBBsr+d3Qu+yGVVu1sFR2K+4caJV4OSlDjkZY+ur1JckSKgzhWGvfc1MTTLAyjHA6LfYyTVNMRnhAfUsFTqgOJvOTp+jcKn0US2VLGDRXf09McKL1OIlsZ4LNUC97M/E/z89MfBNMmEgzQwVZLIozjoxEs/9RnylKDB9bgoli9lZEhlhhYmxKRRuCt/zyKmlVK16tUn24Ktdv8zgKcApncAEeXEMd7qEBTSAg4Rle4c0xzovz7nwsWtecfOYE/sD5/AFgdpAC</latexit>

Observe: 
Y4

<latexit sha1_base64="NAdFSyKacvuspZmuUB76jNebIKc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kGNiA==</latexit>

Sequence data

YMSA,1
<latexit sha1_base64="vpJx6wqp//2OwYmWfX7QrenRU1o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO3Yz3644VWcKuEjcnFRAjoZvf/X6EU44ERozpFTXdWLtpUhqihnJSr1EkRjhERqQrqECcaK8dJo9g4dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqZEtz5Ly+SVq3qnlRrt6eV+mVeRxHsgwNwBFxwBurgGjRAE2DwBJ7BK3izMuvFerc+ZqMFK9/ZA39gff4ApsuULg==</latexit>

YMSA,2
<latexit sha1_base64="//y+L290V7BzPkythBFTm+kCxUY=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO65lvl1xqs4UcJG4OamAHA3f/ur1I5xwIjRmSKmu68TaS5HUFDOSlXqJIjHCIzQgXUMF4kR56TR7Bg+N0odhJM0TGk7V3xsp4kqNeWAmJzHVvDcR//O6iQ7PvZSKONFE4NmhMGFQR3BSBOxTSbBmY0MQltRkhXiIJMLa1FUyJbjzX14krVrVPanWbk8r9cu8jiLYBwfgCLjgDNTBNWiAJsDgCTyDV/BmZdaL9W59zEYLVr6zB/7A+vwBqFCULw==</latexit>

YMSA,3
<latexit sha1_base64="RfmbE4SlhWDdUNGM9FJlDzkfi9s=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJlpBV1W3bgRKtqHtMOQSTNtaJIZkoxYhvkVNy4UceuPuPNvTNtZaOuBwOGce7knJ4gZVdpxvq2l5ZXVtfXCRnFza3tn194rtVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORlcTv/1IpKKRuNfjmHgcDQQNKUbaSL5devDTHkd6KHl6c3eRndQy3y47FWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJir1EkRjhERqQrqECcaK8dJo9g0dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqaEtz5Ly+SVrXi1irV29Ny/TKvowAOwCE4Bi44A3VwDRqgCTB4As/gFbxZmfVivVsfs9ElK9/ZB39gff4AqdWUMA==</latexit>

YMSA,4
<latexit sha1_base64="XD13VVi+LyVyk3yhav5GBenQnmI=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJmpBV1W3bgRKtqHtMOQSTNtaJIZkoxYhvkVNy4UceuPuPNvTNtZaOuBwOGce7knJ4gZVdpxvq2l5ZXVtfXCRnFza3tn194rtVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORlcTv/1IpKKRuNfjmHgcDQQNKUbaSL5devDTHkd6KHl6c3eRndQy3y47FWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJir1EkRjhERqQrqECcaK8dJo9g0dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqaEtz5Ly+SVrXinlaqt7Vy/TKvowAOwCE4Bi44A3VwDRqgCTB4As/gFbxZmfVivVsfs9ElK9/ZB39gff4Aq1qUMQ==</latexit>

YMSA,1
<latexit sha1_base64="vpJx6wqp//2OwYmWfX7QrenRU1o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO3Yz3644VWcKuEjcnFRAjoZvf/X6EU44ERozpFTXdWLtpUhqihnJSr1EkRjhERqQrqECcaK8dJo9g4dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqZEtz5Ly+SVq3qnlRrt6eV+mVeRxHsgwNwBFxwBurgGjRAE2DwBJ7BK3izMuvFerc+ZqMFK9/ZA39gff4ApsuULg==</latexit>

YMSA,2
<latexit sha1_base64="//y+L290V7BzPkythBFTm+kCxUY=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO65lvl1xqs4UcJG4OamAHA3f/ur1I5xwIjRmSKmu68TaS5HUFDOSlXqJIjHCIzQgXUMF4kR56TR7Bg+N0odhJM0TGk7V3xsp4kqNeWAmJzHVvDcR//O6iQ7PvZSKONFE4NmhMGFQR3BSBOxTSbBmY0MQltRkhXiIJMLa1FUyJbjzX14krVrVPanWbk8r9cu8jiLYBwfgCLjgDNTBNWiAJsDgCTyDV/BmZdaL9W59zEYLVr6zB/7A+vwBqFCULw==</latexit>

YMSA,3
<latexit sha1_base64="RfmbE4SlhWDdUNGM9FJlDzkfi9s=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJlpBV1W3bgRKtqHtMOQSTNtaJIZkoxYhvkVNy4UceuPuPNvTNtZaOuBwOGce7knJ4gZVdpxvq2l5ZXVtfXCRnFza3tn194rtVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORlcTv/1IpKKRuNfjmHgcDQQNKUbaSL5devDTHkd6KHl6c3eRndQy3y47FWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJir1EkRjhERqQrqECcaK8dJo9g0dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqaEtz5Ly+SVrXi1irV29Ny/TKvowAOwCE4Bi44A3VwDRqgCTB4As/gFbxZmfVivVsfs9ElK9/ZB39gff4AqdWUMA==</latexit>

Multiple sequence 
alignment #1

Multiple sequence 
alignment #2

Figure 3. The multiple sequence alignment of the initial dataset
Y1, Y2 and Y3 can change as more data, Y4, is added.

ods and is used to define sequence families, among many
other applications (Durbin et al., 1998; Johnson et al., 2010;
El-Gebali et al., 2019). In Section 4.2 we show that the
MuE distribution generalizes a variety of popular methods
including the profile HMM. While connections between var-
ious methods have been described before, the generalization
offered by the MuE is both unified and comprehensive, de-
limiting the extent of the model class (Holmes, 2017). Note
also that some of these methods can be trained by interpret-
ing an MSA as a point estimate of the latent alignment vari-
able; this is distinct from the more common usage of MSA
preprocessing described in Section 4.1 and is not subject to
the same pathologies. The most closely related methods to
MuE observation models are hybrid profile HMM models;
our work goes further by providing a generalized approach
to building and inferring such models (Wilburn & Eddy,
2020).

Recent methods that avoid MSA preprocessing. There has
been intense recent interest in applying advances from natu-
ral language processing to biological sequences (Rives et al.,
2019; Riesselman et al., 2019; Alley et al., 2019). Though
natural language models have the correct support (that is,
they can generate variable length discrete sequences), given
the vast differences between natural language and biologi-
cal sequences, it is not obvious how to design models with
appropriate structure and inductive biases. Our theoretical
results in Section 4.3 offer such a design.

4. Theory
4.1. Pathologies in MSA preprocessing

MSA preprocessing is typically applied to static sequence
datasets and used for parameter inference problems; its
statistical pathologies emerge when when we attempt to
predict unobserved or future sequences. To explain these
pathologies, we focus on the i.i.d. case.2 Consider the
following modeling assumption, which is nearly universal
in the field of statistics:

Assumption 4.1 (I.i.d. data and model) Let p0(x) be a
probability distribution defined over a space X , i.e. p0(x) ∈

2Note that phylogenetic models, although not usually repre-
sented as i.i.d., are typically exchangeable and so possess an i.i.d.
representation by de Finetti’s theorem (Weinstein et al., 2020).
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A structured observation distribution for biological sequences

P(X ) where P(X ) is the set of all probability distributions
over X . We (1) assume that we observe independently
and identically distributed samples X1, X2, . . . ∼ p0(x).
In order to describe this process, we introduce a model
M = {q(x|θ) : θ ∈ Θ}. We (2) assume q(x|θ) ∈ P(X )
for all θ ∈ Θ.

Now consider models that use MSA preprocessing and take
the following form, of which Equation 1 is a special case:

Preprocess: {YMSA,1, . . . , YMSA,N} := fMSA({Y1, . . . , YN}),
Model: YMSA,i

iid∼ p(yMSA),

where p(yMSA) ∈ P((B ∪ {−})J). If we attempt to em-
ploy Assumption 4.1 to describe the preprocessed data
YMSA,1, . . . , YMSA,N we see that it is violated. Part 1
of Assumption 4.1 fails because the preprocessed data
cannot consist of independent observations: if a data-
point YN+1 is added to the dataset, then past data, i.e.
YMSA,1, . . . , YMSA,N , can be altered (Figure 3). For in-
stance, the new sequence may provide additional evidence
to the MSA algorithm that sites in previously observed se-
quences are related to one another. Part 2 of Assumption 4.1
fails because the model is not defined over a space that en-
compasses future data: if a datapoint YN+1 is added to the
dataset, the value of J may change (Figure 3). For instance,
the new sequence might be longer than any before. Prac-
tically, the failure of MSA models to satisfy both parts of
Assumption 4.1 makes rigorous likelihood-based evaluation
of their generalization capacity untrustworthy. If we do not
know what space future data lives in, or how past data will
be altered with future measurements, it is hard to trust that
the average log likelihood of our model on a held out test set
is genuinely reflective of future model performance. More
technically, the violation of Assumption 4.1 causes standard
justifications for the use of Bayes factors, heldout likelihood,
prequential evaluation, etc. to fail, see e.g. Dawid (1984);
Vapnik (1999); Dawid (2011).

Using MSA preprocessing also fails to account for uncer-
tainty in the alignment (Wu et al., 2012; Toth-Petroczy et al.,
2016). The goal of an MSA algorithm is to infer related
sites among a set of sequences, but the resulting MSA is
only a point estimate of this quantity.

4.2. A unified and comprehensive framework

In this section we connect the MuE distribution to previously
proposed probabilistic and non-probabilistic methods for
inferring biological sequence alignments including MSAs.
We start by more formally describing a biological pairwise
alignment between two sequences X and Y , and then es-
tablish a connection with the latent state variable W in the
MuE. Pairwise alignments serve as a diagrammatic repre-
sentation of how two sequences X and Y may be related
via insertion, deletion and substitution mutations.

Definition 4.2 (Biological pairwise alignment) Let X
and Y be sequences of length M and L respectively. A
pairwise alignment A of X and Y with J columns is a
matrix [A(x),A(y)]>, where A(x) ∈ (B ∪ {−})J is a
column vector of length J consisting of the letters of X ,
in order, and interspersed with gap symbols; similarly for
A(y). The alignment A must satisfy the condition that for
every j ∈ {1, . . . , J} either A(x)

j ∈ B or A(y)
j ∈ B or both.

Let jl be the column of the alignment A in which the lth
letter of Y falls, i.e. A(y)

jl
= Yl for l ∈ {1, . . . , L}. Let

gl indicate whether the column jl in A contains a gap,
i.e. gl := I(A(x)

jl
= -), where I(·) is the indicator func-

tion which takes value 1 when the expression is true and
0 otherwise. Given X and Y , the sets {j1, . . . , jL} and
{g1, . . . , gL} together uniquely define an alignment A (Re-
mark S1.1). We can define a map from the latent state path
W to a pairwise alignment A of X and Y .

Definition 4.3 (From latent states to biological alignments)
Given W ∼ pMuE(w|X,Y ), let gl := I(Wl > M) and
jl := Wl−Mgl +

∑l−1
l′=1 gl′ , for l ∈ {1, . . . , L}. Note that

this map is invertible.

Under this definition, when gl = 0, the letter Yl is generated
based on a letterXWl

in the MuE, and Yl andXm are placed
in the same column of the pairwise alignment A; when
gl = 1, however, Yl does not depend on X at all (it depends
on c instead) and A(x)

jl
has the gap symbol (Figure 2C).

A zoo of probabilistic and non-probabilistic methods have
been proposed for inferring biological sequence alignments
from data. Here we show that many of the most widely used
methods can be seen as special case examples of the MuE
which use Definition 4.3 to convert from W to A.3

Proposition 4.4 (Unified) For different choices of parame-
ters c, `, a(0), and a(t), (1) the Thorne-Kishino-Felsenstein
model (Thorne et al., 1991), (2) the profile HMM, and (3) the
conditional distribution of a sequence Y given a sequence
X under the pair HMM (Durbin et al., 1998) are all spe-
cial cases of the distribution MuE(X, c, `, a(0), a(t)), with
a state-specific probability of the Markov chain terminating
at each step. For another choice of parameters, the maxi-
mum a posteriori estimator ŵ := argmaxwpMuE(Y |X,w)
corresponds to the Needleman-Wunsch alignment.

See Section S1.1 for a proof. In the context of the profile
HMM, point estimates of the latent state pathsW1, . . . ,WN

associated with each observed sample Y1, . . . , YN are used
to construct a multiple sequence alignment of the dataset by

3So far we have not specified a model for the length L of the
sequence Y . In the following proposition, we assume that there is
some probability of the latent Markov chain terminating after each
step l, and that this probability depends on the current state Wl.
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Figure 4. Predictive performance on a randomly heldout test set.
Dotted line marks theoretically expected performance of the sub-
stitution matrix BLOSUM62 as a reference point (Section S4).

effectively merging pairwise alignments; the same methods
can be used for MuE observation models as well (Figure 2D;
Section S1.2). MuE observation models can thus also be
used as probabilistic methods for inferring MSAs.

The MuE offers not only a unified but also a comprehensive
framework in the sense that HMMs which fail to satisfy
Constraint 2.2 cannot be interpreted, using Definition 4.3,
as biological alignments (proof in Section S1.3):

Proposition 4.5 (Comprehensive) Consider the setup of
Definition 4.3 and assume each latent state k ∈ {1, . . . ,K}
of the MuE is Markov accessible under a(0) and a(t) (mean-
ing that it can be reached with non-zero probability). Con-
dition 2.2 is both necessary and sufficient to guarantee that
with probability 1, W defines a valid pairwise alignment of
X and Y via Definition 4.3.

4.3. Comparison to natural language models

Latent alignment models are commonly used in natural
language processing, often in combination with soft or hard
attention methods for inference (Deng et al., 2018). We can
compare the MuE directly with a classic latent alignment
model for statistical translation. The Vogel et al. (1996)
model takes the form of a MuE model where X and Y are
sentences in different languages, except that Condition 2.2
is violated (Section S1.4). As a result latent alignments
are allowed to “double back” and rearrange the ordering of
words in the regressor sentence X to generate Y . Beyond
biology, restrictions like Condition 2.2 may be of interest in
application areas with structured text, e.g. symbolic math or
software testing.

5. Experiments
5.1. Predictive performance

In this section we empirically compare the predictive per-
formance of MuE observation models to a standard method
with the same latent alignment structure, namely the pro-
file HMM (pHMM) (Proposition 4.4). We examined five
datasets of protein families, ranging in size from 1,000

to 10,000 sequences (Section S6). Four were taken from
non-redundant sequence databases: sequences similar to di-
hydrofolate reductase (DHFR; a widely conserved enzyme),
serine recombinase (PINE; a tool for genomic engineering),
cyclin dependent kinase inhibitor 1B (CDKN1B/p27; a cell
cycle inhibitor) and the human papillomavirus E6 protein
(VE6; an oncogenic viral protein) (Hopf et al., 2017; Toth-
Petroczy et al., 2016; Tamarozzi & Giuliatti, 2018). Two
of these datasets (CDKN1B and VE6) consist of proteins
with regions classified as “disordered” for which MSAs are
typically considered especially untrustworthy. The final
dataset consists of human T-cell receptor (TCR) sequences
from a healthy donor obtained using single cell sequenc-
ing, for which multiple sequence alignments are similarly
considered untrustworthy (Section S7).

We extended probabilistic PCA and VAE models using the
MuE observation distribution; we refer to these models as
“FactorMuE” and “LatentNeuralMuE” respectively (model
architectures are detailed in Section S2). We used stochastic
variational inference, estimating the ELBO gradient using
automatic differentiation, the reparameterization trick, and
an inference network, and optimizing with Adam (Section
S3) (Kucukelbir et al., 2017; Kingma & Welling, 2013;
Rezende et al., 2014; Kingma & Ba, 2015). We evalu-
ated model performance on a randomly held out 10% of
sequences, quantified in terms of per residue (that is, per
letter) perplexity (Section S4). The results, summarized in
Figure 4, show that FactorMuE models offer a consistent
and large improvement over the standard pHMM model in
every dataset, with an average change in perplexity of−1.50
(log Bayes factor > 103 across all datasets). Particularly
dramatic improvements are seen in the TCR dataset, where
perplexity falls by more than 3 (log Bayes factor > 104).
Meanwhile, the more complex LatentNeuralMuE model
also improves over the pHMM in each dataset and over-
all (average perplexity change −0.42), but underperforms
relative to the simpler FactorMuE model.

