










Mathematical Modeling of Multiple Pathways in Colorectal Carcinogenesis
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Figure 1: Cartesian Product of Graphs. The upper row shows two graphs and their Cartesian

product. Notice how each vertex (α, β, γ) of the first graph is combined with each vertex
(a, b, c, d) from the second graph, yielding a total of 12 (= 3 · 4) vertices in the Cartesian graph
product. The edge weights (indicated by numbers next to the edges and the edge thickness) of
the graphs on the left and middle transfer to the corresponding edges in the product graph.
The bottom row displays the adjacency matrices corresponding to the graphs in the upper row
as an equation involving the Kronecker sum of the matrices.

Independence of the Processes We require that
the processes are independent of each other.

In the context of the example above, we interpret
from the first assumption that all combinations of
mutations in the different genes are possible (i.e.
there are no mutations that prevent other muta-
tions) and that there are no additional states. This
also implies that the order in which mutations are
accumulated is ignored.

The edge connectivity assumption states that no
two mutations in different genes can occur at the
exactly same point in time.

The third assumption entails that a mutation
in one gene does not change the mutation proba-
bility in another gene. While the independence is
a strong requirement, it makes the mathematical
analysis more amenable by reducing the number
of parameters and improving the model structure.
However, even in the case where the independence
requirement is not justified or its justification is
unknown, it can serve as a valuable baseline when
figuring out in which parts of the model and to
which degree the independence is violated. We fol-
low this chain of thought further in the extensions
of our basic model in Section 5.

Consider two processes that are represented by
the graphs G1 = (V1, E1) and G2 = (V2, E2). The

combined process, which satisfies our key assump-
tions, is then represented by a graph G = (V, E),
that is given by the Cartesian product [HIK11] of
the graphs G1 and G2

G = G1 � G2. (1)

The set of vertices V of the Cartesian graph
product is given by the Cartesian product V =
V1 × V2 of the vertex sets V1 and V2. This means
the vertex set V consists of all possible combinations
of vertices from the first graph with vertices from
the second graph

V = {(v1, v2)|v1 ∈ V1 and v2 ∈ V2} . (2)

In other words, the first requirement is satisfied.
The edge set E is made up of edges of the forms

(v1, v2) ∼ (w1, v2) , (3)
(v1, v2) ∼ (v1, w2) , (4)

where the vertices v1, w1 ∈ V1 are adjacent in the
graph G1 and similarly for v2, w2 ∈ V2. This means
that we connect the states in our combined process
such that each edge corresponds to a single edge
in exactly one of the underlying processes. From
this we establish that our second assumption is also
fulfilled.
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As each edge in E corresponds to exactly one
of the edges in E1 ∪ E2, we can transfer the edge
weights from the graphs G1 and G2 to G. From this,
we conclude the satisfaction of the independence
assumption.

We can extend this combination to more than
two processes by iteratively applying the definition
to two of the processes.

To relate the Cartesian product of graphs to their
adjacency matrices, we first need to consider the
Kronecker product and sum of two matrices.

3.3 Kronecker Product and Sum

The Kronecker product A ⊗ B ∈ Rmp×nq of two
matrices A ∈ Rm×n and B ∈ Rp×q is defined [HJ91;
Loa00] by the block matrix

A⊗B =

a1,1B . . . a1,nB
...

. . .
...

am,1B . . . am,nB

 . (5)

For square matrices A ∈ Rn×n and B ∈ Rm×m,
we further define the Kronecker sum

A⊕B = A⊗ Im + In ⊗B ∈ Rmn×mn, (6)

where Im (resp. In) denotes the identity matrix of
size m×m (resp. n× n).

The Kronecker product and sum possess several
favorable properties, among which is the compati-
bility with the matrix transpose

(A⊗B)> = A> ⊗B>, (7)

(A⊕B)> = A> ⊕B>. (8)

Let A1 and A2 be the adjacency matrices of
the graphs G1 and G2. The adjacency matrix of
the Cartesian Product G1 � G2 is given by the
Kronecker sum A1 ⊕A2 [KR05].

This connection between the Cartesian product
of graphs and the Kronecker sum is visualized in
Figure 1.

The Kronecker product is not commutative, i.e.
in general we have A1 ⊕ A2 6= A2 ⊕ A1. Accord-
ingly, the graph products G1 � G2 and G2 � G1
are not equal to each other. However, as they are
isomorphic to each other, we are free to choose an
ordering of the matrices as long as we use the same
ordering in all computations.

3.4 Linear Dynamical Systems
An important and highly used class of equations
for dynamical systems in mathematical modeling
are linear differential equations of the form

ẋ(t) = Ax(t), (9a)
x(0) = x0, (9b)

where A ∈ Rn×n is a matrix (later chosen to be the
adjacency matrix of a graph), which is constant with
respect to time, and x0 ∈ Rn is a vector representing
the initial value.

Linear differential equations have a unique solu-
tion [Tes12, p. 60], which is given by

x(t) = expm (tA)x0 ∀t ∈ R, (10)

where expm(A) describes the matrix exponential
of the matrix A, which is defined by

expm: Rn×n −→ Rn×n (11a)

A 7−→
∞∑

k=0

1
k!A

k. (11b)

Computing the matrix exponential [MV03] can be
done in a variety of different ways. However, as the
matrix exponential is multiplied with the vector x0,
we do not need to compute the matrix exponential
as a full matrix, but only the action of the ma-
trix exponential on the vector x0. Algorithms for
this task are studied in the context of exponential
integrators [AH11; NW12].

The definition of the matrix exponential directly
yields that the matrix exponential of a triangular
matrix (as it is in our case) is again a triangular
matrix.

