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Abstract

The invention of the Fourier integral in the 19th century laid the foundation for today’s modern
spectral analysis methods. By decomposing a (time) signal into its essential frequency components, these
methods uncovered deep insights into the signal and its generating process, precipitating tremendous
inventions and discoveries in many fields of engineering, technology, and physical science. In systems
and synthetic biology, however, the impact of frequency methods has been far more limited despite their
huge promise. This is in large part due to the difficulty of gleaning spectral information from single-
cell trajectories, owing to their distinctive noisy character forged by the underlying discrete stochastic
dynamics of the living cell. Here we develop new theory and methodologies tailored specifically to
the computation and analysis of frequency spectra of noisy cellular networks. We draw on stochastic
process theory to develop a spectral theory and computational methods for continuous-time Markov
chains (CTMC), which are widely used models for discrete stochastic dynamics of biochemical reactions.
For linear cellular networks we present exact expressions for the frequency spectrum and use them to
decompose the variability of a signal into its sources. For nonlinear networks, we develop a method to
obtain an accurate Padé approximant of the spectrum from a single Monte Carlo trajectory simulation.
Our results provide new conceptual and practical methods for the analysis and design of noisy cellular
networks based on their output frequency spectra. We illustrate this through diverse case studies in which
we show that the single-cell frequency spectrum enables topology discrimination, synthetic oscillator
optimization, cybergenetic controller design, and systematic investigation of stochastic entrainment.

Keywords: Power Spectral Density; Frequency Spectrum; Stochastic Reaction Networks; Time Lapse Mi-
croscopy; Systems Biology; Synthetic Biology

1 Introduction

Modern microscopy and the advent of a wide array of fluorescent protein has afforded scientists the un-
precedented ability to monitor the dynamics of living biological cells [57]. The rapid pace of development
in imaging technology coupled with advanced image processing techniques has made it viable to obtain
high-resolution time-lapse live-cell data for a multitude of cell-types and biological processes [67]. However
theoretical and computational tools for quantitatively extracting information about intracellular networks
from such data are still underdeveloped. One of the main reasons why the development of these tools
is mathematically challenging is that the dynamics of single-cells is inherently noisy due to randomness
in molecular interactions that constitute intracellular processes, and hence single-cell dynamics must be
described with stochastic models that are more difficult to analyse than their deterministic counterparts
[36]. These stochastic models usually represent the reaction dynamics as a continuous-time Markov chain
(CTMC) and the existing methods for analysing them have mostly focussed on solving the Chemical Master
Equation (CME) that governs the evolution of the probability distribution of the random state [2]. While
these methods have been successfully applied in several significant biological studies [54, 6], they typically do
not account for temporal correlations in time-traces of living cells, but rather they are designed to connect
network models to flow-cytometry data [31] where temporal correlations are anyway lost due to discarding
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Box 1: Frequency domain analysis of stochastic signals

Consider a reaction network, comprising species X1, . . . ,Xd whose copy-number dynamics is described by an ergodic
continuous-time Markov chain (CTMC) (X(t))t≥0 with stationary distribution π. Our goal is to estimate the PSD
which measures the strengths of oscillatory components of various frequencies in the output signal (Xn(t))t≥0 tracking
the copy-number trajectory for species Xn. We first subtract the stationary mean Eπ(Xn) and construct the mean zero
signal as X̃n(t) = Xn(t)− Eπ(Xn) and then the time-averaged signal power P (Xn) is equal to the stationary variance
Varπ(Xn), i.e.

P (Xn) := lim
T→∞

T−1

∫ T

0

(
X̃n(t)

)2
dt = Varπ(Xn).

The power spectral density (PSD) for the output signal is given by

SXn (ω) = lim
T→∞

T−1|FT (ω)|2, where FT (ω) =

∫ T

0
X̃n(t)e−iωtdt

is the one-sided Fourier Transform, ω is the frequency and i =
√
−1. This PSD is related to the autocovariance function

RXn (τ) := E
[
X̃n(t)X̃n(t+ τ)

]
= lim
T→∞

T−1

∫ T

0
X̃n(t)X̃n(t+ τ)dt

by the well-known Wiener-Khintchine Theorem [50] that shows that the PSD can be expressed as the two-sided Fourier
Transform of the autocovariance function

SXn (ω) =

∫ ∞
−∞

RXn (τ)e−iωτdτ. (1.1)

The interpretation of the PSD curve is given below. The location ωmax of its global maximum is considered to be the
oscillatory frequency of the output signal.
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Commonly the PSD is estimated by first sampling a discrete time-series from a simulated CTMC trajectory at steady-
state, and then taking its Discrete Fourier Transform (DFT) to estimate FT (ω) which then yields the PSD. This
nonparametric procedure for PSD estimation is called the periodogram method and it has known drawbacks due to
estimator bias and inconsistency that often manifests in a high variance of the PSD estimator. The reliability of the
estimator can be improved by ensemble averaging, windowing or artificial smoothing [29], but the underlying problems
that compromise the accuracy of the PSD estimate still remain.

of the measured cells. Temporal correlations are a feature of single-cell trajectories that contain valuable
information about the underlying network, and in order to access this information we need computational
methods that can efficiently deduce the temporal correlation profile from a given stochastic reaction network
model.

As is well-known in the engineering and physics communities among many others, frequency-domain
analysis is a powerful way to analyse random signals and systematically study temporal correlations. In
particular, a signal’s power spectral density (PSD) measures the power content at each frequency, and it is
related to the signal’s temporal autocovariance function via the Fourier Transform (see Box 1). The PSD
of a single-cell trajectory is intimately related to the underlying network’s architecture and parametrisation
within the observed cell [32] (see Figure 1 for an illustrative example). There exist a few studies that
have successfully unravelled this relationship and discovered mechanistic principles for specific examples of
reaction networks. For example, in [12] the role of feedback-induced delay in generating stochastic oscillations
is explored and in [55] a stochastic amplification mechanism for oscillations is found. Other works in this
direction have relied on approximating the CTMC with a stochastic differential equation (SDE) such as
the Linear Noise Approximation (LNA) [74] or the chemical Langevin equation (CLE) [34]. With these
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SDE-based approaches the protein PSD for gene-regulatory networks was investigated in [68, 24, 69], the
relationship between input and output PSD for a single-input single-output system was computed in [71],
and the single-cell PSD for a general bimolecular network in the vicinity of deterministic Hopf bifurcation
was derived in [73]. Even though SDE approximations make the problem of computing the PSD analytically
tractable, their accuracy is severely compromised if any of the species are in low copy-numbers [49], as is the
case for many synthetic networks where low copy-numbers are desired in order to reduce metabolic load on
the host cell [11]. Moreover, even when the species copy-numbers are uniformly large, the accuracy of SDE
approximations can only be guaranteed over finite time-intervals [51], and hence the PSD, which is estimated
at steady-state, may have a significant error. In order to address these issues, we need PSD computation
methods that work reliably with CTMC models, and do not require any dynamical approximations. The
aim of this paper is to develop such methods.

In a recent paper [70], the analytical relationship between the PSDs of the output species and its time-
dependent production rate was derived for CTMC models of certain reaction networks including birth-death
and simple gene-expression. While this analysis enables investigation of the dynamics of the protein creation
process from experimentally measured protein time-traces, it does not extend to nonlinear networks, such as
gene-expression networks with transcriptional feedback, for which some analytical results exist for simplified
models [45].

A recurring theme in the existing literature is that typically the autocovariance function is well-approximated
by the sum of a few exponential functions [70, 71, 24], and consequently the PSD is a rational function of a
special form. This low dimensional feature can be theoretically explained by appealing to the compactness
of the resolvent operator [47] associated with the CTMC, which we as prove, is connected to the PSD. Based
on this connection we develop a Padé approximation [13] technique for estimating the PSD for a general
stochastic reaction network, where the required Padé derivatives are estimated using a single Monte Carlo
trajectory simulation of the CTMC. We design suitable covariates to improve the statistical precision of the
derivative estimates and also provide a way to assess the accuracy of the Padé approximation. We refer to
this PSD estimation method as Padé PSD.

Our approach is analytic in the case of linear networks, and we derive exact closed-form expressions for
the PSD. For general nonlinear networks we take a semi-analytic approach, in the sense that the analytical
expression for the PSD is found by first estimating certain quantities with simulation. Such approaches have
become increasingly popular in recent years, as they provide viable solutions to nonlinear problems which are
otherwise analytically intractable [20]. We show that in the special case of linear reaction networks, where
all reaction propensity functions are affine functions of the state variables, we do not need to estimate any
quantities via simulation, and the resolvent operator connection yields a purely analytical expression for the
PSD. This result can be generalised to allow for arbitrary time-varying inputs and the resulting PSD has a
special decomposition similar to what was found in previous SDE-based studies [71]. This result for linear
networks also generalises the results in [70].

Given a stochastic reaction network model, commonly the single-cell PSD is estimated with nonparametric
methods by first simulating a trajectory, and then sampling it at finitely-many timepoints to obtain a discrete
time-series whose PSD can be straightforwardly computed with the Discrete Fourier Transform (DFT) [23].
Either one can apply the DFT directly to the time-series to estimate the PSD or one can first estimate the
autocovariance function and then compute its DFT (see Box 1 for more details). While the latter approach
is computationally very expensive due to autocovariance function computation, the former approach yields
an inconsistent estimator for the PSD, which implies that the estimator variance does not vanish, even as
the time-series length tends to infinity. To mitigate this inconsistency issue, PSDs from several independent
trajectories are averaged, at the cost of significant computational burden as trajectory simulations are time-
consuming. More importantly, the averaged PSD may still not be accurate because it is based on discrete
sampling of continuous signals that can cause the problem of aliasing which distorts the estimated PSD
by introducing frequency components corresponding to the sampling operation (see Chapter 1 in [29]). As
shown by the Nyquist’s Sampling Theorem [59] we can mitigate this aliasing effect by choosing the time-step
parameter that is smaller than half of the reciprocal of the maximum frequency represented in the signal.
However for stochastic dynamics it is difficult to use this criterion as the range of frequencies in the signal is
very wide and picking a very small time-step can lead to computational intractability. These issues motivated
us to devise a parametric approach to estimate the PSD that rather than relying on only the output signal,
uses full information contained in the stochastic model of the dynamics. Our method does not require any
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Gene Expression 

Figure 1: The promise of frequency domain analysis. We illustrate the potential of frequency domain
analysis in understanding intracellular mechanisms with a toy example of a self-regulatory gene-expression system
depicted above. This network consists of only one species X representing the protein output, which may repress its
own expression as shown by the red arrow. The protein degrades at rate γ and we model its expression rate via a
Hill function as (2 −H)KH/(KH + xH) where H is the Hill coefficient, K is some positive constant and x is the
copy-number of X. Suppose we have two types of cells in a population, in the first there is no self-regulation (i.e.
H = 0) and so the production rate is constant at 1, and the second where there is active self-regulation with H = 1.
The steady-state single-cell trajectories appear to be similar for both cell-types (see the bottom-left figure above) and
hence differentiating between them is difficult in the time-domain. Even the stationary probability distribution for
both subpopulations is almost identical (see the bottom-right figure above) and hence flow cytometry measurements
cannot distinguish among the cell-types. However, frequency domain analysis of the temporal fluctuations at steady-
state can indeed differentiate the cell-types as demonstrated by distinctive PSDs (see the top-right figure above).
This highlights the importance of exploiting time correlations of single-cell trajectories (and their frequency domain
representations) in understanding intracellular reaction mechanisms. The PSDs in this example are estimated by the
Padé PSD method developed in this paper.
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discrete-sampling and it efficiently produces a reliable representation of the PSD with a computational cost
which is comparable to nonparametric methods.

We illustrate our results with applications of relevance to both systems and synthetic biology. Using the
analytic theory we develop for linear networks, we demonstrate how PSDs enable differentiation between two
fundamental types of adapting circuit topologies, viz. Incoherent Feedforward (IFF) and Negative Feedback
(NFB) [53], in the presence of dynamical intrinsic noise. We also examine how PSD estimation can help in
examining the phenomenon of single-cell entrainment in the stochastic setting. Employing the Padé approx-
imation theory for estimating the PSDs of general nonlinear networks we illustrate how the performance
of certain synthetic circuits, with noisy dynamics, can be optimised. Specifically we examine the problem
of optimising the oscillation strength of a well-known synthetic oscillator (called the repressilator [28]) and
the problem of reducing oscillations at the single-cell level which can arise when an intracellular network is
controlled with the recently proposed antithetic integral feedback (AIF) controller [14] that has the important
property of ensuring robust perfect adaptation despite randomness in the dynamics and other environmental
uncertainties.

2 The resolvent representation of the PSD

In this section, we describe the CTMC model for a reaction network and define the resolvent operator
associated with it. We then connect this operator to the PSD. This connection shall be exploited in later
sections to develop our analytical and computational PSD results.

2.1 The Stochastic Model

Consider a reaction network with d species, called X1, . . . ,Xd, and K reactions. In the classical stochastic
reaction network model, the dynamics is described as a continuous-time Markov chain (CTMC) [2] whose
states represent the copy numbers of the d network species. If the state is x = (x1, . . . , xd) and reaction k
fires, then the state is displaced by the integer stoichiometric vector ζk. The rate of firing for reaction k at
state x is governed by the propensity function λk(x). Under the mass-action hypothesis [2]

λk(x1, . . . , xd) = θk

d∏
j=1

xj(xj − 1) . . . (xj − νjk + 1)

νjk!
, (2.2)

where θk is the rate constant and νjk is the number of molecules of Xj consumed by the k-th reaction.
Formally, the CTMC (X(t))t≥0 representing the reaction kinetics can be defined by its generator A, which
is an operator that specifies the rate of change of the probability distribution of the process (see Chapter 4
in [30]). It is defined by

Af(x) =
K∑
k=1

λk(x) (f(x+ ζk)− f(x)) , (2.3)

for any real-valued bounded function f on the state-space which consists of all accessible states in the
d-dimensional non-negative integer lattice.

For each state x, let p(t, x) be the probability that the CTMC (X(t))t≥0 is in state x at time t. Then
these probabilities evolve according to a system of ordinary differential equations, called the Chemical Master
Equation (CME) [2], which is typically unsolvable. Hence its solutions are often estimated with Monte Carlo
simulations of the CTMC, using methods such as Gillespie’s stochastic simulation algorithm (SSA) [33]. If
the CME has a unique, globally attracting fixed point π then the CTMC is called ergodic with π as the
stationary distribution. If the convergence of p(t) to π is exponentially fast in t, then the CTMC is called
exponentially ergodic and the exponential rate of convergence is called the mixing strength of the CTMC.
We shall work under the assumption of exponential ergodicity which is computationally verifiable using
techniques in [37] and [38], wherein, it is also demonstrated that this assumption is satisfied for networks
typically encountered in systems and synthetic biology.
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2.2 The Resolvent Operator and its connection to the PSD

The resolvent operator corresponding to the generator A of the CTMC (X(t))t≥0 plays a central role in the
development of our method for PSD estimation. For any complex number s and a given function f(·) on the
state space, the resolvent operator can be defined as

R(s)f(x) = (sI− A)
−1
f(x) =

∞∑
k=0

s−(k+1)Akf(x), (2.4)

where I is the identity operator. Conditioned on the event that the CTMC (X(t))t≥0 starts at initial state
X(0) = x, R(s)f(x) is essentially the Laplace Transform of the signal given by the expected value of the
random variable f(X(t)), i.e.

R(s)f(x) =

∫ ∞
0

e−stE (f(X(t))|X(0) = x) dt.

Assuming that the observed single-cell trajectory (Xn(t))t≥0 is the copy-number dynamics of output species
Xn, we now establish a relation between the PSD SXn

(ω) (see Box 1) and the resolvent operator. Let
Eπ(Xn) denote the stationary expectation of the copy-number of species Xn and let f be the function

f(x) = xn − Eπ(Xn). (2.5)

Defining G(s) := Eπ (fR(s)f), the PSD SXn
(ω) is given by

SXn
(ω) = 2Real(G(iω)), (2.6)

where i =
√
−1. This relation is proved in Section S2.2 of the Supplement. In this result we view the function

x 7→ f(x)R(s)f(x) as a random variable on the probability space whose sample-space is the state-space of
the CTMC and the probability distribution given by the stationary distribution π. The expectation of this
random variable is denoted by G(s) and in the PSD estimation method we develop, we first estimate G(s)
and then obtain the PSD using (2.6).

In the case of linear networks, G(s) can be exactly computed and this yields an analytical formula for
the PSD which is presented in the next section. For general nonlinear networks, we base our PSD estimation
on the eigen-decomposition of the resolvent operator which allows us to express G(s) as an infinite sum

G(s) =
∞∑
j=1

αj
s− σj

, (2.7)

where σ1, σ2, . . . are the non-zero eigenvalues of A, arranged in descending order of their real parts (which are
negative due to ergodicity). Each coefficient αj captures the power in the signal corresponding to eigenmode
σj , and their sum is equal to the total signal power which is also the stationary variance Varπ(Xn) of the
output species copy-number

∞∑
j=1

αj = Varπ(Xn).

Relation (2.7) is equivalent to the following representation of the autocovariance function

RXn(τ) =

∞∑
j=1

αje
σjτ . (2.8)

3 Spectral theory for linear networks

In this section we consider linear networks where all reaction propensity functions are affine functions of the
state variables. Under mass-action kinetics, linear networks are necessarily unimolecular, i.e. all reactions
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Y1(t)
<latexit sha1_base64="IYmWvifeHM62kRlqkr7/wh6opEs=">AAACHXicbVDLSgMxFE3qu76qLt0MFkE3ZUYE3QhFEVxWsFXplJLJ3LaxSWaY3FHLMP/gVjd+jTtxK/6N6WOh1gOBw7n3cnJOEEth0HW/aGFmdm5+YXGpuLyyurZe2thsmChNONR5JKPkJmAGpNBQR4ESbuIEmAokXAf9s+H8+h4SIyJ9hYMYWop1tegIztBKjdu2t4f77VLZrbgjONPEm5AymaDW3qDUDyOeKtDIJTOmKZkODWfWIDNShGDyop8aiBnvsy40LdVMgWlloy/nzq5VQqcTJfZpdEbqz4uMKWMGKrCbimHP/J0Nxf9mzRQ7x61M6DhF0Hxs1Emlg5EzzO+EIgGOcmAJ44lAwR3eYwnjaFsq+hoeeKSUTZP553nmDw2CIDvPbR6ER3wQIfZOPFdoW5r3t6Jp0jioeG7FuzwsV08n9S2SbbJD9ohHjkiVXJAaqRNO7sgTeSYv9JW+0Xf6MV4t0MnNFvkF+vkNDxWhaA==</latexit><latexit sha1_base64="IYmWvifeHM62kRlqkr7/wh6opEs=">AAACHXicbVDLSgMxFE3qu76qLt0MFkE3ZUYE3QhFEVxWsFXplJLJ3LaxSWaY3FHLMP/gVjd+jTtxK/6N6WOh1gOBw7n3cnJOEEth0HW/aGFmdm5+YXGpuLyyurZe2thsmChNONR5JKPkJmAGpNBQR4ESbuIEmAokXAf9s+H8+h4SIyJ9hYMYWop1tegIztBKjdu2t4f77VLZrbgjONPEm5AymaDW3qDUDyOeKtDIJTOmKZkODWfWIDNShGDyop8aiBnvsy40LdVMgWlloy/nzq5VQqcTJfZpdEbqz4uMKWMGKrCbimHP/J0Nxf9mzRQ7x61M6DhF0Hxs1Emlg5EzzO+EIgGOcmAJ44lAwR3eYwnjaFsq+hoeeKSUTZP553nmDw2CIDvPbR6ER3wQIfZOPFdoW5r3t6Jp0jioeG7FuzwsV08n9S2SbbJD9ohHjkiVXJAaqRNO7sgTeSYv9JW+0Xf6MV4t0MnNFvkF+vkNDxWhaA==</latexit><latexit sha1_base64="IYmWvifeHM62kRlqkr7/wh6opEs=">AAACHXicbVDLSgMxFE3qu76qLt0MFkE3ZUYE3QhFEVxWsFXplJLJ3LaxSWaY3FHLMP/gVjd+jTtxK/6N6WOh1gOBw7n3cnJOEEth0HW/aGFmdm5+YXGpuLyyurZe2thsmChNONR5JKPkJmAGpNBQR4ESbuIEmAokXAf9s+H8+h4SIyJ9hYMYWop1tegIztBKjdu2t4f77VLZrbgjONPEm5AymaDW3qDUDyOeKtDIJTOmKZkODWfWIDNShGDyop8aiBnvsy40LdVMgWlloy/nzq5VQqcTJfZpdEbqz4uMKWMGKrCbimHP/J0Nxf9mzRQ7x61M6DhF0Hxs1Emlg5EzzO+EIgGOcmAJ44lAwR3eYwnjaFsq+hoeeKSUTZP553nmDw2CIDvPbR6ER3wQIfZOPFdoW5r3t6Jp0jioeG7FuzwsV08n9S2SbbJD9ohHjkiVXJAaqRNO7sgTeSYv9JW+0Xf6MV4t0MnNFvkF+vkNDxWhaA==</latexit><latexit sha1_base64="IYmWvifeHM62kRlqkr7/wh6opEs=">AAACHXicbVDLSgMxFE3qu76qLt0MFkE3ZUYE3QhFEVxWsFXplJLJ3LaxSWaY3FHLMP/gVjd+jTtxK/6N6WOh1gOBw7n3cnJOEEth0HW/aGFmdm5+YXGpuLyyurZe2thsmChNONR5JKPkJmAGpNBQR4ESbuIEmAokXAf9s+H8+h4SIyJ9hYMYWop1tegIztBKjdu2t4f77VLZrbgjONPEm5AymaDW3qDUDyOeKtDIJTOmKZkODWfWIDNShGDyop8aiBnvsy40LdVMgWlloy/nzq5VQqcTJfZpdEbqz4uMKWMGKrCbimHP/J0Nxf9mzRQ7x61M6DhF0Hxs1Emlg5EzzO+EIgGOcmAJ44lAwR3eYwnjaFsq+hoeeKSUTZP553nmDw2CIDvPbR6ER3wQIfZOPFdoW5r3t6Jp0jioeG7FuzwsV08n9S2SbbJD9ohHjkiVXJAaqRNO7sgTeSYv9JW+0Xf6MV4t0MnNFvkF+vkNDxWhaA==</latexit>

Exogenous Input  
(e.g. light)

output of 

interest

stochastic  
nonlinear network

stochastic linear network

power spectral 

density

!<latexit sha1_base64="iuUyPtAxilhGwnMB5oS1rlwv/nM="></latexit><latexit sha1_base64="iuUyPtAxilhGwnMB5oS1rlwv/nM="></latexit><latexit sha1_base64="iuUyPtAxilhGwnMB5oS1rlwv/nM="></latexit><latexit sha1_base64="iuUyPtAxilhGwnMB5oS1rlwv/nM="></latexit>

✓2
<latexit sha1_base64="b/F3x1dx6bmwjriJvXaYhcJLAlY="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="vgSqpX3QWYV7Re36dKUU3Kr2qs4=">AAACIXicbVDLSgNBEJyN7/iKevSyGARPYdeLXoSgCB4VjIlkQ+id7ZjBmdllptcYlnyFVz35Nd7Em/gzTmIOvhoaiqpuqrviTApLQfDulWZm5+YXFpfKyyura+uVjc0rm+aGY4OnMjWtGCxKobFBgiS2MoOgYonN+PZkrDfv0FiR6ksaZthRcKNFT3AgR11H1EeC7n65W6kGtWBS/l8QTkGVTeu8u+GVoiTluUJNXIK1bQk6sRycRwGGBJc4Kke5xQz4Ldxg20ENCm2nmJw98ncdk/i91LjW5E/Y7xsFKGuHKnaTCqhvf2tj8j+tnVPvsFMIneWEmn8Z9XLpU+qPM/ATYZCTHDoA3Ah3q8/7YICTS6ocaRzwVCn3ThGdjopobBDHxenI/UN4TwORUP8oDIR2qYW/M/oLrvZrYVALL4Jq/Xia3yLbZjtsj4XsgNXZGTtnDcaZYg/skT15z96L9+q9fY2WvOnOFvtR3scnnR+jRw==</latexit>