5.2. Learning complex biological structure

We examined in further detail the FactorMuE model learned
from the TCR dataset. T-cell receptors are made up of
two separate amino acid chains, α and β, which each de-
velop according to a complex process of genome rearrange-
ment termed V(D)J recombination, in which different V, D
and J segments in the genome are, with some randomness
and additional mutations, joined together with a constant
region to produce a complete sequence (Figure 5A). We
cross-referenced the latent representations of each sequence
recorded in the dataset against supervised annotations of its
segment types (Section S6). We found that the latent space
is divided evenly in two, with one side containing TCRα
sequences and one side TCRβ sequences (Figure 5B left).
Each side contains clusters, which correspond with the type
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Figure 5. (A) Illustration of the TCRβ genomic locus; the TCRα locus is analogous, with Cα in place of Cβ and no D segments (Abbas
et al. (2018), Figure 8.7). (B) Inferred latent space representation of the TCR dataset, colored according to supervised annotations. Left:
Cα and Cβ chains. Middle: V types, V2, . . . V30 (detailed legend in Figure S5). Right: J subtypes, J1-1,...,2-7 (detailed legend in Figure
S5). (C) V (green), J (yellow) and constant C (gray) regions of the TCRβ chain in the reference structure PDB:2BNR, as well as V-J
junction nucleotides (red) (Figure S5). (D) Projections ν of latent space vectors (left, in orange) into sequence space. Transparent areas
correspond to the portion of the sequence that is not measured in the experiment. Arrows indicate peaks in ν.

of V segment found in each TCR sequence (Figure 5B mid-
dle). The shorter J segments are found uniformly distributed
across their corresponding α or β half, reflecting their ability
to recombine with different V segments (Figure 5B right).
See Section S6 for further results.

We next examined features learned by the FactorMuE model.
To visualize features we fixed the latent alignment variable
w and projected changes in the latent representation into se-
quence space; this enables a similar model interpretation to
MSA preprocessing methods, which also use a fixed (though
precomputed) alignment. In particular, we calculated

νl :=

[ B∑
b=1

(
E[Yl,b|ŵref , z1]− E[Yl,b|ŵref , z0]

)2]1/2
(3)

where the expectation is with respect to the variational ap-
proximation to the posterior, z0 and z1 are the head and
tail of a vector in the latent space, ŵref is the maximum
a posteriori estimate of w based on a reference sequence,
and l ∈ {1, . . . , Lref} where Lref is the length of the refer-
ence sequence. We plotted the vector ν on a TCR crystal
structure for the reference sequence, and compared to a su-
pervised annotation of the constant, V, D and J segments of
the reference sequence (Figure 5CD). Consistent with the
annotation of the latent representation, the vector normal
to the hyperplane separating TCRα from TCRβ chains in
the latent space (vector 1 in Figure 5D) primarily alters the
sequence of the constant region, while the orthogonal vector
(vector 2 in Figure 5D) primarily determines the sequence
of the V segment. Along vector 2, the region of largest vari-
ation (the largest peak in νl) was the buried C-terminal end

of the V segment, corresponding to the start of the CDR3 re-
gion, the key specificity-determining region of the receptor.
Interestingly, even along vector 1 we observe high values of
νl in the V segment, suggesting that there are systematic and
heterogeneous differences between the V segment sequence
distribution used in TCRα chains and in TCRβ chains (see
Section S6 for further analysis).

5.3. Evolutionary forecasting

We explored a novel application of generative probabilis-
tic sequence models, evolutionary forecasting, which takes
advantage of the capacity of MuE observation models to
predict future sequences. Influenza A is responsible for an
estimated 500,000 deaths a year and is an ongoing pandemic
threat (Iuliano et al., 2018). It is also a model organism for
understanding the dynamics of rapidly evolving pathogens,
and forecasting its evolution is crucial in preparing vac-
cines and designing therapeutics (Luksza & Lässig, 2014;
Laursen & Wilson, 2013). Previous forecasting methods
have focused on predicting the relative fitness of existing
strains in future years (Luksza & Lässig, 2014; Bush et al.,
1999), or the antigenic properties of newly emerged strains
(Neher et al., 2016). We instead predict the full amino acid
sequence of the HA1 protein, the primary site of interaction
with the immune system (Wiley et al., 1981). From the
GISAID database we constructed a training set of influenza
A(H3N2) HA1 sequences collected from patient samples
from 1968 through 2013, and evaluated our predictions on
sequences collected from 2014 through October 2019 (420
out of 2,042 sequences held out, 21% of the dataset) (Sec-
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Figure 6. (A) Predictive performance measured by heldout per residue perplexity; models are trained on data from 1968-2013, tested
on 2014-2020. (B) Magnitude of the shift in amino acid preference over time ν, for the RegressMuE, projected onto a reference HA1
structure (PDB:4O5N). The full hemagglutinin protein is shown on the left. (C) Classical epitope regions of the HA1 protein. (D) Inferred
latent representation from a FactorMuE model, with sequences colored by the time at which the sample was collected (Section S7). (E)
Y-axis: orthogonal projection of the latent representation of each sequence onto the least squares fit line relating z1 and z2. X-axis: time at
which each sample was collected. Two clusters of outliers are marked by † and ‡.

tion S7) (Shu & McCauley, 2017). Insertions and deletions
are considered rare, though not absent, in patient samples,
so this dataset also offers an opportunity to evaluate MuE
observation models in a distinct regime from that considered
previously in Section 5.1.

As a benchmark we again used the pHMM, which can cap-
ture the observation that there exist key highly variable sites
in the HA1 protein, an underlying motivation behind previ-
ous prediction methods such as Bush et al. (1999). We then
incorporated sequence collection time as a covariate in new
MuE observation models, using a linear regression model
(“RegressMuE”) and a neural network (“NeuralMuE”) with
MuE observation distributions (Section S2). The pHMM
achieves a per residue perplexity of 1.32 and the Regress-
MuE improves this to 1.24 (log Bayes factor > 103; Fig-
ure 6A). This per residue perplexity difference corresponds
to a factor of∼1010 improvement in per sequence perplexity.
The NeuralMuE has similar per residue perplexity (1.26) to
the RegressMuE.

Next we investigated in detail what the model can tell us
about how HA1 proteins have changed over time. We com-
puted the magnitude of the shift in amino acid preference
from 1968 to 2019 inferred by the model, with the latent
MuE alignment variable kept fixed (quantified as νl, defined
analogously to Equation 3 with times t0 and t1 replacing la-
tent representations z0 and z1) (Figure 6B; Section S7). We
found that sites with a large shift are often associated with
antigenicity, consistent with the hypothesis that immune
evasion is a key driver of influenza evolution. Residues
that make up the classical epitope regions A-E of influenza
show significantly larger shifts as compared to residues out-
side these regions (mean νl of 0.54 in epitopes A-E versus
0.09 in non-epitope sites, one sided Mann-Whitney U test
p < 10−18; Figures 6C and S10) (Wiley et al., 1981; Muñoz
& Deem, 2005). The same observation holds for residues
identified as key determinants of immune escape in recent

high-throughput mutational antigenic profiling experiments
(mean νl of 0.80 in sites with antigenic selection versus
0.24 elsewhere, one sided Mann-Whitney U test p < 10−4;
Section S7) (Lee et al., 2019).

The latent space representation of the influenza HA1 dataset
learned by the FactorMuE model shows the data falling
approximately along a line (Figure 6D; Section S7). The
position of a sequence along this line is linearly proportional
to the time at which the sequence was collected, though
this information was not included in the model (correlation
coefficient ρ = 0.94; Figure 6E) (Novembre & Stephens,
2008). Two clusters of outliers violate the proportionality
rule. The first (marked by ‡) originated from mis-annotated
entries in the GISAID database (Section S7). The second
cluster (marked by †) appears in the early 2010s, but the
latent representation of these sequences is close to that of
sequences from the mid-1990s to early 2000s. Among this
cluster of sequences, the ones that have been fully annotated
were all collected from an outbreak in the United States
of A(H3N2)v triple-reassortant viruses containing matrix
protein genes from pandemic A(H1N1)pdm09. In 1998,
A(H3N2)-derived viruses jumped from humans to swine,
causing a large outbreak among swine, before recombining
with other strains to produce this A(H3N2)v outbreak among
humans in the 2010s (Jhung et al., 2013; Skowronski et al.,
2012). The epidemiological history is consistent with our
unsupervised latent representation, which shows that the
cluster of outliers appearing in 2010-2013 most closely
matches human samples last seen around 2000.

6. Discussion
MSAs are a powerful tool for understanding sequence evolu-
tion, but MSA preprocessing leads to statistical pathologies
in generative models. MuE observation models offer a drop-
in alternative to MSA preprocessing that does not abandon
the underlying biological ideas that have made MSAs so
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successful. We hope that the MuE will enable rigorous appli-
cation of a wide variety of new models and methodologies
to biological sequence data.
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Algorithm 1: Pairwise alignment construction

input : (j1, . . . , jL) and (g1, . . . , gL) and X and Y
output: A
n = 0 (indexes position in overall alignment.);
m = 0 (indexes position in sequence X);
Iterate until each letter in both X and Y has been placed in A;
while m < M or n < jL do

n = n+ 1;
if ∃l : n = jl then

A(y)
n = Yl (by definition of jl);

if gl = 1 then

A(x)
n = - (by definition of gl);

else
m = m+ 1;

A(x)
n = Xm (by definitions of gl and A(x); letters of X must be in order);

end

else

A(y)
n = - (by definition of jl);

m = m+ 1;

A(x)
n = Xm (by definition of A; each column of A must have at least one letter);

end

end

S1 Theory

In this section we describe our theoretical results related to biological alignments. It is useful for
understanding the following results to have in mind a particular example to illustrate the definitions
in the main text.

Sequences Pairwise alignment A j and g representation

Y = ATG A(y) = A--TG- (j1, . . . , jL) = (1, 4, 5)

X = TCTG A(x) = -TCT-G (g1, . . . , gL) = (1, 0, 1)

It is also useful to define ml := Wl − Mgl, which indexes the position within the first or second
block of states. For the example we have, (m1, . . . ,mL) = (1, 3, 4).

Remark S1.1. Given sequences X and Y of length M and L respectively, (j1, . . . , jL) and (g1, . . . , gL)
uniquely define a pairwise alignment A.

Proof. Applying Definition 4.2 and the definitions of (j1, . . . , jL) and (g1, . . . , gL) iteratively to each
column of the alignment leads to the construction of A in Algorithm 1.

S1.1 Proof of Proposition 4.4

To prove the result, we will examine each existing model individually; exact specifications and
assumptions for each model are provided in their corresponding section. The probability of the

Markov chain terminating given that it is at a state k is denoted t
(t)
k , and the probability of the

S1
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Markov chain terminating initially (that is, of the Markov chain taking zero steps) is denoted t(0).
Without loss of generality, we will write transition probabilities a(t) and a(0) without conditioning

on the Markov chain not terminating, i.e.
!

k′ a
(t)
k,k′+t

(t)
k = 1. The conditional transition probability

can of course be computed as a
(t)
k,k′/(1−t

(t)
k ). In general, we will also index latent states k of the MuE

by their corresponding (m, g) value where (in line with the definition of gl and ml) g = I(k > M)
and m = k −Mg; we will use k and (m, g) interchangeably for any given state.

S1.1.1 Thorne-Kishino-Felsenstein

The Thorne-Kishino-Felsenstein (TKF) model is a continuous-time stochastic process model of
sequence evolution that satisfies detailed balance (Thorne et al., 1991).

Statement Let X be a one-hot encoding of the initial sequence. Let D = B and let π be the
TKF parameter corresponding to the equilibrium probability of each letter. For all m ∈ {1, ...,M}
and b ∈ {1, ..., B}, assign

cm,b := πb. (S1)

Let λ > 0 and µ > 0 be the TKF indel rate parameters, with λ < µ, and let τ > 0 be the divergence
time parameter. Define

β(τ) :=
1− e−(µ−λ)τ

µ− λe−(µ−λ)τ
. (S2)

Define the transition matrix and termination probability as

a
(t)
k,k′ :=

"
####$

####%

[µβ(τ)]m
′−m−1+ge−µτ [1− λβ(τ)] if m− g < m′ < M + 1 and g′ = 0

λβ(τ) if m− g = m′ − 1 and g′ = 1

[µβ(τ)]m
′−m−2+g[1− e−µτ − µβ(τ)][1− λβ(τ)] if m− g < m′ − 1 and g′ = 1

0 otherwise.

(S3)

t
(t)
k := [1− λβ(τ)][µβ(τ)]M−m+g (S4)

The initial transition vector follows the same form, and can be written as a
(0)
k := a

(t)
0,k, and the

initial termination probability can be written t(0) := t
(t)
0 (i.e. they match Equations S3 and S4

with (m, g) = (0, 0) plugged in). Let s > 0 be the TKF substitution rate parameter and define the
substitution matrix

ℓb,b′ :=

&
e−sτ + πb′(1− e−sτ ) if b = b′

πb′(1− e−sτ ) if b ∕= b′
(S5)

With these definitions, Y ∼ MuE(X, c, ℓ, a(0), a(t)) is the distribution of the Thorne-Kishino-
Felsenstein model after the sequence X evolves for time τ . Note that the limit τ → 0 is the
no-mutation limit. Figure S1 illustrates samples from the TKF model with changing parameters.

Proof We will show that the joint probability of W and Y under the MuE distribution is
identical to the joint probability of the corresponding alignment pairwise alignment and Y under the
TKF model. To start, we systematically enumerate state transitions in the MuE model and compute
the corresponding probability factor under the TKF alignment scoring system. Our alignment
notation in this section follows the original paper. “X” represents a residue and “-” a gap. “.”
represents the “immortal link” in the model, the start of the sequence. We use “$” as a termination

S2
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TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC

⌧ = 0
<latexit sha1_base64="5tXDnvRaCcOkFHxen56t69jd2H0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWaneRpuSauL1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0mzWvHOK9X7i3LtJo+jAMdwAmfgwSXU4A7q0AAGEp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AxASPIQ==</latexit>
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CGC 
ATAACCGC 
TCGC 
TTCGC 
TCGC 
TAGC 
AGC 
TACGC 
GGCGC 
CTACC

⌧ = 10
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GTTC 
TG 
CATATCACT 
C 
CAA 
TCG 
GAC 
AA 

TT

⌧ = 100
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TACGC 
TACAGC 
TACGC 
TACGC 
TCGC 
TACGC 
TACGC 
TACGC 
TAAGC 
TACGC

s = 0.01
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TACGC 
TACGC 
AACGC 
TACGC 
TACGC 
TACGC 
TGCGC 
TACGC 
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TACGC

s = 0.1
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TACGT 
TACGC 
CACGA 
GCTGT 
GACGC 
TCAC 
TGGGT 
TACCA 
GATGC 
TTCGC

s = 1
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TGTTG 
GACAT 
GGGGC 
TTCCG 
CTCAT 
GAAAG 
CGTGC 
ATATC 
TACAA 
GATAG

s = 10
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x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit> TACGC

Figure S1: Samples from the Thorne-Kishino-Felsenstein model. Initial sequence TACGC,
µ = 0.02, and λ = 0.01. A. s = 0.01 and varying τ . B. τ = 1 and varying s.

symbol. Following the original paper, we define, for ν ∈ {1, 2, . . .},

pν(τ) := e−µτ [1− λβ(τ)][λβ(τ)]ν−1

p′0(τ) := µβ(τ)

p′ν(τ) := [1− e−µτ − µβ(τ)][1− λβ(τ)][λβ(τ)]ν−1

p′′ν(τ) := [1− λβ(τ)][λβ(τ)]ν−1

(S6)

The TKF model assigns probabilities to a pairwise alignment based on the pattern of residues and
gaps; we will break down possible pairwise alignments into chunks corresponding to state transitions
under the MuE and compute the probability factor that they contribute under the TKF scoring
system. When enumerating transitions in the Markov model we put a “|” symbol to the right of
the residue we are transitioning from.

1. Transitioning from a state (m, 0) to a state (m′ > m, 0) gives the probability factor [p′0(τ)]
m′−m−1p1(τ) =

[µβ(τ)]m
′−m−1e−µτ [1− λβ(τ)] according to the TKF scoring system.

X | X ... X X

X | - ... - X

2. Transitioning from (m, 1) to (m′ ≥ m, 0) gives the factor [p′0(τ)]
m′−mp1(τ) = [µβ(τ)]m

′−me−µτ [1−
λβ(τ)].