Later in our basic model (see Section 4.5), the
matrix A in the linear dynamical system will be the
Kronecker sum of several matrices (27). The matrix
exponential of such a matrix simplifies according
to [Hig08, Theorem 10.9, p. 237] to

expm

⊕
i∈[n]

Ai

 =
⊗
i∈[n]

expm (Ai) , (12)

where [n] denotes the set of integers from 1 to n.
Thus, instead of computing the matrix exponen-

tial of one large matrix, we can compute the matrix
exponentials of several small matrices and connect
them with the Kronecker product, which gives an
additional performance boost for numerical compu-
tations.
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The equation (12) can be seen as a generalization
of ea+b = eaeb for real numbers a and b. However,
it is important to note that this statement does not
hold for the standard matrix addition and product.
Thus, in general, we have [Hig08, Theorem 10.2,
p. 235]

expm(A+B) 6= expm(A) expm(B). (13)

Later, in the extensions of our model in Section 5,
we consider sums of matrices (32).

While in this case the matrices cannot be sim-
plified as much as for our basic model, we can still
use the exponential integration mentioned above.
Further mathematical analysis is however possible
in the context of operator splitting [MQ02] or the
Baker-Campbell-Hausdorff formula [BB18].

Often, the initial value x0 itself can be written
as a Kronecker product, i.e.

x0 =
⊗
i∈[n]

xi, (14)

where the xi are vectors with sizes corresponding to
the sizes of the matrices Ai. With this, the solution
of the dynamical system (9) can be written as

x(t) =

⊗
i∈[n]

expm (tAi)

⊗
i∈[n]

xi

 (15a)

=
⊗
i∈[n]

expm (tAi)xi, (15b)

where the last equality is due to the mixed product
property of Kronecker products [Loa00].

In most cases, we are not only interested in a
single entry of the solution vector x(t), but in the
sum of several entries. To achieve this, we consider
the scalar product v>x(t) of the vector x(t) with a
vector v of the same size which has a 1 in all states
we want to consider and a 0 everywhere else.

Often this vector can, similarly to the initial value
x0 in equation (14), be written as the Kronecker
product of vectors vi with sizes corresponding to
the matrices Ai

v =
⊗
i∈[n]

vi. (16)

In this case, the accumulation simplifies to

v>x(t) =
⊗
i∈[n]

v>i expm (tAi)xi (17a)

=
∏

i∈[n]

v>i expm (tAi)xi, (17b)

where the first equality follows as above from the
mixed product property of Kronecker products and
the second one is due to the fact that the Kronecker
product of real numbers (here: v>i expm (tAi)xi)
is the standard product of real numbers.

4 Modeling Lynch Syndrome
Carcinogenesis

In this section, we introduce our basic model for
modeling colorectal carcinogenesis in Lynch syn-
drome. The model consists of a dynamical system
given in the form of a linear ordinary differential
equation which is constructed with the help of an
adjacency matrix describing the joint process of
mutations in several genes. Those mutations are as-
sumed to be present in the whole crypt. Mutations
which occur in one cell but are washed out as they
reach the top of the crypt and undergo apoptosis
are not considered in the model.

4.1 Gene Mutation Graphs
In the case of colorectal carcinogenesis in Lynch
syndrome, the MMR gene mutations are modeled
as the causative mechanism for the increased cancer
lifetime risk of Lynch syndrome individuals. Besides
the MMR genes, we consider four additional possi-
ble driver genes, namely APC , KRAS , CTNNB1
and TP53 which are typical representatives of the
oncogenes and tumor suppressor genes affected in
the corresponding pathways.

Each of these genes can be in a variety of muta-
tion states:

State ∅: In this state, none of the alleles has a point
mutation or is affected by an LOH event.

States m and mm: These states describe one allele
being hit by a point mutation (where the other
one is not mutated) and point mutations on
both alleles.

States l and ll: Similarly, these states describe
one (respectively two) alleles being affected by
an LOH event.

State ml: One of the alleles has obtained a point
mutation and in the other one, an LOH event
occurred. We do not differentiate which allele
has which mutation and in which order they
happened.
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We assume that ll in CTNNB1 , APC and TP53
damage a cell in such a way that it directly leads
to cell death. Thus, there will be no crypt with all
cells being in that state. As we model the evolution
of genotypic states of crypts, we do not consider
the ll states for CTNNB1 , APC and TP53 .

As we model Lynch syndrome carcinogenesis, all
cells and hence, also all crypts have a single germline
mutation in the respective MMR gene and there is
no ∅ state for MMR.

Further, APC and TP53 are tumor suppressor
genes meaning that both alleles have to be mutated
for an inactivation. On the other hand, KRAS
is an oncogene, where one activating mutation is
necessary. In colorectal cancer, biallelic mutations
of CTNNB1 seem to be required to mediate an
oncogenic driver effect [Hue+15].

All these assumptions lead to the vertex sets

VMMR = {m, l, mm, ml, ll}, (18)
VCTNNB1 = {∅, m, l, mm, ml}, (19)
VAPC = {∅, m, l, mm, ml}, (20)
VKRAS = {∅, m}, (21)
VTP53 = {∅, m, l, mm, ml}. (22)

Using these vertex sets, we construct gene mutation
graphs, in which we connect the mutation states
that differ by only one mutation. This means we
assume that only one mutation happens at any
specific time point.

Further, we make the assumption that once a mu-
tation has happened it cannot be undone by another
mutation. Because of this, the mutation graphs are
directed acyclic graphs and their adjacency matrix
can be written as a triangular matrix.

The resulting graphs are illustrated in Figure 2.
This figure also displays the edge weights of the
gene mutation graph, i.e. the likelihood that we
transfer from one mutation state to another. The
choice of the edge weights will be explained in the
following sections.

4.2 Point Mutations
To model the likelihood ppt(gene) for crypts being
affected by point mutations in a specific gene, we
make the following configurable assumptions:

B We would like to model the evolution of crypts
over years. Many measurements and estimates
are given in days. Thus, we use the factor
365 to convert the measurements per day to
measurements per year.

B In each cell division, we accumulate npt = 1.2
point mutations according to measurements
in [Wer+20], where we assume that a cell divi-
sion takes one day [Coo19].

B The point mutations are uniformly distributed
over the base pairs on the entire genome.