✓2
<latexit sha1_base64="b/F3x1dx6bmwjriJvXaYhcJLAlY="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="DFQ8J4RQL+q0VF5FoTuWFP2MJk0=">AAACCnicbVDLSgMxFM3UV61V27WbwSK4KjNudCMIUnBZwT6gU0omc6cNTTJDcsdahvkBt678GnfiL/g3po+Fth4IHM5Jcu85YSq4Qc/7dko7u3v7B+XDylG1cnxyWqt2TZJpBh2WiET3Q2pAcAUd5Cign2qgMhTQC6f3C7/3DNrwRD3hPIWhpGPFY84oWqk9qjW8preEu038NWmQNUZ1pxRECcskKGSCGjMQVEWGUftzTjVyJqCoBJmBlLIpHcPAUkUlmGG+XLZwL6wSuXGi7VHoLtXfL3IqjZnL0N6UFCdm01uI/3mDDOObYc5VmiEothoUZ8LFxF0kdyOugaGYW0KZ5nZXl02opgxtP5VAwYwlUto4edAq8mAxIAzzVmHzILzgjEc4ufU9rmxp/mZF26R71fS9pv/okTI5I+fkkvjkmtyRB9ImHcJIRF7Jm/PufDifq3JLzrrlOvkD5+sHMJKdcQ==</latexit><latexit sha1_base64="AW2I0TW7lKyGXyrrGN68ivWo4+w=">AAACFnicbVDLSgNBEOyN7/j26mVRBE9h14teBEEEjwrGB9kQemc7ZnBmdpnpNYYlX+FVT36NN/Hm3ziJOfgqaCiqZqjuSgslHUfRR1Cbmp6ZnZtfqC8uLa+srq0vXbq8tIKaIle5vU7RkZKGmixZ0XVhCXWq6Cq9Ox75V/dknczNBQ8Kamu8NbIrBbKXbhLuEWNnr95Z244a0RjhXxJPyDZMcNZZD2pJlotSk2Gh0LmWQpM5gT6jQstSKBrWk9JRgeIOb6nlqUFNrl2N1x6GO17Jwm5u/RgOx+r3HxVq5wY69S81cs/99kbif16r5O5Bu5KmKJmM+ArqlirkPBx1EGbSkmA18ASFlX7XUPTQomDfVD0x1Be51v6cKjkZVskoIE2rk6G/h+mB+zLj3mEcSeNbi3939Jdc7jXiqBGfRzAPm7AFuxDDPhzBKZxBEwRoeIQneA5egtfg7avfWjApegN+IHj/BJefob8=</latexit><latexit sha1_base64="AW2I0TW7lKyGXyrrGN68ivWo4+w=">AAACFnicbVDLSgNBEOyN7/j26mVRBE9h14teBEEEjwrGB9kQemc7ZnBmdpnpNYYlX+FVT36NN/Hm3ziJOfgqaCiqZqjuSgslHUfRR1Cbmp6ZnZtfqC8uLa+srq0vXbq8tIKaIle5vU7RkZKGmixZ0XVhCXWq6Cq9Ox75V/dknczNBQ8Kamu8NbIrBbKXbhLuEWNnr95Z244a0RjhXxJPyDZMcNZZD2pJlotSk2Gh0LmWQpM5gT6jQstSKBrWk9JRgeIOb6nlqUFNrl2N1x6GO17Jwm5u/RgOx+r3HxVq5wY69S81cs/99kbif16r5O5Bu5KmKJmM+ArqlirkPBx1EGbSkmA18ASFlX7XUPTQomDfVD0x1Be51v6cKjkZVskoIE2rk6G/h+mB+zLj3mEcSeNbi3939Jdc7jXiqBGfRzAPm7AFuxDDPhzBKZxBEwRoeIQneA5egtfg7avfWjApegN+IHj/BJefob8=</latexit><latexit sha1_base64="vgSqpX3QWYV7Re36dKUU3Kr2qs4=">AAACIXicbVDLSgNBEJyN7/iKevSyGARPYdeLXoSgCB4VjIlkQ+id7ZjBmdllptcYlnyFVz35Nd7Em/gzTmIOvhoaiqpuqrviTApLQfDulWZm5+YXFpfKyyura+uVjc0rm+aGY4OnMjWtGCxKobFBgiS2MoOgYonN+PZkrDfv0FiR6ksaZthRcKNFT3AgR11H1EeC7n65W6kGtWBS/l8QTkGVTeu8u+GVoiTluUJNXIK1bQk6sRycRwGGBJc4Kke5xQz4Ldxg20ENCm2nmJw98ncdk/i91LjW5E/Y7xsFKGuHKnaTCqhvf2tj8j+tnVPvsFMIneWEmn8Z9XLpU+qPM/ATYZCTHDoA3Ah3q8/7YICTS6ocaRzwVCn3ThGdjopobBDHxenI/UN4TwORUP8oDIR2qYW/M/oLrvZrYVALL4Jq/Xia3yLbZjtsj4XsgNXZGTtnDcaZYg/skT15z96L9+q9fY2WvOnOFvtR3scnnR+jRw==</latexit><latexit sha1_base64="vgSqpX3QWYV7Re36dKUU3Kr2qs4=">AAACIXicbVDLSgNBEJyN7/iKevSyGARPYdeLXoSgCB4VjIlkQ+id7ZjBmdllptcYlnyFVz35Nd7Em/gzTmIOvhoaiqpuqrviTApLQfDulWZm5+YXFpfKyyura+uVjc0rm+aGY4OnMjWtGCxKobFBgiS2MoOgYonN+PZkrDfv0FiR6ksaZthRcKNFT3AgR11H1EeC7n65W6kGtWBS/l8QTkGVTeu8u+GVoiTluUJNXIK1bQk6sRycRwGGBJc4Kke5xQz4Ldxg20ENCm2nmJw98ncdk/i91LjW5E/Y7xsFKGuHKnaTCqhvf2tj8j+tnVPvsFMIneWEmn8Z9XLpU+qPM/ATYZCTHDoA3Ah3q8/7YICTS6ocaRzwVCn3ThGdjopobBDHxenI/UN4TwORUP8oDIR2qYW/M/oLrvZrYVALL4Jq/Xia3yLbZjtsj4XsgNXZGTtnDcaZYg/skT15z96L9+q9fY2WvOnOFvtR3scnnR+jRw==</latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="MOE/zBs+19C0ckAzSbKU0sG3CxQ="></latexit><latexit sha1_base64="vgSqpX3QWYV7Re36dKUU3Kr2qs4=">AAACIXicbVDLSgNBEJyN7/iKevSyGARPYdeLXoSgCB4VjIlkQ+id7ZjBmdllptcYlnyFVz35Nd7Em/gzTmIOvhoaiqpuqrviTApLQfDulWZm5+YXFpfKyyura+uVjc0rm+aGY4OnMjWtGCxKobFBgiS2MoOgYonN+PZkrDfv0FiR6ksaZthRcKNFT3AgR11H1EeC7n65W6kGtWBS/l8QTkGVTeu8u+GVoiTluUJNXIK1bQk6sRycRwGGBJc4Kke5xQz4Ldxg20ENCm2nmJw98ncdk/i91LjW5E/Y7xsFKGuHKnaTCqhvf2tj8j+tnVPvsFMIneWEmn8Z9XLpU+qPM/ATYZCTHDoA3Ah3q8/7YICTS6ocaRzwVCn3ThGdjopobBDHxenI/UN4TwORUP8oDIR2qYW/M/oLrvZrYVALL4Jq/Xia3yLbZjtsj4XsgNXZGTtnDcaZYg/skT15z96L9+q9fY2WvOnOFvtR3scnnR+jRw==</latexit>

�2
<latexit sha1_base64="E6OA9AW2b1eKPQI+f5EHcygW2J4="></latexit><latexit sha1_base64="mZwAbxI8HCyqkBlLt78o17cxfN0="></latexit><latexit sha1_base64="mZwAbxI8HCyqkBlLt78o17cxfN0="></latexit><latexit sha1_base64="k6kNxMeaRv8dfyP2qmJtapPSifY=">AAACInicbVDLSgNBEJyN7/iKevSyGARPYdeLXoSgCB4VjAlmQ+id7ZjBmdllptcYlvyFVz35Nd7Ek+DHOIk5+GpoKKqq6e6KMyksBcG7V5qZnZtfWFwqL6+srq1XNjavbJobjg2eytS0YrAohcYGCZLYygyCiiU249uTsd68Q2NFqi9pmGFHwY0WPcGBHHUdSWdNoLtf7laqQS2YlP8XhFNQZdM67254pShJea5QE5dgbVuCTiwHt6QAQ4JLHJWj3GIG/BZusO2gBoW2U0zuHvm7jkn8Xmpca/In7PeJApS1QxU7pwLq29/amPxPa+fUO+wUQmc5oeZfi3q59Cn1xyH4iTDISQ4dAG6Eu9XnfTDAyUVVjjQOeKqUe6eITkdFNF4Qx8XpyP1DeE8DkVD/KAyEdqmFvzP6C672a2FQCy+Cav14mt8i22Y7bI+F7IDV2Rk7Zw3GmWYP7JE9ec/ei/fqvX1ZS950Zov9KO/jE0Vgo5w=</latexit>

�3
<latexit sha1_base64="gzf1E0e2fA+ECMxrPS8CQMoT39M="></latexit><latexit sha1_base64="f+lM/an1U9EMGRyy6c2hsAtJYyY="></latexit><latexit sha1_base64="f+lM/an1U9EMGRyy6c2hsAtJYyY="></latexit><latexit sha1_base64="5NFeKMZySEBhhnqX7nhJikIzVRs=">AAACInicbVA9SwNBEN2L3/FbS5vDIFiFOy20EUQRLBWMBnMhzO1NksXdvWN3Tg1H/oWtVv4aO7ES/DFuYgpNHBh4vPeGmXlxJoWlIPj0SlPTM7Nz8wvlxaXlldW19Y1rm+aGY42nMjX1GCxKobFGgiTWM4OgYok38d3pQL+5R2NFqq+ol2FTQUeLtuBAjrqNpLMm0Novt9YqQTUYlj8JwhGosFFdtNa9UpSkPFeoiUuwtiFBJ5aDW1KAIcEl9stRbjEDfgcdbDioQaFtFsO7+/6OYxK/nRrXmvwh+3uiAGVtT8XOqYC6dlwbkP9pjZzah81C6Cwn1PxnUTuXPqX+IAQ/EQY5yZ4DwI1wt/q8CwY4uajKkcYHnirl3imis34RDRbEcXHWd/8QPtKDSKh7FAZCu9TC8YwmwfVeNQyq4WVQOT4Z5TfPttg222UhO2DH7JxdsBrjTLMn9sxevFfvzXv3Pn6sJW80s8n+lPf1DUcWo50=</latexit>

�i
<latexit sha1_base64="M7YOndGkyojHamkMWHf3Y5eKjvs="></latexit><latexit sha1_base64="kiYVZE/FnVJKpgxmbuHYjRuvirc="></latexit><latexit sha1_base64="kiYVZE/FnVJKpgxmbuHYjRuvirc="></latexit><latexit sha1_base64="qV6Ff1+tyj3/6+La4V/kbRkGouE=">AAACInicbVBNS8NAEN3U7/qtRy/BIngqiRe9CEURPCpYFZtSJptpu3R3E3Ynagn5F1715K/xJp4Ef4zb2oNfAwOP994wMy/OpLAUBO9eZWp6ZnZufqG6uLS8srq2vnFp09xwbPJUpuY6BotSaGySIInXmUFQscSreHA80q9u0ViR6gsaZthW0NOiKziQo24i6awJdES1s1YL6sG4/L8gnIAam9RZZ92rREnKc4WauARrWxJ0Yjm4JQUYElxiWY1yixnwAfSw5aAGhbZdjO8u/R3HJH43Na41+WP2+0QBytqhip1TAfXtb21E/qe1cuoetAuhs5xQ869F3Vz6lPqjEPxEGOQkhw4AN8Ld6vM+GODkoqpGGu94qpR7p4hOyiIaLYjj4qR0/xDe051IqH8YBkK71MLfGf0Fl3v1MKiH50GtcTTJb55tsW22y0K2zxrslJ2xJuNMswf2yJ68Z+/Fe/XevqwVbzKzyX6U9/EJo3qj0w==</latexit>

Y2(t)
<latexit sha1_base64="dV2zlp8BqbHeWQDldTtgTKBWCjA=">AAACHnicbVDLSgNBEOyN7/iMHr0siqAIYdeLXgRRAh4VTFSyIczOdszozOwy06uGJf/gVU9+jTfxqn/jJPHgq6GhqOqmuivOpLAUBB9eaWx8YnJqeqY8Oze/sLhUWW7YNDcc6zyVqbmImUUpNNZJkMSLzCBTscTz+OZooJ/forEi1WfUy7Cl2JUWHcEZOapx2d7ZpK320npQDYbl/wXhF1g/WIu2nwHgpF3xSlGS8lyhJi6ZtU3JdGI5cwYFMyS4xH45yi1mjN+wK2w6qJlC2yqGN/f9Dcckfic1rjX5Q/b7RsGUtT0Vu0nFqGt/awPyP62ZU2evVQid5YSaj4w6ufQp9QcB+IkwyEn2HGDcCHerz7vMME4upnKk8Y6nSrl3iqjWL6KBQRwXtb77h/Ce7kRC3f0wENqlFv7O6C9o7FTDoBqeuvgOYVTTsAprsAkh7MIBHMMJ1IHDNTzAIzx5z96L9+q9jUZL3tfOCvwo7/0TLBujVA==</latexit><latexit sha1_base64="MI8+PicNldpakqAGSzc/i5ctZLw="></latexit><latexit sha1_base64="MI8+PicNldpakqAGSzc/i5ctZLw="></latexit><latexit sha1_base64="Z5JevTXB5iJoCEGuaEnYjuz66VQ=">AAACHnicbVDLSgNBEJyNrxjfevSyGIR4Cbu56EUQJeBRwTwkG8LsbCcZMzO7zPSqYck/eNWTX+NNvOrfOIk5aGJDQ1HVTXVXmAhu0PO+nNzC4tLySn61sLa+sbm1vbNbN3GqGdRYLGLdDKkBwRXUkKOAZqKBylBAIxxcjPXGPWjDY3WDwwTakvYU73JG0VL1206lhEed7aJX9iblzgN/CopkWledHScXRDFLJShkghrTElRFhlFrkFGNnAkYFYLUQELZgPagZaGiEkw7m9w8cg8tE7ndWNtW6E7Y3xsZlcYMZWgnJcW+mdXG5H9aK8XuSTvjKkkRFPsx6qbCxdgdB+BGXANDMbSAMs3trS7rU00Z2pgKgYIHFktp38mC6igLxgZhmFVH9h+ER3zgEfZPfY8rm5o/m9E8qFfKvlf2r73i2fk0vzzZJwekRHxyTM7IJbkiNcLIHXkiz+TFeXXenHfn42c050x39sifcj6/Ac5Uocs=</latexit>

Y3(t)
<latexit sha1_base64="aWPSetWGjdmywvQMCiJWTC9Sm6w=">AAACHnicbVDLSgNBEOyN7/jWo5dFERQh7OpBL4IogkcFE5VsCLOzHTNmZnaZ6VXDkn/wqie/xpt41b9xknjw1dBQVHVT3RVnUlgKgg+vNDI6Nj4xOVWenpmdm19YXKrZNDccqzyVqbmMmUUpNFZJkMTLzCBTscSLuHPU1y9u0ViR6nPqZthQ7FqLluCMHFW7au5s0GZzYS2oBIPy/4LwC6wdrEZbzwBw2lz0SlGS8lyhJi6ZtXXJdGI5cwYFMyS4xF45yi1mjHfYNdYd1EyhbRSDm3v+umMSv5Ua15r8Aft9o2DK2q6K3aRi1La/tT75n1bPqbXXKITOckLNh0atXPqU+v0A/EQY5CS7DjBuhLvV521mGCcXUznSeMdTpdw7RXTcK6K+QRwXxz33D+E93YmE2vthILRLLfyd0V9Q266EQSU8c/EdwrAmYQVWYQNC2IUDOIFTqAKHG3iAR3jynr0X79V7G46WvK+dZfhR3vsnLdOjVQ==</latexit><latexit sha1_base64="e09ubPiRMVCMgOGdvphZvoPjKUA="></latexit><latexit sha1_base64="e09ubPiRMVCMgOGdvphZvoPjKUA="></latexit><latexit sha1_base64="AH20sM+6GEX6dLF0KTF84/sOEoM=">AAACHnicbVBNS8NAEN3U7/rV6tFLsAh6KYke9CKIUvCoYFulKWWzmbaru5uwO1FLyH/wqid/jTfxqv/G7cdBqwMDj/dmeDMvTAQ36HlfTmFmdm5+YXGpuLyyurZeKm80TJxqBnUWi1hfh9SA4ArqyFHAdaKBylBAM7w7G+rNe9CGx+oKBwm0Je0p3uWMoqUaN52DXdzrlCpe1RuV+xf4E1Ahk7rolJ1CEMUslaCQCWpMS1AVGUatQUY1ciYgLwapgYSyO9qDloWKSjDtbHRz7u5YJnK7sbat0B2xPzcyKo0ZyNBOSop9M60Nyf+0Vordo3bGVZIiKDY26qbCxdgdBuBGXANDMbCAMs3trS7rU00Z2piKgYIHFktp38mCWp4FQ4MwzGq5/QfhER94hP1j3+PKpuZPZ/QXNParvlf1L73Kyekkv0WyRbbJLvHJITkh5+SC1Akjt+SJPJMX59V5c96dj/FowZnsbJJf5Xx+A9AMocw=</latexit>

✓3
<latexit sha1_base64="0HHkExo2NZcjMgLP56Af83ugqu0="></latexit><latexit sha1_base64="YFN+wzAizIrNUsUQt14nZAvKTJk="></latexit><latexit sha1_base64="YFN+wzAizIrNUsUQt14nZAvKTJk="></latexit><latexit sha1_base64="DFQ8J4RQL+q0VF5FoTuWFP2MJk0=">AAACCnicbVDLSgMxFM3UV61V27WbwSK4KjNudCMIUnBZwT6gU0omc6cNTTJDcsdahvkBt678GnfiL/g3po+Fth4IHM5Jcu85YSq4Qc/7dko7u3v7B+XDylG1cnxyWqt2TZJpBh2WiET3Q2pAcAUd5Cign2qgMhTQC6f3C7/3DNrwRD3hPIWhpGPFY84oWqk9qjW8preEu038NWmQNUZ1pxRECcskKGSCGjMQVEWGUftzTjVyJqCoBJmBlLIpHcPAUkUlmGG+XLZwL6wSuXGi7VHoLtXfL3IqjZnL0N6UFCdm01uI/3mDDOObYc5VmiEothoUZ8LFxF0kdyOugaGYW0KZ5nZXl02opgxtP5VAwYwlUto4edAq8mAxIAzzVmHzILzgjEc4ufU9rmxp/mZF26R71fS9pv/okTI5I+fkkvjkmtyRB9ImHcJIRF7Jm/PufDifq3JLzrrlOvkD5+sHMJKdcQ==</latexit><latexit sha1_base64="tFLR3GZDJW/KMfi96Kb2WUElTnY=">AAACFXicbVDLSgNBEOyN7/j26mVRBE9hVw96EQQRPCoYDWRD6J3tmMGZ2WWmVw1LfsKrnvwab+LRv3ESc/BV0FBUzVDdlRZKOo6ij6A2NT0zOze/UF9cWl5ZXVtfunJ5aQU1Ra5y20rRkZKGmixZUauwhDpVdJ3enoz86zuyTubmkgcFdTTeGNmTAtlLrYT7xNjd765tR41ojPAviSdkGyY4764HtSTLRanJsFDoXFuhyZxAH1GhZSkUDetJ6ahAcYs31PbUoCbXqcZbD8Mdr2RhL7d+DIdj9fuPCrVzA536lxq57357I/E/r11y77BTSVOUTEZ8BfVKFXIejioIM2lJsBp4gsJKv2so+mhRsC+qnhi6F7nW/pwqOR1WySggTavTob+H6YHvZcb9oziSxrcW/+7oL7naa8RRI76IYB42YQt2IYYDOIYzOIcmCFDwCE/wHLwEr8HbV7+1YFL0BvxA8P4JYL+hrQ==</latexit><latexit sha1_base64="tFLR3GZDJW/KMfi96Kb2WUElTnY=">AAACFXicbVDLSgNBEOyN7/j26mVRBE9hVw96EQQRPCoYDWRD6J3tmMGZ2WWmVw1LfsKrnvwab+LRv3ESc/BV0FBUzVDdlRZKOo6ij6A2NT0zOze/UF9cWl5ZXVtfunJ5aQU1Ra5y20rRkZKGmixZUauwhDpVdJ3enoz86zuyTubmkgcFdTTeGNmTAtlLrYT7xNjd765tR41ojPAviSdkGyY4764HtSTLRanJsFDoXFuhyZxAH1GhZSkUDetJ6ahAcYs31PbUoCbXqcZbD8Mdr2RhL7d+DIdj9fuPCrVzA536lxq57357I/E/r11y77BTSVOUTEZ8BfVKFXIejioIM2lJsBp4gsJKv2so+mhRsC+qnhi6F7nW/pwqOR1WySggTavTob+H6YHvZcb9oziSxrcW/+7oL7naa8RRI76IYB42YQt2IYYDOIYzOIcmCFDwCE/wHLwEr8HbV7+1YFL0BvxA8P4JYL+hrQ==</latexit><latexit sha1_base64="geISyZbe2RFh5wHWtg0jk8JWYVo=">AAACIHicbVDLSgNBEJyN7/jWo5fFIHgKu3rQiyCK4DGC0UA2hN7ZjhmcmV1metWw5Ce86smv8SYe9WucPA6a2NBQVHVT3RVnUlgKgi+vNDM7N7+wuFReXlldW9/Y3LqxaW441nkqU9OIwaIUGuskSGIjMwgqlngb358P9NsHNFak+pp6GbYU3GnRERzIUY2IukjQPmxvVIJqMCx/GoRjUGHjqrU3vVKUpDxXqIlLsLYpQSeWg7MowJDgEvvlKLeYAb+HO2w6qEGhbRXDq/v+nmMSv5Ma15r8Ift7owBlbU/FblIBde2kNiD/05o5dY5bhdBZTqj5yKiTS59SfxCBnwiDnGTPAeBGuFt93gUDnFxQ5UjjI0+Vcu8U0UW/iAYGcVxc9N0/hE/0KBLqnoSB0C61cDKjaXBzUA2DangVVE7Pxvktsh22y/ZZyI7YKbtkNVZnnEn2zF7Yq/fmvXsf3udotOSNd7bZn/K+fwBlnKM0</latexit><latexit sha1_base64="geISyZbe2RFh5wHWtg0jk8JWYVo=">AAACIHicbVDLSgNBEJyN7/jWo5fFIHgKu3rQiyCK4DGC0UA2hN7ZjhmcmV1metWw5Ce86smv8SYe9WucPA6a2NBQVHVT3RVnUlgKgi+vNDM7N7+wuFReXlldW9/Y3LqxaW441nkqU9OIwaIUGuskSGIjMwgqlngb358P9NsHNFak+pp6GbYU3GnRERzIUY2IukjQPmxvVIJqMCx/GoRjUGHjqrU3vVKUpDxXqIlLsLYpQSeWg7MowJDgEvvlKLeYAb+HO2w6qEGhbRXDq/v+nmMSv5Ma15r8Ift7owBlbU/FblIBde2kNiD/05o5dY5bhdBZTqj5yKiTS59SfxCBnwiDnGTPAeBGuFt93gUDnFxQ5UjjI0+Vcu8U0UW/iAYGcVxc9N0/hE/0KBLqnoSB0C61cDKjaXBzUA2DangVVE7Pxvktsh22y/ZZyI7YKbtkNVZnnEn2zF7Yq/fmvXsf3udotOSNd7bZn/K+fwBlnKM0</latexit><latexit sha1_base64="YFN+wzAizIrNUsUQt14nZAvKTJk="></latexit><latexit sha1_base64="YFN+wzAizIrNUsUQt14nZAvKTJk="></latexit><latexit sha1_base64="YFN+wzAizIrNUsUQt14nZAvKTJk="></latexit><latexit sha1_base64="YFN+wzAizIrNUsUQt14nZAvKTJk="></latexit><latexit sha1_base64="geISyZbe2RFh5wHWtg0jk8JWYVo=">AAACIHicbVDLSgNBEJyN7/jWo5fFIHgKu3rQiyCK4DGC0UA2hN7ZjhmcmV1metWw5Ce86smv8SYe9WucPA6a2NBQVHVT3RVnUlgKgi+vNDM7N7+wuFReXlldW9/Y3LqxaW441nkqU9OIwaIUGuskSGIjMwgqlngb358P9NsHNFak+pp6GbYU3GnRERzIUY2IukjQPmxvVIJqMCx/GoRjUGHjqrU3vVKUpDxXqIlLsLYpQSeWg7MowJDgEvvlKLeYAb+HO2w6qEGhbRXDq/v+nmMSv5Ma15r8Ift7owBlbU/FblIBde2kNiD/05o5dY5bhdBZTqj5yKiTS59SfxCBnwiDnGTPAeBGuFt93gUDnFxQ5UjjI0+Vcu8U0UW/iAYGcVxc9N0/hE/0KBLqnoSB0C61cDKjaXBzUA2DangVVE7Pxvktsh22y/ZZyI7YKbtkNVZnnEn2zF7Yq/fmvXsf3udotOSNd7bZn/K+fwBlnKM0</latexit>