- | X ... X X

X | - ... - X

3. Transitioning from (m, 1) to (m, 1), situation 1. This gives a factor pν+2(t)
pν+1(t)

= λβ(τ).

X - ... - | -

X X ... X | X

4. Transitioning from (m, 1) to (m, 1), situation 2. This gives a factor
p′ν+2(τ)

p′ν+1(τ)
= λβ(τ)

X - ... - | -

- X ... X | X

5. Transitioning from (m, 0) to (m+ 1, 1). This gives a factor p2(τ)
p1(τ)

= λβ(τ).
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X | -

X | X

6. Transitioning from (m, 0) to (m′ > m + 1, 1). This gives a factor [p′0(τ)]
m′−m−2p′1(τ) =

[µβ(τ)]m
′−m−2[1− e−µτ − µβ(τ)][1− λβ(τ)].

X | X ... X -

X | - ... - X

7. Transitioning from (m, 1) to (m′ > m, 1). This gives a factor [p′0(τ)]
m′−m−1p′1(τ) = [µβ(τ)]m

′−m−1[1−
e−µτ − µβ(τ)][1− λβ(τ)].

- | X ... X -

X | - ... - X

8. Terminating after (m, 0). This gives a factor [p′0(τ)]
M−m = [µβ(τ)]M−m.

X | X ... X $

X | - ... - $

9. Terminating after (m, 1). This gives a factor [p′0(τ)]
M+1−m = [µβ(τ)]M+1−m.

- | X ... X $

X | - ... - $

10. Initial transition to (1, 1). This gives a factor p′′2(τ) = p′′1(τ)λβ(τ) = [1− λβ(τ)][λβ(τ)].

. | -

. | X

11. Initial transition to (m, 0). This gives a factor p′′1(τ)[p
′
0(τ)]

m−1p1(τ) = [1−λβ(τ)][µβ(τ)]m−1e−µτ [1−
λβ(τ)].

. | X ... X X

. | - ... - X

12. Initial transition to (m > 1, 1). This gives a factor p′′1(τ)[p
′
0(τ)]

m−2p′1(τ) = [1−λβ(τ)][µβ(τ)]m−2[1−
e−µτ − µβ(τ)][1− λβ(τ)].

. | X ... X -

. | - ... - X

13. Terminating in the first step. This gives a factor [p′0(τ)]
M = [µβ(τ)]M .

. | X ... X $

. | - ... - $
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Compiling these results yields the probability factors associated with each transition between states

(m, g) → (m′, g′) :

"
#########$

#########%

[µβ(t)]m
′−m−1+ge−µt[1− λβ(t)]

if m− g < m′ < M + 1 and g′ = 0

λβ(t) if m− g = m′ − 1 and g′ = 1

[µβ(t)]m
′−m−2+g[1− e−µt − µβ(t)][1− λβ(t)]

if m− g < m′ − 1 and g′ = 1

0 otherwise

(m, g) → termination : [µβ(t)]M−m+g

(S7)

And with each initial transition

initial → (m, g) :

"
####$

####%

[1− λβ(t)][µβ(t)]m−1e−µt[1− λβ(t)] if 0 < m < M + 1 and g = 0

[1− λβ(t)]λβ(t) if m = 1 and g = 1

[1− λβ(t)][µβ(t)]m−2[1− e−µt − µβ(t)][1− λβ(t)] if 1 < m and g = 1

0 otherwise

initial → termination : [1− λβ(t)][µβ(t)]M

(S8)

However, these are unnormalized probability factors, not complete probabilities. Note that every
alignment will include a factor [1 − λβ(t)], which in the original TKF description is associated
with the initial transition. However, if we instead rearrange this factor and assign it to the final
transition we obtain the transition matrix given in Equation S3. We can check that this transition
matrix normalized. From a state (m, 0), the total outward transition probability is one:

M'

m′=m+1

[µβ]m
′−m−1e−µτ [1− λβ] + λβ +

M+1'

m′=m+2

[µβ]m
′−m−2[1− e−µτ − µβ][1− λβ] + [µβ]M−m(1− λβ)

=
1− (µβ)M−m

1− µβ
[1− e−µτ − µβ + e−µτ ][1− λβ] + λβ + [µβ]M−m(1− λβ)

= 1− (µβ)M−m[1− λβ] + [µβ]M−m(1− λβ)

= 1.

(S9)

The same expression holds for the initial transition, plugging in m = 0. From (m, 1), we have

M'

m′=m

[µβ]m
′−me−µτ [1− λβ] + λβ +

M+1'

m′=m+1

[µβ]m
′−m−1[1− e−µτ − µβ][1− λβ] + [µβ]M+1−m(1− λβ)

=
1− (µβ)M+1−m

1− µβ
[1− e−µτ − µβ + e−µτ ][1− λβ] + λβ + [µβ]M+1−m(1− λβ)

= 1− (µβ)M+1−m[1− λβ] + [µβ]M+1−m(1− λβ)

= 1.

(S10)

Conditional on the mth residue of X being aligned to the lth residue of Y (i.e. wl = m), the
TKF model specifies that the probability of yl given xm is

!
b,b′ xm,bℓb,b′yl,b′ , which is identical to
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the probability under the MuE model. In the case where the lth residue of y is aligned to a gap (i.e.
gl = 1), the TKF model says the probability of choosing the specific base b is πb, the equilibrium
probability of the base. We can check that the MuE provides the same factor:

pMuE(yl,b = 1|w, x, c, ℓ) =
'

b′

cm,b′ℓb′,b

= πbe
−sτ + (πb)

2(1− e−sτ ) +
'

b′′ ∕=b

πb′′πb(1− e−sτ )

= πbe
−sτ + πb(1− e−sτ ) = πb.

(S11)

□

S1.1.2 Pair HMM

The pair HMM model generates pairwise alignments by switching between three states: (1) a state
emitting residues in both X and Y (a match state), (2) a state emitting a residue in X and a gap
in the alignment of Y , and (3) a state emitting a gap in the alignment of X and a residue in Y
(Durbin et al. (1998), Chapter 4.1).

Statement Figure S2 shows a standard pair HMM diagram and state probabilities, with γ the
probability of transitioning to a gap state, ε the probability of staying in a gap state, and κ the
probability of the Markov chain terminating. We assume 1− 2γ − κ ≥ 0 and 1− ε− κ ≥ 0. When
in a match state, the pair HMM emits letters b and b′ in the x and y sequences with probability
ψb,b′ ; otherwise, in gap states, the probability of letter b in the non-gapped sequence is πb.

Define the MuE transition matrix and termination probability vector as

a
(t)
k,k′ :=

"
#################$

#################%

1−2γ−κ

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m+ 1 = m′ ≤ M and g = g′ = 0

γεm
′−m−2(1−ε−κ)

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m+ 1 < m′ ≤ M and g = g′ = 0

γ

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m+ 1 = m′ ≤ M and g = 0 and g′ = 1

γ
γ+κ if m+ 1 = m′ = M + 1 and g = 0 and g′ = 1
1−ε−κ
1−κ if m = m′ ≤ M and g = 1 and g′ = 0
ε

1−κ if m = m′ ≤ M and g = g′ = 1
ε

ε+κ if m = m′ = M + 1 and g = g′ = 1

0 otherwise

(S12)

t
(t)
k :=

"
#####$

#####%

γεM−m−1κ

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m < M and g = 0

κ
γ+κ if m = M and g = 0
κ

ε+κ if m = M + 1 and g = 1

0 otherwise

(S13)

The initial transition vector is defined by a
(0)
k := a

(t)
0,k and initial termination probability is t(0) :=

t
(t)
0 . Define the substitution matrix

ℓb,b′ :=
ψb,b′

πb
(S14)
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initial match

x alone

y alone

termination
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<latexit sha1_base64="Cez26O2bFLLARBBrRHI8cknmzvY=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgpmWmCrosunFZwT6gM5RMmmlDM0lIMkoZ+yluXCji1i9x59+YtrPQ1gMXDufcy733RJJRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrUWqMGlhwYTqRkgTRjlpGWoY6UpFUBIx0onGNzO/80CUpoLfm4kkYYKGnMYUI2Olvlv2qwGRmjLBq8EYSYn6bsWreXPAVeLnpAJyNPvuVzAQOE0IN5ghrXu+J02YIWUoZmRaClJNJMJjNCQ9SzlKiA6z+elTeGqVAYyFssUNnKu/JzKUaD1JItuZIDPSy95M/M/rpSa+CjPKZWoIx4tFccqgEXCWAxxQRbBhE0sQVtTeCvEIKYSNTatkQ/CXX14l7XrNP6/V7y4qjes8jiI4BifgDPjgEjTALWiCFsDgETyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHsQyTow==</latexit>

1� 2� �


<latexit sha1_base64="k1Pc3GxMw2VHY/h/5wJbQMiOv6c=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16WSyCl5bdKuix6MVjBfsB3aXMpmkbmmRDki2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMiyWj2vj+t1PY2Nza3inulvb2Dw6P3OOTlk5ShUkTJyxRnRg0YVSQpqGGkY5UBHjMSDse38/99oQoTRPxZKaSRByGgg4oBmOlnusGlVo4BM6hEo5BSui5Zb/qL+CtkyAnZZSj0XO/wn6CU06EwQy07ga+NFEGylDMyKwUpppIwGMYkq6lAjjRUba4fOZdWKXvDRJlSxhvof6eyIBrPeWx7eRgRnrVm4v/ed3UDG6jjAqZGiLwctEgZZ5JvHkMXp8qgg2bWgJYUXurh0egABsbVsmGEKy+vE5atWpwVa09Xpfrd3kcRXSGztElCtANqqMH1EBNhNEEPaNX9OZkzovz7nwsWwtOPnOK/sD5/AFXJZLU</latexit>

1� 2� � 
<latexit sha1_base64="k1Pc3GxMw2VHY/h/5wJbQMiOv6c=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16WSyCl5bdKuix6MVjBfsB3aXMpmkbmmRDki2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMiyWj2vj+t1PY2Nza3inulvb2Dw6P3OOTlk5ShUkTJyxRnRg0YVSQpqGGkY5UBHjMSDse38/99oQoTRPxZKaSRByGgg4oBmOlnusGlVo4BM6hEo5BSui5Zb/qL+CtkyAnZZSj0XO/wn6CU06EwQy07ga+NFEGylDMyKwUpppIwGMYkq6lAjjRUba4fOZdWKXvDRJlSxhvof6eyIBrPeWx7eRgRnrVm4v/ed3UDG6jjAqZGiLwctEgZZ5JvHkMXp8qgg2bWgJYUXurh0egABsbVsmGEKy+vE5atWpwVa09Xpfrd3kcRXSGztElCtANqqMH1EBNhNEEPaNX9OZkzovz7nwsWwtOPnOK/sD5/AFXJZLU</latexit>

⇡b
<latexit sha1_base64="w6w1igLvct5p5NKe6dNulxJLY3Y=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOTTjJkdnaYmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1wwZLRKLbETUouMSG5VZgW2mkcSSwFY3vZn7rCbXhiXy0E4VhTIeSDzij1kmtruK9LJr2SmW/4s9BVkmQkzLkqPdKX91+wtIYpWWCGtMJfGXDjGrLmcBpsZsaVJSN6RA7jkoaowmz+blTcu6UPhkk2pW0ZK7+nshobMwkjlxnTO3ILHsz8T+vk9rBTZhxqVKLki0WDVJBbEJmv5M+18ismDhCmebuVsJGVFNmXUJFF0Kw/PIqaVYrwWWl+nBVrt3mcRTgFM7gAgK4hhrcQx0awGAMz/AKb57yXrx372PRuublMyfwB97nD4iRj7I=</latexit>

⇡b
<latexit sha1_base64="w6w1igLvct5p5NKe6dNulxJLY3Y=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOTTjJkdnaYmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1wwZLRKLbETUouMSG5VZgW2mkcSSwFY3vZn7rCbXhiXy0E4VhTIeSDzij1kmtruK9LJr2SmW/4s9BVkmQkzLkqPdKX91+wtIYpWWCGtMJfGXDjGrLmcBpsZsaVJSN6RA7jkoaowmz+blTcu6UPhkk2pW0ZK7+nshobMwkjlxnTO3ILHsz8T+vk9rBTZhxqVKLki0WDVJBbEJmv5M+18ismDhCmebuVsJGVFNmXUJFF0Kw/PIqaVYrwWWl+nBVrt3mcRTgFM7gAgK4hhrcQx0awGAMz/AKb57yXrx372PRuublMyfwB97nD4iRj7I=</latexit>

 b,b0
<latexit sha1_base64="crb5P+O8ivvCw3FG2XXQSbcYs7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE9SEmqoMeiF48V7AekoWy223bpZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuR8QwwSVrIEfB2olmJI4Ea0Wju6nfemLacCUfcZywMCYDyfucErRS0EkM72bRRXQ26ZbKXsWbwV0mfk7KkKPeLX11eoqmMZNIBTEm8L0Ew4xo5FSwSbGTGpYQOiIDFlgqScxMmM1OnrinVum5faVtSXRn6u+JjMTGjOPIdsYEh2bRm4r/eUGK/Zsw4zJJkUk6X9RPhYvKnf7v9rhmFMXYEkI1t7e6dEg0oWhTKtoQ/MWXl0mzWvEvK9WHq3LtNo+jAMdwAufgwzXU4B7q0AAKCp7hFd4cdF6cd+dj3rri5DNH8AfO5w/qQZEC</latexit>

Figure S2: Pair HMM state diagram.

for all b, b′ ∈ {1, ..., B}. Let the rows of the insertion matrix c be

cm := (ℓ−1)⊤ · π (S15)

where ℓ−1 is the inverse of the substitution matrix, which is assumed to be an invertible matrix,
and ⊤ indicates the matrix transpose.

With these definitions, Y ∼ MuE(X, c, ℓ, a(0), a(t)) is equivalent to the conditional distribution
of Y given X under the pair HMM. Note that if γ = 0 and ψ = diag(π) (the B × B matrix
with diagonal entries π and all other entries 0) then we recover the no-mutation limit of the MuE
distribution.

Proof We will show that the joint probability of W and Y under the MuE model is identical
to the joint probability of the corresponding alignment and Y under the pair HMM, conditional
on X. We start by enumerating all possible transitions between states of the MuE Markov chain
and computing their probability under the pair HMM model without conditioning on X. Define

ωx
j := I(A(x)

j ∈ B) and ωy likewise. We use ωx,ωy notation to represent possible alignments, with
the symbol “|” placed to the right of the residue we are transitioning from.

1. Transitioning from (m, 0) to (m+ 1 ≤ M, 0) has probability 1− 2γ − κ.

x: 1 | 1

y: 1 | 1

2. Transitioning from (m, 0) to (m′ > m+1, 0) form′ < M+1 has probability γεm
′−m−2(1−ε−κ).

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 1

3. Transitioning from (m, 0) to (m+ 1, 1) has probability γ.

x: 1 | 0

y: 1 | 1
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4. Terminating after (m < M, 0) has probability γεM−m−1κ.

x: 1 | 1 ... 1 $

y: 1 | 0 ... 0 $

5. Terminating after (M, 0) has probability κ.

x: 1 | $

y: 1 | $

6. Transitioning from (m, 1) to (m ≤ M, 0) has probability 1− ε− κ.

x: 0 | 1

y: 1 | 1

7. Transitioning from (m, 1) to (m, 1) has probability ε.

x: 0 | 0

y: 1 | 1

8. Terminating after (M + 1, 1) has probability κ

x: 0 | $

y: 1 | $

9. Transitioning from the initial state to (1, 0) has probability 1− 2γ − κ.

x: | 1

y: | 1

10. Transitioning from the initial state to (m > 1, 0) for m < M + 1 has probability γεm−2(1 −
ε− κ).

x: | 1 ... 1 1

y: | 0 ... 0 1

11. Transitioning from the initial state to (1, 1) has probability γ.

x: | 0

y: | 1

12. Terminating immediately from the initial state has probability γεM−1κ when M > 0.

x: | 1 ... 1 $

y: | 0 ... 0 $

13. Terminating immediately from the initial state has probability κ when M = 0.

x: | $

y: | $
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These transition probabilities were derived without conditioning on the fact that we have observed
X, which has length M . To compute this conditional probability, we calculate the probability that
the pair HMM generates an alignment with too many or too few X residues starting from each
MuE Markov model state.

1. Starting from a state (m < M, 0), the probability of the pair HMM generating an invalid
alignment that is too long (rather than transitioning to a valid MuE state) is γεM−m−1(1−
ε−κ)+ γεM−m = γεM−m−1(1−κ). The first term is from alignments that use a match state
instead of terminating.

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 1

The second term is from alignments that use an x-alone state instead of terminating.