B Each crypt is estimated [Bak+14] to consist of
approximately 1.7·103 to 2.5·103 cells, whereas
only approximately 75 % of them can divide.
Thus, we use ncells = 1500 as an approximation
to the number of cells per crypt.

B There are nbp, genome = 3.2 · 109 base pairs
(bp) on the genome.

B Only the point mutations which occur in
hotspots of the genes are relevant for the de-
velopment of a tumor. Hotspots are regions
of a gene which give rise to a phenotypical
change if mutated. The size of the hotspots
nhs(gene) is gene dependent and is explained
in the following.

B Not all point mutations which appear in a
crypt take over the entire crypt [Nic+18]. We
model this in a gene dependent fixation affin-
ity f(gene), i.e. the tendency of a cell with
a mutation in a gene to take over the whole
crypt.

B We assume that the alleles are independent of
each other, i.e. a mutation in one allele does
not influence the mutation probability in the
other allele. Thus, the likelihood ppt(gene)
is twice as large if there is no mutated allele
(nmut(gene) = 0) compared to the state where
one allele is already mutated (nmut(gene) = 1).

These assumptions lead to the following formula
for the likelihood ppt(gene):

ppt(gene) = 365 npt ncells
nhs(gene)
nbp, genome

· f(gene)
(

1− 1
2nmut(gene)

)
.

(23)

Regarding the hotspots, we assume for MLH1
and MSH2 that the whole coding sequence is suscep-
tible to inactivating point mutations, where we use
the reference sequence database at NCBI for coding
sequence lengths [OLe+16]. For APC , we use muta-
tion data from the publicly available DFCI database
using the cBioPortal website [Cer+12; Gao+13].
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a. MMR gene mutations.

b. APC mutations. c. KRAS mutations.

d. CTNNB1 mutations. e. TP53 mutations.

Figure 2: Gene Mutation Graphs. These graphs represent the possible mutation states, i.e. which
mutations the alleles of the gene can have accumulated, as vertices ∅, m, l, mm, ll and ml.
The edges connecting different vertices represent mutations, whereas self-loops, i.e. edges that
connect a vertex with itself, describe no mutation occurring at the current point in time. The
edges are labeled by the amount of change which happens at each point in time.
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We make use of data from about 4000 CRC sam-
ples to identify approximately 2400 hotspots.

For the present model, we assume for CTNNB1
that only 4 mutations in codon 45 are relevant,
according to [Kus+02]. In summary, we obtain the
following numbers for nhs given in Table 1.

Table 1: The following estimates for nhs are used
for the computation of the point mutation
rates for the individual genes.

gene nhs(gene)
MLH1 2,270
MSH2 2,800
CTNNB1 1
APC 2,400
KRAS 7
TP53 1,180

4.3 LOH Events
We assume that all detectable LOH events are large
enough to inactivate an affected gene. In other
words, we assume that if LOH affects a certain gene,
then an exon will be lost and the gene, therefore,
is inactivated. As a consequence, the probability of
LOH pLOH(gene) for a given gene is proportional
to its length, denoted by nbp(gene).

The probability of a relevant LOH event for a spe-
cific gene with nmut(gene) ∈ {0, 1, 2} already mu-
tated alleles and length nbp(gene) bp to be present
in the whole crypt is given by

pLOH(gene) = 365 ncells

(
1− 1

2nmut(gene)
)

· α nbp(gene) f(gene),
(24)

where α ∈ R>0 is a parameter to be estimated,
independent of the considered gene.

The available data for MLH1 suggests that in-
activation is twice as likely to occur due to LOH
than due to point mutations [Por+17]. Thus, we
assume

pLOH(MLH1 ) = 2 · ppt(MLH1 ). (25)

Together with (23) and (24), we get

α = 2 nhs(MLH1 )
nbp(MLH1 )

npt

nbp, genome
. (26)

In order to determine α and pLOH, we again use the
reference sequence database at NCBI for the length
of individual genes [OLe+16] given in Table 2.

Table 2: The following estimates for nbp are nec-
essary for the computation of the LOH
rates for the individual genes.

gene nbp(gene)
MLH1 57,500
MSH2 80,000
CTNNB1 41,000
APC 139,000
TP53 19,200

4.4 Fitness Advantages and Clonal
Expansion

There is the possibility of introducing fitness
changes b(gene) for individual mutation states of
a gene. As we model the evolution of mutations
at the crypt level, this corresponds to the clonal
expansion of the crypts with one of the consid-
ered mutations. A fitness advantage is ensured by
b(gene) > 0 and a disadvantage with b(gene) < 0.
By using the notion of graphs, this corresponds to
a self-loop of the respective genotypic state node
with a weight equal to the fitness change. We
assume that MMR deficiency leads to a fitness dis-
advantage [GGS20], i.e. b(MMR) < 0, and APC
inactivation and KRAS activation lead to a fitness
advantage, i.e. b(APC ) > 0 and b(KRAS) > 0,
in concordance with current measurements [BG16;
Nic+18].

4.5 A Basic Model for Carcinogenesis
Having defined the gene mutation graphs with adja-
cency matrices AMMR, AAPC , AKRAS , ACTNNB1 ,
ATP53 for different genes, we combine them as
explained in Section 3.2. Accordingly, the adja-
cency matrix of the combined model is given by
the Kronecker sum of the adjacency matrices of the
individual genes

A = AMMR ⊕AAPC ⊕AKRAS

⊕ACTNNB1 ⊕ATP53 .
(27)

While the matrix A has 1250 = 5 ·5 ·2 ·5 ·5 rows and
columns, corresponding to all possible genotypes,
it is very sparse, which is illustrated in Figure 3(a).
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(a) Adjacency matrix A.
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(b) Matrix exponential expm(A).

Figure 3: Sparse Matrix Structure. The adjacency matrix A (on the left) of the basic model is a
very sparse matrix, i.e. only a few entries are nonzero. These nonzero entries are colored red
in the plot, which also illustrates the fact that A is an upper triangular matrix. The sparsity
structure (on the right) of the matrix expm(A), which is reminiscent of a Sierpiński fractal,
is due to A being the Kronecker sum of matrices. The two plots also illustrate nicely how
modeling sparse local interactions in the matrix A can have a more global effect in expm(A).