Xn
<latexit sha1_base64="90csyNlNMhOyBDa8K03A1GqxQdA="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="DFQ8J4RQL+q0VF5FoTuWFP2MJk0=">AAACCnicbVDLSgMxFM3UV61V27WbwSK4KjNudCMIUnBZwT6gU0omc6cNTTJDcsdahvkBt678GnfiL/g3po+Fth4IHM5Jcu85YSq4Qc/7dko7u3v7B+XDylG1cnxyWqt2TZJpBh2WiET3Q2pAcAUd5Cign2qgMhTQC6f3C7/3DNrwRD3hPIWhpGPFY84oWqk9qjW8preEu038NWmQNUZ1pxRECcskKGSCGjMQVEWGUftzTjVyJqCoBJmBlLIpHcPAUkUlmGG+XLZwL6wSuXGi7VHoLtXfL3IqjZnL0N6UFCdm01uI/3mDDOObYc5VmiEothoUZ8LFxF0kdyOugaGYW0KZ5nZXl02opgxtP5VAwYwlUto4edAq8mAxIAzzVmHzILzgjEc4ufU9rmxp/mZF26R71fS9pv/okTI5I+fkkvjkmtyRB9ImHcJIRF7Jm/PufDifq3JLzrrlOvkD5+sHMJKdcQ==</latexit><latexit sha1_base64="8DgULES5Ny/cUQwpaZ+moRSnRxQ=">AAACGXicbZBNS8NAEIYn9avWb69egiJ4KokXvQiCCB4rWC00pWw2E7u4uwm7E7WE/A2vevLXeBMP/hs3bQ9+DQy8vO8uM/PEuRSWguDTa8zNLywuNZdbK6tr6xubW6vXNisMxy7PZGZ6MbMohcYuCZLYyw0yFUu8ie/O6vzmHo0Vmb6icY4DxW61SAVn5KwoUoxGcVr2qqEebu4F7WBS/l8RzsQezKoz3PIaUZLxQqEmLpm1fcl0YjlzY0pmSHCJVSsqLOaM37Fb7DupmUI7KCebV/6+cxI/zYxrTf7E/f6jZMrasYrdy3pT+zurzf+yfkHp8aAUOi8INZ8OSgvpU+bXGPxEGOQkx04wboTb1ecjZhgnB6sVaXzgmVLunDI6r8opprg8r9w9hI/0IBIanYSBqKmFvxn9FdeH7TBoh5cBNGEHduEAQjiCU7iADnSBQw5P8Awv3qv35r1P+Ta8Geht+FHexxcuUqO4</latexit><latexit sha1_base64="8DgULES5Ny/cUQwpaZ+moRSnRxQ=">AAACGXicbZBNS8NAEIYn9avWb69egiJ4KokXvQiCCB4rWC00pWw2E7u4uwm7E7WE/A2vevLXeBMP/hs3bQ9+DQy8vO8uM/PEuRSWguDTa8zNLywuNZdbK6tr6xubW6vXNisMxy7PZGZ6MbMohcYuCZLYyw0yFUu8ie/O6vzmHo0Vmb6icY4DxW61SAVn5KwoUoxGcVr2qqEebu4F7WBS/l8RzsQezKoz3PIaUZLxQqEmLpm1fcl0YjlzY0pmSHCJVSsqLOaM37Fb7DupmUI7KCebV/6+cxI/zYxrTf7E/f6jZMrasYrdy3pT+zurzf+yfkHp8aAUOi8INZ8OSgvpU+bXGPxEGOQkx04wboTb1ecjZhgnB6sVaXzgmVLunDI6r8opprg8r9w9hI/0IBIanYSBqKmFvxn9FdeH7TBoh5cBNGEHduEAQjiCU7iADnSBQw5P8Awv3qv35r1P+Ta8Geht+FHexxcuUqO4</latexit><latexit sha1_base64="EFFr/J7uksHNZwclHK81qoYEljQ=">AAACJHicbVBNS8NAEN3Ur1o/q0cvwSJ4KokXvQiiCB4r2FpoStlsJu3i7ibsTtQS8je86slf4008ePG3uGl7UOuDgcd7M8zMC1PBDXrep1NZWFxaXqmu1tbWNza3tus7HZNkmkGbJSLR3ZAaEFxBGzkK6KYaqAwF3IZ3F6V/ew/a8ETd4DiFvqRDxWPOKFopCCTFURjn3WKgBtsNr+lN4M4Tf0YaZIbWoO5UgihhmQSFTFBjeoKqyDBq1+RUI2cCilqQGUgpu6ND6FmqqATTzyeXF+6BVSI3TrQthe5E/TmRU2nMWIa2s7zU/PVK8T+vl2F80s+5SjMExaaL4ky4mLhlDG7ENTAUY0so09ze6rIR1ZShDasWKHhgiZT2nTy4LPJpTGF+Wdh/EB7xgUc4OvU9Xqbm/81onnSOmr7X9K+9xtn5LL8q2SP75JD45JickSvSIm3CSEqeyDN5cV6dN+fd+Zi2VpzZzC75BefrG0kcpUM=</latexit><latexit sha1_base64="EFFr/J7uksHNZwclHK81qoYEljQ=">AAACJHicbVBNS8NAEN3Ur1o/q0cvwSJ4KokXvQiiCB4r2FpoStlsJu3i7ibsTtQS8je86slf4008ePG3uGl7UOuDgcd7M8zMC1PBDXrep1NZWFxaXqmu1tbWNza3tus7HZNkmkGbJSLR3ZAaEFxBGzkK6KYaqAwF3IZ3F6V/ew/a8ETd4DiFvqRDxWPOKFopCCTFURjn3WKgBtsNr+lN4M4Tf0YaZIbWoO5UgihhmQSFTFBjeoKqyDBq1+RUI2cCilqQGUgpu6ND6FmqqATTzyeXF+6BVSI3TrQthe5E/TmRU2nMWIa2s7zU/PVK8T+vl2F80s+5SjMExaaL4ky4mLhlDG7ENTAUY0so09ze6rIR1ZShDasWKHhgiZT2nTy4LPJpTGF+Wdh/EB7xgUc4OvU9Xqbm/81onnSOmr7X9K+9xtn5LL8q2SP75JD45JickSvSIm3CSEqeyDN5cV6dN+fd+Zi2VpzZzC75BefrG0kcpUM=</latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="DFQ8J4RQL+q0VF5FoTuWFP2MJk0=">AAACCnicbVDLSgMxFM3UV61V27WbwSK4KjNudCMIUnBZwT6gU0omc6cNTTJDcsdahvkBt678GnfiL/g3po+Fth4IHM5Jcu85YSq4Qc/7dko7u3v7B+XDylG1cnxyWqt2TZJpBh2WiET3Q2pAcAUd5Cign2qgMhTQC6f3C7/3DNrwRD3hPIWhpGPFY84oWqk9qjW8preEu038NWmQNUZ1pxRECcskKGSCGjMQVEWGUftzTjVyJqCoBJmBlLIpHcPAUkUlmGG+XLZwL6wSuXGi7VHoLtXfL3IqjZnL0N6UFCdm01uI/3mDDOObYc5VmiEothoUZ8LFxF0kdyOugaGYW0KZ5nZXl02opgxtP5VAwYwlUto4edAq8mAxIAzzVmHzILzgjEc4ufU9rmxp/mZF26R71fS9pv/okTI5I+fkkvjkmtyRB9ImHcJIRF7Jm/PufDifq3JLzrrlOvkD5+sHMJKdcQ==</latexit><latexit sha1_base64="8DgULES5Ny/cUQwpaZ+moRSnRxQ=">AAACGXicbZBNS8NAEIYn9avWb69egiJ4KokXvQiCCB4rWC00pWw2E7u4uwm7E7WE/A2vevLXeBMP/hs3bQ9+DQy8vO8uM/PEuRSWguDTa8zNLywuNZdbK6tr6xubW6vXNisMxy7PZGZ6MbMohcYuCZLYyw0yFUu8ie/O6vzmHo0Vmb6icY4DxW61SAVn5KwoUoxGcVr2qqEebu4F7WBS/l8RzsQezKoz3PIaUZLxQqEmLpm1fcl0YjlzY0pmSHCJVSsqLOaM37Fb7DupmUI7KCebV/6+cxI/zYxrTf7E/f6jZMrasYrdy3pT+zurzf+yfkHp8aAUOi8INZ8OSgvpU+bXGPxEGOQkx04wboTb1ecjZhgnB6sVaXzgmVLunDI6r8opprg8r9w9hI/0IBIanYSBqKmFvxn9FdeH7TBoh5cBNGEHduEAQjiCU7iADnSBQw5P8Awv3qv35r1P+Ta8Geht+FHexxcuUqO4</latexit><latexit sha1_base64="8DgULES5Ny/cUQwpaZ+moRSnRxQ=">AAACGXicbZBNS8NAEIYn9avWb69egiJ4KokXvQiCCB4rWC00pWw2E7u4uwm7E7WE/A2vevLXeBMP/hs3bQ9+DQy8vO8uM/PEuRSWguDTa8zNLywuNZdbK6tr6xubW6vXNisMxy7PZGZ6MbMohcYuCZLYyw0yFUu8ie/O6vzmHo0Vmb6icY4DxW61SAVn5KwoUoxGcVr2qqEebu4F7WBS/l8RzsQezKoz3PIaUZLxQqEmLpm1fcl0YjlzY0pmSHCJVSsqLOaM37Fb7DupmUI7KCebV/6+cxI/zYxrTf7E/f6jZMrasYrdy3pT+zurzf+yfkHp8aAUOi8INZ8OSgvpU+bXGPxEGOQkx04wboTb1ecjZhgnB6sVaXzgmVLunDI6r8opprg8r9w9hI/0IBIanYSBqKmFvxn9FdeH7TBoh5cBNGEHduEAQjiCU7iADnSBQw5P8Awv3qv35r1P+Ta8Geht+FHexxcuUqO4</latexit><latexit sha1_base64="EFFr/J7uksHNZwclHK81qoYEljQ=">AAACJHicbVBNS8NAEN3Ur1o/q0cvwSJ4KokXvQiiCB4r2FpoStlsJu3i7ibsTtQS8je86slf4008ePG3uGl7UOuDgcd7M8zMC1PBDXrep1NZWFxaXqmu1tbWNza3tus7HZNkmkGbJSLR3ZAaEFxBGzkK6KYaqAwF3IZ3F6V/ew/a8ETd4DiFvqRDxWPOKFopCCTFURjn3WKgBtsNr+lN4M4Tf0YaZIbWoO5UgihhmQSFTFBjeoKqyDBq1+RUI2cCilqQGUgpu6ND6FmqqATTzyeXF+6BVSI3TrQthe5E/TmRU2nMWIa2s7zU/PVK8T+vl2F80s+5SjMExaaL4ky4mLhlDG7ENTAUY0so09ze6rIR1ZShDasWKHhgiZT2nTy4LPJpTGF+Wdh/EB7xgUc4OvU9Xqbm/81onnSOmr7X9K+9xtn5LL8q2SP75JD45JickSvSIm3CSEqeyDN5cV6dN+fd+Zi2VpzZzC75BefrG0kcpUM=</latexit><latexit sha1_base64="EFFr/J7uksHNZwclHK81qoYEljQ=">AAACJHicbVBNS8NAEN3Ur1o/q0cvwSJ4KokXvQiiCB4r2FpoStlsJu3i7ibsTtQS8je86slf4008ePG3uGl7UOuDgcd7M8zMC1PBDXrep1NZWFxaXqmu1tbWNza3tus7HZNkmkGbJSLR3ZAaEFxBGzkK6KYaqAwF3IZ3F6V/ew/a8ETd4DiFvqRDxWPOKFopCCTFURjn3WKgBtsNr+lN4M4Tf0YaZIbWoO5UgihhmQSFTFBjeoKqyDBq1+RUI2cCilqQGUgpu6ND6FmqqATTzyeXF+6BVSI3TrQthe5E/TmRU2nMWIa2s7zU/PVK8T+vl2F80s+5SjMExaaL4ky4mLhlDG7ENTAUY0so09ze6rIR1ZShDasWKHhgiZT2nTy4LPJpTGF+Wdh/EB7xgUc4OvU9Xqbm/81onnSOmr7X9K+9xtn5LL8q2SP75JD45JickSvSIm3CSEqeyDN5cV6dN+fd+Zi2VpzZzC75BefrG0kcpUM=</latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="R3gRMtNGfN9V+JWxFy3EsY0U+DM="></latexit><latexit sha1_base64="EFFr/J7uksHNZwclHK81qoYEljQ=">AAACJHicbVBNS8NAEN3Ur1o/q0cvwSJ4KokXvQiiCB4r2FpoStlsJu3i7ibsTtQS8je86slf4008ePG3uGl7UOuDgcd7M8zMC1PBDXrep1NZWFxaXqmu1tbWNza3tus7HZNkmkGbJSLR3ZAaEFxBGzkK6KYaqAwF3IZ3F6V/ew/a8ETd4DiFvqRDxWPOKFopCCTFURjn3WKgBtsNr+lN4M4Tf0YaZIbWoO5UgihhmQSFTFBjeoKqyDBq1+RUI2cCilqQGUgpu6ND6FmqqATTzyeXF+6BVSI3TrQthe5E/TmRU2nMWIa2s7zU/PVK8T+vl2F80s+5SjMExaaL4ky4mLhlDG7ENTAUY0so09ze6rIR1ZShDasWKHhgiZT2nTy4LPJpTGF+Wdh/EB7xgUc4OvU9Xqbm/81onnSOmr7X9K+9xtn5LL8q2SP75JD45JickSvSIm3CSEqeyDN5cV6dN+fd+Zi2VpzZzC75BefrG0kcpUM=</latexit>
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Figure 2: The setting of the PSD decomposition result: A stochastic reaction network with linear propensity
functions embedded in the intracellular milieu and receiving stimulation from several upstream networks. Theorem
3.2 provides an analytical decomposition for the output PSD SXn(ω) in terms of the PSDs of all the stimulating
signals.

have at most one reactant and are of the form ∅ −→ ? or Xi −→ ?, where ? represents any linear combination
of species. Assuming d species and K reactions, for linear networks we can express the vector of propensity
functions λ(x) = (λ1(x), . . . , λK(x)) as an affine map on the state-space

λ(x) = Λx+ b̃,

where Λ is some K × d matrix and b̃ is a K × 1 vector. Letting S be the d×K matrix whose columns are
the stoichiometric vectors ζ1, . . . , ζK for the reactions. We define

A = SΛ and b = Sb̃,

and under the assumption of ergodicity, the d × d matrix A is Hurwitz-stable, i.e. all its eigenvalues have
strictly negative real parts. It can be easily shown (see [37] for e.g.) that the dynamics of the expected state
x(t) = E(X(t)) is given by

dx

dt
= Ax(t), (3.9)

and as t→∞, x(t) converges to x which is the state expectation under the stationary distribution π

x = Eπ(X) = −A−1b.

Moreover the stationary covariance matrix Σ for the state can be computed by solving the following Lyapunov
equation

AΣ + ΣAT +DDT = 0,

where D is the positive semidefinite matrix satisfying DDT = Sdiag(Λx+ b̃)ST . In this setting, we can show
that the resolvent operator maps the class of affine functions to itself, and this allows us to apply expression
(2.6) to prove (see the Supplement, Section S2.3) the following:

Theorem 3.1 (PSD Analytic Expression) Let en denote the n-th column of the d × d identity matrix
I. Then

SXn
(ω) = −2eTn (ω2I +A2)−1AΣen.

This result gives a simple explicit formula for computing the PSD of the dynamics of the output species Xn

for linear networks.
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Connections with Linear ODEs Driven by Gaussian Noise

We now relate this result with a familiar result in theory of Gaussian processes. Consider the SDE obtained
by perturbing the deterministic linear system (3.9) by d-dimensional white noise ξ(t) as follows

dx

dt
= Ax(t) +Dξ(t). (3.10)

This is a multivariate Ornstein-Uhlenbeck process with zero steady-state mean vector and Σ as the steady-
state variance-covariance matrix. As shown in [65], the autocovariance function for this process is given
by

Rxn(τ) = eTne
AτΣen

and applying the Wiener-Khintchine Theorem (see Box 1) we obtain the PSD by computing the Fourier
Transform of Rxn

(τ) as

Sxn
(ω) = 2Real(eTn (iω −A)−1Σen)

which is identical to the PSD expression given in Theorem 3.1. Hence for linear reaction networks, the exact
PSD can be derived by approximating the CTMC with the SDE (3.10), which can be viewed as the Linear
Noise Approximation (LNA) of the CTMC dynamics.

3.1 Linear reaction networks stimulated by external inputs

We now generalise our PSD analysis for linear networks by considering the situation where such a network
is being driven by external signals. These signals could be generated by different sources, e.g. upstream
interconnected networks, environmental stimuli, or by engineered inputs introduced to probe the dynamics
(see Figure 2). A fundamentally important question is to understand how the internal noise and each of these
inputs (deterministic or stochastic) conspire to make up the full power spectrum of an output of interest.
Indeed it would be of considerable conceptual and practical significance to be able to decompose the output
power spectrum in a way that allows the quantification of the specific contributions to the spectrum of the
internal noise and of each of the external inputs. Although approximate decompositions of this sort have
been reported in specific simple example networks modeled by CLEs [71, 69], to the best of our knowledge
no spectral decomposition results exist for general biochemical networks modeled by CLE, nor for those
modeled by discrete-stochastic CTMC models.

We consider m independent time-varying signals (Y1(t))t≥0, . . . , (Ym(t))t≥0. We assume that these signals
stimulate through m zeroth-order reactions of the form

∅ θkYk(t)−→
d∑
j=1

cjkXj (3.11)

for k = 1, . . . ,m. Each reaction follows mass-action kinetics and for reaction k, θk is a positive constant and
ck = (c1k, . . . , cdk) is the vector representing the number of molecules of each species X1, . . . ,Xd created
by this reaction. We shall assume that process (Y (t))t≥0, which includes all the stimulating signals, is an
exponentially ergodic Markov process with stationary expectation y = (y1, . . . , ym). Let Σ be the stationary
variance-covariance matrix for the process (X(t))t≥0 when each stimulating signal is deterministic and fixed
to its stationary mean at all times, i.e. Y (t) = y for all t ≥ 0. We now present our main result for linear
networks which provides an analytic relationship between the PSD SXn

(ω) of our output species Xn and
the of PSDs SYj (ω) for j = 1, . . . ,m.

Theorem 3.2 (PSD Decomposition) Consider a unimolecular reaction network comprising species X1, . . . ,Xd,
stimulated by independent time-varying signals (Y1(t))t≥0, . . . , (Ym(t))t≥0, through zeroth-order reactions of
the form (3.11). We assume that each Yj is an exponentially ergodic Markov process with PSD SYj

(ω). The
PSD of the output species Xn is given by

SXn(ω) = −2eTn (ω2I +A2)−1AΣen (intrinsic)
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<latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit><latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit><latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit><latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit>

time (min)
<latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit><latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit><latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit><latexit sha1_base64="QGLP6dVZASq1tZKi0W6GSb6WIpI=">AAACInicbVDLSgNBEJyN7/iMHr0MBiFewq4XvQhBCXhUMDGYDTI720mGzMwuM71qWPIXXvXk13gTT4If4+Rx8NXQUFR1U90VpVJY9P0PrzA3v7C4tLxSXF1b39jcKm03bZIZDg2eyMS0ImZBCg0NFCihlRpgKpJwHQ3Oxvr1HRgrEn2FwxQ6ivW06ArO0FE3KBTQihL64Har7Ff9SdG/IJiBMpnVxW3JK4RxwjMFGrlk1rYl07HlzJnkzKDgEkbFMLOQMj5gPWg7qJkC28knd4/ovmNi2k2Ma410wn7fyJmydqgiN6kY9u1vbUz+p7Uz7B53cqHTDEHzqVE3kxQTOg6BxsIARzl0gHEj3K2U95lhHF1UxVDDPU+Ucu/kYX2Uh2ODKMrrI/cPwgPeixj7J4EvtEst+J3RX9A8rAZ+Nbg8LNdOZ/ktk12yRyokIEekRs7JBWkQTjR5JE/k2XvxXr037306WvBmOzvkR3mfX1mao6o=</latexit>

P
S
D

S
P

(!
)

<latexit sha1_base64="hDy7HJ5mm/GQ3EEoy/K/dusHBo0="></latexit><latexit sha1_base64="hDy7HJ5mm/GQ3EEoy/K/dusHBo0="></latexit><latexit sha1_base64="hDy7HJ5mm/GQ3EEoy/K/dusHBo0="></latexit><latexit sha1_base64="hDy7HJ5mm/GQ3EEoy/K/dusHBo0="></latexit>
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<latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit><latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit><latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit><latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit>P
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<latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit><latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit><latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit><latexit sha1_base64="G8aSY9UJ9NqN/QLVPo2x87E6rWk="></latexit>

mRNA Splicing Incoherent Feedforward (IFF) Negative Feedback (NFB)
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mRNA

X1
<latexit sha1_base64="JpiJHpiC8JpqZP2ztvVkfFv8nCU="></latexit><latexit sha1_base64="WQSEvW9WoDwGHNaw+apj8zd8uLI="></latexit><latexit sha1_base64="WQSEvW9WoDwGHNaw+apj8zd8uLI="></latexit><latexit sha1_base64="b4YxHd7udcomdBeesglntYWAI54=">AAACJHicbVBNS8NAEN3U7/qtRy/BIngqiRe9CEURPCpYLTSlbDaTdnF3E3Yn1hLyN7zqyV/jTTx48be4aXNQ64OBx3szzMwLU8ENet6nU5ubX1hcWl6pr66tb2xube/cmiTTDNosEYnuhNSA4ArayFFAJ9VAZSjgLrw/L/27B9CGJ+oGxyn0JB0oHnNG0UpBICkOwzjv9P2iv9Xwmt4E7izxK9IgFa76204tiBKWSVDIBDWmK6iKDKN2TU41ciagqAeZgZSyezqArqWKSjC9fHJ54R5YJXLjRNtS6E7UnxM5lcaMZWg7y0vNX68U//O6GcYnvZyrNENQbLoozoSLiVvG4EZcA0MxtoQyze2tLhtSTRnasOqBghFLpLTv5MFFkU9jCvOLwv6D8IgjHuHw1Pe4sqn5fzOaJbdHTd9r+tdeo3VW5bdM9sg+OSQ+OSYtckmuSJswkpIn8kxenFfnzXl3PqatNaea2SW/4Hx9A+CCpQY=</latexit>