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 0

2. Starting from a state (m < M, 0), the probability of generating an invalid alignment that
is too short (rather than transitioning to a valid MuE state) is κ +

!M−1
m′=m+1 γε

m′−m−1κ =

κ+ γκ1−εM−m−1

1−ε . The first term is from alignments that immediately terminate.

x: 1 | $

y: 1 | $

The second term is from alignments that terminate early after transitioning to the x-alone
state.

x: 1 | 1 ... 1 $

y: 1 | 0 ... 0 $

3. Starting from the state (M, 0), the probability of generating an invalid alignment is (1−2γ−
κ) + γ = 1 − γ − κ. The first term is from alignments that use a match state instead of
terminating.

x: 1 | 1

y: 1 | 1

The second term is from alignments that use an x-alone state instead of terminating.

x: 1 | 1

y: 1 | 0

4. Starting from a state (m ≤ M, 1) the probability of generating an invalid alignment that is
too short is κ.

x: 0 | $

y: 1 | $
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5. Starting from the state (M + 1, 1), the probability of generating an invalid alignment that is
too long is 1− ε− κ.

x: 0 | 1

y: 1 | 1

6. Starting from the initial state, the probability of generating an invalid alignment that is too
long is γεM−1(1 − ε − κ) + γεM−m = γεM−1(1 − κ). The first term is from alignments that
use a match state instead of terminating.

x: | 1 ... 1 1

y: | 0 ... 0 1

The second term is from alignments that use an x-alone state instead of terminating.

x: | 1 ... 1 1

y: | 0 ... 0 0

7. Starting from the initial state, the probability of generating an invalid alignment that is too
short is κ+

!M−1
m′=1 γε

m′−1κ = κ+ γκ1−εM−1

1−ε when M > 0. The first term is from alignments
that immediately terminate.

x: | $

y: | $

The second term is from alignments that terminate early after transitioning to the x-alone
state.

x: | 1 ... 1 $

y: | 0 ... 0 $

8. Starting from the initial state, if M = 0, then the probability of generating an invalid align-
ment is (1 − 2γ − κ) + γ = 1 − γ − κ. The first term is from alignments that use a match
state.

x: | 1

y: | 1

The second term is from alignments that use an x-alone state.

x: | 1

y: | 0

We can confirm that all possible trajectories of the pair HMM are either valid transitions under
the MuE Markov model or produce alignments with too few or too many X residues, by checking
that the outward transition probabilities from each state sum to one.
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1. From a state (m < M, 0), the total outward transition probability is

(1− 2γ − κ) + γ

M'

m′=m+2

εm
′−m−2(1− ε− κ) + γ + γεM−m−1κ+ γεM−m−1(1− κ)

+ (κ+ γκ
1− εM−m−1

1− ε
)

= 1− γ + γ(1− ε− κ)
1− εM−m−1

1− ε
+ γεM−m−1 + γκ

1− εM−m−1

1− ε

= 1− γ + γ(1− εM−m−1) + γεM−m−1

= 1

(S16)

2. From the state (M, 0), the total outward transition probability is

γ + κ+ (1− γ − κ) = 1 (S17)

3. From a state (m ≤ M, 1), the total outward transition probability is

(1− ε− κ) + ε+ κ = 1 (S18)

4. From the state (M + 1, 1), the total outward transition probability is

κ+ ε+ (1− ε− κ) = 1 (S19)

5. From the initial state, with M > 0, the total outward transition probability is

(1− 2γ − κ) +

M'

m=2

γεm−2(1− ε− κ) + γ + γεM−1κ+ γεM−1(1− κ) + (κ+ γκ
1− εM−1

1− ε
)

= 1− γ + γ(1− ε− κ)
1− εM−1

1− ε
+ γκεM−1 + γεM−1(1− κ) + γκ

1− εM−1

1− ε

= 1− γ + γ(1− εM−1)− γκ
1− εM−1

1− ε
+ γεM−1 + γκ

1− εM−1

1− ε

= 1

(S20)

6. From the initial state, with M = 0, the total outward transition probability is

γ + κ+ (1− γ − κ) = 1 (S21)

Consolidating transition probabilities and conditioning on the length of X yields the transition
matrix Equation S12.

Next we consider sequence emission probabilities, given an alignment. Recall that X and Y are
one-hot encodings of sequences.

1. Consider the case that Yl is aligned to Xm, ie.

x: 1

y: 1
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The conditional probability of Yl,b′ = 1 given Xm,b = 1 is, according to the pair HMM,
ψb,b′/πb. This matches the conditional probability assigned by the MuE,

Yl ∼ Categorical
('

b′′

Xm,b′′ℓb′′
)
= Categorical

(ψb

πb

)
. (S22)

2. Consider the case that Yl is aligned to a gap, ie.

x: 0

y: 1

The conditional probability of Yl,b given X is just πb (since X is not informative in this case).
This matches the conditional probability assigned by the MuE,

Yl ∼ Categorical
(
(π⊤ · ℓ−1 · ℓ)⊤) = Categorical(π). (S23)

3. Consider the case that Xm is aligned to a gap, ie.

x: 1

y: 0

The conditional probability of Xm given X is trivially one, so this term does not contribute
to the conditional probability of Y given X under the pair HMM. It also does not contribute
to the probability under the MuE.

Thus, term-by-term, the joint probability ofW and Y under the proposed MuE distribution matches
the joint probability of the corresponding alignment and Y under the pair HMM conditional on X.

□

S1.1.3 Profile HMM

The profile HMM (pHMM) is a widely used model for defining protein sequence families, inferring
multiple sequence alignments, and performing database searches (Durbin et al., 1998).

Statement Define the pHMM insertion parameter rm,j ∈ [0, 1] for all m ∈ {1, ...,M + 1} and
j ∈ {0, 1, 2}, and the deletion parameter um,j ∈ [0, 1] for all m ∈ {1, ...,M} and j ∈ {0, 1, 2}. Then
define the MuE transition matrix and termination probability

a
(t)
k,k′ :=

"
################$

################%

(1− rm+1−g,g)(1− um+1−g,g)

if m+ 1− g = m′ and g′ = 0

(1− rm+1−g,g)um+1−g,g(
*m′−1

m′′=m+2−g[(1− rm′′,2)um′′,2])(1− rm′,2)(1− um′,2)

if m+ 1− g < m′ and g′ = 0

rm+1−g,g

if m+ 1− g = m′ and g′ = 1

(1− rm+1−g,g)um+1−g,g(
*m′−1

m′′=m+2−g[(1− rm′′,2)um′′,2])rm′,2

if m+ 1− g < m′ and g′ = 1

0 otherwise

(S24)
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TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC

TACGC 
TACGC 
TACGC 
TCGC 
TACGC 
TCGC 
TACGC 
TACGC 
TCGC 
TCGC

TACGTGC 
TACGC 
TACCGC 
TACGC 
TACAGC 
TACGC 
TACCGGC 
TACGC 
TACAAGC 
TACGC

r = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="8KQkZYG9EbadWtrSNOhV6BXoekk=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1CxJdopJz8lPHXbvolJ0p0CJxM1KEDLWu/dnpRSQJqdCEY6XarhNrL8VSM8LpON9JFI0xGeI+bRsqcEiVl05PH6Mjo/RQEEnTQqOp+nsjxaFSo9A3kyHWAzXvTcT/vHaigwsvZSJONBVk9lCQcKQjNMkB9ZikRPORIZhIZm5FZIAlJtqklTchuPNfXiSNStk9LVduz4rVqyyOHBzAIZTAhXOowg3UoA4EHuAJXuDVerSerTfrfTa6ZGU7+/AH1sc3++GQlQ==</latexit>

r = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="8KQkZYG9EbadWtrSNOhV6BXoekk=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1CxJdopJz8lPHXbvolJ0p0CJxM1KEDLWu/dnpRSQJqdCEY6XarhNrL8VSM8LpON9JFI0xGeI+bRsqcEiVl05PH6Mjo/RQEEnTQqOp+nsjxaFSo9A3kyHWAzXvTcT/vHaigwsvZSJONBVk9lCQcKQjNMkB9ZikRPORIZhIZm5FZIAlJtqklTchuPNfXiSNStk9LVduz4rVqyyOHBzAIZTAhXOowg3UoA4EHuAJXuDVerSerTfrfTa6ZGU7+/AH1sc3++GQlQ==</latexit>

r = (0, 0, 0, 0.4, 0, 0)
<latexit sha1_base64="HrX/IheqBYdk54800GkySf46b58=">AAAB/HicbVBNS8MwGE7n15xf1R29BIcwQUo7B3oRhl48TnAfsJWRZukWlqYlSYVS5l/x4kERr/4Qb/4b064H3XxCXh6e533Jm8eLGJXKtr+N0tr6xuZWebuys7u3f2AeHnVlGAtMOjhkoeh7SBJGOekoqhjpR4KgwGOk581uM7/3SISkIX9QSUTcAE049SlGSksjsyrgNazb5/mxmlk9G5k127JzwFXiFKQGCrRH5tdwHOI4IFxhhqQcOHak3BQJRTEj88owliRCeIYmZKApRwGRbpovP4enWhlDPxT6cgVz9fdEigIpk8DTnQFSU7nsZeJ/3iBW/pWbUh7FinC8eMiPGVQhzJKAYyoIVizRBGFB9a4QT5FAWOm8KjoEZ/nLq6TbsJwLq3HfrLVuijjK4BicgDpwwCVogTvQBh2AQQKewSt4M56MF+Pd+Fi0loxipgr+wPj8AeGOkQs=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit> TACGC

u = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="s049XXbm+WQtO+Mthw/uDmOAzds=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1Cwm6RCXn5KeOu3bRKTtToEXiZqQIGWpd+7PTi0gSUqEJx0q1XSfWXoqlZoTTcb6TKBpjMsR92jZU4JAqL52ePkZHRumhIJKmhUZT9fdGikOlRqFvJkOsB2rem4j/ee1EBxdeykScaCrI7KEg4UhHaJID6jFJieYjQzCRzNyKyABLTLRJK29CcOe/vEgalbJ7Wq7cnhWrV1kcOTiAQyiBC+dQhRuoQR0IPMATvMCr9Wg9W2/W+2x0ycp29uEPrI9vAKyQmA==</latexit>

u = (0, 0.5, 0, 0, 0, 0)
<latexit sha1_base64="3P+eaWY0bOSU5JIlobPAf9q7NH4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqlCFTFd0IRTcuK9gHtEPJpJk2NJMZkowwDPVX3LhQxK0f4s6/MW1noa3ncuFwzr3k5vgxZ0oj9G2trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh26rcfqVQsEg86jakX4qFgASNYG6lvlxJ4DSuoipyLKprXad8uIwfNAJeJm5MyyNHo21+9QUSSkApNOFaq66JYexmWmhFOJ8VeomiMyRgPaddQgUOqvGx2/ASeGGUAg0iaFhrO1N8bGQ6VSkPfTIZYj9SiNxX/87qJDq68jIk40VSQ+UNBwqGO4DQJOGCSEs1TQzCRzNwKyQhLTLTJq2hCcBe/vExaNcc9c2r35+X6TR5HARyBY1ABLrgEdXAHGqAJCEjBM3gFb9aT9WK9Wx/z0RUr3ymBP7A+fwDn9ZEP</latexit>

u = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="s049XXbm+WQtO+Mthw/uDmOAzds=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1Cwm6RCXn5KeOu3bRKTtToEXiZqQIGWpd+7PTi0gSUqEJx0q1XSfWXoqlZoTTcb6TKBpjMsR92jZU4JAqL52ePkZHRumhIJKmhUZT9fdGikOlRqFvJkOsB2rem4j/ee1EBxdeykScaCrI7KEg4UhHaJID6jFJieYjQzCRzNyKyABLTLRJK29CcOe/vEgalbJ7Wq7cnhWrV1kcOTiAQyiBC+dQhRuoQR0IPMATvMCr9Wg9W2/W+2x0ycp29uEPrI9vAKyQmA==</latexit>

Figure S3: Samples from the profile HMM. The regressor sequence X1,...,M is set to TACGC,
and we set rm,j=0 = rm,j=1 = rm,j=2 and um,j=0 = um,j=1 = um,j=2 for all m.

t
(t)
k :=

"
####$

####%

1− rM+1,g

if m− g = M

(1− rm+1−g,g)um+1−g,g(
*M

m′′=m+2−g[(1− rm′′,2)um′′,2])(1− rM+1,2)

if m− g < M

(S25)

The initial transition vector is given by a
(0)
k := a

(t)
0,k and the initial termination probability is given

by t(0) = t
(t)
0 . Let the MuE substitution matrix ℓ be the identity matrix IB, ie.

ℓb,b′ := δb,b′ (S26)

for b, b′ ∈ {1, ..., B}.
With these definitions the profile HMM can be written as Y ∼ MuE(X, c, ℓ, a(0), a(t)). Figure S3

illustrates samples from the pHMM. Intuitively, r controls insertion probabilities and u controls
deletion probabilities; when rm,j = 0 and um,j = 0 for all m and j, we recover the no-mutation
limit of the MuE.

Proof This result follows from the relabeling of the profile HMM Markov state architecture
with the (m, g) notation (Figure S4). So-called “delete states” in profile HMMs do not generate ob-
servations Yl. To compute the probability of transitioning between two observable states (m, g) and
(m′, g′), we compute the probability of (1) direct paths between the two states and (2) all possible
paths between the two states that go only through deletion states. This yields Equation S24.

The emission probability of each state in the pHMM is set by its associated emission probability
vector. Without loss of generality, we can write any emission matrix of the pHMM as x̃ (Definition
2.1) since ℓ is the identity matrix.

□

S1.1.4 Needleman-Wunsch

The Needleman-Wunsch (NW) algorithm is a classic non-probabilistic alignment method (Needle-
man and Wunsch, 1970).

Summary Let G be the NW gap penalty, which we assume to be negative, and define u := eG.
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<latexit sha1_base64="jBHHhwIuq2bkyjxuYIXL9vGd07A=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMVEGXRTcuK9gHtMOQSTNtaCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBm7DcfqFQsFvd6mFAvwj3BQkawNpJvH5RcdIakn7mnzugknXbfLjplZwK0SNwZKcIMNd/+6nRjkkZUaMKxUm3XSbSXYakZ4XRU6KSKJpgMcI+2DRU4osrLJteP0LFRuiiMpSmh0UT9vZHhSKlhFJjJCOu+mvfG4n9eO9XhlZcxkaSaCjJ9KEw50jEaR4G6TFKi+dAQTCQztyLSxxITbQIrmBDc+S8vkkal7J6XK3cXxer1LI48HMIRlMCFS6jCLdSgDgQe4Rle4c16sl6sd+tjOpqzZjv78AfW5w8cnJMV</latexit>

r1,0
<latexit sha1_base64="NGbsBBZfY0p4JvmZWVoy7pMpmIM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdXPvAt32i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+hP48a</latexit>

r1,1
<latexit sha1_base64="Ro9fLmYZTZYF1EGwHh32F0668hQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdXPvAtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+ixI8b</latexit>

r2,0
<latexit sha1_base64="DdJumI1/hgCHGdn0drMpD/DzsRE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdXPahfutF+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0mrVvUuq7WHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AosaPGw==</latexit>

r2,1
<latexit sha1_base64="DMkmtcgLZkTKpRHpXJUKr1Pek8I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+Vrvwpv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0mrVvUuq7WHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ApEuPHA==</latexit>

(1, 0)
<latexit sha1_base64="EZddxjycCzjGiiosqiztSzP2a4E=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXjjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWtes29rNUfriqN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxeUjY4=</latexit>

(1, 1)
<latexit sha1_base64="DV5eQYbg03EPQqsGq6ruFsB/fXw=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXrjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWtes29rNUfriqN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxkZjY8=</latexit>

(2, 1)
<latexit sha1_base64="ENAoPGfQ6jT1lh2xsKA2lu8BJgk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa9av3DP++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpa9Zp7Was/XFUat3kcRTiBU6iCC9fQgHtoggcUODzDK7whiV7QO/pYtBZQPnMMf4A+fwAaoI2Q</latexit>

(2, 0)
<latexit sha1_base64="/o2qrbAgMDlzP7LlPl1mS2il/FA=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa9av3DO++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpa9Zp7Was/XFUat3kcRTiBU6iCC9fQgHtoggcUODzDK7whiV7QO/pYtBZQPnMMf4A+fwAZG42P</latexit>

(3, 0)
<latexit sha1_base64="LjoYLIVOQ5vkxpGRi5c6CHFSEEY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNltBT0WvXis4LaFdinZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjON1pb39jc2i7sFHf39g8OS0fHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxklepXzoX/VLZqTpz4FXi5qQMOZr90ldvENM0YtJQQbTuuk5i/Iwow6lg02Iv1SwhdEyGrGupJBHTfjY/dorPrTLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2hDcJdfXiWtWtWtV2sPV+XGbR5HAU7hDCrgwjU04B6a4AEFDs/wCm9Iohf0jj4WrWsonzmBP0CfPxqijZA=</latexit>