We use the transpose of this matrix as a system
matrix to construct a linear differential equation

x(t) = A>x(t), (28a)
x(0) = x0. (28b)

The transpose of the matrix is merely due to dif-
ferent notation conventions for adjacency matrices
and differential equations.

We assume that the Lynch syndrome patients
have no mutations at birth except for an MMR
germline mutation due to a point mutation (90–
95 % of patients) or due to an LOH event (5–10 %
of patients) [Klo+12]. We differentiate these two
groups of patients by using different initial values
for the differential equation. The initial value x0
for the first group of patients is

x0 = ncrypts em ⊗ e∅ ⊗ e∅ ⊗ e∅ ⊗ e∅︸ ︷︷ ︸
no mutations in CTNNB1 ,

APC , KRAS and TP53

, (29)

where ncrypts = 9.95 · 106 is the estimated [HD02]
number of crypts in the colon and em denotes the
unit vector, which is zero everywhere, except for a 1
at the entry corresponding to the mutation m. This
initial value can also be described as a vector which
has the entry ncrypts at the position corresponding

to the genotype (m, ∅, ∅, ∅, ∅) and is zero everywhere
else.

Accordingly, the initial value for the second group
of patients is given by

x0 = ncrypts el ⊗ e∅ ⊗ e∅ ⊗ e∅ ⊗ e∅︸ ︷︷ ︸
no mutations in CTNNB1 ,

APC , KRAS and TP53

. (30)

As stated in (10), the exact solution of the dif-
ferential equation is given by x(t) = expm(tA>)x0.
We illustrate the sparsity structure of the matrix
exponential in Figure 3(b).

According to equation (15), the solution can be
rewritten in the following way

x(t) = expm
(
tA>MMR

)
em ⊗ expm

(
tA>CTNNB1

)
e∅

⊗ expm
(
tA>APC

)
e∅ ⊗ expm

(
tA>KRAS

)
e∅

⊗ expm
(
tA>TP53

)
e∅ ncrypts (31)

for the case of the first group of patients. This
reduces the computational costs tremendously, as
only several small matrices have to be considered
instead of one large matrix.
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5 Model Extensions
In the basic model, we assume that all genes are
independent of each other. This means in particular
that the mutation status of one gene does not affect
the status of the other genes. However, mutations
change the functional behavior of a cell and thus,
specific mutations affect the probability of certain
other mutations. In other words, there are mu-
tations which are mutually exclusive or mutations
which increase the probability of mutations in other
genes [Lei+15].

Instead of changing the adjacency matrix of the
basic model, we add the adjacency matrices for the
individual extensions to the basic one. In this way,
the extended model is a true extension of the basic
model. This allows us to study the effects of the
different medical processes more precisely.

For the approach presented here, we assume and
model the following molecular and biological mech-
anisms:

Matrix B: increased point mutation rate of APC
after MMR deficiency,

Matrix C: positive association of CTNNB1 and
MLH1 alterations,

Matrix D: increased LOH rate after APC inacti-
vation,

Matrix E: mutual enhancement of effects C and
D,

Matrix F : increased mutation rate of KRAS after
MMR deficiency.

These matrices are considered in the extended
model

ẋ(t) = (A+B+C+D+E+F )x(t), (32a)
x(0) = x0. (32b)

In the following sections, we explain all the exten-
sions in detail.

5.1 Increased Point Mutation Rate of
APC after MMR Deficiency

MMR deficiency leads to an increased mutation
rate, especially in microsatellites [Cha03]. Among
others, this is true for the point mutation rate of
APC . Thus, we assume that the point mutation
rate of APC is increased by a factor β + 1 if the
crypt has an MMR-deficient state. This is assumed
to be independent of the state of the other genes.

Figure 4: Gene Mutation Graph of APC for
the model extension of increasing the
point mutation rate of APC after MMR
deficiency.

As we do not want to change the matrix A of
the basic model, we introduce an additional matrix
B. This means, instead of multiplying single en-
tries of A by β + 1, we add a matrix B to A with
corresponding entries multiplied by β.

We define the extension matrix B by

B = BMMR ⊗BCTNNB1 ⊗BAPC

⊗BKRAS ⊗BTP53 ,
(33)

where BAPC is the adjacency matrix of the gene
mutation graph in Figure 4 and

BMMR = diag(0, 0, 1, 1, 1), (34)
BCTNNB1 = I5, (35)
BKRAS = I2, (36)
BTP53 = I5. (37)

Here, diag(d1, d2, . . . , dn) ∈ Rn×n denotes a diago-
nal matrix with entries di, i ∈ [n] on its diagonal.

The definition (33) of the extension matrix B
yields the desired result of increasing the point mu-
tation rate of APC after MMR deficiency. This
can be explained intuitively: We only want to in-
crease the point mutation rate after MMR defi-
ciency, meaning that the MMR state should be mm,
ml or ll, leading to the matrix BMMR. Further,
this influence of MMR on APC is independent of
the other genes, meaning that it should hold for
all states of the other genes. Thus, we choose the
respective identity matrices for KRAS , CTNNB1
and TP53 and connect all matrices via the Kro-
necker product, instead of the Kronecker sum in
the basic model.
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5.2 Positive Association of CTNNB1
and MLH1 Alterations

According to [Eng+20], somatic CTNNB1 muta-
tions are significantly higher in MLH1 -cancers than
in the other MMR gene-associated colorectal can-
cers. For illustration purposes, we assume that
this might be due to an inactivation of both genes
by an LOH event with an occurrence rate reffLOH,
which we set to reffLOH = 0.9. In order to depict
this dependency, we introduce an additional matrix
C which is based on a combined gene mutation
graph for MLH1 and CTNNB1 and its connection
with the remaining genes via the Kronecker prod-
uct. Note that this is possible due to the chosen
ordering of the genes.