X2
<latexit sha1_base64="EKa4dgDCpOYgQUOUaaXLstErd/U="></latexit><latexit sha1_base64="FIoECqs3JN+NeNFiJd/0YoHrBzU="></latexit><latexit sha1_base64="FIoECqs3JN+NeNFiJd/0YoHrBzU="></latexit><latexit sha1_base64="7oaBRrMvj/JNhtgfC66Q0ULLgSk=">AAACJHicbVBNS8NAEN3U7/qtRy/BIngqSS96EYoieFSwWmhK2Wwm7dLdTdidWEvI3/CqJ3+NN/Hgxd/ipu1BrQ8GHu/NMDMvTAU36HmfTmVhcWl5ZXWtur6xubW9s7t3Z5JMM2ixRCS6HVIDgitoIUcB7VQDlaGA+3B4Ufr3D6ANT9QtjlPoStpXPOaMopWCQFIchHHe7jWK3k7Nq3sTuPPEn5EameG6t+tUgihhmQSFTFBjOoKqyDBq1+RUI2cCimqQGUgpG9I+dCxVVILp5pPLC/fIKpEbJ9qWQnei/pzIqTRmLEPbWV5q/nql+J/XyTA+7eZcpRmCYtNFcSZcTNwyBjfiGhiKsSWUaW5vddmAasrQhlUNFIxYIqV9Jw8ui3waU5hfFvYfhEcc8QgHZ77HlU3N/5vRPLlr1H2v7t94teb5LL9VckAOyTHxyQlpkityTVqEkZQ8kWfy4rw6b8678zFtrTizmX3yC87XN+I4pQc=</latexit>

proteinTranscription
kp

<latexit sha1_base64="AxsJhUrUcDUZh+oN3sQ6aXZ8tSE=">AAACG3icbVA9SwNBEJ2L3/FbS5vDD7AKdzbaCKIIlopGhVwIe3uTZMnu3rE7p4YjP8FWK/+GtWAnthb+EHs3iYVfDxYeb2Z25r04k8JSELx7pZHRsfGJyany9Mzs3PzC4tK5TXPDscpTmZrLmFmUQmOVBEm8zAwyFUu8iDsH/frFFRorUn1G3QzrirW0aArOyEmnnUbWWFgLKsEA/l8SfpG1vfWPxycAOG4seqUoSXmuUBOXzNqaZDqxnLnfC2ZIcIm9cpRbzBjvsBbWHNVMoa0Xg4N7/oZTEr+ZGvc0+QP1+0TBlLVdFbtOxahtf9f64n+1Wk7NnXohdJYTaj5c1MylT6nfd+8nwiAn2XWEcSPcrT5vM8M4uYzKkcZrnirl7BTRYa+I+gviuDjsOT+EN3QtEmrvhoHQLrXwd0Z/yflWJQwq4YmLbx+GmIQVWIVNCGEb9uAIjqEKHFpwC3dw7z14z96L9zpsLXlfM8vwA97bJ+fspAc=</latexit><latexit sha1_base64="W4VaqPXWYoqplFOEuR3ih5v2XSI="></latexit><latexit sha1_base64="W4VaqPXWYoqplFOEuR3ih5v2XSI="></latexit><latexit sha1_base64="2rqUCr3G4ZDR57yf9iwC1gcfRr0=">AAACG3icbVBNS8NAEN3Ur1q/qh69BIvgqSRe9CIURfBY0arQlLLZTNulu5uwO7GWkJ/gVU/+Gm/i1YP/xk3Nwa8HC483MzvzXpgIbtDzPpzK3PzC4lJ1ubayura+Ud/cujZxqhl0WCxifRtSA4Ir6CBHAbeJBipDATfh+LSo39yBNjxWVzhNoCfpUPEBZxStdDnuJ/16w2t6M7h/iV+SBinR7m86lSCKWSpBIRPUmK6gKjKM2t8zqpEzAXktSA0klI3pELqWKirB9LLZwbm7Z5XIHcTaPoXuTP0+kVFpzFSGtlNSHJnftUL8r9ZNcXDUy7hKUgTFvhYNUuFi7Bbu3YhrYCimllCmub3VZSOqKUObUS1QMGGxlNZOFpzlWVAsCMPsLLd+EO5xwiMcHfseVzY1/3dGf8n1QdP3mv6F12idlPlVyQ7ZJfvEJ4ekRc5Jm3QII0PyQB7Jk/PsvDivzttXa8UpZ7bJDzjvn5PdoTg=</latexit>

�p
<latexit sha1_base64="yK90Obq+IBTlp/JES0YczIDUWwo="></latexit><latexit sha1_base64="uBwwf+EigJykep3b4vRclCiT6ok="></latexit><latexit sha1_base64="uBwwf+EigJykep3b4vRclCiT6ok="></latexit><latexit sha1_base64="KY0y/6o7j0TAWA/sBl/6GVdJRUo=">AAACIHicbVDLSgNBEJyN7/iKevSyGARPYdeLXgRRAh4jmBjIhtA720kGZ2aXmV41LPkJr3rya7yJR/0aJzEHXwUDRVU31VNxJoWlIHj3SnPzC4tLyyvl1bX1jc3K1nbLprnh2OSpTE07BotSaGySIIntzCCoWOJ1fHM+8a9v0ViR6isaZdhVMNCiLziQk9rRAJSCXtarVINaMIX/l4QzUmUzNHpbXilKUp4r1MQlWNuRoBPLwUUUYEhwieNylFvMgN/AADuOalBou8X06rG/75TE76fGPU3+VP2+UYCydqRiN6mAhva3NxH/8zo59Y+7hdBZTqj5V1A/lz6l/qQCPxEGOcmRI8CNcLf6fAgGOLmiypHGO566VnRSRPVxEU0C4rioj91/CO/pTiQ0PAkDoV1r4e+O/pLWYS0MauFlUD09m/W3zHbZHjtgITtip+yCNViTcSbZA3tkT96z9+K9em9foyVvtrPDfsD7+ASs6KNe</latexit>

�r
<latexit sha1_base64="e5o8U44dG+l3PHnzznoU42RH01c="></latexit><latexit sha1_base64="ohq+bZ6yRqM0X2okD3eZkKelYFM="></latexit><latexit sha1_base64="ohq+bZ6yRqM0X2okD3eZkKelYFM="></latexit><latexit sha1_base64="iYuZyB7gS+G9KMDUBbtQ6IyK9Aw=">AAACIHicbVDLSgNBEJyN7/iKevSyGARPYdeLXgRRAh4jmBjIhtA720kGZ2aXmV41LPkJr3rya7yJR/0aJzEHXwUDRVU31VNxJoWlIHj3SnPzC4tLyyvl1bX1jc3K1nbLprnh2OSpTE07BotSaGySIIntzCCoWOJ1fHM+8a9v0ViR6isaZdhVMNCiLziQk9rRAJSCnulVqkEtmML/S8IZqbIZGr0trxQlKc8VauISrO1I0Inl4CIKMCS4xHE5yi1mwG9ggB1HNSi03WJ69djfd0ri91PjniZ/qn7fKEBZO1Kxm1RAQ/vbm4j/eZ2c+sfdQugsJ9T8K6ifS59Sf1KBnwiDnOTIEeBGuFt9PgQDnFxR5UjjHU9dKzopovq4iCYBcVzUx+4/hPd0JxIanoSB0K618HdHf0nrsBYGtfAyqJ6ezfpbZrtsjx2wkB2xU3bBGqzJOJPsgT2yJ+/Ze/Fevbev0ZI329lhP+B9fAKwUqNg</latexit>

Translation
kr<latexit sha1_base64="195PTHfd1C9D50dDgJnKFplMlDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwGelCtuXU3B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Cw/dUbOrDIkYaxtKSS5+nsio5Ex0yiwnRHFsVn25uJ/Xi/F8NrPhEpS5IotFoWpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOk8+K8Ox+L1pJTzBzDHzifP1kyjdA=</latexit><latexit sha1_base64="195PTHfd1C9D50dDgJnKFplMlDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwGelCtuXU3B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Cw/dUbOrDIkYaxtKSS5+nsio5Ex0yiwnRHFsVn25uJ/Xi/F8NrPhEpS5IotFoWpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOk8+K8Ox+L1pJTzBzDHzifP1kyjdA=</latexit><latexit sha1_base64="195PTHfd1C9D50dDgJnKFplMlDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwGelCtuXU3B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Cw/dUbOrDIkYaxtKSS5+nsio5Ex0yiwnRHFsVn25uJ/Xi/F8NrPhEpS5IotFoWpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOk8+K8Ox+L1pJTzBzDHzifP1kyjdA=</latexit><latexit sha1_base64="195PTHfd1C9D50dDgJnKFplMlDk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPUwGelCtuXU3B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Cw/dUbOrDIkYaxtKSS5+nsio5Ex0yiwnRHFsVn25uJ/Xi/F8NrPhEpS5IotFoWpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOk8+K8Ox+L1pJTzBzDHzifP1kyjdA=</latexit>

unspliced mRNA splicing spliced mRNA

kon
<latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="DFQ8J4RQL+q0VF5FoTuWFP2MJk0=">AAACCnicbVDLSgMxFM3UV61V27WbwSK4KjNudCMIUnBZwT6gU0omc6cNTTJDcsdahvkBt678GnfiL/g3po+Fth4IHM5Jcu85YSq4Qc/7dko7u3v7B+XDylG1cnxyWqt2TZJpBh2WiET3Q2pAcAUd5Cign2qgMhTQC6f3C7/3DNrwRD3hPIWhpGPFY84oWqk9qjW8preEu038NWmQNUZ1pxRECcskKGSCGjMQVEWGUftzTjVyJqCoBJmBlLIpHcPAUkUlmGG+XLZwL6wSuXGi7VHoLtXfL3IqjZnL0N6UFCdm01uI/3mDDOObYc5VmiEothoUZ8LFxF0kdyOugaGYW0KZ5nZXl02opgxtP5VAwYwlUto4edAq8mAxIAzzVmHzILzgjEc4ufU9rmxp/mZF26R71fS9pv/okTI5I+fkkvjkmtyRB9ImHcJIRF7Jm/PufDifq3JLzrrlOvkD5+sHMJKdcQ==</latexit><latexit sha1_base64="QdPQ3BN4ErGJ/GOPWvlXo+xDkXY=">AAACE3icbVDLSgNBEOyN7/j26mVRBE9h14teBEEEjwomCtkQZmc7Zsw8lpleY1j2H7zqya/xJp79GycxB18FDUXVDNVdaS6Foyj6CGozs3PzC4tL9eWV1bX1jc2VljOF5djkRhp7kzKHUmhskiCJN7lFplKJ1+ngdOxf36N1wugrGuXYUexWi57gjLzUGnRLo6vuxm7UiCYI/5J4SnZhiovuZlBLMsMLhZq4ZM61JdOZ48wHlMyS4BKrelI4zBkfsFtse6qZQtcpJztX4Z5XsrBnrB9N4UT9/qNkyrmRSv1Lxajvfntj8T+vXVDvqFMKnReEmn8F9QoZkgnHBYSZsMhJjjxh3Aq/a8j7zDJOvqZ6onHIjVL+nDI5q8pkHJCm5Vnl7yF8oKHIqH8cR0L71uLfHf0lrYNGHDXiywgWYRt2YB9iOIQTOIcLaAKHO3iEJ3gOXoLX4O2r31owLXoLfiB4/wRp2aE2</latexit><latexit sha1_base64="QdPQ3BN4ErGJ/GOPWvlXo+xDkXY=">AAACE3icbVDLSgNBEOyN7/j26mVRBE9h14teBEEEjwomCtkQZmc7Zsw8lpleY1j2H7zqya/xJp79GycxB18FDUXVDNVdaS6Foyj6CGozs3PzC4tL9eWV1bX1jc2VljOF5djkRhp7kzKHUmhskiCJN7lFplKJ1+ngdOxf36N1wugrGuXYUexWi57gjLzUGnRLo6vuxm7UiCYI/5J4SnZhiovuZlBLMsMLhZq4ZM61JdOZ48wHlMyS4BKrelI4zBkfsFtse6qZQtcpJztX4Z5XsrBnrB9N4UT9/qNkyrmRSv1Lxajvfntj8T+vXVDvqFMKnReEmn8F9QoZkgnHBYSZsMhJjjxh3Aq/a8j7zDJOvqZ6onHIjVL+nDI5q8pkHJCm5Vnl7yF8oKHIqH8cR0L71uLfHf0lrYNGHDXiywgWYRt2YB9iOIQTOIcLaAKHO3iEJ3gOXoLX4O2r31owLXoLfiB4/wRp2aE2</latexit><latexit sha1_base64="garJj3KxqhQTaXwxqc3O/qBKc0c=">AAACHnicbVDLSgNBEJyN7/jWo5fFIHgKu170IgRF8KhgopANYXa2k4yZxzLTq4Zl/8Grnvwab+JV/8bJ46CJDQ1FVTfVXXEquMUg+PZKc/MLi0vLK+XVtfWNza3tnYbVmWFQZ1pocxdTC4IrqCNHAXepASpjAbdx/3yo3z6AsVyrGxyk0JK0q3iHM4qOavTbuVZFe6sSVINR+bMgnIAKmdRVe9srRYlmmQSFTFBrm4KqxDLqDHJqkDMBRTnKLKSU9WkXmg4qKsG28tHNhX/gmMTvaONaoT9if2/kVFo7kLGblBR7dlobkv9pzQw7J62cqzRDUGxs1MmEj9ofBuAn3ABDMXCAMsPdrT7rUUMZupjKkYJHpqV07+TRRZFHQ4M4zi8K9w/CEz7yBHunYcCVSy2czmgWNI6qYVANr4NK7WyS3zLZI/vkkITkmNTIJbkidcLIPXkmL+TVe/PevQ/vczxa8iY7u+RPeV8/ad+iuw==</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit><latexit sha1_base64="IpKr+9gy++5obWHUhV6jCCM5/XA=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL4IogkcFE4VsCLOzHTNmHstMrzEs+w9e9eTXeBOv+jdOYg6a2NBQVHVT3RWnglsMgi+vNDM7N7+wuFReXlldW9+obDaszgyDOtNCm9uYWhBcQR05CrhNDVAZC7iJe2dD/eYBjOVaXeMghZakd4p3OKPoqEavnWtVtDeqQS0YlT8NwjGoknFdtiteKUo0yyQoZIJa2xRUJZZRZ5BTg5wJKMpRZiGlrEfvoOmgohJsKx/dXPi7jkn8jjauFfoj9vdGTqW1Axm7SUmxaye1Ifmf1sywc9TKuUozBMV+jDqZ8FH7wwD8hBtgKAYOUGa4u9VnXWooQxdTOVLQZ1pK904enRd5NDSI4/y8cP8gPGKfJ9g9DgOuXGrhZEbToLFfC4NaeHVQPTkd57dItskO2SMhOSQn5IJckjph5J48kWfy4r16b9679/EzWvLGO1vkT3mf32sfor8=</latexit>

ko↵<latexit sha1_base64="5CYuEBjaR4E6cuXYdiLHXeWrPbQ=">AAACJnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VjArZGGZne82QeSwzvWpY9j+86smv8SbizU9xEnPw1dBQVHVT3RVnglsMgnevMjU9Mzs3v1BdXFpeWV2rrV9YnRsGbaaFNlcxtSC4gjZyFHCVGaAyFnAZD45H+uUtGMu1OsdhBl1JbxRPOaPoqOtBr4hkrO8LnaZl2VurB41gXP5fEE5AnUzqtFfzKlGiWS5BIRPU2o6gKrGMOqOCGuRMQFmNcgsZZQN6Ax0HFZVgu8X49tLfdkzip9q4VuiP2e8bBZXWDmXsJiXFvv2tjcj/tE6O6UG34CrLERT7Mkpz4aP2R0H4CTfAUAwdoMxwd6vP+tRQhi6uaqTgjmkp3TtF1CpdSs4gjotW6f5BuMc7nmD/MAy4cqmFvzP6Cy52G2HQCM/26s2jSX7zZJNskR0Skn3SJCfklLQJI4Y8kEfy5D17L96r9/Y1WvEmOxvkR3kfn4UQpnc=</latexit><latexit sha1_base64="5CYuEBjaR4E6cuXYdiLHXeWrPbQ=">AAACJnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VjArZGGZne82QeSwzvWpY9j+86smv8SbizU9xEnPw1dBQVHVT3RVnglsMgnevMjU9Mzs3v1BdXFpeWV2rrV9YnRsGbaaFNlcxtSC4gjZyFHCVGaAyFnAZD45H+uUtGMu1OsdhBl1JbxRPOaPoqOtBr4hkrO8LnaZl2VurB41gXP5fEE5AnUzqtFfzKlGiWS5BIRPU2o6gKrGMOqOCGuRMQFmNcgsZZQN6Ax0HFZVgu8X49tLfdkzip9q4VuiP2e8bBZXWDmXsJiXFvv2tjcj/tE6O6UG34CrLERT7Mkpz4aP2R0H4CTfAUAwdoMxwd6vP+tRQhi6uaqTgjmkp3TtF1CpdSs4gjotW6f5BuMc7nmD/MAy4cqmFvzP6Cy52G2HQCM/26s2jSX7zZJNskR0Skn3SJCfklLQJI4Y8kEfy5D17L96r9/Y1WvEmOxvkR3kfn4UQpnc=</latexit><latexit sha1_base64="5CYuEBjaR4E6cuXYdiLHXeWrPbQ=">AAACJnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VjArZGGZne82QeSwzvWpY9j+86smv8SbizU9xEnPw1dBQVHVT3RVnglsMgnevMjU9Mzs3v1BdXFpeWV2rrV9YnRsGbaaFNlcxtSC4gjZyFHCVGaAyFnAZD45H+uUtGMu1OsdhBl1JbxRPOaPoqOtBr4hkrO8LnaZl2VurB41gXP5fEE5AnUzqtFfzKlGiWS5BIRPU2o6gKrGMOqOCGuRMQFmNcgsZZQN6Ax0HFZVgu8X49tLfdkzip9q4VuiP2e8bBZXWDmXsJiXFvv2tjcj/tE6O6UG34CrLERT7Mkpz4aP2R0H4CTfAUAwdoMxwd6vP+tRQhi6uaqTgjmkp3TtF1CpdSs4gjotW6f5BuMc7nmD/MAy4cqmFvzP6Cy52G2HQCM/26s2jSX7zZJNskR0Skn3SJCfklLQJI4Y8kEfy5D17L96r9/Y1WvEmOxvkR3kfn4UQpnc=</latexit><latexit sha1_base64="5CYuEBjaR4E6cuXYdiLHXeWrPbQ=">AAACJnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VjArZGGZne82QeSwzvWpY9j+86smv8SbizU9xEnPw1dBQVHVT3RVnglsMgnevMjU9Mzs3v1BdXFpeWV2rrV9YnRsGbaaFNlcxtSC4gjZyFHCVGaAyFnAZD45H+uUtGMu1OsdhBl1JbxRPOaPoqOtBr4hkrO8LnaZl2VurB41gXP5fEE5AnUzqtFfzKlGiWS5BIRPU2o6gKrGMOqOCGuRMQFmNcgsZZQN6Ax0HFZVgu8X49tLfdkzip9q4VuiP2e8bBZXWDmXsJiXFvv2tjcj/tE6O6UG34CrLERT7Mkpz4aP2R0H4CTfAUAwdoMxwd6vP+tRQhi6uaqTgjmkp3TtF1CpdSs4gjotW6f5BuMc7nmD/MAy4cqmFvzP6Cy52G2HQCM/26s2jSX7zZJNskR0Skn3SJCfklLQJI4Y8kEfy5D17L96r9/Y1WvEmOxvkR3kfn4UQpnc=</latexit>

X2
<latexit sha1_base64="EKa4dgDCpOYgQUOUaaXLstErd/U="></latexit><latexit sha1_base64="FIoECqs3JN+NeNFiJd/0YoHrBzU="></latexit><latexit sha1_base64="FIoECqs3JN+NeNFiJd/0YoHrBzU="></latexit><latexit sha1_base64="7oaBRrMvj/JNhtgfC66Q0ULLgSk=">AAACJHicbVBNS8NAEN3U7/qtRy/BIngqSS96EYoieFSwWmhK2Wwm7dLdTdidWEvI3/CqJ3+NN/Hgxd/ipu1BrQ8GHu/NMDMvTAU36HmfTmVhcWl5ZXWtur6xubW9s7t3Z5JMM2ixRCS6HVIDgitoIUcB7VQDlaGA+3B4Ufr3D6ANT9QtjlPoStpXPOaMopWCQFIchHHe7jWK3k7Nq3sTuPPEn5EameG6t+tUgihhmQSFTFBjOoKqyDBq1+RUI2cCimqQGUgpG9I+dCxVVILp5pPLC/fIKpEbJ9qWQnei/pzIqTRmLEPbWV5q/nql+J/XyTA+7eZcpRmCYtNFcSZcTNwyBjfiGhiKsSWUaW5vddmAasrQhlUNFIxYIqV9Jw8ui3waU5hfFvYfhEcc8QgHZ77HlU3N/5vRPLlr1H2v7t94teb5LL9VckAOyTHxyQlpkityTVqEkZQ8kWfy4rw6b8678zFtrTizmX3yC87XN+I4pQc=</latexit>

Inactive Gene

↵o↵<latexit sha1_base64="EF7sBkN1X/p/S1R7U1E1iKQEbDY="></latexit><latexit sha1_base64="EF7sBkN1X/p/S1R7U1E1iKQEbDY="></latexit><latexit sha1_base64="EF7sBkN1X/p/S1R7U1E1iKQEbDY="></latexit><latexit sha1_base64="EF7sBkN1X/p/S1R7U1E1iKQEbDY="></latexit>

X1
<latexit sha1_base64="JpiJHpiC8JpqZP2ztvVkfFv8nCU="></latexit><latexit sha1_base64="WQSEvW9WoDwGHNaw+apj8zd8uLI="></latexit><latexit sha1_base64="WQSEvW9WoDwGHNaw+apj8zd8uLI="></latexit><latexit sha1_base64="b4YxHd7udcomdBeesglntYWAI54=">AAACJHicbVBNS8NAEN3U7/qtRy/BIngqiRe9CEURPCpYLTSlbDaTdnF3E3Yn1hLyN7zqyV/jTTx48be4aXNQ64OBx3szzMwLU8ENet6nU5ubX1hcWl6pr66tb2xube/cmiTTDNosEYnuhNSA4ArayFFAJ9VAZSjgLrw/L/27B9CGJ+oGxyn0JB0oHnNG0UpBICkOwzjv9P2iv9Xwmt4E7izxK9IgFa76204tiBKWSVDIBDWmK6iKDKN2TU41ciagqAeZgZSyezqArqWKSjC9fHJ54R5YJXLjRNtS6E7UnxM5lcaMZWg7y0vNX68U//O6GcYnvZyrNENQbLoozoSLiVvG4EZcA0MxtoQyze2tLhtSTRnasOqBghFLpLTv5MFFkU9jCvOLwv6D8IgjHuHw1Pe4sqn5fzOaJbdHTd9r+tdeo3VW5bdM9sg+OSQ+OSYtckmuSJswkpIn8kxenFfnzXl3PqatNaea2SW/4Hx9A+CCpQY=</latexit>

Active Gene

↵on<latexit sha1_base64="bF44X9FRxtKypNDqNaLGb7d55RM="></latexit><latexit sha1_base64="bF44X9FRxtKypNDqNaLGb7d55RM="></latexit><latexit sha1_base64="bF44X9FRxtKypNDqNaLGb7d55RM="></latexit><latexit sha1_base64="bF44X9FRxtKypNDqNaLGb7d55RM="></latexit>

�
<latexit sha1_base64="NeNYDqW0A+SDZ1RDaRrIIYcMtFo=">AAACHXicbVBNSwMxEM3Wr1q/9ehlsQieyq4IehFEKXhUsFroljKbndpgkl2SWbUs/Q1e9eSv8SZexX9jWnvQ1geBx5uZzLwXZ1JYCoIvrzQzOze/UF6sLC2vrK6tb2xe2zQ3HBs8lalpxmBRCo0NEiSxmRkEFUu8ie/OhvWbezRWpPqK+hm2Fdxq0RUcyEmNKEaCzno1qAUj+NMkHJMqG+Ois+GVoiTluUJNXIK1LQk6sRzc/wUYElzioBLlFjPgd3CLLUc1KLTtYnTywN91SuJ3U+OeJn+k/p4oQFnbV7HrVEA9O1kbiv/VWjl1j9qF0FlOqPnPom4ufUr9oX8/EQY5yb4jwI1wt/q8BwY4uZQqkcYHnirl7BRRfVBEwwVxXNQHzg/hIz2IhHrHYSC0Sy2czGiaXO/XwqAWXh5UT07H+ZXZNttheyxkh+yEnbML1mCcCfbEntmL9+q9ee/ex09ryRvPbLE/8D6/ASZkog4=</latexit><latexit sha1_base64="NeNYDqW0A+SDZ1RDaRrIIYcMtFo=">AAACHXicbVBNSwMxEM3Wr1q/9ehlsQieyq4IehFEKXhUsFroljKbndpgkl2SWbUs/Q1e9eSv8SZexX9jWnvQ1geBx5uZzLwXZ1JYCoIvrzQzOze/UF6sLC2vrK6tb2xe2zQ3HBs8lalpxmBRCo0NEiSxmRkEFUu8ie/OhvWbezRWpPqK+hm2Fdxq0RUcyEmNKEaCzno1qAUj+NMkHJMqG+Ois+GVoiTluUJNXIK1LQk6sRzc/wUYElzioBLlFjPgd3CLLUc1KLTtYnTywN91SuJ3U+OeJn+k/p4oQFnbV7HrVEA9O1kbiv/VWjl1j9qF0FlOqPnPom4ufUr9oX8/EQY5yb4jwI1wt/q8BwY4uZQqkcYHnirl7BRRfVBEwwVxXNQHzg/hIz2IhHrHYSC0Sy2czGiaXO/XwqAWXh5UT07H+ZXZNttheyxkh+yEnbML1mCcCfbEntmL9+q9ee/ex09ryRvPbLE/8D6/ASZkog4=</latexit><latexit sha1_base64="NeNYDqW0A+SDZ1RDaRrIIYcMtFo=">AAACHXicbVBNSwMxEM3Wr1q/9ehlsQieyq4IehFEKXhUsFroljKbndpgkl2SWbUs/Q1e9eSv8SZexX9jWnvQ1geBx5uZzLwXZ1JYCoIvrzQzOze/UF6sLC2vrK6tb2xe2zQ3HBs8lalpxmBRCo0NEiSxmRkEFUu8ie/OhvWbezRWpPqK+hm2Fdxq0RUcyEmNKEaCzno1qAUj+NMkHJMqG+Ois+GVoiTluUJNXIK1LQk6sRzc/wUYElzioBLlFjPgd3CLLUc1KLTtYnTywN91SuJ3U+OeJn+k/p4oQFnbV7HrVEA9O1kbiv/VWjl1j9qF0FlOqPnPom4ufUr9oX8/EQY5yb4jwI1wt/q8BwY4uZQqkcYHnirl7BRRfVBEwwVxXNQHzg/hIz2IhHrHYSC0Sy2czGiaXO/XwqAWXh5UT07H+ZXZNttheyxkh+yEnbML1mCcCfbEntmL9+q9ee/ex09ryRvPbLE/8D6/ASZkog4=</latexit><latexit sha1_base64="NeNYDqW0A+SDZ1RDaRrIIYcMtFo=">AAACHXicbVBNSwMxEM3Wr1q/9ehlsQieyq4IehFEKXhUsFroljKbndpgkl2SWbUs/Q1e9eSv8SZexX9jWnvQ1geBx5uZzLwXZ1JYCoIvrzQzOze/UF6sLC2vrK6tb2xe2zQ3HBs8lalpxmBRCo0NEiSxmRkEFUu8ie/OhvWbezRWpPqK+hm2Fdxq0RUcyEmNKEaCzno1qAUj+NMkHJMqG+Ois+GVoiTluUJNXIK1LQk6sRzc/wUYElzioBLlFjPgd3CLLUc1KLTtYnTywN91SuJ3U+OeJn+k/p4oQFnbV7HrVEA9O1kbiv/VWjl1j9qF0FlOqPnPom4ufUr9oX8/EQY5yb4jwI1wt/q8BwY4uZQqkcYHnirl7BRRfVBEwwVxXNQHzg/hIz2IhHrHYSC0Sy2czGiaXO/XwqAWXh5UT07H+ZXZNttheyxkh+yEnbML1mCcCfbEntmL9+q9ee/ex09ryRvPbLE/8D6/ASZkog4=</latexit>