(3, 1)
<latexit sha1_base64="YjBmGjc9i97UYR6K+GbZxHS7SBw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNltBT0WvXis4LaFdinZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjON1pb39jc2i7sFHf39g8OS0fHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxklepX7oX/VLZqTpz4FXi5qQMOZr90ldvENM0YtJQQbTuuk5i/Iwow6lg02Iv1SwhdEyGrGupJBHTfjY/dorPrTLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2hDcJdfXiWtWtWtV2sPV+XGbR5HAU7hDCrgwjU04B6a4AEFDs/wCm9Iohf0jj4WrWsonzmBP0CfPxwnjZE=</latexit>

r3,0
<latexit sha1_base64="GcSfuXIxDwPP9WDJB2o29ZWBg8g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q126036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXi1SvXhqly/zeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz+kTY8c</latexit>

r3,1
<latexit sha1_base64="tvdf4MnZ6rcjxmyxoFid11smWLU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mkmCfkSHkoecUWOltupntUtv2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFW0I3vLLq6RVrXi1SvXhqly/zeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz+l0o8d</latexit>

r3,2
<latexit sha1_base64="QbfNfIuYyAgIsuBxSgyzPxroOAk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q11Wp/1S2a24c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0mrWvFqlerDVbl+m8dRgFM4gwvw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8Ap1ePHg==</latexit>

r2,2
<latexit sha1_base64="IqVDtbxLuHMAvhzH70ZyQxPxYQI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+VruoTfvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5JWrepdVmsPV5X6bR5HEU7gFM7Bg2uowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4ApdCPHQ==</latexit>

…

(1� r1,0)(1� u1,0)
<latexit sha1_base64="PbUiLWKLiKFx4j777XpOIAYy+fo=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaqgy6IblxXsBdoQJtNpO3QyCTMToYS68VXcuFDErW/hzrdx2mah1R8GPv5zDmfOH8ScKe04X1ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRtfTeuueSsUicafHMfVCPBCszwjWxvLtg5KLykj6qXvqTE5KbjnJ0LeLTsWZCf0FN4MiZKr79me3F5EkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMEHHxumhfiTNExrN3J8TKQ6VGoeB6QyxHqrF2tT8r9ZJdP/SS5mIE00FmS/qJxzpCE3jQD0mKdF8bAATycxfERliiYk2oRVMCO7iyX+hWa24Z5Xq7XmxdpXFkYdDOIISuHABNbiBOjSAwAM8wQu8Wo/Ws/Vmvc9bc1Y2sw+/ZH18A861k+w=</latexit>

(1�
r
1,1 )(1�

u
1,1 )

<latexit sha1_base64="Bg9akbmcdE5NALiIEpW3EdPVpjY=">AAACAXicbZDLSgMxFIbP1Futt1E3gptgESrYMqmCLotuXFawF2iHIZOmbWjmQpIRylA3voobF4q49S3c+Tam7Sy0+kPg4z/ncHJ+PxZcacf5snJLyyura/n1wsbm1vaOvbvXVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD2tt+6ZVDwK7/Q4Zm5ABiHvc0q0sTz7oIRRGUkvxad4clLC5SRDzy46FWcm9BdwBkXIVPfsz24voknAQk0FUaqDnVi7KZGaU8EmhW6iWEzoiAxYx2BIAqbcdHbBBB0bp4f6kTQv1Gjm/pxISaDUOPBNZ0D0UC3WpuZ/tU6i+5duysM40Syk80X9RCAdoWkcqMclo1qMDRAqufkrokMiCdUmtIIJAS+e/Bea1Qo+q1Rvz4u1qyyOPBzCEZQAwwXU4Abq0AAKD/AEL/BqPVrP1pv1Pm/NWdnMPvyS9fEN0cyT7g==</latexit>

(1
�
r 1,

1
)u

1,
1

<latexit sha1_base64="kXIT2nT0G46JOSdxqFBovzIA9zs=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbRMqqDLohuXFewD2mHIpJk2NPMgyQh1KP6KGxeKuPU/3Pk3po+Fth643MM595Kb4yeCK+0431ZuaXlldS2/XtjY3NresXf3GipOJWV1GotYtnyimOARq2uuBWslkpHQF6zpD27GfvOBScXj6F4PE+aGpBfxgFOijeTZByWMzpD0MnyKRyfptHt20Sk7E6BFgmekCDPUPPur041pGrJIU0GUamMn0W5GpOZUsFGhkyqWEDogPdY2NCIhU242uX6Ejo3SRUEsTUUaTdTfGxkJlRqGvpkMie6reW8s/ue1Ux1cuRmPklSziE4fClKBdIzGUaAul4xqMTSEUMnNrYj2iSRUm8AKJgQ8/+VF0qiU8Xm5cndRrF7P4sjDIRxBCTBcQhVuoQZ1oPAIz/AKb9aT9WK9Wx/T0Zw129mHP7A+fwAfrpMX</latexit>

(1
�
r 2

,0
)u

2,
0

<latexit sha1_base64="oG+qqq8gZt5SrMhAwr9i5Ip+wcU=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMVEGXRTcuK9gHtMOQSTNtaCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBm7DcfqFQsFvd6mFAvwj3BQkawNpJvH5RcdIakn1VOndFJOu2+XXTKzgRokbgzUoQZar791enGJI2o0IRjpdquk2gvw1Izwumo0EkVTTAZ4B5tGypwRJWXTa4foWOjdFEYS1NCo4n6eyPDkVLDKDCTEdZ9Ne+Nxf+8dqrDKy9jIkk1FWT6UJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWMCG4819eJI1K2T0vV+4uitXrWRx5OIQjKIELl1CFW6hBHQg8wjO8wpv1ZL1Y79bHdDRnzXb24Q+szx8fspMX</latexit>

(1
�
r 3

,0
)u

3,
0

<latexit sha1_base64="Vn1zlWzyWWX3EMnHoJ63Jtd17/w=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMtIIui25cVrAPaIchk2baYCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwf312G89UKlYLO70MKFehPuChYxgbSTfPii56AxJP6ueOqOTdNp9u+iUnQnQInFnpAgz1H37q9uLSRpRoQnHSnVcJ9FehqVmhNNRoZsqmmByj/u0Y6jAEVVeNrl+hI6N0kNhLE0JjSbq740MR0oNo8BMRlgP1Lw3Fv/zOqkOL72MiSTVVJDpQ2HKkY7ROArUY5ISzYeGYCKZuRWRAZaYaBNYwYTgzn95kTQrZbdartyeF2tXszjycAhHUAIXLqAGN1CHBhB4hGd4hTfryXqx3q2P6WjOmu3swx9Ynz8iyJMZ</latexit>

(1� r3,0)(1� u3,0)
<latexit sha1_base64="Hb7hPjpfAMMBKCAP8S7HAwQ1YbM=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSVpBl0U3LivYC7QhTKaTdujkwsxEKKFufBU3LhRx61u4822ctllo6w8DH/85hzPn92LOpLKsbyO3srq2vpHfLGxt7+zumfsHLRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RjfTevuBCsmi8F6NY+oEeBAynxGstOWaRyUblZFw09q5NTkr2eUkQ9csWhVrJrQMdgZFyNRwza9ePyJJQENFOJaya1uxclIsFCOcTgq9RNIYkxEe0K7GEAdUOunsggk61U4f+ZHQL1Ro5v6eSHEg5TjwdGeA1VAu1qbmf7VuovwrJ2VhnCgakvkiP+FIRWgaB+ozQYniYw2YCKb/isgQC0yUDq2gQ7AXT16GVrVi1yrVu4ti/TqLIw/HcAIlsOES6nALDWgCgUd4hld4M56MF+Pd+Ji35oxs5hD+yPj8AdTrk/A=</latexit>

(1� r2,0)(1� u2,0)
<latexit sha1_base64="ataSVu4BUXUodYduaYFWTxCnm4M=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaqgy6IblxXsBdoQJtNpO3QyCTMToYS68VXcuFDErW/hzrdx2mah1R8GPv5zDmfOH8ScKe04X1ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRtfTeuueSsUicafHMfVCPBCszwjWxvLtg5KLykj6afXUmZyU3HKSoW8XnYozE/oLbgZFyFT37c9uLyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMegwCFVXjq7YIKOjdND/UiaJzSauT8nUhwqNQ4D0xliPVSLtan5X62T6P6llzIRJ5oKMl/UTzjSEZrGgXpMUqL52AAmkpm/IjLEEhNtQiuYENzFk/9Cs1pxzyrV2/Ni7SqLIw+HcAQlcOECanADdWgAgQd4ghd4tR6tZ+vNep+35qxsZh9+yfr4BtHQk+4=</latexit>

(1�
r
2,1 )(1�

u
2,1 )

<latexit sha1_base64="o9JFrl2076YZ39QN0Xcs4+ds0sA=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaqgy6IblxXsBdoQJtNpO3QyCTMToYS68VXcuFDErW/hzrdx2mah1R8GPv5zDmfOH8ScKe04X1ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRtfTeuueSsUicafHMfVCPBCszwjWxvLtg5KLykj6afXUnZyU3HKSoW8XnYozE/oLbgZFyFT37c9uLyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMegwCFVXjq7YIKOjdND/UiaJzSauT8nUhwqNQ4D0xliPVSLtan5X62T6P6llzIRJ5oKMl/UTzjSEZrGgXpMUqL52AAmkpm/IjLEEhNtQiuYENzFk/9Cs1pxzyrV2/Ni7SqLIw+HcAQlcOECanADdWgAgQd4ghd4tR6tZ+vNep+35qxsZh9+yfr4BtTnk/A=</latexit>

(1�
r
2,2 )(1�

u
2,2 )

<latexit sha1_base64="G36TTvRwBhKz1dT59UmusnuPG00=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaKgy6IblxXsBdoQJtNJO3RyYWYilFA3voobF4q49S3c+TZO2yy0+sPAx3/O4cz5/YQzqSzryygsLa+srhXXSxubW9s75u5eS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb90fW03r6nQrI4ulPjhLohHkQsYAQrbXnmQcVGVSS8zDl1JicVu5rm6Jllq2bNhP6CnUMZcjU887PXj0ka0kgRjqXs2lai3AwLxQink1IvlTTBZIQHtKsxwiGVbja7YIKOtdNHQSz0ixSauT8nMhxKOQ593RliNZSLtan5X62bquDSzViUpIpGZL4oSDlSMZrGgfpMUKL4WAMmgum/IjLEAhOlQyvpEOzFk/9Cy6nZZzXn9rxcv8rjKMIhHEEFbLiAOtxAA5pA4AGe4AVejUfj2Xgz3uetBSOf2YdfMj6+Adf+k/I=</latexit> (1�
r
3,2 )(1�

u
3,2 )

<latexit sha1_base64="9yB8DolvNFllbEpjdE2FO/ifVRw=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSVpBl0U3LivYC7QhTKaTdujkwsxEKKFufBU3LhRx61u4822ctllo6w8DH/85hzPn92LOpLKsbyO3srq2vpHfLGxt7+zumfsHLRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RjfTevuBCsmi8F6NY+oEeBAynxGstOWaRyUblZFw09p5dXJWsstJhq5ZtCrWTGgZ7AyKkKnhml+9fkSSgIaKcCxl17Zi5aRYKEY4nRR6iaQxJiM8oF2NIQ6odNLZBRN0qp0+8iOhX6jQzP09keJAynHg6c4Aq6FcrE3N/2rdRPlXTsrCOFE0JPNFfsKRitA0DtRnghLFxxowEUz/FZEhFpgoHVpBh2AvnrwMrWrFrlWqdxfF+nUWRx6O4QRKYMMl1OEWGtAEAo/wDK/wZjwZL8a78TFvzRnZzCH8kfH5A9sZk/Q=</latexit>

(1�
r
3,1 )(1�

u
3,1 )

<latexit sha1_base64="tVNGqeYnONrdtIUd//qtqeHCsnY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhAq2TFpBl0U3LivYC7TDkEkzbWgmMyQZoQx146u4caGIW9/CnW9j2s5CW38IfPznHE7O78ecKe0431ZuZXVtfSO/Wdja3tnds/cPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2RzfTevuBSsUica/HMXVDPBAsYARrY3n2UQnBMpReWjtHk7MSKicZenbRqTgzwWVAGRRBpoZnf/X6EUlCKjThWKkucmLtplhqRjidFHqJojEmIzygXYMCh1S56eyCCTw1Th8GkTRPaDhzf0+kOFRqHPqmM8R6qBZrU/O/WjfRwZWbMhEnmgoyXxQkHOoITuOAfSYp0XxsABPJzF8hGWKJiTahFUwIaPHkZWhVK6hWqd5dFOvXWRx5cAxOQAkgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi35qxs5hD8kfX5A9gCk/I=</latexit>

(1
�
r 3,
1
)u
3,
1

<latexit sha1_base64="LfS/IC/vVyJgwGI6Rl7WOxqQUAg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMtIIui25cVrAPaIchk2baYCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwf312G89UKlYLO70MKFehPuChYxgbSTfPii56AxJP6ueuqOTdNp9u+iUnQnQInFnpAgz1H37q9uLSRpRoQnHSnVcJ9FehqVmhNNRoZsqmmByj/u0Y6jAEVVeNrl+hI6N0kNhLE0JjSbq740MR0oNo8BMRlgP1Lw3Fv/zOqkOL72MiSTVVJDpQ2HKkY7ROArUY5ISzYeGYCKZuRWRAZaYaBNYwYTgzn95kTQrZbdartyeF2tXszjycAhHUAIXLqAGN1CHBhB4hGd4hTfryXqx3q2P6WjOmu3swx9Ynz8l2pMb</latexit>

(1� r3,2)u3,2
<latexit sha1_base64="PGTVfjrNTorRECxyN5cpYJHhgjg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMtIIui25cVrAPaIchk2baYCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwf312G89UKlYLO70MKFehPuChYxgbSTfPii56AxJP6ueVkYn6bT7dtEpOxOgReLOSBFmqPv2V7cXkzSiQhOOleq4TqK9DEvNCKejQjdVNMHkHvdpx1CBI6q8bHL9CB0bpYfCWJoSGk3U3xsZjpQaRoGZjLAeqHlvLP7ndVIdXnoZE0mqqSDTh8KUIx2jcRSoxyQlmg8NwUQycysiAywx0SawggnBnf/yImlWym61XLk9L9auZnHk4RCOoAQuXEANbqAODSDwCM/wCm/Wk/VivVsf09GcNdvZhz+wPn8AKOyTHQ==</latexit>

(1� r2,2)u2,2
<latexit sha1_base64="4MgeFyekX9EzN6Tv3lrAJSDhc2U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClqSKOiy6MZlBfuANoTJdNIOnTyYmQg1FH/FjQtF3Pof7vwbp20W2nrgcg/n3MvcOX7CmVSW9W0UlpZXVteK66WNza3tHXN3rynjVBDaIDGPRdvHknIW0YZiitN2IigOfU5b/vBm4rceqJAsju7VKKFuiPsRCxjBSkueeVCx0RkSXuacOuOTdNY9s2xVrSnQIrFzUoYcdc/86vZikoY0UoRjKTu2lSg3w0Ixwum41E0lTTAZ4j7taBrhkEo3m14/Rsda6aEgFroihabq740Mh1KOQl9PhlgN5Lw3Ef/zOqkKrtyMRUmqaERmDwUpRypGkyhQjwlKFB9pgolg+lZEBlhgonRgJR2CPf/lRdJ0qvZ51bm7KNeu8ziKcAhHUAEbLqEGt1CHBhB4hGd4hTfjyXgx3o2P2WjByHf24Q+Mzx8l1pMb</latexit>

(1
�
r 2,
1
)u
2,
1

<latexit sha1_base64="TOSgbFUvUFtM2uCL3AoltM4fqnQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMVEGXRTcuK9gHtMOQSTNtaCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBm7DcfqFQsFvd6mFAvwj3BQkawNpJvH5RcdIakn1VO3dFJOu2+XXTKzgRokbgzUoQZar791enGJI2o0IRjpdquk2gvw1Izwumo0EkVTTAZ4B5tGypwRJWXTa4foWOjdFEYS1NCo4n6eyPDkVLDKDCTEdZ9Ne+Nxf+8dqrDKy9jIkk1FWT6UJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWMCG4819eJI1K2T0vV+4uitXrWRx5OIQjKIELl1CFW6hBHQg8wjO8wpv1ZL1Y79bHdDRnzXb24Q+szx8ixJMZ</latexit>