The matrix C ∈ R1250×1250 is given by

C = CMLH1 ,CTNNB1 ⊗ CAPC

⊗ CKRAS ⊗ CTP53 ,
(38)

where CAPC = CTP53 = I5 and CKRAS = I2. The
matrix CMLH1 ,CTNNB1 is the adjacency matrix cor-
responding to the combined gene mutation graph
for MLH1 and CTNNB1 . We explain in the fol-
lowing how this combined gene mutation graph is
built and illustrate it in Figure 5.

Let denote an arbitrary state of the corre-
sponding gene. Instead of multiplying the edge
weight pLOH(MMR)/2 of the edge (m, ∅, , , )→
(ml, ∅, , , ) by (1 − reffLOH) in the original ma-
trix A, we add a matrix C with a corresponding
edge weight −reffLOH pLOH(MMR)/2. The follow-
ing edges are added to the matrix C with the same
weight:

(l, ∅, , , )→ (ll, ∅, , , ), (39)
(m, m, , , )→ (ml, m, , , ), (40)
(l, m, , , )→ (ll, m, , , ). (41)

Furthermore, we need to insert the following new
edges with edge weight reffLOH pLOH(MLH1 )/2

(m, ∅, , , )→ (ml, l, , , ), (42)
(l, ∅, , , )→ (ll, l, , , ), (43)
(m, m, , , )→ (ml, ml, , , ), (44)
(l, m, , , )→ (ll, ml, , , ). (45)

All other entries of C are zero, leading to a sparse
matrix with only 400 non-zero entries.

Figure 5: Model Extension For the Posi-
tive Association of MLH1 and
CTNNB1 . Part of the combined gene
mutation graph for CTNNB1 and MLH1
of the extension C. The gene mutation
graphs for the other possible gene states
MLH1 ∈ {l, ll}, CTNNB1 ∈ {m, ml}
are defined in an analogous way.

5.3 Increased LOH Rate after APC
Inactivation

The following extension of the basic model deals
with the increased LOH rate of APC -inactivated
crypts, which is assumed to be the case in many
tumors [Now+02]. In the latter, we will denote
those APC -inactivated crypts by APC -/-, which
are inactivated due to mm or ml.

As further LOH events can occur for MMR,
CTNNB1 and TP53 in APC -/- crypts, we have to
introduce individual matrices for each effect leading
to the extension matrix D = D1 +D2 +D3, where

D1 = DMMR ⊗ I5 ⊗ diag(0, 0, 0, 1, 1)
⊗ I2 ⊗ I5,

(46)

D2 = I5 ⊗DCTNNB1 ⊗ diag(0, 0, 0, 1, 1)
⊗ I2 ⊗ I5,

(47)

D3 = I5 ⊗ I5 ⊗ diag(0, 0, 0, 1, 1)
⊗ I2 ⊗DTP53 .

(48)

Analogous to the extension B, we define a gene
mutation graph of MMR, CTNNB1 and TP53 with
parameter δ such that the LOH rate is increased
by a factor δ + 1. This is illustrated in Figure 6
for CTNNB1 and TP53 , where the gene mutation
graph for MMR is defined analogously.
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Figure 6: Model Extension for Increasing the
LOH Rate of MMR, CTNNB1 and
TP53 by a Factor δ + 1 After APC
Inactivation. Gene mutation graph for
both genes, CTNNB1 and TP53 , of the
extension D. The gene mutation graph
for MMR is defined in an analogous way.

5.4 Mutual Enhancement of Effects C
and D

APC inactivation increases the LOH rate of other
genes, including MLH1 , which is modeled by ex-
tension matrix D. Further, there is a positive asso-
ciation of MLH1 and CTNNB1 alterations, which
we can model in the same way as an LOH event, as
described in extension matrix C. Thus, we would
like to demonstrate how to model the mutual en-
hancement of two effects, which will be described
by an additional matrix E. As for the matrix C,
we build the combined adjacency matrix for MLH1
and CTNNB1 and combine it with the other genes
via the Kronecker product, i.e.

E = EMLH1 ,CTNNB1 ⊗ diag (0, 0, 0, 1, 1)
⊗ I2 ⊗ I5,

(49)

where again, the ordering is essential to enable an
efficient implementation.

This enhancement only affects the APC -/- crypts,
thus we use diag(0, 0, 0, 1, 1) for the APC matrix.
Analogous to Figure 5, we illustrate parts of the
gene mutation graph for the combination of MLH1
and CTNNB1 after APC inactivation in Figure 7.

Figure 7: Model Extension for the Mutual
Enhancement of Two Extensions
by a Factor δreffLOH. Part of the
gene mutation graph for CTNNB1 and
MLH1 after APC inactivation considered
by the extension E. The gene muta-
tion graphs for the other possible gene
states MLH1 ∈ {l, ll}, CTNNB1 ∈
{m, ml}, APC ∈ {ml} are defined in an
analogous way.

5.5 Increased Mutation Rate of KRAS
After MMR Deficiency

KRAS is an oncogene with one point mutation
sufficient for activation, where mainly codon 12
or 13 are hit. Codon 13 mutations are known to
be associated with and enriched in MMR-deficient
cancers, as these mutations are more likely to occur
under the influence of MMR deficiency [Aha+18].
We will consider this association by increasing the
KRAS mutation rate after MMR deficiency by a
factor ζ + 1. For this, the extension matrix F
is defined analogously to the extension matrix B
with the corresponding matrix entries multiplied
by ζ. The gene mutation graph of KRAS is given
in Figure 8.

6 Modifications to the Model
In Section 4 and 5, we introduced a mathemati-
cal modeling approach for colorectal carcinogenesis
using the example of Lynch syndrome. We will
present modifications to the model to handle other
forms of colorectal carcinogenesis such as Lynch-
like and MSS carcinogenesis, as well as colorectal
carcinogenesis in FAP patients.
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Figure 8: Model Extension for Increasing the
Mutation Rate of KRAS After
MMR Deficiency. Gene mutation
graph of KRAS for the model extension
matrix F with the KRAS mutation rate
increased by a factor ζ.