�
<latexit sha1_base64="Ve+cfWYCWBHV1zypRS4yoHC6+4I=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VTBSyQXpnO8nozOwy06uGJf/gVU9+jTfxqn/jJObgq2CgqOqmeirOpLAUBB9eaWp6ZnZufqG8uLS8srpWWW/ZNDccmzyVqbmMwaIUGpskSOJlZhBULPEivjke+Re3aKxI9TkNMuwo6GnRFRzISa2oB0rB1Vo1qAVj+H9JOCFVNsHpVcUrRUnKc4WauARr2xJ0Yjm4gAIMCS5xWI5yixnwG+hh21ENCm2nGN889Ledkvjd1LinyR+r3zcKUNYOVOwmFVDf/vZG4n9eO6fuQacQOssJNf8K6ubSp9QfFeAnwiAnOXAEuBHuVp/3wQAnV1M50njHU9eJToqoMSyiUUAcF42h+w/hPd2JhPqHYSC0ay383dFf0tqthUEtPNur1o8m/c2zTbbFdljI9lmdnbBT1mScXbMH9sievGfvxXv13r5GS95kZ4P9gPf+Cf1Son8=</latexit><latexit sha1_base64="Ve+cfWYCWBHV1zypRS4yoHC6+4I=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VTBSyQXpnO8nozOwy06uGJf/gVU9+jTfxqn/jJObgq2CgqOqmeirOpLAUBB9eaWp6ZnZufqG8uLS8srpWWW/ZNDccmzyVqbmMwaIUGpskSOJlZhBULPEivjke+Re3aKxI9TkNMuwo6GnRFRzISa2oB0rB1Vo1qAVj+H9JOCFVNsHpVcUrRUnKc4WauARr2xJ0Yjm4gAIMCS5xWI5yixnwG+hh21ENCm2nGN889Ledkvjd1LinyR+r3zcKUNYOVOwmFVDf/vZG4n9eO6fuQacQOssJNf8K6ubSp9QfFeAnwiAnOXAEuBHuVp/3wQAnV1M50njHU9eJToqoMSyiUUAcF42h+w/hPd2JhPqHYSC0ay383dFf0tqthUEtPNur1o8m/c2zTbbFdljI9lmdnbBT1mScXbMH9sievGfvxXv13r5GS95kZ4P9gPf+Cf1Son8=</latexit><latexit sha1_base64="Ve+cfWYCWBHV1zypRS4yoHC6+4I=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VTBSyQXpnO8nozOwy06uGJf/gVU9+jTfxqn/jJObgq2CgqOqmeirOpLAUBB9eaWp6ZnZufqG8uLS8srpWWW/ZNDccmzyVqbmMwaIUGpskSOJlZhBULPEivjke+Re3aKxI9TkNMuwo6GnRFRzISa2oB0rB1Vo1qAVj+H9JOCFVNsHpVcUrRUnKc4WauARr2xJ0Yjm4gAIMCS5xWI5yixnwG+hh21ENCm2nGN889Ledkvjd1LinyR+r3zcKUNYOVOwmFVDf/vZG4n9eO6fuQacQOssJNf8K6ubSp9QfFeAnwiAnOXAEuBHuVp/3wQAnV1M50njHU9eJToqoMSyiUUAcF42h+w/hPd2JhPqHYSC0ay383dFf0tqthUEtPNur1o8m/c2zTbbFdljI9lmdnbBT1mScXbMH9sievGfvxXv13r5GS95kZ4P9gPf+Cf1Son8=</latexit><latexit sha1_base64="Ve+cfWYCWBHV1zypRS4yoHC6+4I=">AAACHnicbVDLSgNBEJyN7/iMHr0sBsFT2BVBL0JQAh4VTBSyQXpnO8nozOwy06uGJf/gVU9+jTfxqn/jJObgq2CgqOqmeirOpLAUBB9eaWp6ZnZufqG8uLS8srpWWW/ZNDccmzyVqbmMwaIUGpskSOJlZhBULPEivjke+Re3aKxI9TkNMuwo6GnRFRzISa2oB0rB1Vo1qAVj+H9JOCFVNsHpVcUrRUnKc4WauARr2xJ0Yjm4gAIMCS5xWI5yixnwG+hh21ENCm2nGN889Ledkvjd1LinyR+r3zcKUNYOVOwmFVDf/vZG4n9eO6fuQacQOssJNf8K6ubSp9QfFeAnwiAnOXAEuBHuVp/3wQAnV1M50njHU9eJToqoMSyiUUAcF42h+w/hPd2JhPqHYSC0ay383dFf0tqthUEtPNur1o8m/c2zTbbFdljI9lmdnbBT1mScXbMH9sievGfvxXv13r5GS95kZ4P9gPf+Cf1Son8=</latexit>

X3
<latexit sha1_base64="sFyxydUMji8dEmG76SxX6OZYcwA="></latexit><latexit sha1_base64="HxoADsKPG0l+FujMNxCGzdD67VI="></latexit><latexit sha1_base64="HxoADsKPG0l+FujMNxCGzdD67VI="></latexit><latexit sha1_base64="IYx73YOqyGDOENIObJIX9urabHs=">AAACJHicbVBNS8NAEN3Ur1q/9eglWARPJdGDXoSiCB4rWC00pWw2k3bp7ibsTtQS8je86slf4008ePG3uP04aOuDgcd7M8zMC1PBDXrel1NaWFxaXimvVtbWNza3tnd270ySaQZNlohEt0JqQHAFTeQooJVqoDIUcB8OLkf+/QNowxN1i8MUOpL2FI85o2ilIJAU+2Gct7onRXe76tW8Mdx54k9JlUzR6O44pSBKWCZBIRPUmLagKjKM2jU51ciZgKISZAZSyga0B21LFZVgOvn48sI9tErkxom2pdAdq78nciqNGcrQdo4uNbPeSPzPa2cYn3VyrtIMQbHJojgTLibuKAY34hoYiqEllGlub3VZn2rK0IZVCRQ8skRK+04eXBX5JKYwvyrsPwhP+Mgj7J/7Hlc2NX82o3lyd1zzvZp/41XrF9P8ymSfHJAj4pNTUifXpEGahJGUPJMX8uq8Oe/Oh/M5aS0505k98gfO9w/j7qUI</latexit>

X4
<latexit sha1_base64="otBbtPkeQOcXabXCA97TdzKAbpQ="></latexit><latexit sha1_base64="N7fhHOno8JQbL4XYuFbXKGWGhQQ="></latexit><latexit sha1_base64="N7fhHOno8JQbL4XYuFbXKGWGhQQ="></latexit><latexit sha1_base64="p0fsaxLWMYOGFB5afPRKcjdx3pw=">AAACJHicbVBNS8NAEN3Ur1q/9eglWARPJRFBL0JRBI8VrBaaUjabSbt0dxN2J2oJ+Rte9eSv8SYevPhb3H4ctPXBwOO9GWbmhangBj3vyyktLC4tr5RXK2vrG5tb2zu7dybJNIMmS0SiWyE1ILiCJnIU0Eo1UBkKuA8HlyP//gG04Ym6xWEKHUl7isecUbRSEEiK/TDOW92Tortd9WreGO488aekSqZodHecUhAlLJOgkAlqTFtQFRlG7ZqcauRMQFEJMgMpZQPag7alikownXx8eeEeWiVy40TbUuiO1d8TOZXGDGVoO0eXmllvJP7ntTOMzzo5V2mGoNhkUZwJFxN3FIMbcQ0MxdASyjS3t7qsTzVlaMOqBAoeWSKlfScProp8ElOYXxX2H4QnfOQR9s99jyubmj+b0Ty5O675Xs2/8ar1i2l+ZbJPDsgR8ckpqZNr0iBNwkhKnskLeXXenHfnw/mctJac6cwe+QPn+wflpKUJ</latexit>

I C O

�c
<latexit sha1_base64="hxvrH3tiJDR4oZRLWjCF7zDNSc8="></latexit><latexit sha1_base64="hsA2wQgduYPcU8KVJuibnvCH9H4="></latexit><latexit sha1_base64="hsA2wQgduYPcU8KVJuibnvCH9H4="></latexit><latexit sha1_base64="XtqR74nIA1TX4v551G/BrJYbSEQ=">AAACIHicbVDLSgNBEJyN7/iKevSyGARPYdeLXgRRAh4jmBjIhtA720kGZ2aXmV41LPkJr3rya7yJR/0aJzEHXwUDRVU31VNxJoWlIHj3SnPzC4tLyyvl1bX1jc3K1nbLprnh2OSpTE07BotSaGySIIntzCCoWOJ1fHM+8a9v0ViR6isaZdhVMNCiLziQk9rRAJSCHu9VqkEtmML/S8IZqbIZGr0trxQlKc8VauISrO1I0Inl4CIKMCS4xHE5yi1mwG9ggB1HNSi03WJ69djfd0ri91PjniZ/qn7fKEBZO1Kxm1RAQ/vbm4j/eZ2c+sfdQugsJ9T8K6ifS59Sf1KBnwiDnOTIEeBGuFt9PgQDnFxR5UjjHU9dKzopovq4iCYBcVzUx+4/hPd0JxIanoSB0K618HdHf0nrsBYGtfAyqJ6ezfpbZrtsjx2wkB2xU3bBGqzJOJPsgT2yJ+/Ze/Fevbev0ZI329lhP+B9fAKWt6NR</latexit>

�o
<latexit sha1_base64="HUrgBgG0m5HD1o+Nfg3BNrN4LuA="></latexit><latexit sha1_base64="lyC5yFjE9v+xKsbrLQO7HAvnrKA="></latexit><latexit sha1_base64="lyC5yFjE9v+xKsbrLQO7HAvnrKA="></latexit><latexit sha1_base64="MXpv6EgFqpuXIm2NF6f6PonH61k=">AAACIHicbVDLSgNBEJyN7/jWo5fFIHgKu170IogieFQwGsiG0DvbSQbnscz0qmHJT3jVk1/jTTzq1ziJOfgqGCiquqmeSnMpHEXRe1CZmp6ZnZtfqC4uLa+srq1vXDlTWI4NbqSxzRQcSqGxQYIkNnOLoFKJ1+nNyci/vkXrhNGXNMixraCnRVdwIC81kx4oBR3TWatF9WiM8C+JJ6TGJjjvrAeVJDO8UKiJS3CuJUFnjoOPKMGS4BKH1aRwmAO/gR62PNWg0LXL8dXDcMcrWdg11j9N4Vj9vlGCcm6gUj+pgPrutzcS//NaBXUP2qXQeUGo+VdQt5AhmXBUQZgJi5zkwBPgVvhbQ94HC5x8UdVE4x03vhWdlcnpsExGAWlang79fwjv6U5k1D+MI6F9a/Hvjv6Sq716HNXji6h2dDzpb55tsW22y2K2z47YGTtnDcaZZA/skT0Fz8FL8Bq8fY1WgsnOJvuB4OMTqzOjXQ==</latexit>

kcIo
<latexit sha1_base64="tlM7lSBH10zk0HUboG/ma6tIo+o="></latexit><latexit sha1_base64="PCRwYXwcI/k7OfHjO4RKx11WQBo="></latexit><latexit sha1_base64="PCRwYXwcI/k7OfHjO4RKx11WQBo="></latexit><latexit sha1_base64="CIxaoRGJMe4VSfJSG8wwQdNq1Oc=">AAACHnicbVDLSgNBEJyNrxjfevSyGARPYdeLXgRRAnpTMA/IhjA72zFj5rHM9KphyT941ZNf40286t84iTloYkNDUdVNdVecCm4xCL68wtz8wuJScbm0srq2vrG5tV23OjMMakwLbZoxtSC4ghpyFNBMDVAZC2jE/fOR3rgHY7lWNzhIoS3preJdzig6qt7vsMuO7myWg0owLn8WhBNQJpO66mx5hSjRLJOgkAlqbUtQlVhGnUFODXImYFiKMgspZX16Cy0HFZVg2/n45qG/75jE72rjWqE/Zn9v5FRaO5Cxm5QUe3ZaG5H/aa0Mu8ftnKs0Q1Dsx6ibCR+1PwrAT7gBhmLgAGWGu1t91qOGMnQxlSIFD0xL6d7Jo+owj0YGcZxXh+4fhEd84An2TsKAK5daOJ3RLKgfVsKgEl4H5dOzSX5Fskv2yAEJyRE5JRfkitQII3fkiTyTF+/Ve/PevY+f0YI32dkhf8r7/AbN1qJg</latexit>

ko
<latexit sha1_base64="BYDbYcPebNW+kUJ0sn4kPSQEX+g="></latexit><latexit sha1_base64="HtK0FZLqQSqsVc/aI8166JZ5hbs="></latexit><latexit sha1_base64="HtK0FZLqQSqsVc/aI8166JZ5hbs="></latexit><latexit sha1_base64="uuYLykBKKUyhfZS2fRJOTrrXwuI=">AAACG3icbVA9SwNBEN2LXzF+a2lzGASrcGejjRAUwTKiMYFcCHt7k2TJfhy7c2o48hNstfLX2Imthf/GTUyhiQ8WHm9mdua9OBXcYhB8eYWFxaXlleJqaW19Y3Nre2f3zurMMKgzLbRpxtSC4ArqyFFAMzVAZSygEQ8uxvXGPRjLtbrFYQptSXuKdzmj6KSbQUd3tstBJZjAnyfhlJTJFLXOjleIEs0yCQqZoNa2BFWJZdT9nlODnAkYlaLMQkrZgPag5aiiEmw7nxw88g+dkvhdbdxT6E/U3xM5ldYOZew6JcW+na2Nxf9qrQy7p+2cqzRDUOxnUTcTPmp/7N5PuAGGYugIZYa7W33Wp4YydBmVIgUPTEvp7OTR5SiPxgviOL8cOT8Ij/jAE+yfhQFXLrVwNqN5cndcCYNKeB2Uq+fT/IpknxyQIxKSE1IlV6RG6oSRHnkiz+TFe/XevHfv46e14E1n9sgfeJ/fkiihNw==</latexit>

C

O

�o
<latexit sha1_base64="HUrgBgG0m5HD1o+Nfg3BNrN4LuA="></latexit><latexit sha1_base64="lyC5yFjE9v+xKsbrLQO7HAvnrKA="></latexit><latexit sha1_base64="lyC5yFjE9v+xKsbrLQO7HAvnrKA="></latexit><latexit sha1_base64="MXpv6EgFqpuXIm2NF6f6PonH61k=">AAACIHicbVDLSgNBEJyN7/jWo5fFIHgKu170IogieFQwGsiG0DvbSQbnscz0qmHJT3jVk1/jTTzq1ziJOfgqGCiquqmeSnMpHEXRe1CZmp6ZnZtfqC4uLa+srq1vXDlTWI4NbqSxzRQcSqGxQYIkNnOLoFKJ1+nNyci/vkXrhNGXNMixraCnRVdwIC81kx4oBR3TWatF9WiM8C+JJ6TGJjjvrAeVJDO8UKiJS3CuJUFnjoOPKMGS4BKH1aRwmAO/gR62PNWg0LXL8dXDcMcrWdg11j9N4Vj9vlGCcm6gUj+pgPrutzcS//NaBXUP2qXQeUGo+VdQt5AhmXBUQZgJi5zkwBPgVvhbQ94HC5x8UdVE4x03vhWdlcnpsExGAWlang79fwjv6U5k1D+MI6F9a/Hvjv6Sq716HNXji6h2dDzpb55tsW22y2K2z47YGTtnDcaZZA/skT0Fz8FL8Bq8fY1WgsnOJvuB4OMTqzOjXQ==</latexit>

kcIo
<latexit sha1_base64="tlM7lSBH10zk0HUboG/ma6tIo+o="></latexit><latexit sha1_base64="PCRwYXwcI/k7OfHjO4RKx11WQBo="></latexit><latexit sha1_base64="PCRwYXwcI/k7OfHjO4RKx11WQBo="></latexit><latexit sha1_base64="CIxaoRGJMe4VSfJSG8wwQdNq1Oc=">AAACHnicbVDLSgNBEJyNrxjfevSyGARPYdeLXgRRAnpTMA/IhjA72zFj5rHM9KphyT941ZNf40286t84iTloYkNDUdVNdVecCm4xCL68wtz8wuJScbm0srq2vrG5tV23OjMMakwLbZoxtSC4ghpyFNBMDVAZC2jE/fOR3rgHY7lWNzhIoS3preJdzig6qt7vsMuO7myWg0owLn8WhBNQJpO66mx5hSjRLJOgkAlqbUtQlVhGnUFODXImYFiKMgspZX16Cy0HFZVg2/n45qG/75jE72rjWqE/Zn9v5FRaO5Cxm5QUe3ZaG5H/aa0Mu8ftnKs0Q1Dsx6ibCR+1PwrAT7gBhmLgAGWGu1t91qOGMnQxlSIFD0xL6d7Jo+owj0YGcZxXh+4fhEd84An2TsKAK5daOJ3RLKgfVsKgEl4H5dOzSX5Fskv2yAEJyRE5JRfkitQII3fkiTyTF+/Ve/PevY+f0YI32dkhf8r7/AbN1qJg</latexit>

koIo
<latexit sha1_base64="hDI231pX+lsMSpkgqmI6eZZsmQ0="></latexit><latexit sha1_base64="DpZkuCuqhkIpO5SuK9jYJ0ZTunA="></latexit><latexit sha1_base64="DpZkuCuqhkIpO5SuK9jYJ0ZTunA="></latexit><latexit sha1_base64="I99AQsCH3BFNQCGrSSlliuORT+0=">AAACHnicbVDLSgNBEJyNrxjfevSyGARPYdeLXgRRAnpTMA/IhjA72zFj5rHM9KphyT941ZNf40286t84iTloYkNDUdVNdVecCm4xCL68wtz8wuJScbm0srq2vrG5tV23OjMMakwLbZoxtSC4ghpyFNBMDVAZC2jE/fOR3rgHY7lWNzhIoS3preJdzig6qt7v6MuO7myWg0owLn8WhBNQJpO66mx5hSjRLJOgkAlqbUtQlVhGnUFODXImYFiKMgspZX16Cy0HFZVg2/n45qG/75jE72rjWqE/Zn9v5FRaO5Cxm5QUe3ZaG5H/aa0Mu8ftnKs0Q1Dsx6ibCR+1PwrAT7gBhmLgAGWGu1t91qOGMnQxlSIFD0xL6d7Jo+owj0YGcZxXh+4fhEd84An2TsKAK5daOJ3RLKgfVsKgEl4H5dOzSX5Fskv2yAEJyRE5JRfkitQII3fkiTyTF+/Ve/PevY+f0YI32dkhf8r7/AbidqJs</latexit>I
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<latexit sha1_base64="PyzEMAeyw72+XP+tH478h55kQ7U="></latexit><latexit sha1_base64="PyzEMAeyw72+XP+tH478h55kQ7U="></latexit><latexit sha1_base64="PyzEMAeyw72+XP+tH478h55kQ7U="></latexit><latexit sha1_base64="PyzEMAeyw72+XP+tH478h55kQ7U="></latexit>
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Figure 3: Frequency domain analysis of linear propensity networks: (A) This is the standard gene-expression
model where mRNA (X1) is transcribed constitutively and it translates into protein (X2). (B) In this RNA splicing
network a gene can randomly switch between inactive (X1) (low transcription) and active (X2) (high transcription)
states. When transcription occurs, unspliced mRNA (X3) is created which is then converted into spliced mRNA
(X4) by the splicing machinery. (C) In the Incoherent Feedforward (IFF) network an input I (constant level I0)
directly produces the output O and it produces a controller species C, which represses the production of output O.
(D) In the Negative Feedback (NFB) network the input I (constant level I0) produces the controller species C, that
produces the output species O which in turn inhibits the production of C from I. For all the networks single-cell
output trajectories in the stationary phase are plotted. We provide a comparison of the single-cell PSDs estimated
with three approaches - 1) analytically with expressions (3.13), (3.15), (3.17) and (3.22), 2) the Padé PSD method
described in Section 4 (using one simulated trajectory) and 3) the averaged periodogram method mentioned in Box 1
(using discrete samples from ten simulated trajectories). For the NFB network one can see that detecting the presence
of oscillations in the fluctuations is much easier in the frequency-domain than in the time-domain. We indicate the
location ωmax of the PSD maxima which is computed using expression (4.30).

+
m∑
j=1

θ2
j |eTn (A+ iωI)−1cj |2SYj

(ω) (extrinsic).

The proof of this result is provided in Section S2.3 in the Supplement and it shows that the output spectrum
is the sum of the intrinsic contribution and the external contributions from all stimulating signals. The
external contribution due to signal Yj is modulated by the frequency dependent gain θ2

j |eTn (A+ iωI)−1cj |2.

3.2 Applications of the linear theory

We now present various applications of the results developed in this section. We start by providing analytical
expressions for the PSD of certain simple networks, like the birth-death, the classical gene-expression network
[72] and the recently proposed RNA splicing network [9]. Next we discuss how our results on PSD estimation
can enable us to differentiate between adapting circuit topologies [53] and lastly we examine how the PSD
decomposition result (Theorem 3.2) can help us in studying the phenomenon of single-cell entrainment in
the stochastic setting. Detailed descriptions of the networks considered in the paper and their PSD analysis
can be found in Section S4 of the Supplement. All propensity functions are assumed to follow mass-action
kinetics (2.2) unless stated otherwise.

3.2.1 Gene Transcription

Consider a simple model of constitutive gene transcription and mRNA degradation consisting of a single-
species birth-death network with rate of production k and the rate of degradation γ

∅ k−→ X
γ−→ ∅.
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The stationary distribution for this network is Poisson with parameter k/γ. Hence the stationary mean and
variance and equal to k/γ and applying Theorem 3.1 we can compute the PSD as

SX(ω) =
2k

γ2 + ω2
. (3.12)

This shows that up to a multiplicative constant, the PSD follows the fat-tailed Cauchy Distribution with
infinite mean and variance. Observe that if the timescale of the process is changed (i.e. both k and γ are
multiplied by a positive constant), then the stationary distribution remains invariant but the PSD will get
altered. This shows that for parameter inference problems, the PSD of single-cell trajectories carries more
information than population-level measurements provided by Flow-Cytometry.

3.2.2 Gene Expression Network

We now analyse the gene-expression model shown in Figure 3(A) that consists of two species - the mRNA
(X1) and the protein (X2). There are four reactions corresponding to mRNA transcription, protein trans-
lation and the first-order degradation of both the species. Observe that the mRNA dynamics is birth-death
and hence we can compute its PSD using (3.12) with (k, γ) 7→ (kr, γr). Since mRNA stimulates the cre-
ation of protein via a reaction of the form (3.11) we can apply our PSD Decomposition result (Theorem
3.2) to express the protein PSD as a sum of two components corresponding to translation and transcription
respectively:

SX2
(ω) =

2krkp
γr(γ2

p + ω2)︸ ︷︷ ︸
translation

+
k2
p

γ2
p + ω2

2kr
γ2
r + ω2︸ ︷︷ ︸

transcription

. (3.13)

The translation term is computed by setting the mRNA level to its stationary mean x1 := kr/γr and then
viewing the protein dynamics as a birth-death process with production rate kpx1 and degradation rate γp.
The transcription term is simply the PSD of mRNA modulated by the frequency dependent factor given by
Theorem 3.2.