(M, 0)
<latexit sha1_base64="Y28X80N3h5PalBtD70jtvfL7Xv4=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXgRKrhtoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPHqSLUJzGPVTvEmnImqW+Y4bSdKIpFyGkrHN1O/dYTVZrF8tGMExoIPJAsYgQbK/mV+3P3rFcqu1V3BrRMvJyUIUejV/rq9mOSCioN4VjrjucmJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZsRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6DjMkkNVSS+aIo5cjEaPo56jNFieFjSzBRzN6KyBArTIzNp2hD8BZfXibNWtW7qNYeLsv1mzyOAhzDCVTAgyuowx00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx9CWI2q</latexit> 1� rM+1,0

<latexit sha1_base64="hsUBARnqbrwWYd5qPJO808Xe0yM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBUMumCnosevEiVLAf0C4lm2bb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMPD8WXBvX/XJyS8srq2v59cLG5tb2TnF3r6GjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3gz9ZsjpjSP5IMZx8wLSV/ygFNirORhdIZUN707wafupFssuWV3BvSX4IyUIEOtW/zs9CKahEwaKojWbezGxkuJMpwKNil0Es1iQoekz9qWShIy7aWzoyfoyCo9FETKljRopv6cSEmo9Tj0bWdIzEAvelPxP6+dmODKS7mME8MknS8KEoFMhKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2BLz48l/SqJTxeblyf1GqXmdx5OEADuEYMFxCFW6hBnWg8AhP8AKvzsh5dt6c93lrzslm9uEXnI9vL9WQbA==</latexit>

1�
r
M
+
1,1

<latexit sha1_base64="349JAeJO0tX8jaj9NWV1Ube1aDI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBUMumCnosevEiVLAf0C4lm2bb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMPD8WXBvX/XJyS8srq2v59cLG5tb2TnF3r6GjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3gz9ZsjpjSP5IMZx8wLSV/ygFNirORhdIZUN707wad40i2W3LI7A/pLcEZKkKHWLX52ehFNQiYNFUTrNnZj46VEGU4FmxQ6iWYxoUPSZ21LJQmZ9tLZ0RN0ZJUeCiJlSxo0U39OpCTUehz6tjMkZqAXvan4n9dOTHDlpVzGiWGSzhcFiUAmQtMEUI8rRo0YW0Ko4vZWRAdEEWpsTgUbAl58+S9pVMr4vFy5vyhVr7M48nAAh3AMGC6hCrdQgzpQeIQneIFXZ+Q8O2/O+7w152Qz+/ALzsc3MVqQbQ==</latexit>

1�
r
M
+
1,2

<latexit sha1_base64="imvpwT6u+Y8lgE6pab0brgyCUL8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBUMumCnosevEiVLAf0C4lm2bb0Gx2TbKFsvR3ePGgiFd/jDf/jWm7B60+GHi8N8PMPD8WXBvX/XJyS8srq2v59cLG5tb2TnF3r6GjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3gz9ZsjpjSP5IMZx8wLSV/ygFNirORhdIZUN707waeVSbdYcsvuDOgvwRkpQYZat/jZ6UU0CZk0VBCt29iNjZcSZTgVbFLoJJrFhA5Jn7UtlSRk2ktnR0/QkVV6KIiULWnQTP05kZJQ63Ho286QmIFe9Kbif147McGVl3IZJ4ZJOl8UJAKZCE0TQD2uGDVibAmhittbER0QRaixORVsCHjx5b+kUSnj83Ll/qJUvc7iyMMBHMIxYLiEKtxCDepA4RGe4AVenZHz7Lw57/PWnJPN7MMvOB/fMt+Qbg==</latexit>

rM+1,2
<latexit sha1_base64="VcOG9EJKKYVSmK6HS0Y34fv/xRk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBUMpuK+ix6MWLUMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VtPVGkWyQczjqkv8ECykBFsrPSoeundmXdemfSKJbfszoCWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46O3iCTqzSR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGVnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGRVsCN7iy8ukWSl71XLl/qJUu87iyMMRHMMpeHAJNbiFOjSAgIBneIU3RzkvzrvzMW/NOdnMIfyB8/kDqN+PqA==</latexit>

rM+1,1
<latexit sha1_base64="S+EOi3qt9aucJ4RDjwmxxzrx750=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBUMpuK+ix6MWLUMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VtPVGkWyQczjqkv8ECykBFsrPSoeundmXfuTXrFklt2Z0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dHTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjAo2BG/x5WXSrJS9arlyf1GqXWdx5OEIjuEUPLiEGtxCHRpAQMAzvMKbo5wX5935mLfmnGzmEP7A+fwBp1qPpw==</latexit>

rM+1,0
<latexit sha1_base64="DMDPTgTdd8MLHpRcGUrxrrJQLKY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBUMpuK+ix6MWLUMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VtPVGkWyQczjqkv8ECykBFsrPSoeundmXfuTnrFklt2Z0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dHTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjAo2BG/x5WXSrJS9arlyf1GqXWdx5OEIjuEUPLiEGtxCHRpAQMAzvMKbo5wX5935mLfmnGzmEP7A+fwBpdWPpg==</latexit>

(M + 1, 1)
<latexit sha1_base64="CID+It6NV3NR0rPx+BofX561pJc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahopRNFfRY9OJFqGA/oF1KNs22odnskmSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeX4suDau++3kVlbX1jfym4Wt7Z3dveL+QVNHiaKsQSMRqbZPNBNcsobhRrB2rBgJfcFa/uh26reemNI8ko9mHDMvJAPJA06JsVKrfH+Gz/Fpr1hyK+4MaJngjJQgQ71X/Or2I5qETBoqiNYd7MbGS4kynAo2KXQTzWJCR2TAOpZKEjLtpbNzJ+jEKn0URMqWNGim/p5ISaj1OPRtZ0jMUC96U/E/r5OY4NpLuYwTwySdLwoSgUyEpr+jPleMGjG2hFDF7a2IDoki1NiECjYEvPjyMmlWK/iiUn24LNVusjjycATHUAYMV1CDO6hDAyiM4Ble4c2JnRfn3fmYt+acbOYQ/sD5/AEbX44b</latexit>

initial termination

Figure S4: Profile HMM state architecture. The conventional profile HMM state architecture
labeled with MuE states, using (m, g) notation. Squares indicate “match states”, diamonds indicate
“insert states”, and circles indicate “delete states”.

We define the MuE transition matrix and termination probabilities

a
(t)
k,k′ :=

"
#$

#%

1−u
1+uu

m′−m−1+g if m− g < m′ < M + 1 and g′ = 0
1−u
1+uu

m′−m+g if m− g < m′ ≤ M + 1 and g′ = 1

0 otherwise

(S27)

t
(t)
k :=

1 + u2

1 + u
uM−m+g (S28)

The initial transition vector is defined by a
(0)
k := a

(t)
0,k and the initial termination probability is

t
(0)
k := t

(t)
0 . Let Sb,b′ be the NW similarity matrix, for which we assume that

!
b′ e

Sb,b′ = B for all
b. We define, for b, b′ ∈ {1, ..., B},

ℓb,b′ :=
eSb,b′

B
. (S29)

Finally, for all m ∈ {1, ...,M + 1},

cm := (ℓ−1)⊤ · (1/B, ..., 1/B)⊤ (S30)

where ℓ−1 is the inverse of the substitution matrix (assumed to be invertible) and (1/B, ..., 1/B)⊤

is a length B column vector. Let X and Y be the sequences to be aligned.
Under the MuE model Y ∼ MuE(X, c, ℓ, a(0), a(t)), the maximum a posteriori estimator of the

alignment variable w given X and Y corresponds to the Needleman-Wunsch pairwise alignment
between X and Y . Note that in the limit G → −∞ and Sb,b′ → −∞ for all b′ ∕= b, we recover the
no-mutation limit of the MuE distribution.

Proof We can organize the NW scoring system according to transitions in the MuE Markov
model. We use ωx,ωy notation to represent alignments, with the symbol “|” placed to the right
of the residue we are transitioning from. We assign l′ to be the residue of Y at the column of the
alignment corresponding to state k′.

1. Transitioning from (m, 0) to (m′ > m, 0) gives a NW score of (m′−m−1)G+
!

b,b′ xm′,bSb,b′yl′,b′ .

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 1

2. Transitioning from (m, 0) to (m′ > m, 1) gives a NW score of (m′ −m)G
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x: 1 | 1 ... 1 0

y: 1 | 0 ... 0 1

3. Transitioning from (m, 1) to (m′ ≥ m, 0) gives a NW score of (m′−m)G+
!

b,b′ xm′,bSb,b′yl′,b′

x: 0 | 1 ... 1 1

y: 1 | 0 ... 0 1

4. Transitioning from (m, 1) to (m′ ≥ m, 1) gives a NW score of (m′ −m+ 1)G.

x: 0 | 1 ... 1 0

y: 1 | 0 ... 0 1

5. Terminating after (m, 0) gives a NW score of (M −m)G.

x: 1 | 1 ... 1 $

y: 1 | 0 ... 0 $

6. Terminating after (m, 1) gives a NW score of (M −m+ 1)G.

x: 0 | 1 ... 1 $

y: 1 | 0 ... 0 $

Now we can rewrite the Needleman-Wunsch objective function in terms of these transitions,
rather than in terms of gap and insert scoring. In particular, define

∆(l′,m, g,m′, g′) :=

"
#$

#%

(m′ −m− 1 + g)G+
!

b,b′ xm′,bSb,b′yl′,b′ if m− g < m′ < M and g′ = 0

(m′ −m+ g)G if m− g < m′ ≤ M and g′ = 1

−∞ otherwise

(S31)
Based on the cases outlined above, the NW objective function can now be rewritten as

argmax
'm,'g

L'

l=1

∆(l,ml−1, gl−1,ml, gl) + (M −mL + gL)G (S32)

where we set m0 = 0, g0 = 0. If we find the solution to this objective function, then follow the
mapping from the list of Markov chain states (m1, g1), ..., (mL, gL) back to an alignment, we obtain
the Needleman-Wunsch alignment between sequences x and y.

Now we examine the maximum a posteriori estimator of w under the MuE distribution. We
have

argmax
w

log p(y, w|x, c, a, ℓ) = argmax
w

+
log p(term.|wL) +

L'

l=2

log p(yl, wl|wl−1) + log p(y1, w1)

,

(S33)
where p(term.|wL) is the termination probability after state wL, which reduces to p(term.|init.)
when L = 0. Under the given MuE model,

p(yl, wl|wl−1) =

"
#$

#%

1−u
1+uu

ml−ml−1−1+gl−1 1
B exp(

!
b,b′ xml,bSb,b′yl,b′) if ml−1 − gl−1 < ml < M + 1 and gl = 0

1−u
1+uu

ml−ml−1+gl−1 1
B if ml−1 − gl−1 < ml ≤ M + 1 and gl = 1

0 otherwise

(S34)
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p(term.|wL) =
1 + u2

1 + u
uM−mL+gL (S35)

p(y1, w1) =

"
#$

#%

1−u
1+uu

m1−1 1
B exp(

!
b,b′ xm1,bSb,b′y1,b′) if m1 < M + 1 and g1 = 0

1−u
1+uu

m1 1
B if m1 ≤ M + 1 and g1 = 1

0 otherwise

(S36)

p(term.|init.) = 1 + u2

1 + u
uM (S37)

Now, the maximum a posteriori estimator of w can be written as

argmax
w

log p(y, w|x) = argmax
'm,'g

+
L log(

1− u

1 + u

1

B
) + log(

1 + u2

1 + u
) +

L'

l=1

∆(l,ml−1, gl−1,ml, gl)

+ (M −mL + gL)G

,

= argmax
'm,'g

+ L'

l=1

∆(l,ml−1, gl−1,ml, gl) + (M −mL + gL)G

,

(S38)

where again m0 = 0 and g0 = 0. This objective function is identical to the NW objective function
(Equation S32), so the maximum a posteriori estimator of w in the MuE distribution corresponds
to the Needleman-Wunsch pairwise alignment of X and Y .

We can confirm that the transition probabilities of the MuE distribution are normalized by
considering transitions from state (m, g):

1− u

1 + u

M'

m′=m−g+1

um
′−m−1+g +

1− u

1 + u

M+1'

m′=m−g+1

um
′−m+g +

1 + u2

1 + u
uM−m+g

=
1− u

1 + u

-M−m−1+g'

m′′=0

um
′′
+ u

M−m+g'

m′′=0

um
′′.

+
1 + u2

1 + u
uM−m+g

=
1

1 + u
[1− uM−m+g + u− uM−m+g+2] +

1 + u2

1 + u
uM−m+g

= 1− 1 + u2

1 + u
uM−m+g +

1 + u2

1 + u
uM−m+g

= 1.

(S39)

□

S1.2 Inferring multiple sequence alignments

In this section we describe how MuE observation models can be used to infer multiple sequence
alignments. First we define a multiple sequence alignment, analogously to Definition 4.2.

Definition S1.2 (Biological multiple sequence alignment). Let Y1, . . . , YN be sequences with lengths
L1, . . . , LN . A multiple sequence alignment YMSA ∈ (B ∪ {−})J has rows YMSA,1, . . . , YMSA,N each
consisting of the letters of Yi, in order, interspersed with gap symbols. The alignment YMSA must
satisfy the condition that for every j ∈ {1, . . . , J}, there exists some i ∈ {1, . . . , N} such that
YMSA,i,j ∈ B.
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Algorithm 2: Multiple sequence alignment construction

input : {W1,1, . . . ,W1,L1}, . . . , {WN,1, . . . ,WN,LN
} and Y1, . . . , YN

output: YMSA

Plug in definition of jl and gl for each sequence;
for i ∈ {1, 2, . . . , N} do

for li ∈ {1, 2, . . . , Li} do
gi,li = I(Wi,li > M);
mi,li = Wi,li −Mgi,li ;

end
gi,Li+1 = 0 (for convenience);
mi,Li+1 = 0 (for convenience);

end
n = 0;
l1, l2, . . . , lN = 1;
Iterate through each latent state, assigning letters of Y1, . . . , YN to YMSA;
for m̃ ∈ {1, 2, . . . ,M + 1} do

Place in the same contiguous set of columns letters generated from the same site in c;
while ∃i : mi,li = m̃ and gi,li = 1 do

n = n+ 1;
for i ∈ {1, 2, . . . , N} do

if mi,li = m̃ and gi,li = 1 then
YMSA,i,n = Yi,li ;
li = li + 1;

else
YMSA,i,n = -;

end

end

end
Place in the same column letters generated from the same site in X;
if ∃i : mi,li = m̃ and gi,li = 0 then

n = n+ 1;
for i ∈ {1, . . . , N} do

if mi,li = m̃ and gi,li = 0 then
YMSA,i,n = Yi,li ;
li = li + 1;

else
YMSA,i,n = -;

end

end

end

end

Consider models of the form Equation 2, and let Wi be the latent alignment variable associated
with sequence Yi, i.e. Wi,1, . . . ,Wi,Li is the path through the latent state space that generated Yi
with length Li. Algorithm 2 constructs a multiple sequence alignment of the dataset Y1, . . . , YN
given W1, . . . ,WN . In the case of multiple sequence alignments, as opposed to pairwise alignments,
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there is no longer a unique alignment givenW , sinceX is not observed; the Algorithm 2 construction
is chosen to match a standard construction used for the profile HMM, see Durbin et al. (1998),
Chapter 6.5. Note the profile HMM is a special case of Equation 2 with pθ(v) = δv0(v) where
δv0(v) is the Dirac delta function at v0, so it is reasonable to apply the same construction to MuE
observation models in general.

S1.3 Proof of Proposition 4.5

We require that with probability 1, the set {j1, . . . , jL} defined by Definition 4.3 is valid, i.e. it
must be ordered such that jl < jl+1 for all l ∈ {1, . . . , L − 1}. Plugging in Definition 4.3, this is
equivalent to the requirement that

ml+1 > ml − gl, (S40)

where recall ml := Wl − Mgl. For this inequality to hold with probability 1 for any sample W ,
Condition 2.2 is necessary and sufficient.

S1.4 Vogel et al. Natural Language Translation

The Vogel et al. (1996) translation model takes the same general form as a MuE distribution, with
X a sentence in one language and Y a sentence in another language (encoded as sequences of
words). In particular, with states k indexed by tuples (m, g), the transition matrix takes the form

a
(t)
k,k′ :=

& rM+m′−m!M
m′′=1 rM+m′′−m

if g = g′ = 0 and m,m′ ≤ M

0 otherwise
(S41)

where r ∈ R2M
+ is a vector of non-negative weights. The initial transition vector is defined by

a
(0)
k := a

(t)
0,k. The length L of Y is sampled independently of W . We can see that for general r,

Condition 2.2 is violated.