For example, this can be done by changing the ini-
tial values of the model to differentiate between spo-
radic and hereditary cases or to consider germline
mutations in different genes, e.g. MMR in Lynch
syndrome and APC in FAP.

Further, we can include other mutation states
of already included genes, for instance the wild-
type state in the MMR gene for the Lynch-like
and sporadic MSI case, and we can adapt specific
parameters to account for specific carcinogenesis
mechanisms like we will do for the example of FAP
later in this section.

Finally, we describe the potential for modifica-
tions to account for cancer evolution in other or-
gans.

6.1 Non-Lynch and FAP

Lynch-like and Lynch Syndrome Carcinogenesis
The main difference between Lynch-like and Lynch
syndrome carcinogenesis is the absence or pres-
ence of a monoallelic MMR germline variant as
a first hit at birth. In Lynch syndrome carcino-
genesis, all body cells, including those constituting
colonic crypts, already carry a monoallelic mutation
in one of the MMR genes, whereas in Lynch-like
carcinogenesis all cells start with wild-type MMR
genes. By introducing the additional vertex ∅ in
VMMR = {∅, m, l, mm, ml, ll} with point mutation
and LOH rates described in Sections 4.2 and 4.3,
it is possible to represent those two forms of MSI
carcinogenesis. The initial value changes by x0 = 0
except for the entry corresponding to (m, ∅, ∅, ∅, ∅) or
(l, ∅, ∅, ∅, ∅) in the hereditary case and (∅, ∅, ∅, ∅, ∅)
in the sporadic case for which the value is set to
ncrypts.

MSS Carcinogenesis It is possible to model the
evolution of MSS colorectal cancers with the pro-
posed model by not including MMR genes in the
vertex set. Due to the absence of MMR in the
model, CTNNB1 mutations should be much less
frequent. The classical adenoma-carcinoma model
including APC , KRAS and TP53 should be the
dominant pathway of carcinogenesis.

FAP Carcinogenesis Another application of the
model is the evolution of colorectal cancers in a
second hereditary syndrome, namely familial ade-
nomatous polyposis (FAP). Those patients have a
single germline mutation in APC , which is known
to be a point mutation in almost all cases [NN93;
Ras+16]. Thus, the dynamical system starts with
all crypts in the state (∅, ∅, m, ∅, ∅).

As reported in [Gry09], we assume that the
germline mutations are not equally distributed
among the base pairs of the APC gene. Instead,
they are concentrated at specific codons leading to
the fact that we change the number of hotspot base
pairs in the FAP case. Due to [KV96], the classical
FAP case is associated with germline mutations
in codons 1250− 1464, leading to the assumption
nhs = 600 in our model for FAP simulations. Thus
by changing the parameters of the model, we are
able to model other cases of colorectal carcinogene-
sis.

The common regions of germline mutations de-
scribed above are also correlated with the most
occurring polyps (more than 5,000) [KV96] in FAP
patients. With an estimated diameter of 4.8 mm per
polyp [Gol+03] and 0.09 mm per crypt [Sta+15],
this would result in 107 crypts in a polypous state.
Thus, our model simulations should also reflect that
the number of polyps, assumed to consist of APC -/-
crypts, should be much higher than in the sporadic
case.

6.2 Cancer in Other Organs

In general, it is possible to modify the model in such
a way that it can not only model carcinogenesis in
the colon but also in other organs. For this, the
incorporated genes have to be changed as well as
the definitions of point mutations and LOH events
have to be adapted to account for different cell
structures. The application to other organs will be
considered in future work.
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7 Results
We present the results of modeling the evolution
of human colorectal crypts in a typical Lynch syn-
drome patient over the course of 70 years. The
model starts with a germline mutation in MMR in
all crypts at birth and yields the temporal evolution
of the crypt distribution among all genotypic states,
where we only show the results for MLH1 and
MSH2 , as those are related to the highest colorec-
tal cancer incidence in Lynch syndrome [Eng+20].

7.1 Evolution of Crypts with Specific
Genotypic States

Making use of equation (17), we extracted and
combined different genotypic states from the overall
distribution. We did so for MMR-deficient crypts
as well as other more advanced states, which we
refer to adenomatous and cancerous states. They
are defined in the following way:

MMR-deficient: MMR-deficient; CTNNB1 , APC ,
KRAS , TP53 intact, i.e. (mm, ∅, ∅, ∅, ∅) +
(ml, ∅, ∅, ∅, ∅) + (ll, ∅, ∅, ∅, ∅)

State 1: MMR-proficient or MMR-deficient,
CTNNB1 activated; APC inactivated; KRAS
and TP53 intact (called early adenomatous)

State 2: MMR-proficient or MMR-deficient,
CTNNB1 activated; APC inactivated;
KRAS activated; TP53 intact (called late
adenomatous)

State 3: MMR-proficient or MMR-deficient,
CTNNB1 activated; APC and TP53 inacti-
vated; KRAS activated (called cancerous)

The parameters are set in such a way that
the number of MMR-deficient crypts is quantita-
tively comparable to the clinical data presented
in [Sta+15]. We show the results for MLH1 and
MSH2 in Figure 9.

Further, the results for early and advanced ade-
nomatous and cancerous states are given in Fig-
ure 10 for a typical Lynch syndrome patient with a
germline mutation in MLH1 . It is important to note
that we can analyze e.g. the relative contribution of
MMR-deficient and MMR-proficient adenomatous
and cancerous states. With the chosen parameter
combinations, this relative contribution changes be-
tween the advanced adenomatous and the cancerous
states. We will further elaborate these contributions
in Section 7.3. Further, it is possible to compare

40 50 60 70
patient age
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800

1000

number

of crypts

Figure 9: Number of MMR-deficient Crypts
Over the Life of a Typical Lynch
Syndrome Patient for MLH1 and
MSH2 . The parameters in the model
are set in such a way that the simulation
results are in concordance with published
data [Sta+15]. In our model, differences
among genes are due to differences in cod-
ing region and gene lengths as well as the
magnitude of the effects of the extended
mechanisms.

the evolution of these states with respect to the
contribution of APC and CTNNB1 . Note that
some of the parameters are chosen without any bio-
molecular data at hand meaning that some of the
absolute numbers of crypts presented here may not
match the real numbers if measurable. As soon as
further data are available either for the parameters
or for the evolution of crypt numbers over time or
both, parameter learning will be possible.