3.2.3 RNA Splicing network

The recently proposed RNA Splicing network (see Figure 3(B)) was used to model the concept of RNA
velocity that can help in understanding cellular differentiation from single-cell RNA-sequencing data [9]. Here
a single gene-transcript can randomly switch between inactive (X1) and active (X2) states with different
rates of transcription of unspliced mRNA (X3). The splicing process converts these unspliced mRNAs into
spliced mRNAs (X4) that can then undergo first-order degradation. Applying Theorem 3.1 we can write
the PSD of the dynamics of active gene count as

SX2
(ω) =

2konkoff

(kon + koff)(kon + koff + ω2)
. (3.14)

Note that when the active gene count is X2 ∈ {0, 1} the transcription rate is αoff + (αon − αoff)X2. We can
view transcription as a superposition of two reactions - a constitutive reaction with rate αoff and reaction
of the form (3.11) where the stimulant is the active gene X2. Applying Theorem 3.2 we can decompose the
PSD of the spliced mRNA count as

SX4(ω) =
2(αoffkoff + αonkon)

(koff + kon)(γ2 + ω2)︸ ︷︷ ︸
splicing

+
β2(αon − αoff)2

(β2 + ω2)(γ2 + ω2)
SX2

(ω)︸ ︷︷ ︸
transcription

, (3.15)

where SX2(ω) is given by (3.14).
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3.2.4 Differentiation between adapting regulatory topologies

We consider the simple three-node IFF and NFB topologies depicted in Figure 3(C,D) with stochastic kinet-
ics. We provide analytical expressions for the PSD under the assumption of linearised propensity functions
for the repression mechanisms. These expressions inform us about qualitative structural differences between
the PSDs obtained from IFF and NFB topologies, regardless of the choice of reaction rate parameters. This
shows that in the stochastic setting, the PSD of single-cell trajectories serves as a key “response signature”
that can differentiate between adapting circuit topologies.

We begin by analysing the IFF topology, where the controller species C catalytically produces the output
species O at rate Ff (xc) which is a monotonically decreasing function of the controller species copy-number
xc and it represents the repression of O by C. We linearise the function Ff (xc) as

Ff (xc) = β0 − βffxc, (3.16)

where β0 and βff are positive constants denoting the basal production rate and the strength of the incoherent
feedforward mechanism respectively. With this linearisation, all propensity functions become affine and
hence we can apply the results from Section 3 for unimolecular networks. Specifically the steady-state means
xc := Eπ(C) and xo := Eπ(O) are given by

xc =
kcI0
γc

and xo =
koI0 + β0

γo
− βffkcI0

γcγo

and it is immediate that if βff ≈ koγc/kc, then the mean output value xo ≈ β0/γo becomes insensitive to the
input abundance level I0. This shows the adaptation property of the IFF network. Applying Theorem 3.1
we obtain the following expression for the PSD for the output trajectory

SO(ω) =
2

γ2
o + ω2

[
β0 + koI0 −

βffkcI0
γc

+
β2

ffkcI0
γ2
c + ω2

]
. (3.17)

This form of the PSD function allows us to conclude that output trajectories cannot show oscillations, as
the mapping ω 7→ SO(ω) is monotonically decreasing regardless of the IFF network parameters.

In the NFB topology, the production of the controller species C is repressed by the output species O,
and we model the production rate by a monotonically decreasing function Fb(xo) of the output species
copy-number xo. As before, we linearise this function as

Fb(xo) = β0 − βfbxo, (3.18)

where β0 is the basal production rate and βfb is the feedback strength. Under this linearisation, the steady-
state means xc := Eπ(C) and xo := Eπ(O) are given by

xc =
γoβ0I0

γcγo + koβfbI0
and xo =

koβ0I0
γcγo + koβfbI0

.

Observe that if the input abundance level I0 is high, then mean output value xo ≈ β0/βfb only depends on
the feedback function Fb and it is insensitive to I0, thereby demonstrating the adaptation property. Applying
Theorem 3.1 we arrive at the following expression for the PSD for the output trajectory

SO(ω) =
2γokoβ0I0

γcγo + koβfbI0
(3.19)

×
[

γ2
c + koγc + ω2

(γcγo + koβfbI0)2 + ω2(γ2
c + γ2

o − 2koβfbI0) + ω4

]
.

Simple analysis reveals that the mapping ω 7→ SO(ω) has a positive local maximum (which is also the global
maximum) if and only if

koβfbI0 >
γ4
c + γ3

cko + γ2
oγcko√

Γ(γc, γo, ko) + γcγo + γ2
c + koγc

, (3.20)
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where Γ(γc, γo, ko) := (γcγo + γ2
c + koγc)

2 + γ4
c + γ3

cko + γ2
oγcko. This condition shows that regardless of the

choice of NFB network parameters, the output trajectories will exhibit oscillation if the input abundance
level I0 is high enough. This differentiates it from the IFF circuit which never exhibits oscillations. Note
that high I0 is precisely the condition for NFB to show adaptation and hence imposing this requirement
is not very restrictive. The role of negative feedback is causing stable stochastic oscillations was explored
theoretically in [45] with CLE, and it has also been demonstrated experimentally. This PSD-based criterion
for differentiating between adapting IFF and NFB topologies can be extended beyond three-node motifs to
allow for an arbitrary number of nodes (see the Supplement, Section S4.1.3).

For a specific parameterisation of the gene-expression, the RNA splicing, the IFF and the NFB networks,
we compare the PSDs obtained analytically with those obtained by our Padé PSD method described in
Section 4 and the averaged periodogram approach (see Box 1). The results are presented in Figure 3 and
they show good agreement, despite the noisy nature of the periodogram estimate. Since negative propensities
cannot be allowed, we perform simulations with the positive part of the linear feedforward (see (3.16)) and
feedback (see (3.18)) functions. Hence the analytical PSD expressions for the IFF and the NFB networks
are not exact.

3.2.5 Stochastic entrainment by a noisy upstream oscillator

The phenomenon of entrainment occurs when an oscillator, upon stimulation by a periodic input, loses its
natural frequency and adopts the frequency of the input. This phenomenon has several applications in phys-
ical, engineering and biological systems [61]. The most well-known biological example of this phenomenon
is the entrainment of the circadian clock oscillator by day-night cycles. The circadian clock is an organism’s
time-keeping device and its entrainment is necessary to robustly maintain its periodic rhythm [7]. The cir-
cadian clock is one example among several intracellular oscillators that have been found and their functional
roles have been identified [10]. Often these oscillators provide entrainment cues to other networks within
cells [63] and hence it is important to study entrainment at the single-cell level, where the dynamics is
intrinsically noisy due to low copy-number effects.

We now illustrate how the results in this paper can be used to study single-cell entrainment in the
stochastic setting where the dynamics is described by CTMCs. We consider the example of the repressilator
stimulating a gene-expression system, as shown in Figure 4(A). This gene-expression network is the same
as in Section 3.2.2, but we include transcriptional feedback from the protein molecules and so the mRNA
transcription rate is given by a monotonic decreasing function Fb(x2) of the protein copy-number x2. We
shall linearize Fb(x2) as

Fb(x2) = kr − kfbx2,

where kr is the basal transcription rate and kfb is the feedback strength. When this gene-expression network
is connected to the repressilator (described later in Section 4.1.1) the transcription rate changes from Fb(x2)
to

θp2 + Fb(x2), (3.21)

where p2 is the molecular count of protein cI in the repressilator and parameter θ captures the “strength”
of the interconnection. In other words, cI acts as an activating transcription factor in our example. The
parameters of the repressilator are chosen as in Section 4.1.1 in the “no sponge” and Hill coefficient H = 1.5
case, but the time-units are changed to minutes. We can view the gene-expression network as simply the
negative feedback (NFB) network from Section 3.2.4 with the controller species C as mRNA X1 and the
output species O as protein X2. Using the same parameters as the NFB network, we study how the PSD
of the protein output varies as a function of θ. In order for the gene-expression network to be entrained to
the repressilator the global maxima of this protein PSD should be near the repressilator’s natural (or peak)
frequency of about 1.37 rad./min (see Figure 4(B)).

To compute the PSD of the combined network we shall apply Theorem 3.2. For this we first consider
the gene-expression network in isolation with p2 in the transcription rate (3.21) replaced by the constant
steady-state mean of p2 (denoted by Eπ(P2)). Hence using (3.19) we can estimate the protein dynamics PSD

12

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted September 16, 2020. ; https://doi.org/10.1101/2020.09.15.292664doi: bioRxiv preprint 

https://doi.org/10.1101/2020.09.15.292664
http://creativecommons.org/licenses/by-nc-nd/4.0/


A

Entrainment Scores

✓
(m

in
�

1
)

<latexit sha1_base64="ICGYhwJcpD2//258uXXZWT9ELGg=">AAACCHicbVA9SwNBEN3z2/h1amnhYhBiYbgTwZSCjWUEE4XcGfY2k2Rxd+/YnRPDkdLGv2JjoYitP8HOf+MmpvDrwcDjvRlm5iWZFBaD4MObmp6ZnZtfWCwtLa+srvnrG02b5oZDg6cyNZcJsyCFhgYKlHCZGWAqkXCRXJ+M/IsbMFak+hwHGcSK9bToCs7QSW1/O8I+IItoJUK4RZ0axWShhB5eFfvhcK/tl4NqMAb9S8IJKZMJ6m3/PeqkPFegkUtmbSsMMowLZlBwCcNSlFvIGL9mPWg5qpkCGxfjR4Z01ykd2k2NK410rH6fKJiydqAS16kY9u1vbyT+57Vy7NbiQugsR9D8a1E3lxRTOkqFdoQBjnLgCONGuFsp7zPDOLrsSi6E8PfLf0nzoBoG1fDssHxcm8SxQLbIDqmQkByRY3JK6qRBOLkjD+SJPHv33qP34r1+tU55k5lN8gPe2yenE5mw</latexit><latexit sha1_base64="ICGYhwJcpD2//258uXXZWT9ELGg=">AAACCHicbVA9SwNBEN3z2/h1amnhYhBiYbgTwZSCjWUEE4XcGfY2k2Rxd+/YnRPDkdLGv2JjoYitP8HOf+MmpvDrwcDjvRlm5iWZFBaD4MObmp6ZnZtfWCwtLa+srvnrG02b5oZDg6cyNZcJsyCFhgYKlHCZGWAqkXCRXJ+M/IsbMFak+hwHGcSK9bToCs7QSW1/O8I+IItoJUK4RZ0axWShhB5eFfvhcK/tl4NqMAb9S8IJKZMJ6m3/PeqkPFegkUtmbSsMMowLZlBwCcNSlFvIGL9mPWg5qpkCGxfjR4Z01ykd2k2NK410rH6fKJiydqAS16kY9u1vbyT+57Vy7NbiQugsR9D8a1E3lxRTOkqFdoQBjnLgCONGuFsp7zPDOLrsSi6E8PfLf0nzoBoG1fDssHxcm8SxQLbIDqmQkByRY3JK6qRBOLkjD+SJPHv33qP34r1+tU55k5lN8gPe2yenE5mw</latexit><latexit sha1_base64="ICGYhwJcpD2//258uXXZWT9ELGg=">AAACCHicbVA9SwNBEN3z2/h1amnhYhBiYbgTwZSCjWUEE4XcGfY2k2Rxd+/YnRPDkdLGv2JjoYitP8HOf+MmpvDrwcDjvRlm5iWZFBaD4MObmp6ZnZtfWCwtLa+srvnrG02b5oZDg6cyNZcJsyCFhgYKlHCZGWAqkXCRXJ+M/IsbMFak+hwHGcSK9bToCs7QSW1/O8I+IItoJUK4RZ0axWShhB5eFfvhcK/tl4NqMAb9S8IJKZMJ6m3/PeqkPFegkUtmbSsMMowLZlBwCcNSlFvIGL9mPWg5qpkCGxfjR4Z01ykd2k2NK410rH6fKJiydqAS16kY9u1vbyT+57Vy7NbiQugsR9D8a1E3lxRTOkqFdoQBjnLgCONGuFsp7zPDOLrsSi6E8PfLf0nzoBoG1fDssHxcm8SxQLbIDqmQkByRY3JK6qRBOLkjD+SJPHv33qP34r1+tU55k5lN8gPe2yenE5mw</latexit><latexit sha1_base64="ICGYhwJcpD2//258uXXZWT9ELGg=">AAACCHicbVA9SwNBEN3z2/h1amnhYhBiYbgTwZSCjWUEE4XcGfY2k2Rxd+/YnRPDkdLGv2JjoYitP8HOf+MmpvDrwcDjvRlm5iWZFBaD4MObmp6ZnZtfWCwtLa+srvnrG02b5oZDg6cyNZcJsyCFhgYKlHCZGWAqkXCRXJ+M/IsbMFak+hwHGcSK9bToCs7QSW1/O8I+IItoJUK4RZ0axWShhB5eFfvhcK/tl4NqMAb9S8IJKZMJ6m3/PeqkPFegkUtmbSsMMowLZlBwCcNSlFvIGL9mPWg5qpkCGxfjR4Z01ykd2k2NK410rH6fKJiydqAS16kY9u1vbyT+57Vy7NbiQugsR9D8a1E3lxRTOkqFdoQBjnLgCONGuFsp7zPDOLrsSi6E8PfLf0nzoBoG1fDssHxcm8SxQLbIDqmQkByRY3JK6qRBOLkjD+SJPHv33qP34r1+tU55k5lN8gPe2yenE5mw</latexit>

kfb (min�1)
<latexit sha1_base64="NlAkmax7NgQNb62u+uwSWCJgcus=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQQcOuCOYY8OIxgnlAEsPsZDYZMjO7zPSKYdmf8OKvePGgiFfBm3/j5HGIiQUNRVU33V1+JLgB1/1xMiura+sb2c3c1vbO7l5+/6BuwlhTVqOhCHXTJ4YJrlgNOAjWjDQj0hes4Q+vx37jgWnDQ3UHo4h1JOkrHnBKwErd/Nmwm7SBPYIKtSQiCfw0bePivCS5Su+Tcy897eYLbsmdAC8Tb0YKaIZqN//d7oU0lkwBFcSYludG0EmIBk4FS3Pt2LCI0CHps5alikhmOsnkqxSfWKWHg1DbUoAn6vxEQqQxI+nbTklgYBa9sfif14ohKHcSrqIYmKLTRUEsMIR4HBHucc0oiJElhGpub8V0QDShYIPM2RC8xZeXSf2i5Lkl7/ayUCnP4siiI3SMishDV6iCblAV1RBFT+gFvaF359l5dT6cz2lrxpnNHKI/cL5+AQwTn+w=</latexit><latexit sha1_base64="NlAkmax7NgQNb62u+uwSWCJgcus=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQQcOuCOYY8OIxgnlAEsPsZDYZMjO7zPSKYdmf8OKvePGgiFfBm3/j5HGIiQUNRVU33V1+JLgB1/1xMiura+sb2c3c1vbO7l5+/6BuwlhTVqOhCHXTJ4YJrlgNOAjWjDQj0hes4Q+vx37jgWnDQ3UHo4h1JOkrHnBKwErd/Nmwm7SBPYIKtSQiCfw0bePivCS5Su+Tcy897eYLbsmdAC8Tb0YKaIZqN//d7oU0lkwBFcSYludG0EmIBk4FS3Pt2LCI0CHps5alikhmOsnkqxSfWKWHg1DbUoAn6vxEQqQxI+nbTklgYBa9sfif14ohKHcSrqIYmKLTRUEsMIR4HBHucc0oiJElhGpub8V0QDShYIPM2RC8xZeXSf2i5Lkl7/ayUCnP4siiI3SMishDV6iCblAV1RBFT+gFvaF359l5dT6cz2lrxpnNHKI/cL5+AQwTn+w=</latexit><latexit sha1_base64="NlAkmax7NgQNb62u+uwSWCJgcus=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQQcOuCOYY8OIxgnlAEsPsZDYZMjO7zPSKYdmf8OKvePGgiFfBm3/j5HGIiQUNRVU33V1+JLgB1/1xMiura+sb2c3c1vbO7l5+/6BuwlhTVqOhCHXTJ4YJrlgNOAjWjDQj0hes4Q+vx37jgWnDQ3UHo4h1JOkrHnBKwErd/Nmwm7SBPYIKtSQiCfw0bePivCS5Su+Tcy897eYLbsmdAC8Tb0YKaIZqN//d7oU0lkwBFcSYludG0EmIBk4FS3Pt2LCI0CHps5alikhmOsnkqxSfWKWHg1DbUoAn6vxEQqQxI+nbTklgYBa9sfif14ohKHcSrqIYmKLTRUEsMIR4HBHucc0oiJElhGpub8V0QDShYIPM2RC8xZeXSf2i5Lkl7/ayUCnP4siiI3SMishDV6iCblAV1RBFT+gFvaF359l5dT6cz2lrxpnNHKI/cL5+AQwTn+w=</latexit><latexit sha1_base64="NlAkmax7NgQNb62u+uwSWCJgcus=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQQcOuCOYY8OIxgnlAEsPsZDYZMjO7zPSKYdmf8OKvePGgiFfBm3/j5HGIiQUNRVU33V1+JLgB1/1xMiura+sb2c3c1vbO7l5+/6BuwlhTVqOhCHXTJ4YJrlgNOAjWjDQj0hes4Q+vx37jgWnDQ3UHo4h1JOkrHnBKwErd/Nmwm7SBPYIKtSQiCfw0bePivCS5Su+Tcy897eYLbsmdAC8Tb0YKaIZqN//d7oU0lkwBFcSYludG0EmIBk4FS3Pt2LCI0CHps5alikhmOsnkqxSfWKWHg1DbUoAn6vxEQqQxI+nbTklgYBa9sfif14ohKHcSrqIYmKLTRUEsMIR4HBHucc0oiJElhGpub8V0QDShYIPM2RC8xZeXSf2i5Lkl7/ayUCnP4siiI3SMishDV6iCblAV1RBFT+gFvaF359l5dT6cz2lrxpnNHKI/cL5+AQwTn+w=</latexit>

P
S

D
S

X
2
(!

)
<latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit>
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freq.      (rad/min)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>

Downstream Gene Expression

(rad./min.)!max = 0.8
<latexit sha1_base64="kJLdASLdnU4t5+4eKKaOLKFZKng=">AAACCHicbVC7SkNBEN3r2/iKWlq4GASrcK8IphEEG0sFo0ISwtzNJC7u47I7VwyXlDb+io2FIrZ+gp1/4yam8HVg4HDODDNz0kxJT3H8EU1MTk3PzM7NlxYWl5ZXyqtr597mTmBdWGXdZQoelTRYJ0kKLzOHoFOFF+n10dC/uEHnpTVn1M+wpaFnZFcKoCC1y5tNq7EH7aJJeEvGOg2q0HA7GPADHldr7XIlrsYj8L8kGZMKG+OkXX5vdqzINRoSCrxvJHFGrQIcSaFwUGrmHjMQ19DDRqAGNPpWMXpkwLeD0uFd60IZ4iP1+0QB2vu+TkOnBrryv72h+J/XyKlbaxXSZDmhEV+LurniZPkwFd6RDgWpfiAgnAy3cnEFDgSF7EohhOT3y3/J+W41iavJ6V7lsDaOY45tsC22wxK2zw7ZMTthdSbYHXtgT+w5uo8eo5fo9at1IhrPrLMfiN4+AX5vmY4=</latexit><latexit sha1_base64="kJLdASLdnU4t5+4eKKaOLKFZKng=">AAACCHicbVC7SkNBEN3r2/iKWlq4GASrcK8IphEEG0sFo0ISwtzNJC7u47I7VwyXlDb+io2FIrZ+gp1/4yam8HVg4HDODDNz0kxJT3H8EU1MTk3PzM7NlxYWl5ZXyqtr597mTmBdWGXdZQoelTRYJ0kKLzOHoFOFF+n10dC/uEHnpTVn1M+wpaFnZFcKoCC1y5tNq7EH7aJJeEvGOg2q0HA7GPADHldr7XIlrsYj8L8kGZMKG+OkXX5vdqzINRoSCrxvJHFGrQIcSaFwUGrmHjMQ19DDRqAGNPpWMXpkwLeD0uFd60IZ4iP1+0QB2vu+TkOnBrryv72h+J/XyKlbaxXSZDmhEV+LurniZPkwFd6RDgWpfiAgnAy3cnEFDgSF7EohhOT3y3/J+W41iavJ6V7lsDaOY45tsC22wxK2zw7ZMTthdSbYHXtgT+w5uo8eo5fo9at1IhrPrLMfiN4+AX5vmY4=</latexit><latexit sha1_base64="kJLdASLdnU4t5+4eKKaOLKFZKng=">AAACCHicbVC7SkNBEN3r2/iKWlq4GASrcK8IphEEG0sFo0ISwtzNJC7u47I7VwyXlDb+io2FIrZ+gp1/4yam8HVg4HDODDNz0kxJT3H8EU1MTk3PzM7NlxYWl5ZXyqtr597mTmBdWGXdZQoelTRYJ0kKLzOHoFOFF+n10dC/uEHnpTVn1M+wpaFnZFcKoCC1y5tNq7EH7aJJeEvGOg2q0HA7GPADHldr7XIlrsYj8L8kGZMKG+OkXX5vdqzINRoSCrxvJHFGrQIcSaFwUGrmHjMQ19DDRqAGNPpWMXpkwLeD0uFd60IZ4iP1+0QB2vu+TkOnBrryv72h+J/XyKlbaxXSZDmhEV+LurniZPkwFd6RDgWpfiAgnAy3cnEFDgSF7EohhOT3y3/J+W41iavJ6V7lsDaOY45tsC22wxK2zw7ZMTthdSbYHXtgT+w5uo8eo5fo9at1IhrPrLMfiN4+AX5vmY4=</latexit><latexit sha1_base64="kJLdASLdnU4t5+4eKKaOLKFZKng=">AAACCHicbVC7SkNBEN3r2/iKWlq4GASrcK8IphEEG0sFo0ISwtzNJC7u47I7VwyXlDb+io2FIrZ+gp1/4yam8HVg4HDODDNz0kxJT3H8EU1MTk3PzM7NlxYWl5ZXyqtr597mTmBdWGXdZQoelTRYJ0kKLzOHoFOFF+n10dC/uEHnpTVn1M+wpaFnZFcKoCC1y5tNq7EH7aJJeEvGOg2q0HA7GPADHldr7XIlrsYj8L8kGZMKG+OkXX5vdqzINRoSCrxvJHFGrQIcSaFwUGrmHjMQ19DDRqAGNPpWMXpkwLeD0uFd60IZ4iP1+0QB2vu+TkOnBrryv72h+J/XyKlbaxXSZDmhEV+LurniZPkwFd6RDgWpfiAgnAy3cnEFDgSF7EohhOT3y3/J+W41iavJ6V7lsDaOY45tsC22wxK2zw7ZMTthdSbYHXtgT+w5uo8eo5fo9at1IhrPrLMfiN4+AX5vmY4=</latexit>
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<latexit sha1_base64="R67ALlKRc5pfAyXurQmcd6lPtoQ=">AAACD3icbVA9TxtBEN0jkBhDEgdKmhVWkNNYd5alUFpKkxIExpZ8zmlvPWev2I/T7hyKdbp/kCZ/JQ1FEKJNm45/w/qj4OtJIz29N6OZeWkuhcMwvA823mxuvX1X267v7L7/8LHxae/CmcJy6HMjjR2mzIEUGvooUMIwt8BUKmGQXn5b+IMrsE4YfY7zHMaKTbXIBGfopaRxdPajjBF+ojZWMVkKZ6oqKeM0o8OkU7Vio2DKviSNZtgOl6AvSbQmTbLGSdL4H08MLxRo5JI5N4rCHMclsyi4hKoeFw5yxi/ZFEaeaqbAjcvlPxX97JUJzYz1pZEu1ccTJVPOzVXqOxXDmXvuLcTXvFGB2fG4FDovEDRfLcoKSdHQRTh0IixwlHNPGLfC30r5jFnG0UdY9yFEz19+SS467ShsR6fdZq+7jqNGDsghaZGIfCU98p2ckD7h5Bf5Q/6Sm+B3cB3cBner1o1gPbNPniD49wCVTJzp</latexit><latexit sha1_base64="R67ALlKRc5pfAyXurQmcd6lPtoQ=">AAACD3icbVA9TxtBEN0jkBhDEgdKmhVWkNNYd5alUFpKkxIExpZ8zmlvPWev2I/T7hyKdbp/kCZ/JQ1FEKJNm45/w/qj4OtJIz29N6OZeWkuhcMwvA823mxuvX1X267v7L7/8LHxae/CmcJy6HMjjR2mzIEUGvooUMIwt8BUKmGQXn5b+IMrsE4YfY7zHMaKTbXIBGfopaRxdPajjBF+ojZWMVkKZ6oqKeM0o8OkU7Vio2DKviSNZtgOl6AvSbQmTbLGSdL4H08MLxRo5JI5N4rCHMclsyi4hKoeFw5yxi/ZFEaeaqbAjcvlPxX97JUJzYz1pZEu1ccTJVPOzVXqOxXDmXvuLcTXvFGB2fG4FDovEDRfLcoKSdHQRTh0IixwlHNPGLfC30r5jFnG0UdY9yFEz19+SS467ShsR6fdZq+7jqNGDsghaZGIfCU98p2ckD7h5Bf5Q/6Sm+B3cB3cBner1o1gPbNPniD49wCVTJzp</latexit><latexit sha1_base64="R67ALlKRc5pfAyXurQmcd6lPtoQ=">AAACD3icbVA9TxtBEN0jkBhDEgdKmhVWkNNYd5alUFpKkxIExpZ8zmlvPWev2I/T7hyKdbp/kCZ/JQ1FEKJNm45/w/qj4OtJIz29N6OZeWkuhcMwvA823mxuvX1X267v7L7/8LHxae/CmcJy6HMjjR2mzIEUGvooUMIwt8BUKmGQXn5b+IMrsE4YfY7zHMaKTbXIBGfopaRxdPajjBF+ojZWMVkKZ6oqKeM0o8OkU7Vio2DKviSNZtgOl6AvSbQmTbLGSdL4H08MLxRo5JI5N4rCHMclsyi4hKoeFw5yxi/ZFEaeaqbAjcvlPxX97JUJzYz1pZEu1ccTJVPOzVXqOxXDmXvuLcTXvFGB2fG4FDovEDRfLcoKSdHQRTh0IixwlHNPGLfC30r5jFnG0UdY9yFEz19+SS467ShsR6fdZq+7jqNGDsghaZGIfCU98p2ckD7h5Bf5Q/6Sm+B3cB3cBner1o1gPbNPniD49wCVTJzp</latexit><latexit sha1_base64="R67ALlKRc5pfAyXurQmcd6lPtoQ=">AAACD3icbVA9TxtBEN0jkBhDEgdKmhVWkNNYd5alUFpKkxIExpZ8zmlvPWev2I/T7hyKdbp/kCZ/JQ1FEKJNm45/w/qj4OtJIz29N6OZeWkuhcMwvA823mxuvX1X267v7L7/8LHxae/CmcJy6HMjjR2mzIEUGvooUMIwt8BUKmGQXn5b+IMrsE4YfY7zHMaKTbXIBGfopaRxdPajjBF+ojZWMVkKZ6oqKeM0o8OkU7Vio2DKviSNZtgOl6AvSbQmTbLGSdL4H08MLxRo5JI5N4rCHMclsyi4hKoeFw5yxi/ZFEaeaqbAjcvlPxX97JUJzYz1pZEu1ccTJVPOzVXqOxXDmXvuLcTXvFGB2fG4FDovEDRfLcoKSdHQRTh0IixwlHNPGLfC30r5jFnG0UdY9yFEz19+SS467ShsR6fdZq+7jqNGDsghaZGIfCU98p2ckD7h5Bf5Q/6Sm+B3cB3cBner1o1gPbNPniD49wCVTJzp</latexit>
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freq.      (rad/min)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>