S2 Models

In this section we provide a detailed description of the models evaluated in the main text. We
parameterize the MuE in each model following the example of the profile HMM (Section S1.1). We
introduce parameters r ∈ [0, 1]M and u ∈ [0, 1]M and set uM := 0. Intuitively, rm is the probability
of an insertion at position m of x and um is the probability of a deletion at position m of x. We
have the transition matrix

a
(t)
k,k′ =

"
################$

################%

(1− rm+1−g)(1− um+1−g)

if m+ 1− g = m′ ≤ M and g′ = 0

(1− rm+1−g)um+1−g(
*m′−1

m′′=m+2−g[(1− rm′′)um′′ ])(1− rm′)(1− um′)

if m+ 1− g < m′ ≤ M and g′ = 0

rm+1−g

if m+ 1− g = m′ ≤ M and g′ = 1

(1− rm+1−g)um+1−g(
*m′−1

m′′=m+2−g[(1− rm′′)um′′ ])rm′

if m+ 1− g < m′ ≤ M and g′ = 1

0 otherwise

(S42)
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where, as in Section S1.1, we index states k by (m, g) where g = I(k > M) and m = k − Mg.
The initial transition vector follows the same form as the transition matrix, and can be written

as a
(0)
k = a

(t)
0,k. Rather than assign a termination state we assume the length of the sequence

Yi, ie. Li, is independent of W . For computational convenience, in our experiments we assigned
p(Yl|Wl = M) = 0 for all possible Yl (in general, M will be chosen to be a large value, such that
there is a low probability of reaching this state anyway). Since the probability of Li does not
contribute to the per residue perplexity performance metric (Section S4) we do not use an explicit
model for Li.

Note that in our experiments we go slightly beyond the vanilla MuE observation model presented
in the main text (Equation 2), and allow the insertion sequence c to also depend on a continuous-
space model pθ(v).

S2.1 Profile HMM

The profile HMM is

Yi ∼ MuE(x, c, ℓ = IB, a
(0)(r, u), a(t)(r, u)) (S43)

where a(0)(r, u) and a(t)(r, u) depend deterministically on the parameters r and u according to
Equation S42, D = B, and IB is the B ×B identity matrix.

S2.2 RegressMuE

The RegressMuE model uses a linear regression model as the MuE observation’s continuous-space

vector model. Let Hi,1, ..., Hi,T be covariates associated with sequence Yi. Let β
(x)
0 , ...,β

(x)
T ∈ RM×D

be a set of coefficients associated with X, and let β
(c)
0 , ...,β

(c)
T ∈ R(M+1)×D be a set of coefficients

associated with c. Then the RegressMuE is

V
(x)
i = β

(x)
0 +

T'

t=1

Hi,tβ
(x)
t

V
(c)
i = β

(c)
0 +

T'

t=1

Hi,tβ
(c)
t

Yi ∼ MuE(x = softmax(V
(x)
i ), c = softmax(V

(c)
i ), ℓ, a(0)(r, u), a(t)(r, u)).

(S44)

Note that in this model, unlike the pHMM, the substitution matrix ℓ is not constrained to the
identity. When rm = qm = 0 for all m and ℓ = IB, the RegressMuE reduces to a multi-output
multinomial logit regression model.
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S2.3 FactorMuE

The FactorMuE model is the latent linear version of the RegressMuE. Instead of observing covariates
H, we draw a latent variable Z from a standard normal prior,

Zi,t ∼ Normal(0, 1)

V
(x)
i = β

(x)
0 +

T'

t=1

Zi,tβ
(x)
t

V
(c)
i = β

(c)
0 +

T'

t=1

Zi,tβ
(c)
t

Yi ∼ MuE(x = softmax(V
(x)
i ), c = softmax(V

(c)
i ), ℓ, a(0)(r, u), a(t)(r, u))

(S45)

S2.4 NeuralMuE

The NeuralMuE model uses a fully connected neural network as the MuE observation’s continuous-
space vector model. We use a network Γ layers using relu nonlinearities, widths T1:(Γ+1), and weights
β1:(Γ+1). Let Hi,1:T(Γ+1)

be a vector of covariates.

Vi,Γ+1 = βΓ+1,0 +

TΓ+1'

t=1

Hi,tβΓ+1,t

Vi,Γ = βΓ,0 +

TΓ'

t=1

relu(Vi,Γ+1,t)βΓ,t

...

V
(x)
i,1 = β

(x)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(x)
1,t

V
(c)
i,1 = β

(c)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(c)
1,t

Yi ∼ MuE(x = softmax(V
(x)
i,1 ), c = softmax(V

(c)
i,1 ), ℓ, a(0)(r, u), a(t)(r, u))

(S46)

S2.5 LatentNeuralMuE

The LatentNeuralMuE model uses a neural network latent variable model as the MuE observation’s
continuous-space vector model. It is the latent covariate version of the NeuralMuE, where instead
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of observing H we draw a latent variable Z from a standard normal prior.

Zi,t ∼ Normal(0, 1)

Vi,Γ+1 = βΓ+1,0 +

TΓ+1'

t=1

Zi,tβΓ+1,t

Vi,Γ = βΓ,0 +

TΓ'

t=1

relu(Vi,Γ+1,t)βΓ,t

...

V
(x)
i,1 = β

(x)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(x)
1,t

V
(c)
i,1 = β

(c)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(c)
1,t

Yi ∼ MuE(x = softmax(V
(x)
i,1 ), c = softmax(V

(c)
i,1 ), ℓ, a(0)(r, u), a(t)(r, u))

(S47)

S2.6 Priors

We place standard normal priors Normal(0, 1) over each element of each coefficient matrix β in
each model. Recall that each row of the matrix ℓ is constrained to the simplex, ℓ ∈ ∆B. To enable
easy gradient-based optimization and stochastic variational inference (Kucukelbir et al., 2017), we
transform an unconstrained parameter ℓ̃ ∈ RD×B with a Gaussian prior to the simplex,

ℓ̃d,b ∼ Normal(0, 1)

ℓd := softmax(ℓ̃d).
(S48)

The variables rm and um are constrained to [0, 1]. This corresponds to the first dimension of a
simplex ∆2, and so we apply the same approach,

r̃m,j ∼ Normal(µ
(r)
j , 1) for j ∈ {1, 2}

rm :=
exp(r̃m,2)

exp(r̃m,1) + exp(r̃m,2)

(S49)

where µ(r) is a hyperparameter. The variable um is handled identically, with prior ũm,j ∼ Normal(µ
(u)
j , 1)

for j ∈ {1, 2}.

S3 Inference

S3.1 Stochastic variational inference

Variational inference approximates the posterior distribution p(θ|Y1:N ) of a given probabilistic
model using a tractable family of distributions qη(θ|Y1:N ) parameterized by η (Blei et al., 2017).
To form this approximation, variational inference minimizes the Kullback-Leibler (kl) divergence
between the two distributions,

η0 := argmin
η

kl(qη(θ|Y1:N )||p(θ|Y1:N )) (S50)
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This objective can be rewritten as maximizing the evidence lower bound (elbo),

η0 = argmax
η

Eqη(θ|Y1:N )[log p(Y1:N , θ)]− Eqη(θ|Y1:N )[log qη(θ|Y1:N )] = argmax
η

elbo(η) (S51)

We employ mean-field variational inference for MuE observation models. We use a diagonal
Gaussian distribution, with unknown mean and standard deviation, for the variational distribu-
tion over the global parameters r̃, ũ, ℓ̃ and β̃. For the local variable z in the FactorMuE and
LatentNeuralMuE, we amortize inference using an inference network (also known as an encoder
network) (Kingma and Welling, 2013; Rezende et al., 2014). In particular, we set

qηz(z1:N |Y1:N ) =

N/

i=1

qηz(zi|Yi) =
N/

i=1

N (zi|f (µ)(Yi; ηz), f
(σ)(Yi; ηz)) (S52)

where N (z|µ,σ) is the probability distribution function of a Gaussian with mean µ and standard
deviation σ, and f (µ)(Yi; ηz) and f (σ)(Yi; ηz) are differentiable functions of ηz. We parameterize
f (µ) and f (σ) using a neural network,

y
(q)
i,l = EY ′∼MuE(Yi,c(q),ℓ(q),a(0)(r(q),u(q)),a(t)(r(q),u(q)))[Y

′
l ]

v
(q)

i,Γ(q)+1
= β

(q)

Γ(q)+1,0
+

L(q)'

l=1

B'

b=1

y
(q)
i,l,bβ

(q)

Γ(q)+1,l,b

v
(q)

i,Γ(q) = β
(q)

Γ(q),0
+

T
Γ(q)'

t=1

relu(v
(q)

i,Γ(q)+1,t
)β

(q)

Γ(q),t

...

f (µ) = β
(q,µ)
1,0 +

T1'

t=1

relu(v
(q)
i,2,t)β

(q,µ)
1,t

f (σ) =
00β(q,σ)

1,0 +

T1'

t=1

relu(v
(q)
i,2,t)β

(q,σ)
1,t

00.

(S53)

where we have introduced the variational parameters (β(q), c(q), r(q), u(q), ℓ(q)) =: ηz. The first layer
of the encoder employs the MuE distribution and computes the expected value of mutants of Yi, at
positions l ∈ {1, ..., L(q)}; this expected value is a differentiable function of the MuE parameters,
and can be tractably computed using the forward algorithm. We use the same parameterization of

the MuE distribution as in the models (Section S2), but fix r
(q)
1 = r

(q)
2 = ... = r

(q)
M and u

(q)
1 = u

(q)
2 =

... = u
(q)
M−1 and c

(q)
1 = c

(q)
2 = ... = c

(q)
M . Intuitively, the MuE encoding serves to “smear out” the

one-hot encoded sequence Yi according to learnable indel and substitution probabilities, making it

easier for the encoder to learn which sequences are similar, and making each encoded sequence y
(q)
i

the same length L(q).
To optimize the variational approximation we need to compute the gradient of the ELBO

with respect to the variational parameters η. To enable faster optimization we employ stochas-
tic variational inference, approximating the gradient at each update step using a minibatch of
data (Ranganath et al., 2014). Let φ := (β, r, u, ℓ) be the global parameters of the MuE obser-
vation models proposed in Section S2 and let ηφ be the parameters of the associated mean-field
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variational distribution. Then the gradient of the ELBO is

∇ηelbo(η) =

N'

i=1

1
∇ηEqηφ (φ)qηz (zi|Yi)[log p(Yi|Zi,φ)] +∇ηEqηz (zi|Yi)

2
log

p(Zi)

qηz(Zi|Yi)

34

+∇ηEqηφ (φ)

2
log

p(φ)

qηφ(φ)

3

≈ N

|S|
'

i∈S

1
∇ηEqηφ (φ)qηz (zi|Yi)[log p(Yi|Zi,φ)] +∇ηEqηz (zi|Yi)

2
log

p(Zi)

qηz(Zi|Yi)

34

+∇ηEqηφ (φ)

2
log

p(φ)

qηφ(φ)

3

(S54)

where S ⊆ {1, ..., N} is the set of datapoint indices making up the minibatch and |S| is the size
of the set S. We estimate the gradient of the first term on the right hand side of this equation
using the reparameterization trick Monte Carlo estimator (with a single sample) and automatic
differentiation (Kucukelbir et al., 2017; Kingma and Welling, 2013; Rezende et al., 2014). The
remaining terms can be computed analytically (see e.g. Kingma and Welling (2013); Rezende et al.
(2014)). Note that this approach relies crucially on the fact that the marginal likelihood of the
MuE model, pMuE(y|x, c, ℓ, a(0), a(t)) =

!
w pMuE(y|w, x, c, ℓ, a(0), a(t)), is a differentiable function

of x, c, a and ℓ. We integrate over all possible values of the Markov chain state variable w using
the forward algorithm. In our experiments we did not use the parallelized algorithm from Särkkä
and Garćıa-Fernández (2020), but see the DiscreteHMM distribution in Pyro (Bingham et al., 2019)
for an example implementation of the parallelized algorithm within an automatic differentiation
system.

It is useful in some circumstances to reweight the variational objective to reduce the amount
of regularization placed on the local latent variable. In particular, for χ ∈ [0, 1], we reweight the
ELBO as

ELBOχ(η) =

N'

i=1

1
Eqηφ (φ)qηz (zi|Yi)[log p(Yi|Zi,φ)] + χEqηz (zi|Yi)

2
log

p(Zi)

qηz(Zi|Yi)

34

+Eqηφ (φ)

2
log

p(φ)

qηφ(φ)

3
.

(S55)

We achieved improved training performance by annealing the weight χ from 0 to 1 linearly over the
course of an initial time period during training (Bowman et al., 2016). To avoid posterior collapse
and produce informative latent representations, we found it useful in certain cases to anneal χ only
up to a low value χ0 << 1 in which case we are approximating the maximum likelihood estimator
of z; this annealing schedule was only used for producing data visualizations, rather than prediction
of held out data (Section S7) (Alemi et al., 2018).

S3.2 Probabilistic Programming

We implemented the MuE distribution in Edward2, a simple GPU-enabled probabilistic program-
ming language which can use stochastic variational inference as well as MCMC (Tran et al., 2018).
(Note that this is not the implementation used for the reported experiments, but instead a more user
friendly version of the same code.) It is available at https://github.com/debbiemarkslab/MuE.
The implementation makes it easy to try out different priors and different continuous-space matrix
models, and to build joint models of sequences and experimental measurements, or other data
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sources. As a brief example, here is real code (not pseudocode) for a version of the FactorMuE
with Dirichlet priors on u, r and ℓ. It uses a Laplace prior instead of a Normal prior on the local
latent variable, such that the continuous space model is an independent component analysis model
(Murphy (2012), Chapter 12.6).

# Latent representation.

z = Laplace(0., z_scale, sample_shape=latent_dims, name="z")

# Factors.

bt = Normal(0., bt_scale, sample_shape=[2, latent_dims, latent_length+1,

latent_alphabet_size], name="bt")

# Offset.

b0 = Normal(0., b0_scale, sample_shape=[2, latent_length+1,

latent_alphabet_size], name="b0")

# Ancestral sequence.

vxln = tf.einsum(’j,jkl->kl’, z, bt[0, :, :, :]) + b0[0, :, :]

# Insert biases.

vcln = tf.einsum(’j,jkl->kl’, z, bt[1, :, :, :]) + b0[1, :, :]

# Deletion probability.

u = Dirichlet(u_conc, name="u")

# Insertion probability.

r = Dirichlet(r_conc, name="r")

# Substitution probability.

l = Dirichlet(l_conc, name="l")

# Build the structured HMM parameters given the MuE parameters

# using the mue package.

a0, a, e = mue.make_hmm_params(

vxln - tf.reduce_logsumexp(vxln, axis=1, keepdims=True),

vcln - tf.reduce_logsumexp(vcln, axis=1, keepdims=True),

tf.math.log(u), tf.math.log(r), tf.math.log(l),

transfer_mats, eps=eps, dtype=dtype)

# Sample data.

x = HiddenMarkovModel(

tfpd.Categorical(logits=a0), tfpd.Categorical(logits=a),

tfpd.OneHotCategorical(logits=e), seq_len, name="x")

Also included in our package is a utility for building inference networks that use the MuE distri-
bution.

S4 Evaluation

The per residue perplexity of a probabilistic sequence model p(y), over a dataset Y1:N , is defined
as

Ω := exp
(
− 1

N

N'

i=1

1

Li
log p(Yi|Li)

)
. (S56)
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In evaluating our models, we computed the average log likelihood performance on a heldout test
set YT for the model distribution learned from the training set YD. More precisely, we use

Ω̂ := exp
(
− 1

|T |
'

i∈T

1

Li
Eq(φ|YD)[log p(Yi|Li,φ)]

)
(S57)

where q(φ|yD) is the variational approximation to the posterior distribution from the training
dataset and |T | is the size of the test set. For models with local latent variables zi, we approximate
the marginal likelihood using the ELBO (Blei et al., 2017),

Ω̂ ≈ exp

5
− 1

|T |
'

i∈T

1

Li

(
Eq(φ|YD)q(zi|Yi)[log p(Yi|Li, Zi,φ)] + Eq(zi|Yi)

2
log

p(Zi)

q(Zi|Yi)

3)6
. (S58)

We use Monte Carlo estimation for the expectations. In comparing between different models p1
and p2, we also report the log Bayes factor associated with the held out data, ie. the difference in
total log probability of the heldout data between the two models,

log bf1,2 :=
'

i∈T
Eq2(φ|YD)[log p2(Yi|Li,φ)]−

'

i∈T
Eq1(φ|YD)[log p1(Yi|Li,φ)] (S59)

where q1 and q2 are the variational approximations associated with p1 and p2. For models with
local latent variables, we can use the ELBO approximation as in Equation S58. The Bayes factor
provides a measurement of the total evidence in favor of one model versus another.