7.2 Influences of Variants
in MMR Genes

The model is able to compare the carcinogenesis
process for the different MMR genes in order to
examine gene-specific differences. This in particular
includes the questions of whether and how the dis-
tribution of crypts in various states changes when
considering different MMR genes. More generally,
the distribution among the different pathways of
Lynch syndrome carcinogenesis may vary among
the MMR genes. As the different pathways need
different treatment and surveillance strategies, it is
essential for Lynch syndrome-related clinical guide-
lines to examine the gene-specific associations with
the pathways, as depicted in [Eng+20].
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Figure 10: Number of Crypts Over Time In a Typical MLH1 Carrier in Combined States,
like early adenomatous, advanced adenomatous and cancerous states as defined in the text
for the given parameter set. Due to the extensions of the model accounting for different
genetic dependencies, the distribution of MMR-deficient and MMR-proficient, as well as the
contribution of APC and CTNNB1 change for the different states. Due to the lack of suitable
medical data, parameter learning was not performed in a rigorous way. As soon as data are
available, this can be done using different mathematical techniques.

An early example is given in Figure 9 showing
the differences among MMR-deficient crypt foci
which are the first detectable precursor lesions
of the Lynch syndrome carcinogenesis pathways
2 and 3 illustrated in the Graphical Abstract. Dif-
ferences among the MMR genes are reported for
adenoma and carcinoma incidences of Lynch syn-
drome patients [Eng+20]. In the model, the dif-
ferences are due to differences in the properties of
the MMR genes, such as coding region and gene
lengths, and due to the fact that the extensions
of the model influence the evolution of the crypts
differently. As soon as there are more data available
on bio-molecular mechanisms or there are further
pathogenic variant hypotheses to be tested, these
differences can be made even more explicit by in-
troducing additional extensions and factors. This
will be the subject of future work.

7.3 Distribution Among
the Carcinogenesis Pathways

We analyzed the proportion of MMR-proficient and
MMR-deficient crypts in various states to deter-
mine the proportion in which MMR deficiency oc-
curred as an initial event in carcinogenesis of Lynch
syndrome carriers. The results are shown in Fig-
ure 11 and are similar to the currently available
data [Aha+18] with a slight underestimation of
MMR-deficient APC -/- crypts compared to MMR-
proficient ones.

In general, in the basic model, the distributions
in Figure 11 are the same as there are no influences
between the different genes. In the extended model,

we can recognize the dependencies, as the distri-
butions vary within the subsequent states. From
APC -/- to APC -/- and KRAS-activated crypts,
the difference in the proportions of MMR-proficient
and MMR-deficient crypts greatly increases with
the given parameter setting leading to the fact
that almost all APC -/-, KRAS-activated crypts
are MMR-deficient. As more of the APC -/- crypts
are MMR-deficient, this seems to imply that MMR
deficiency is often the initial event in Lynch syn-
drome carcinogenesis.

Further, the proportions do not change if TP53
inactivation happens because currently, there is no
such effect incorporated in the extended model for
e.g. increasing the mutation rate of TP53 after
MMR deficiency or after KRAS activation.

7.4 Analysis of Parameter
Contributions

The results were obtained with the set of parameters
given in Table 3. We analyzed the influences of the
parameters on the simulation results. First, the
number of point mutations npt, the number of cells
ncells, and the number of crypts ncrypts determine
the absolute values of the analyzed numbers.

Further, the relation of the hotspot length and
the gene length determines the relative frequency
of point mutations and LOH events for the indi-
vidual genes, which can be changed by the model
extensions for specific genotypic states. Here, the
magnitude of the parameters reffLOH, β, δ, and ζ
determines how large the contribution of the indi-
vidual extensions is.
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Figure 11: Proportion of MMR-proficient and MMR-deficient Crypts in a Typical MLH1
Carrier in Different States corresponding to the states in the classical adenoma-carcinoma
sequence by Vogelstein [VK93]. Among the APC -/- crypts (left), the number of MMR-deficient
crypts is up to 20% higher than the number of MMR-proficient ones. This difference largely
increases with the subsequent KRAS activation (KRAS+) (middle) and TP53 inactivation
(TP53 -/-) (right) leading to the fact that almost all crypts in the last state, corresponding
to a cancerous state, are MMR-deficient. These simulation results are in concordance with
available data with a slight underestimation of MMR-deficient APC -/- crypts [Aha+18].

Table 3: Parameter setting for the shown results.
Parameter Value
ncrypts 9.95 · 106

ncells 1.5 · 103

nbp, genome 3.2 · 109

npt 1.2
b(MMR) −0.01
b(CTNNB1 ) 0.0
b(APC ) 0.10
b(KRAS) 0.01
b(TP53 ) 0.0
f(MMR) 2.3 · 10−6

f(CTNNB1 ) 1.2 · 10−3

f(APC ) 8.3 · 10−7

f(KRAS) 2.5 · 10−8

f(TP53 ) 1.2 · 10−5

reffLOH 0.9
β 103

δ 102

ζ 102

The parameters b(gene) affect the slope of the
crypt evolution curve. In our case, b(MMR) < 0
leads to the fact that further MMR-deficient crypts
are disadvantageous for the crypt survival leading
to fewer additional MMR-deficient crypts with in-
creasing age (Figure 9).

In contrast, APC inactivation is modeled as an
advantage for the crypts such that b(APC ) > 0
leads to more additional APC -inactivated crypts
with increasing age.

Furthermore, the relation of the fixation affinities
f(gene) for different genes seems to influence the
ordering of the mutations. A larger value of f(gene)
leads to a faster fixation in this gene and thus to
an earlier event in carcinogenesis (Figure 11).