!max = 1.37
<latexit sha1_base64="T9fR7t8z6rv8EIIOg8HSQKwYRe0=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KuCNoJoY6lgVEhCmLuZxMV9XHbniuGS1sZfsbFQxNY/sPNv3MQUvg4MHM6ZYWZOminpKY4/orHxicmp6ZnZ0tz8wuJSeXnl3NvcCawJq6y7TMGjkgZrJEnhZeYQdKrwIr0+GvgXN+i8tOaMehk2NXSN7EgBFKRWmTesxi60igbhLRnrNKhCw22/z/d5Ut3ebZUrcTUegv8lyYhU2AgnrfJ7o21FrtGQUOB9PYkzahbgSAqF/VIj95iBuIYu1gM1oNE3i+Enfb4RlDbvWBfKEB+q3ycK0N73dBo6NdCV/+0NxP+8ek6dvWYhTZYTGvG1qJMrTpYPYuFt6VCQ6gUCwslwKxdX4EBQCK8UQkh+v/yXnG9Vk7ianO5UDg5HccywNbbONlnCdtkBO2YnrMYEu2MP7Ik9R/fRY/QSvX61jkWjmVX2A9HbJ/+xmdU=</latexit><latexit sha1_base64="T9fR7t8z6rv8EIIOg8HSQKwYRe0=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KuCNoJoY6lgVEhCmLuZxMV9XHbniuGS1sZfsbFQxNY/sPNv3MQUvg4MHM6ZYWZOminpKY4/orHxicmp6ZnZ0tz8wuJSeXnl3NvcCawJq6y7TMGjkgZrJEnhZeYQdKrwIr0+GvgXN+i8tOaMehk2NXSN7EgBFKRWmTesxi60igbhLRnrNKhCw22/z/d5Ut3ebZUrcTUegv8lyYhU2AgnrfJ7o21FrtGQUOB9PYkzahbgSAqF/VIj95iBuIYu1gM1oNE3i+Enfb4RlDbvWBfKEB+q3ycK0N73dBo6NdCV/+0NxP+8ek6dvWYhTZYTGvG1qJMrTpYPYuFt6VCQ6gUCwslwKxdX4EBQCK8UQkh+v/yXnG9Vk7ianO5UDg5HccywNbbONlnCdtkBO2YnrMYEu2MP7Ik9R/fRY/QSvX61jkWjmVX2A9HbJ/+xmdU=</latexit><latexit sha1_base64="T9fR7t8z6rv8EIIOg8HSQKwYRe0=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KuCNoJoY6lgVEhCmLuZxMV9XHbniuGS1sZfsbFQxNY/sPNv3MQUvg4MHM6ZYWZOminpKY4/orHxicmp6ZnZ0tz8wuJSeXnl3NvcCawJq6y7TMGjkgZrJEnhZeYQdKrwIr0+GvgXN+i8tOaMehk2NXSN7EgBFKRWmTesxi60igbhLRnrNKhCw22/z/d5Ut3ebZUrcTUegv8lyYhU2AgnrfJ7o21FrtGQUOB9PYkzahbgSAqF/VIj95iBuIYu1gM1oNE3i+Enfb4RlDbvWBfKEB+q3ycK0N73dBo6NdCV/+0NxP+8ek6dvWYhTZYTGvG1qJMrTpYPYuFt6VCQ6gUCwslwKxdX4EBQCK8UQkh+v/yXnG9Vk7ianO5UDg5HccywNbbONlnCdtkBO2YnrMYEu2MP7Ik9R/fRY/QSvX61jkWjmVX2A9HbJ/+xmdU=</latexit><latexit sha1_base64="T9fR7t8z6rv8EIIOg8HSQKwYRe0=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KuCNoJoY6lgVEhCmLuZxMV9XHbniuGS1sZfsbFQxNY/sPNv3MQUvg4MHM6ZYWZOminpKY4/orHxicmp6ZnZ0tz8wuJSeXnl3NvcCawJq6y7TMGjkgZrJEnhZeYQdKrwIr0+GvgXN+i8tOaMehk2NXSN7EgBFKRWmTesxi60igbhLRnrNKhCw22/z/d5Ut3ebZUrcTUegv8lyYhU2AgnrfJ7o21FrtGQUOB9PYkzahbgSAqF/VIj95iBuIYu1gM1oNE3i+Enfb4RlDbvWBfKEB+q3ycK0N73dBo6NdCV/+0NxP+8ek6dvWYhTZYTGvG1qJMrTpYPYuFt6VCQ6gUCwslwKxdX4EBQCK8UQkh+v/yXnG9Vk7ianO5UDg5HccywNbbONlnCdtkBO2YnrMYEu2MP7Ik9R/fRY/QSvX61jkWjmVX2A9HbJ/+xmdU=</latexit>

(rad./min.)

Upstream Repressilator

P
S

D
S

c
I(
!
)

<latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit><latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit><latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit><latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit>
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Avg. Periodogram
Composite Padé PSD

!max = 1.35
<latexit sha1_base64="lBCwcBNHuwBcJRDYpRTFX+bnVpA=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3OsDbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RGPjE5NT0zOzpbn5hcWl8vLKube5E1gTVll3mYJHJQ3WSJLCy8wh6FThRXp9NPAvbtB5ac0Z9TJsauga2ZECKEitMm9YjV1oFQ3CWzLWaVCFhtt+nx/wpLq92ypX4mo8BP9LkhGpsBFOWuX3RtuKXKMhocD7ehJn1CzAkRQK+6VG7jEDcQ1drAdqQKNvFsNP+nwjKG3esS6UIT5Uv08UoL3v6TR0aqAr/9sbiP959Zw6+81CmiwnNOJrUSdXnCwfxMLb0qEg1QsEhJPhVi6uwIGgEF4phJD8fvkvOd+qJnE1Od2pHO6P4phha2ydbbKE7bFDdsxOWI0Jdsce2BN7ju6jx+glev1qHYtGM6vsB6K3T/mnmck=</latexit><latexit sha1_base64="lBCwcBNHuwBcJRDYpRTFX+bnVpA=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3OsDbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RGPjE5NT0zOzpbn5hcWl8vLKube5E1gTVll3mYJHJQ3WSJLCy8wh6FThRXp9NPAvbtB5ac0Z9TJsauga2ZECKEitMm9YjV1oFQ3CWzLWaVCFhtt+nx/wpLq92ypX4mo8BP9LkhGpsBFOWuX3RtuKXKMhocD7ehJn1CzAkRQK+6VG7jEDcQ1drAdqQKNvFsNP+nwjKG3esS6UIT5Uv08UoL3v6TR0aqAr/9sbiP959Zw6+81CmiwnNOJrUSdXnCwfxMLb0qEg1QsEhJPhVi6uwIGgEF4phJD8fvkvOd+qJnE1Od2pHO6P4phha2ydbbKE7bFDdsxOWI0Jdsce2BN7ju6jx+glev1qHYtGM6vsB6K3T/mnmck=</latexit><latexit sha1_base64="lBCwcBNHuwBcJRDYpRTFX+bnVpA=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3OsDbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RGPjE5NT0zOzpbn5hcWl8vLKube5E1gTVll3mYJHJQ3WSJLCy8wh6FThRXp9NPAvbtB5ac0Z9TJsauga2ZECKEitMm9YjV1oFQ3CWzLWaVCFhtt+nx/wpLq92ypX4mo8BP9LkhGpsBFOWuX3RtuKXKMhocD7ehJn1CzAkRQK+6VG7jEDcQ1drAdqQKNvFsNP+nwjKG3esS6UIT5Uv08UoL3v6TR0aqAr/9sbiP959Zw6+81CmiwnNOJrUSdXnCwfxMLb0qEg1QsEhJPhVi6uwIGgEF4phJD8fvkvOd+qJnE1Od2pHO6P4phha2ydbbKE7bFDdsxOWI0Jdsce2BN7ju6jx+glev1qHYtGM6vsB6K3T/mnmck=</latexit><latexit sha1_base64="lBCwcBNHuwBcJRDYpRTFX+bnVpA=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3OsDbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RGPjE5NT0zOzpbn5hcWl8vLKube5E1gTVll3mYJHJQ3WSJLCy8wh6FThRXp9NPAvbtB5ac0Z9TJsauga2ZECKEitMm9YjV1oFQ3CWzLWaVCFhtt+nx/wpLq92ypX4mo8BP9LkhGpsBFOWuX3RtuKXKMhocD7ehJn1CzAkRQK+6VG7jEDcQ1drAdqQKNvFsNP+nwjKG3esS6UIT5Uv08UoL3v6TR0aqAr/9sbiP959Zw6+81CmiwnNOJrUSdXnCwfxMLb0qEg1QsEhJPhVi6uwIGgEF4phJD8fvkvOd+qJnE1Od2pHO6P4phha2ydbbKE7bFDdsxOWI0Jdsce2BN7ju6jx+glev1qHYtGM6vsB6K3T/mnmck=</latexit>

(rad./min.)

✓ = 1
<latexit sha1_base64="KSX2jRqu09cEvOmtDLpESTJDP0M=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIePEYwTwwCWF20kmGzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uMFHSku9/e2vrG5tb27md/O7e/sFh4ei4buPUCKyJWMWmGXKLSmqskSSFzcQgj0KFjXB0O/MbT2isjPUDjRPsRHygZV8KTk56bNMQibMbFnQLRb/kz8FWSZCRImSodgtf7V4s0gg1CcWtbQV+Qp0JNySFwmm+nVpMuBjxAbYc1TxC25nML56yc6f0WD82rjSxufp7YsIja8dR6DojTkO77M3E/7xWSv1yZyJ1khJqsVjUTxWjmM3eZz1pUJAaO8KFke5WJobccEEupLwLIVh+eZXUL0uBXwrur4qVchZHDk7hDC4ggGuowB1UoQYCNDzDK7x51nvx3r2PReual82cwB94nz9HUY/0</latexit><latexit sha1_base64="KSX2jRqu09cEvOmtDLpESTJDP0M=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIePEYwTwwCWF20kmGzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uMFHSku9/e2vrG5tb27md/O7e/sFh4ei4buPUCKyJWMWmGXKLSmqskSSFzcQgj0KFjXB0O/MbT2isjPUDjRPsRHygZV8KTk56bNMQibMbFnQLRb/kz8FWSZCRImSodgtf7V4s0gg1CcWtbQV+Qp0JNySFwmm+nVpMuBjxAbYc1TxC25nML56yc6f0WD82rjSxufp7YsIja8dR6DojTkO77M3E/7xWSv1yZyJ1khJqsVjUTxWjmM3eZz1pUJAaO8KFke5WJobccEEupLwLIVh+eZXUL0uBXwrur4qVchZHDk7hDC4ggGuowB1UoQYCNDzDK7x51nvx3r2PReual82cwB94nz9HUY/0</latexit><latexit sha1_base64="KSX2jRqu09cEvOmtDLpESTJDP0M=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIePEYwTwwCWF20kmGzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uMFHSku9/e2vrG5tb27md/O7e/sFh4ei4buPUCKyJWMWmGXKLSmqskSSFzcQgj0KFjXB0O/MbT2isjPUDjRPsRHygZV8KTk56bNMQibMbFnQLRb/kz8FWSZCRImSodgtf7V4s0gg1CcWtbQV+Qp0JNySFwmm+nVpMuBjxAbYc1TxC25nML56yc6f0WD82rjSxufp7YsIja8dR6DojTkO77M3E/7xWSv1yZyJ1khJqsVjUTxWjmM3eZz1pUJAaO8KFke5WJobccEEupLwLIVh+eZXUL0uBXwrur4qVchZHDk7hDC4ggGuowB1UoQYCNDzDK7x51nvx3r2PReual82cwB94nz9HUY/0</latexit><latexit sha1_base64="KSX2jRqu09cEvOmtDLpESTJDP0M=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIePEYwTwwCWF20kmGzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uMFHSku9/e2vrG5tb27md/O7e/sFh4ei4buPUCKyJWMWmGXKLSmqskSSFzcQgj0KFjXB0O/MbT2isjPUDjRPsRHygZV8KTk56bNMQibMbFnQLRb/kz8FWSZCRImSodgtf7V4s0gg1CcWtbQV+Qp0JNySFwmm+nVpMuBjxAbYc1TxC25nML56yc6f0WD82rjSxufp7YsIja8dR6DojTkO77M3E/7xWSv1yZyJ1khJqsVjUTxWjmM3eZz1pUJAaO8KFke5WJobccEEupLwLIVh+eZXUL0uBXwrur4qVchZHDk7hDC4ggGuowB1UoQYCNDzDK7x51nvx3r2PReual82cwB94nz9HUY/0</latexit>
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✓
<latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit><latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit><latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit><latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit>

✓
<latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit><latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit><latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit><latexit sha1_base64="uASEump3d8H+KrkJ7Q9t1+uECus=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5id9CZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZDk2upTadiFmQQkETBUropAZYEkloR+Pbud9+AmOFVg84SSFM2FCJWHCGTmr1cATI+uWKX/UXoOskyEmF5Gj0y1+9geZZAgq5ZNZ2Az/FcMoMCi5hVuplFlLGx2wIXUcVS8CG08W1M3rhlAGNtXGlkC7U3xNTllg7SSLXmTAc2VVvLv7ndTOMa+FUqDRDUHy5KM4kRU3nr9OBMMBRThxh3Ah3K+UjZhhHF1DJhRCsvrxOWlfVwK8G99eVei2Po0jOyDm5JAG5IXVyRxqkSTh5JM/klbx52nvx3r2PZWvBy2dOyR94nz+g9Y8e</latexit>
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Figure 4: Stochastic entrainment of gene-expression by the repressilator : (A) Schematic diagram of the re-
pressilator driving a gene-expression network. The cI protein from the repressilator acts as an activating transcription
factor for mRNA (X1) which translates into output protein (X2). The red arrow from X2 to X1 indicates negative
transcriptional feedback from the protein molecules. (B) The PSDs for the upstream repressilator network (estimated
with Padé PSD; see Figure 5(B)) and the downstream gene-expression network in isolation (i.e. not connected to
the repressilator) for five values of the connection strength parameter θ (in min−1). The gene-expression PSDs are
computed analytically (see (3.19)). When the repressilator is connected to the gene-expression expression, the PSD
can be estimated with the composite Padé PSD method which is based on Theorem 3.2. In (C) these PSD estimates
are plotted five values of θ and compared for θ = 1 min−1 to the PSDs obtained with the averaged periodogram
approach. One can observe stochastic entrainment improves as θ gets larger. (D) The heat-map for the entrainment
score (see (3.23)) as a function of θ and the feedback strength parameter kfb. Observe that the entrainment score is
monotonically increasing in both variables but it is more sensitive to kfb than θ.

Siso
X2

(ω) as

Siso
X2

(ω) =
2γpkp(θEπ(P2) + kr)

γrγp + kpkfb

×
[

γ2
r + kpγr + ω2

(γrγp + kpkfb)2 + ω2(γ2
r + γ2

p − 2kpkfb) + ω4

]
.

It is immediate that irrespective of the value of θ, the PSD Siso
X2

(ω) has a global maxima at ωmax ≈ 0.8
rad./min. which is the natural frequency of the gene-expression circuit in isolation. In Figure 4(B) we plot
this PSD for five values of θ to illustrate this point.

When the repressilator is connected to the gene-expression network, we can apply Theorem 3.2 to compute
the PSD of the protein output as

SX2(ω) = Siso
X2

(ω) (3.22)

+

[
θ2k2

p

(γrγp + kpkfb)2 + ω2(γ2
r + γ2

p − 2kpkfb) + ω4

]
ScI(ω).

We call this method composite Padé PSD as it estimates the PSD for the full network by combining two
approaches - Padé PSD for the nonlinear subnetwork (repressilator) with the analytical expression for the
linear subnetwork (gene-expression). In Figure 4(C) we plot the PSD SX2

(ω) for five values of θ and we
validate this composite method with the averaged periodogram method. One can clearly see that as θ
gets higher, the gene-expression network gives up its natural frequency (≈ 0.8 rad./min) upon stimulation
and adopts a frequency which is close to the repressilator frequency. This exemplifies the phenomenon of
single-cell entrainment in the stochastic setting.

In order to investigate this entrainment phenomenon further we define an entrainment score as

Entrainment Score =

∫ ωr

ωl
SX2(ω)dω∫∞

0
SX2(ω)dω

, (3.23)
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where [ωl, ωr] = [0.9ω0, 1.1ω0] represents an interval of relative length 10% on either side of the repressilator’s
natural frequency ω0. In Figure 4(D) we plot a heat-map for the entrainment score as a function of the
feedback strength parameter kfb and the connection strength parameter θ. One can see that the entrainment
score increases monotonically with θ which is to be expected as the first term on the r.h.s. of (3.22) scales
linearly with θ while the second term scales quadratically. Similarly by computing the ratio of the two terms
we can conclude that entrainment score is also a monotonically increasing function of kfb. However as the
heat-map clearly indicates, the entrainment score is much more sensitive to kfb than θ, thereby suggesting
that transcriptional feedback could be a critical mechanism for facilitating entrainment of gene-expression
networks.

4 Spectral theory for nonlinear networks

We now develop a framework to estimate the PSD for a general nonlinear network by applying Padé approxi-
mation theory which is known to be immensely useful in computing accurate rational function approximations
for certain types of smooth non-linear functions. For any function F , a Padé approximant of order m/n at
some reference point x0, is a ratio of two polynomials with numerator of degree m and denominator of degree
n, such that the values of the first (m+n+1) derivatives (including the zeroth derivative) of the approximant
match the corresponding derivatives of the function F at x0. Provided that the derivatives of the function
F can be computed, there exist an explicit expression to compute the required Padé approximant [44].

Recall the representation (2.8) of the autocovariance function which is equivalent to the representation
(2.7) of the function G(s) defined as in (2.6). Previous studies have established that usually the auto-
covariance function is well-approximated by only the first few terms in this infinite series. This fact can
be justified by appealing to the compactness of the resolvent operator which ensures that it is close to a
finite-rank operator. We shall use this property to approximate G(s) with a finite sum of order p

Gp(s) =

p∑
j=1

αj
s− σj

. (4.24)

Applying the theory of Padé approximations, we come up with an efficient approach, called Padé PSD,
to estimate this rational function and also certify its accuracy, using a single trajectory of the underlying
CTMC.

Since functions G and Gp are complex-analytic, it suffices to identify Gp on the positive real line. We
can equivalently express Gp as a rational function

Gp(s) :=
a0 + a1s+ · · ·+ ap−1s

p−1

b0 + b1s+ · · ·+ bp−1sp−1 + sp
. (4.25)

Define functions H and Hp by H(x) = x−1G(x−1) and Hp(x) = x−1Gp(x
−1). We shall infer Hp(x) by

estimating the order (p − 1)/p Padé approximant of the function H(x) at x = 0. This also identifies the
function Gp(s) which can be viewed as order (p− 1)/p Padé approximant of the function G(s) at s =∞. It
can be shown that for m = 0, 1 . . . , (2p− 1), the m-th Padé derivative can be expressed as

Dm =
1

m!

∂

∂xm
H(x)

∣∣∣∣
x=0

= Eπ (fAmf) , (4.26)

where the function f is given by (2.5), and Am denotes the m-th iterate of the generator A defined by (2.3).
Observe that since A0 = I (the identity operator), the zeroth Padé derivative D0 is simply the stationary
variance Varπ(Xn) which is also the total signal power (see Box 1).

Appealing to Birkhoff’s Ergodic Theorem [58], we can estimate each Padé derivative Dm from a sin-
gle CTMC trajectory (X(t))t≥0 by computing the long-term time-average of Ψm(X(t)) where Ψm(x) =
f(x)Amf(x). However this ergodic estimator is typically very slow to converge and hence we use stochastic
analysis to design suitable covariates that can be added to this process to reduce the simulation time needed
for convergence (see the Supplement, Section S2.4.2). This approach requires evaluations of functions of the
form Amf(x). This can be done recursively but it is computationally very intensive. In order to minimise
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these evaluations we design a data structure that efficiently stores and retrieves the values of Amf(x) for the
states commonly visited by the trajectory. This allows us to leverage memory resources in order to improve
computational performance and we utilise the property of ergodic Markov processes to repeatedly visit the
same set of states.

Once the Padé derivatives D̂0, . . . , D̂2p−1 have been estimated, the function Gp can be easily identified
by applying the Jacobi formula for Padé approximations [44]. Moreover in order to check if order p approx-
imation Gp(s) accurately represents function G(s), we compute a validity score based on direct estimations
of the function G(s) for certain s-values s1, . . . , sr. These direct estimates can be obtained from the same
CTMC trajectory that is generated to estimate the Padé derivatives, by augmenting the reaction network
with r species which keep track of the “history” of the output species state, at exponentially distributed
random times in the past. Full theoretical and computational details of our Padé PSD method are provided
in Sections S2.4 and S3 of the Supplement.

Our method is geared towards reaction networks that operate in the stochastic regime, due to constituent
species having low copy-numbers. One way to verify that stochastic effects are indeed prominent is to check
if the mixing strength (recall from Section 2.1) of the Markovian dynamics is high. This strength is difficult

to quantify, but as [39] suggest, the ratio ρ̂ = −D̂1/D̂0 is a good proxy for the mixing strength, because it
provides an estimate of the Dirichlet form associated with the generator A (see [39]). Hence our method
is more efficient when ρ̂ � 0. In such a scenario we often find that the second order Padé approximant
G2(s) is sufficient to accurately describe the function G(s) and this observation has also been made in
experimental studies [17]. We now provide an explicit expression for G2(s) in terms of the estimated Padé

derivatives D̂0, . . . , D̂3, and find a condition that characterises the existence of a maximum for the PSD at
some positive frequency value ωmax. If such a maximum exists then it implies that the stochastic dynamics
exhibits sustained oscillations with the dominant frequency of ωmax.