Per residue perplexity is a useful performance metric for biological sequence models because it
is an absolute scale and comparable across datasets as well as models. Since per residue perplexity
is not yet widely used in the biological literature, in the interest of making it more interpretable
we computed the expected per-residue perplexity for a variety of different protein sequence models,
covering different data regimes. In particular, for each model p(y), we examined the expected
perplexity in the large data limit, assuming that the model is true,

Ω0 := exp
(
− Ep(y)

- 1
L
log p(Y |L)

.)
. (S60)

The expected perplexity is the exponentiated entropy of the model distribution, and so also provides
a measurement of sequence diversity under the model. Below, we compute the expected perplexity
for distributions ranging from the very high diversity regime (all of evolution) down to the very
small diversity regime (human population genetics).

Naive

A naive model assigns an equal probability to each amino acid. In this case the per residue
perplexity is

Ω0 = exp(−E[log(1/20)]) = 20. (S61)

Amino acid frequencies

A simple modeling approach is to predict individual amino acids solely based on their naturally
occurring frequency across evolution. Using the UniprotKB amino acid frequencies fb for b ∈
{1, ..., B = 20}, we have

Ω0 = exp
(
− EY∼Categorical(f)[log(f

⊤ · Y )]
)
= exp(−

20'

b=1

fb log fb) ≈ 17.92 (S62)

where Y is a one-hot encoding (UniProt Consortium, 2019; Gasteiger et al., 2005).
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BLOSUM62

If we are studying specific evolutionary families of proteins, an idealized strategy for building a
model is to infer the sequence of the last common ancestor and then predict family members using
the standard BLOSUM62 substitution matrix (Henikoff and Henikoff, 1992). The BLOSUM62
matrix is a renormalized copula density, but we can convert it into a mutation probability matrix ℓ
by assuming the marginal probability of each amino acid follows the UniprotKB frequency across
evolution:

log ℓb,b′ = log p(yb′ = 1|xb = 1) = log

5
fb,b′

fb

6
= log fb′ + log

5
fb,b′

fbfb′

6

= log fb′ +
log(2)

2
BLOSUM62b,b′

(S63)

where x is a one-hot encoding of the ancestral amino acid, y is a one-hot encoding the mutated
amino acid, and fb,b′ is the joint probability of amino acids b and b′, where b, b′ ∈ {1, ..., B = 20}.
(The log(2)/2 factor comes from the definition of BLOSUM62.) We renormalize the rows ℓb to
ensure ℓb ∈ ∆B (BLOSUM62 uses only small integers, producing non-negligible rounding error).
Next, we assume that the ancestral sequence is known exactly, has infinite length, and the frequency
of each amino acid within the ancestral sequence matches the UniprotKB overall frequency across
evolution. The expected per residue perplexity is then

Ω0 = exp(−EX∼Categorical(f)

-
EY∼Categorical(X·ℓ)[log(X

⊤ · ℓ · Y )]
.
) ≈ 11.00. (S64)

Human Population Genetics

Finally, we examined a simple model of human population variation. Each human has on average
roughly 5 million single nucleotide polymorphisms (SNPs) relative to the reference genome (1000
Genomes Project Consortium et al., 2015). Naively assuming a constant mutation rate over the
genome, the probability of a mutation occurring in any particular codon is qcodon = 1−(1−5/6400)3,
since there are 6.4 billion total base pairs. If we very naively assume a uniform probability of the
codon mutating to any other amino acid, then we can use the substitution matrix ℓ defined by

ℓb,b′ =

&
qcodon
19 if b ∕= b′

1− qcodon if b = b′.
(S65)

If we further very naively assume that there are no correlations among mutations at different
genome locations when looking across individuals, then the expected per residue perplexity of the
sequence distribution is

Ω0 = exp
(
EY∼Categorical(x⊤·ℓ)[log(x

⊤ · ℓ · Y )]
)
≈ 1.024. (S66)

S5 Predictive Performance

Evolutionarily related sequences were collected using jackhmmer (v3.1) from the UniRef100 dataset
(date 6/2019) (noa; Suzek et al., 2015). We used seed sequences with Uniprot identifiers DYR HUMAN
(DHFR dataset), PINE ECOLI (PINE dataset), CDN1B HUMAN (CDKN1B dataset), and VE6 HPV16
(VE6 dataset). We set a bitscore threshold of 0.5 bits/residue as in Hopf et al. (2017) and ran the
jackhmmer search using the API from the EVcouplings package (Hopf et al., 2019). We included
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the full envelope of the profile HMM hit in the final dataset. The CDN1B dataset had 1,055 se-
quences and the VE6 dataset 1,609 sequences. We found 32,510 and 79,354 hits respectively for the
DHFR and PINE datasets, which we randomly subsampled to 10,000 sequences to create the final
datasets. Note that the jackhmmer search algorithm uses a profile HMM to find distant homologs,
and thus may bias the dataset to look more like samples from a pHMM; we therefore expect the
performance gains from using other MuE observation models, as compared to the pHMM, on these
datasets to be smaller (more conservative) than the performance gains that might be achieved on
alternative datasets assembled using different search methods. The TCR dataset was not assembled
using jackhmmer, see Section S6 for details.

We set the latent alphabet size D = 25. In each experiment, we set M to be 10% longer than
the longest sequence in the dataset. We used T = 5 latent space dimensions in the FactorMuE and
layer sizes T2 = 5, T1 = 10 in the LatentNeuralMuE (we found a substantial dropoff in performance
when increasing network width or depth). In the recognition network, we set L(q) = M − 1. We
also used Γ(q) = 0 (no relu nonlinearities) in the FactorMuE recognition network and Γ(q) = 1,
T1 = 10 in the LatentNeuralMuE recognition network. For the prior on the MuE insertion and
deletion parameters we used µ(r) = µ(u) = (100, 1) to disfavor indels.

We optimized the variational approximation using Adam (Kingma and Ba, 2015) and a mini-
batch size of 5. The mean of the variational distribution was initialized at the prior mean, while
the variance was initialized to a small random value (the absolute value of a sample from a normal
distribution with standard deviation 0.01). We used one Monte Carlo sample to estimate the ELBO
gradient at each step. For each model and dataset, we evaluated two different learning rates, 0.1
and 0.01, and three different random restarts, selecting among training runs the parameter values
that reached the highest ELBO on the training set for making predictions. For models with local
latent variables (the FactorMuE and LatentNeuralMuE), we annealed the ELBO reweighting factor
χ from 0 to 1 linearly over the first 2 epochs. We trained for 4 epochs total on the DHFR and PINE
datasets, and 7 epochs total on the smaller CDKN1B, VE6 and TCR datasets, which was sufficient
for convergence in each model. We estimated the heldout perplexity using one independent Monte
Carlo sample per batch. Computations were performed on graphics processing units (NVIDIA
Tesla M40, K80 and V100 GPUs), with double precision, and we used gradient accumulation to
reduce memory usage. Single training runs ranged from ∼30 min. for smaller datasets (CDKN1B
and VE6) to ∼2.5 hours for larger datasets (DHFR, PINE and TCR).

S6 T-Cell Receptor Analysis

We downloaded a publicly available dataset of 6,327 T-cell receptor (TCR) sequences found in
CD8+ cytotoxic T-cells https://support.10xgenomics.com/single-cell-vdj/datasets/2.2.
0/vdj_v1_hs_cd8_t 10x Genomics (2018). These were sequenced using single cell sequencing of
peripheral blood mononuclear cells obtained from an individual healthy donor. Internal stop codons
were removed from the sequence. We used the provided CellRanger annotations of chain features.
Annotations of the reference structure PDB:2BNR are based on IgBLAST annotations (Ye et al.,
2013) of the nucleotide sequence of 1G4 TCRβ obtained from Robbins et al. (2008), and translated
from nucleotides into the corresponding positions in the amino acid sequence (Figure S7).

To obtain a latent space representation (Figure 5B), we trained the FactorMuE observation
model with T = 2 latent dimensions, and chose among training runs based on a randomly held
out test set (5% of the data). Hyperparameters were otherwise set as in Section S5. The shift ν is
estimated using the variational approximation to the posterior of the FactorMuE (using 10 Monte
Carlo samples). ŵref is estimated using a single sample from the variational approximation to the
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Figure S5: Latent space representation of human T-cell receptor sequences, colored by
supervised annotations. Annotations from 10x Genomics (2018). (A) Cα versus Cβ . (B) α
chain V types. (C) α chain J types. (D) β chain V types. (E) β chain D types. (F) β chain J types
and subtypes.

posterior and the Viterbi algorithm.

S6.1 Further results

Along feature vector 2 (Figure 5D) we found weak positive correlation between the magnitude of
variation and the relative surface accessibility of each site (Spearman correlation ρ = 0.20, p < 0.02;
Figure S6). Along feature vector 1 (Figure 5D) we observed high values of νl in the V segment,
suggesting that there are systematic and heterogeneous differences between the V segment sequence
distribution used in TCRα chains and in TCRβ chains To confirm the observation, we used the
RegressMuE model to predict the entire TCR sequence based just on its annotation as TCRα
or TCRβ. In particular, as covariate vector Hi we used a one-hot encoding of the chain type
annotated by CellRanger; sequences without an annotation were encoded as (0, 0). We computed
the regression shift νl in the same way as Equation 3, with the covariate H in place of z. Figure S8
plots the shift in amino acid preference between the two chains, showing that at a population level
there are key positions within the variable region with substantial differences in preference.
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Relative solvent accessibility

Figure S6: Comparing MuE observation model features to T-cell receptor rela-
tive solvent accessibility. (A) Relative solvent accessibility of TCRβ from the structure
PDB:2BNR (Chen et al., 2005) (the TCRα chain is shown in gray), computed using DSSP (Kabsch
and Sander, 1983) and the maximum values in Tien et al. (2013) with the Biopython API (Cock
et al., 2009). (B) Residue relative solvent accessibility versus FactorMuE shift magnitude νl along
vector 1 and vector 2 from Figure 5D. The correlation between the shift along vector 1 and the
accessibility is Spearman ρ = 0.039, p = 0.64.

A B

Figure S7: T-cell receptor structural annotations. (A) CDR segments of PDB:2BNR chain
E (Chen et al., 2005), based on IgBLAST annotations (Ye et al., 2013) of the nucleotide sequence
of 1G4 TCRβ obtained from Robbins et al. (2008), and translated from nucleotides into the corre-
sponding positions in the amino acid sequence. CDR1 in red, CDR2 in yellow and CDR3 in orange.
(B) V (green), J (yellow) and junction (red) segments of the 1G4 nucleotide sequence, based on
the IgBLAST annotations, and translated from nucleotides.
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Figure S8: Shift ν from chain α to chain β sequences learned by the RegressMuE model.
νl was computed as in Equation 3, using the chain annotation in place of the latent variable z.
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Figure S9: Comparing RegressMuE model coefficients to HA1 structural domains. (A)
Head (orange) and stalk (green) domains of the HA1 protein (PDB:4O5N); residues between sites
52 and 277 are defined as the head domain, and all others as stalk, following Lee et al. (2018). (B)
Violin plots of regression shift νl (Equation S67) for residues in the head domain (226 residues)
versus the stalk domain (103 residues). Mean and standard deviation are shown in orange.

S7 Influenza Analysis

We downloaded publicly available influenza A(H3N2) HA sequences from GISAID (Shu and Mc-
Cauley, 2017). We selected only sequences longer than 500 amino acids and with no ambiguous
amino acids. Some sequences were labeled at different levels of time resolution, with annotations
providing months or years rather than days; we assumed month and/or day were missing at random
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Figure S10: Comparing MuE observation model regression coefficients to HA1 epitope
regions. (A) Epitope regions A (red), B (orange), C (yellow), D (green), E (blue) (Wiley et al.,
1981; Muñoz and Deem, 2005). (B) Violin plots of regression shift νl (Equation S67) for residues
in each epitope region, for all epitope regions together, and for residues not in any epitope region;
the number of residues in each region is shown in parenthesis. Mean and standard deviation are
shown in orange.

and imputed them uniformly at random. Following Lee et al. (2018), we randomly subsampled six
sequences per month, from 1968 to October 2019, to form the dataset. In the forecasting experi-
ments we removed the mis-annotated data identified in the 2008 outlier cluster marked by ‡ in Figure
6E prior to subsampling (GISAID identifiers EPI_ISL_24813, EPI_ISL_24814, ..., EPI_ISL_24867).
Accession numbers for the complete dataset can be found in Supplementary Table 1; our results
were stable upon resampling. We extracted only the first 350 amino acids of each HA sequence,
covering HA1 in the reference A(H3N2) numbering (Burke and Smith, 2014).

We used M = 361 in the MuE distribution. We set the prior on indels to µ(r) = µ(u) = (1000, 1).
We trained each model for 7 epochs, which was sufficient for convergence. Hyperparameters and
training schedule were otherwise set as in Section S5. To produce the latent embedding in Figure
6D, however, we annealed the ELBO weighting χ only up to χ0 = 0.001 after 7 epochs, providing
only very weak prior regularization such that the embedding corresponds to approximately the
maximum likelihood estimator of z (and we avoid posterior collapse).

To visualize features, we trained the RegressMuE model on the full time period (1968 to 2019),
with 5% of datapoints randomly held out to choose among training runs. We computed the mag-
nitude of the shift in sequence space from time t0 to time t1 in the RegressMuE as

νl =

+ B'

b=1

(
E[Yl,b|ŵref , t = 2019]− E[Yl,b|ŵref , t = 1968]

)2
,1/2

(S67)

using as reference the HA1 sequence from PDB:4O5N. The expectation is estimated using the
variational approximation to the posterior with 10 Monte Carlo samples. ŵref is estimated using
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Figure S11: Comparing MuE observation model regression coefficients to HA1 relative
solvent accessibility. (A) Relative solvent accessibility of the HA1 protein (PDB:4O5N), com-
puted using DSSP (Kabsch and Sander, 1983) and the maximum values in Tien et al. (2013) with
the Biopython API (Cock et al., 2009). HA2 protein shown in dark gray. (B) Relative solvent
accessibility versus regression shift magnitude νl (Equation S67), residue-by-residue. Spearman
ρ = 0.41, p < 10−13.

a single sample from the variational approximation to the posterior and the Viterbi algorithm. In
evaluating the association between the shift vector νl and epitope regions of HA1, we specifically
compared to the 16 sites with clear antigenic selection in at least one human sera identified in Lee
et al. (2019).

S7.1 Further results

In addition to the classic epitope regions, we also compared the regression shift ν to the structural
domains of the HA1 protein (Figure S9), relative solvent accessibility (Figure S11), and relative
amino acid preference in a deep mutational scan evaluating fitness effects of mutations (Figure S12).

The cluster marked ‡ in Figure 6E appears around 2008 but the latent representation of these
sequences is close to that of sequences from the late 1960s or 1970s; this cluster comes from an
experiment performed in 2008 on 1968 sequences, rather than contemporary patient samples as in
the rest of the GISAID dataset.

MuE observation models can be used to generate samples of future sequences, enabling experi-
mental tests of immune response and antibody titer on sequences that are likely to emerge in the
future. We generated samples for the year 2024 from the RegressMuE, and confirmed that they
are similar to previously observed sequences, as would be expected (Figure S13). In particular, we
sampled from

φ ∼ q(φ|YD)
Yi ∼ pRegressMuE(y|ŵref ,φ, t = 2024)

(S68)

where q(φ|YD) is the variational approximation to the posterior over model parameters, under the
model trained on the full time period (1968 to 2019), and PDB:4O5N is again used as a reference
sequence.
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Figure S12:
Comparing MuE observation model regression coefficients to a deep mutational scan
of HA. X-axis: regression shift for each amino acid at each position from 1968 to 2019,

νl,b := E[yl,b|ŵref , t = 2019]− E[yl,b|ŵref , t = 1968]
(terms defined as in Equation S67). Y-axis: relative preference for point mutants with amino acid
b at position l in the deep mutational scan performed in Lee et al. (2018). Spearman ρ = 0.08,
p < 10−11.
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Figure S13: Generating forecasted samples. (A) Two locations in the reference structure
PDB:4O5N, indicated in blue and red, corresponding to low and high νl values (Figure 6B). (B)
Segments of sequences sampled from the posterior predictive distribution for the year 2024. The
alignment variable wref is fixed based on the reference (PDB:4O5N), such that segments 1 and 2
correspond to the annotated structural features in A, and the column numbering is standard for
influenza A(H3N2) (Burke and Smith, 2014).
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S8 Supplementary Code Description

An Edward2 implementation of a MuE distribution and example MuE observation models are pro-
vided in software/MuE. A copy of Edward2 is also provided in software/Edward2, since Edward2
does not yet have a stable release.
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