As soon as there are more molecular data avail-
able, parameter learning could be applied to the
model in order to get a deeper understanding of
the underlying mechanisms in Lynch syndrome car-
cinogenesis. In particular, there is still uncertainty
in the data about the fitness advantages and disad-
vantages of individual genetic changes as well as on
the fixation affinities of mutations. General infor-
mation on mutational dependencies and how they
affect the phenotype of the cells is crucial to extend
the model with further bio-molecular mechanisms.

7.5 Non-Lynch and FAP
We compared different types of colorectal carcino-
genesis by changing the initial values of the dynam-
ical system or by adapting other parameters.

First, we compared the number of MMR-deficient
crypts in Lynch-like and Lynch syndrome patients,
as illustrated in Figure 12. The latter is much
larger in Lynch syndrome patients than in Lynch-
like patients, corresponding with [Sta+15].

This is due to the fact that in Lynch syndrome,
a germline mutation in one allele of the MMR gene
is already present such that an additional mutation
leading to MMR-deficiency could be gained earlier
in life.
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Figure 12: Comparison of MMR-deficient
Crypts in Lynch-like and Lynch
Syndrome Patients. The number of
MMR-deficient crypts is significantly
higher in Lynch syndrome patients
compared to Lynch-like patients, which
matches the findings in [Sta+15].

Further, we compared the APC -/- crypt evolu-
tion of a typical FAP patient with a sporadic case
without a germline mutation in APC for all crypts.
We used the parameter setting given in Table 3, ex-
cept for nhs(APC ) = 600. We changed the number
of hotspot base pairs in the FAP case due to the
fact that the germline mutations are not equally
distributed among the base pairs of the APC gene,
as described in Section 6.1.

With the given parameter set, our model simula-
tions yield between 104−105 APC -/- crypts, which
is below the estimates calculated from the litera-
ture (see Section 6.1). The time evolution of the
number of crypts is shown in Figure 13. It would
be necessary for the future to obtain age-dependent
data as well as further measurements to be able to
adapt the parameters accordingly.

8 Conclusion and Outlook
We presented a mathematical model for the mul-
tiple pathways in colorectal carcinogenesis based
on dynamical systems with a Kronecker structure,
which models the number of colorectal crypts being
present in different genotypic states. We focused on
the evolution of key genotypic states occurring in
Lynch syndrome, the most common inherited col-
orectal cancer syndrome, namely alterations in the
MMR genes, CTNNB1 , APC , KRAS and TP53 .
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Figure 13: Comparison of APC-/- Crypts In
the Sporadic Case and In FAP Pa-
tients, where we changed the initial
value of the dynamical system as well
as nhs(APC ) = 600 for FAP. Our simu-
lation results yield numbers below esti-
mates found in the literature [Gol+03;
KV96; Sta+15]. With improved mea-
surements, future work will adapt the
parameters accordingly.

With a certain probability, a cell within a crypt is
prone to mutations in a specific gene. We assumed
that the mutations are spread evenly across the
whole genome meaning that the mutation rate of a
gene within this cell is proportional to the length
of the gene and the total number of mutations oc-
curring in a cell during cell division. As there are
multiple cells within a crypt each having an individ-
ual cell cycle, it takes some time until the mutation
is present in the whole crypt, a process called fixa-
tion. Further, a mutation could be washed out of
the crypt, if it is not advantageous enough for fixa-
tion to occur. Thus, we assumed that the mutation
rate of a gene in a crypt also depends on a fixation
tendency of the specific genetic event. The edge
weights in the graph representation correspond to
the mutation rates between those genotypic states
of crypts, where the mutation rates are computed
based on the described assumptions. Further, we
distinguish the genetic alterations between point
mutations and loss of heterozygosity events.

The presented modeling approach consists of a ba-
sic model and several extensions. The basic model
forms the framework of the system assuming that
all genetic alterations are independent of each other.
There is no gene influencing the genetic state of
another gene.
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Mathematically, this is represented by building a
mutation graph for each individual gene and com-
bining them using the Cartesian graph product.
This means that the matrix of the corresponding
dynamical system can be obtained by combining
the adjacency matrices using the Kronecker sum.
As mutations cannot be reverted, the model matrix
is an upper triangular matrix leading to even more
efficient algorithms for solving the system.

The model extensions represent specific correla-
tions and dependencies of genetic events to account
for a more realistic illustration of Lynch syndrome
carcinogenesis. They are chosen in concordance
with existing medical hypotheses and data, e.g. the
increased point mutation rate after MMR deficiency
which is one of the reasons for increased lifetime risk
of colorectal cancer in Lynch syndrome patients.

The matrices of the model extensions again have
a Kronecker structure. Further, they are added
to the basic model in order to keep the latter un-
changed. This eases the analysis of the individual
effects on the overall model solution. If further
medical hypotheses and data are available, it is
simple to include further extensions in the model.

In addition, the model can be easily modified
to other types of carcinogenesis, such as sporadic
MMR-deficient cancers, often called Lynch-like can-
cers, other hereditary colorectal cancers like familial
adenomatous polyposis, and microsatellite-stable
colorectal cancers.

In principle, it is possible to apply the model
structure to other organs by modifying the mutation
probability definitions according to the underlying
cell structure and by incorporating different genes
with appropriate model extensions based on the
predominant genetic effects. This will be the subject
of further investigation.

Further, we model carcinogenesis on the basis of
the number of crypts being present with specific
genotypic states. The latter can be combined easily
with clinically relevant stages like early adenoma,
late adenoma, and carcinoma. An early adenoma
is often referred to as APC -/- crypts. However, the
other genes are often not analyzed appropriately
meaning that it is not clear whether single somatic
mutations not leading to a phenotypic change are
already present. This means that it is not clear
which genotypic states of the model have to be
taken together for a clinically relevant stage. If
more molecular data with the analysis of all pos-
sible driver genes are available, a comparison of
the model with these data will allow for parameter
learning of the as yet unmeasurable parameters.
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