Letting

δ1 =

(
D̂0D̂3 − D̂1D̂2

D̂0D̂2 − D̂2
1

)
and δ2 =

(
D̂1D̂3 − D̂2

2

D̂0D̂2 − D̂2
1

)
,

the second order Padé approximant is given by

G2(s) =
D̂0s+ D̂1 − δ1D̂0

s2 − δ1s+ δ2
. (4.27)

Equivalently we can express G2(s) in the form of (4.24) with coefficients α1, α2 and eigenvalues σ1, σ2 given
by

α1,2 =
1

2

[
D̂0 ∓

(
2D̂1 − D̂0δ1√

δ2
1 − 4δ2

)]

and σ1,2 =
1

2

[
δ1 ∓

√
δ2
1 − 4δ2

]
.

Note that if δ2
1 < 4δ2 then the eigenvalues are complex conjugates of each other with non-zero imaginary

parts. Applying (2.6) with G(s) = G2(s) we obtain the approximate PSD as

SXn
(ω) = −2

(
δ2(D̂0δ1 − D̂1) + ω2D̂1

δ2
2 + (δ2

1 − 2δ2)ω2 + ω4

)
. (4.28)

We now state a simple proposition that examines the conditions for stable oscillations to arise if the
second order Padé approximant is accurate. The proof is provided in Section S2.4.3 of the Supplement.

Proposition 4.1 (Oscillation conditions) Suppose G(s) = G2(s) and let δj, αj and σj be defined as
above for j = 1, 2. Then the PSD SXn

(ω) achieves a local maximum at a non-zero frequency if and only if

δ2
1 < 4δ2 and δ2 >

βδ2
1

2β + 1
, (4.29)
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where β = (D̂0δ1 − D̂1)/D̂1. Such a maximum is also a global maximum for ω ∈ [0,∞) and its location is
given by

ωmax =
√
βδ2

√√√√−1 +

√
1 +

1

β2

[
1 − β

(
δ21 − 2δ2

δ2

)]
. (4.30)

4.1 Applications of the nonlinear theory

We now present applications of our Padé PSD method. First we reconsider the linear networks shown in
Figure 3 where analytical expressions for the function G(s) can be evaluated and compared to the Padé
approximant produced by our method. The results are shown in Table 1 and one can see that the estimated
Padé approximant is “close” to the analytical expression which is also reflected in the accuracy of our PSD
estimation approach (see Figure 3).

Network Padé PSD Gp(s) Analytical G(s)
Gene 1962.2s+2478.3

s2+1.4672s+0.47
1866.67s+2400
s2+1.5s+0.5Expression

RNA 2.31s2+13.42s+17.79
s3+6.18s2+10.02s+3.64

2.37s2+14.48s+20.28
s3+6.5s2+11s+4Splicing

IFF 269.30s+166.58
s2+0.8039s+0.1506

266.67s+163.33
s2+0.8s+0.15

NFB 265.24s+272.14
s2+1.5285s+1.5282

266.67s+266.67
s2+1.5s+1.5

Table 1: The function G(s) computed analytically and its Padé approximant Gp(s) estimated with the Padé PSD
method for the linear networks considered in Figure 3. The order of Padé approximation is 3 for the RNA Splicing
network and it is 2 for all the other networks.Next we provide two case studies to illustrate the usefulness of our PSD estimation method for synthetic
biology applications. In the first study we examine the problem of optimising the oscillation strength of the
repressilator [28] and in the second study we consider the problem of reducing oscillations at the single-cell
level that typically arise due to the recently proposed antithetic integral feedback (AIF) controller [14] that
has the important property of ensuring robust perfect adaptation for arbitrary intracellular networks with
stochastic dynamics. In the rest of this section, we fix the order of approximation as two for the Padé PSD
method.

4.1.1 Improving oscillation strength for the repressilator

The repressilator [28] is the first synthetic genetic oscillator and it consists of three genes repressing each
other in a cyclic fashion (see Figure 5(A)). These three genes are tetR (from the Tn10 transposon), cI from
bacteriophage λ and lacI from the lactose operon. These three genes create three repressor proteins which
are TetR, cI and LacI respectively, and the cyclic repression mechanism can be represented as

TetR a cI a LacI a TetR.

Due to intrinsic noise in the dynamics, the repressilator loses oscillations at the bulk or population-
average level after a few generations. At the single-cell level this intrinsic noise broadens the output PSD
peak, making the oscillations less regular in both amplitude and phase. This issue was addressed in a recent
paper [62] which elaborately studied the various sources of noise in the original circuit and eliminated them
to construct a modified repressilator circuit that showed regular oscillations over several generations. It was
found that most of the noise was generated when TetR protein levels are low and the derepression of the
TetR controlled promoter occurs at low threshold. To raise this threshold a sponge plasmid was introduced
and this had a remarkable effect of regularising the oscillations and sharpening the single-cell PSD peak.

Using the stochastic model given in the Supplement of [62] we demonstrate how our method is able to
accurately estimate the single-cell PSD and exhibit the sharpening of the PSD in the presence of sponge. Our
method also confirms that apart from using the sponge plasmid, the problem of low derepression threshold
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freq.      (rad./gen.)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>
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<latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit><latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit><latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit><latexit sha1_base64="MJR3Rdgezv2rFd/9PtQSObLhfLg=">AAACBHicbVDJSgNBEO1xN25Rj7kMBiFewowIegx60Zui0UBmCD2dSmzsZeiuEcMwBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVS1LBLQbBpzc1PTM7N7+wWFpaXlldK69vXFqdGQZNpoU2rYRaEFxBEzkKaKUGqEwEXCU3R0P/6haM5Vpd4CCFWNK+4j3OKDqpU66cd/II4Q6VNpKKnJ0URS3SEvp0p1OuBvVgBP8vCSekSiY47ZQ/oq5mmQSFTFBr22GQYpxTg5wJKEpRZiGl7Ib2oe2oohJsnI+eKPxtp3T9njauFPoj9ftETqW1A5m4Tknx2v72huJ/XjvD3kGcc5VmCIqNF/Uy4aP2h4n4XW6AoRg4Qpnh7lafXVNDGbrcSi6E8PfLf8nlbj0M6uHZXrVxOIljgVTIFqmRkOyTBjkmp6RJGLknj+SZvHgP3pP36r2NW6e8ycwm+QHv/Qsr9phn</latexit>

freq.      (rad./gen.)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>

freq.      (rad./gen.)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>

H = 2

H = 1.5

H = 1.5 H = 2

(rad./gen.)
!max = 1.37

<latexit sha1_base64="6ZU1Etg83u3hqwqWdTbO0uLP0fw=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KsBbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RBOTU9Mzs3PzpYXFpeWV8uraube5E1gXVll3mYJHJQ3WSZLCy8wh6FThRXp9NPQvbtB5ac0Z9TNsaegZ2ZUCKEjtMm9ajT1oF03CWzLWaVCFhtvBgB/wpLq71y5X4mo8Av9LkjGpsDFO2uX3ZseKXKMhocD7RhJn1CrAkRQKB6Vm7jEDcQ09bARqQKNvFaNPBnwrKB3etS6UIT5Sv08UoL3v6zR0aqAr/9sbiv95jZy6+61CmiwnNOJrUTdXnCwfxsI70qEg1Q8EhJPhVi6uwIGgEF4phJD8fvkvOd+pJnE1Oa1VDmvjOObYBttk2yxhe+yQHbMTVmeC3bEH9sSeo/voMXqJXr9aJ6LxzDr7gejtE/t7mcc=</latexit><latexit sha1_base64="6ZU1Etg83u3hqwqWdTbO0uLP0fw=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KsBbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RBOTU9Mzs3PzpYXFpeWV8uraube5E1gXVll3mYJHJQ3WSZLCy8wh6FThRXp9NPQvbtB5ac0Z9TNsaegZ2ZUCKEjtMm9ajT1oF03CWzLWaVCFhtvBgB/wpLq71y5X4mo8Av9LkjGpsDFO2uX3ZseKXKMhocD7RhJn1CrAkRQKB6Vm7jEDcQ09bARqQKNvFaNPBnwrKB3etS6UIT5Sv08UoL3v6zR0aqAr/9sbiv95jZy6+61CmiwnNOJrUTdXnCwfxsI70qEg1Q8EhJPhVi6uwIGgEF4phJD8fvkvOd+pJnE1Oa1VDmvjOObYBttk2yxhe+yQHbMTVmeC3bEH9sSeo/voMXqJXr9aJ6LxzDr7gejtE/t7mcc=</latexit><latexit sha1_base64="6ZU1Etg83u3hqwqWdTbO0uLP0fw=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KsBbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RBOTU9Mzs3PzpYXFpeWV8uraube5E1gXVll3mYJHJQ3WSZLCy8wh6FThRXp9NPQvbtB5ac0Z9TNsaegZ2ZUCKEjtMm9ajT1oF03CWzLWaVCFhtvBgB/wpLq71y5X4mo8Av9LkjGpsDFO2uX3ZseKXKMhocD7RhJn1CrAkRQKB6Vm7jEDcQ09bARqQKNvFaNPBnwrKB3etS6UIT5Sv08UoL3v6zR0aqAr/9sbiv95jZy6+61CmiwnNOJrUTdXnCwfxsI70qEg1Q8EhJPhVi6uwIGgEF4phJD8fvkvOd+pJnE1Oa1VDmvjOObYBttk2yxhe+yQHbMTVmeC3bEH9sSeo/voMXqJXr9aJ6LxzDr7gejtE/t7mcc=</latexit><latexit sha1_base64="6ZU1Etg83u3hqwqWdTbO0uLP0fw=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3KsBbQTBxlLBqJCEMHcziYv7uOzOFcMlrY2/YmOhiK1/YOffuIkpfB0YOJwzw8ycNFPSUxx/RBOTU9Mzs3PzpYXFpeWV8uraube5E1gXVll3mYJHJQ3WSZLCy8wh6FThRXp9NPQvbtB5ac0Z9TNsaegZ2ZUCKEjtMm9ajT1oF03CWzLWaVCFhtvBgB/wpLq71y5X4mo8Av9LkjGpsDFO2uX3ZseKXKMhocD7RhJn1CrAkRQKB6Vm7jEDcQ09bARqQKNvFaNPBnwrKB3etS6UIT5Sv08UoL3v6zR0aqAr/9sbiv95jZy6+61CmiwnNOJrUTdXnCwfxsI70qEg1Q8EhJPhVi6uwIGgEF4phJD8fvkvOd+pJnE1Oa1VDmvjOObYBttk2yxhe+yQHbMTVmeC3bEH9sSeo/voMXqJXr9aJ6LxzDr7gejtE/t7mcc=</latexit>

(rad./gen.)
!max = 1.34
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Figure 5: Improving the repressilator ’s oscillatory strength: (A) Depiction of the repressilator network with
three gene-expression systems whose output proteins cyclically repress each other. When present, the sponge plasmid
can bind TetR proteins, thereby raising the derepression threshold of the cI gene. (B) Shows the effect of the sponge
in sharpening the normalised PSD (PSD divided by the total signal power). This effect is seen both for promoter
cooperativity H = 1.5 and H = 2, but the effect is more prominent in the former case. (C) Plots the single-cell
trajectories with and without the sponge for promoter cooperativity H = 1.5, and it clearly shows that oscillations
are more regular in the latter case. Comparison of the PSD estimated with our Padé PSD method with the PSDs
estimated with the averaged periodogram method is provided and the location of the local maxima ωmax, as computed
by (4.30), is shown. (D) Repeats the computational analysis in part (C) for promoter cooperativity H = 2.

can also be mitigated by designing promoters with a more cooperative repressor binding mechanism. The
stochastic model is detailed in Section S4.2.1 of the Supplement. The repression mechanism is encoded with
a nonlinear Hill function whose coefficient H represents the degree of cooperativity among the promoter
binding sites. The sponge plasmid, if present, can competitively bind the free TetR molecules, reducing the
number of these molecules available for repressing the cI gene.

We use our method to estimate the PSD for the dynamics of the copy-numbers of the cI protein, whose
expression is directly repressed by TetR. With second order Padé approximant, the normalised PSD (i.e.
PSD divided by the total signal power) indeed exhibits a sharper peak at the peak frequency of around
ωmax ≈ 1.35 rad./gen. (see Figure 5(B)). This sharpness in PSD suggests more regularity in oscillations
which is also evident from the single-cell trajectories plotted in Figure 5(C). We compare our PSD estimation
method with the averaged periodogram approach in both the cases (with and without sponge) and the results
are shown in Figure 5(C). Next we increased the promoter cooperativity (i.e. the Hill coefficient) fromH = 1.5
to H = 2 and repeated the same analysis. The results indicate that when cooperativity is increased, the
beneficial effect of the sponge in regularising the oscillations diminishes (see Figure 5(B,D)). This is because
increased cooperativity makes the repression mechanism more ultrasensitive (see [35]) thereby increasing
the derepression threshold even without the sponge plasmid. Notice that the PSDs obtained in this case
with the averaged periodogram method show two distinct peaks - there is a major peak around frequency
ω = 1 rad./gen. and a minor peak at roughly twice this frequency. This effect is more prominent for
the ‘no sponge’ case and the second minor peak is not captured by our second order Padé approximation.
The existence of this second peak at twice the frequency of the first was first studied in [73] with CLE
approximation of the dynamics, and it arises because the stochastic dynamics is close to the deterministic
dynamics which exhibits oscillations due to a Hopf Bifurcation. In such cases the assumption of stationarity
is violated for the considered simulation time and this makes our PSD estimation method error prone. We
discuss this issue in Section S5 of the Supplement.

4.1.2 Reducing single-cell oscillations due to the antithetic integral feedback controller

In recent years genetic engineering has allowed researchers to implement bio-molecular control systems
within living cells (see [14, 16, 64, 66, 4, 48, 42, 21, 43, 1, 5]). This area of research, popularly known as
Cybergenetics [16], offers promise in enabling control of living cells for applications in biotechnology [75, 25]
and therapeutics [77]. A particularly important challenge in Cybergenetics is to engineer an intracellular
controller that facilitates cellular homeostasis by achieving robust perfect adaptation (RPA) for an output
state-variable in an arbitrary intracellular stochastic reaction network. This challenge was theoretically
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<latexit sha1_base64="K7UcBV5xNRA8jZ886OhRRxytrpk=">AAACG3icbVA9SwNBEJ2L3/EzWmpxKIJVuLPRRghKwFLRqJALsrc3SRZ3947dOTUc+Qm2Wvk/7O3E1sLOn+ImsfDrwcLjzczOvBdnUlgKgnevNDY+MTk1PVOenZtfWFyqLJ/ZNDccGzyVqbmImUUpNDZIkMSLzCBTscTz+OpgUD+/RmNFqk+pl2FLsY4WbcEZOekkUvnl0kZQDYbw/5Lwi2zU1p6OPwDg6LLilaIk5blCTVwya5uS6cRy5n4vmCHBJfbLUW4xY/yKdbDpqGYKbasYHtz3N52S+O3UuKfJH6rfJwqmrO2p2HUqRl37uzYQ/6s1c2rvtgqhs5xQ89Gidi59Sv2Bez8RBjnJniOMG+Fu9XmXGcbJZVSONN7wVClnp4jq/SIaLIjjot53fghv6UYk1N0LA6FdauHvjP6Ss+1qGFTDYxffPowwDauwDlsQwg7U4BCOoAEcOnAH9/DgPXrP3ov3OmoteV8zK/AD3tsnGd+jgQ==</latexit><latexit sha1_base64="oqC6pGO4jMBwEqnxhCQ+u0535e0="></latexit><latexit sha1_base64="oqC6pGO4jMBwEqnxhCQ+u0535e0="></latexit><latexit sha1_base64="BDszAMzBGX9NToWqGdGPJAq+Dhc=">AAACG3icbVBNS8NAEN3Ur1o/q0cvwSJ4KokXvQhFKXisaK3QlLLZTNvF3U3Ynagl9Cd41ZO/xpt49eC/cVNz0NYHC483MzvzXpgIbtDzvpzSwuLS8kp5tbK2vrG5tV3duTFxqhm0WSxifRtSA4IraCNHAbeJBipDAZ3w7jyvd+5BGx6raxwn0JN0qPiAM4pWugpk2t+ueXVvCnee+AWpkQKtftUpBVHMUgkKmaDGdAVVkWHU/p5RjZwJmFSC1EBC2R0dQtdSRSWYXjY9eOIeWCVyB7G2T6E7VX9PZFQaM5ah7ZQUR2a2lov/1bopDk56GVdJiqDYz6JBKlyM3dy9G3ENDMXYEso0t7e6bEQ1ZWgzqgQKHlgspbWTBc1JFuQLwjBrTqwfhEd84BGOTn2PK5uaP5vRPLk5qvte3b/0ao2zIr8y2SP75JD45Jg0yAVpkTZhZEieyDN5cV6dN+fd+fhpLTnFzC75A+fzG5qhoTw=</latexit>

✓X2
<latexit sha1_base64="ajyp5Q0nUhMOxWN0Amcfdh7RdPQ="></latexit><latexit sha1_base64="lcM/11ZMzn9FfwSneljZbuZCeEs="></latexit><latexit sha1_base64="lcM/11ZMzn9FfwSneljZbuZCeEs="></latexit><latexit sha1_base64="JXXLd/I5UQUP8uxUN+dSPUgifqQ=">AAACInicbVDLSgNBEJyN7/jWo5fBIHgKu170IogieFQwGsyG0DvbMYMzs8tMrxqW/IVXPfk13sST4Mc4iTn4amgoqrqp7kpyJR2F4XtQmZicmp6ZnavOLywuLa+srl24rLACGyJTmW0m4FBJgw2SpLCZWwSdKLxMbo6G+uUtWiczc079HNsaro3sSgHkqauYekjAm52dzkotrIej4n9BNAY1Nq7TzmpQidNMFBoNCQXOtRSY1AnwJiVYkkLhoBoXDnMQN3CNLQ8NaHTtcnT3gG95JuXdzPo2xEfs940StHN9nfhJDdRzv7Uh+Z/WKqi71y6lyQtCI76MuoXilPFhCDyVFgWpvgcgrPS3ctEDC4J8VNXY4J3ItPbvlPHxoIyHBklSHg/8P4T3dCdT6u1HoTQ+teh3Rn/BxU49CuvRWVg7OBznN8s22CbbZhHbZQfshJ2yBhPMsAf2yJ6C5+AleA3evkYrwXhnnf2o4OMTgQqjvw==</latexit>

Sensor

kZ2
<latexit sha1_base64="uiZ3aehAy5c+XrGAlO1YGrw4tGs="></latexit><latexit sha1_base64="osZqDvdFYppvMDlkqmYkpJj2H5s="></latexit><latexit sha1_base64="osZqDvdFYppvMDlkqmYkpJj2H5s="></latexit><latexit sha1_base64="hyhqyblLA2AaKlCOpTXso5QUFkw=">AAACHXicbVBNSwMxEM3Wr1q/qh69BIvgqex60YtQlIJHBbcVu6Vks1MbmmSXZFYtS3+DVz35a7yJV/HfmNYe/HoQeLyZycx7cSaFRd//8Epz8wuLS+Xlysrq2vpGdXOrZdPccAh5KlNzFTMLUmgIUaCEq8wAU7GEdjw8ndTbt2CsSPUljjLoKnajRV9whk4Kh/S6d9Cr1vy6PwX9S4IZqZEZznubXilKUp4r0Mgls7YjmU4sZ+7/ghkUXMK4EuUWMsaH7AY6jmqmwHaL6cljuueUhPZT455GOlW/TxRMWTtSsetUDAf2d20i/lfr5Ng/6hZCZzmC5l+L+rmkmNKJf5oIAxzlyBHGjXC3Uj5ghnF0KVUiDXc8VcrZKaLmuIgmC+K4aI6dH4R7vBMJDo4DX2iXWvA7o7+kdVAP/Hpw4dcaJ7P8ymSH7JJ9EpBD0iBn5JyEhBNBHsgjefKevRfv1Xv7ai15s5lt8gPe+ydGdqGI</latexit>

kp
<latexit sha1_base64="AxsJhUrUcDUZh+oN3sQ6aXZ8tSE=">AAACG3icbVA9SwNBEJ2L3/FbS5vDD7AKdzbaCKIIlopGhVwIe3uTZMnu3rE7p4YjP8FWK/+GtWAnthb+EHs3iYVfDxYeb2Z25r04k8JSELx7pZHRsfGJyany9Mzs3PzC4tK5TXPDscpTmZrLmFmUQmOVBEm8zAwyFUu8iDsH/frFFRorUn1G3QzrirW0aArOyEmnnUbWWFgLKsEA/l8SfpG1vfWPxycAOG4seqUoSXmuUBOXzNqaZDqxnLnfC2ZIcIm9cpRbzBjvsBbWHNVMoa0Xg4N7/oZTEr+ZGvc0+QP1+0TBlLVdFbtOxahtf9f64n+1Wk7NnXohdJYTaj5c1MylT6nfd+8nwiAn2XWEcSPcrT5vM8M4uYzKkcZrnirl7BTRYa+I+gviuDjsOT+EN3QtEmrvhoHQLrXwd0Z/yflWJQwq4YmLbx+GmIQVWIVNCGEb9uAIjqEKHFpwC3dw7z14z96L9zpsLXlfM8vwA97bJ+fspAc=</latexit><latexit sha1_base64="W4VaqPXWYoqplFOEuR3ih5v2XSI="></latexit><latexit sha1_base64="W4VaqPXWYoqplFOEuR3ih5v2XSI="></latexit><latexit sha1_base64="2rqUCr3G4ZDR57yf9iwC1gcfRr0=">AAACG3icbVBNS8NAEN3Ur1q/qh69BIvgqSRe9CIURfBY0arQlLLZTNulu5uwO7GWkJ/gVU/+Gm/i1YP/xk3Nwa8HC483MzvzXpgIbtDzPpzK3PzC4lJ1ubayura+Ud/cujZxqhl0WCxifRtSA4Ir6CBHAbeJBipDATfh+LSo39yBNjxWVzhNoCfpUPEBZxStdDnuJ/16w2t6M7h/iV+SBinR7m86lSCKWSpBIRPUmK6gKjKM2t8zqpEzAXktSA0klI3pELqWKirB9LLZwbm7Z5XIHcTaPoXuTP0+kVFpzFSGtlNSHJnftUL8r9ZNcXDUy7hKUgTFvhYNUuFi7Bbu3YhrYCimllCmub3VZSOqKUObUS1QMGGxlNZOFpzlWVAsCMPsLLd+EO5xwiMcHfseVzY1/3dGf8n1QdP3mv6F12idlPlVyQ7ZJfvEJ4ekRc5Jm3QII0PyQB7Jk/PsvDivzttXa8UpZ7bJDzjvn5PdoTg=</latexit>

�p
<latexit sha1_base64="yK90Obq+IBTlp/JES0YczIDUWwo="></latexit><latexit sha1_base64="uBwwf+EigJykep3b4vRclCiT6ok="></latexit><latexit sha1_base64="uBwwf+EigJykep3b4vRclCiT6ok="></latexit><latexit sha1_base64="KY0y/6o7j0TAWA/sBl/6GVdJRUo=">AAACIHicbVDLSgNBEJyN7/iKevSyGARPYdeLXgRRAh4jmBjIhtA720kGZ2aXmV41LPkJr3rya7yJR/0aJzEHXwUDRVU31VNxJoWlIHj3SnPzC4tLyyvl1bX1jc3K1nbLprnh2OSpTE07BotSaGySIIntzCCoWOJ1fHM+8a9v0ViR6isaZdhVMNCiLziQk9rRAJSCXtarVINaMIX/l4QzUmUzNHpbXilKUp4r1MQlWNuRoBPLwUUUYEhwieNylFvMgN/AADuOalBou8X06rG/75TE76fGPU3+VP2+UYCydqRiN6mAhva3NxH/8zo59Y+7hdBZTqj5V1A/lz6l/qQCPxEGOcmRI8CNcLf6fAgGOLmiypHGO566VnRSRPVxEU0C4rioj91/CO/pTiQ0PAkDoV1r4e+O/pLWYS0MauFlUD09m/W3zHbZHjtgITtip+yCNViTcSbZA3tkT96z9+K9em9foyVvtrPDfsD7+ASs6KNe</latexit>

�r
<latexit sha1_base64="e5o8U44dG+l3PHnzznoU42RH01c="></latexit><latexit sha1_base64="ohq+bZ6yRqM0X2okD3eZkKelYFM="></latexit><latexit sha1_base64="ohq+bZ6yRqM0X2okD3eZkKelYFM="></latexit><latexit sha1_base64="iYuZyB7gS+G9KMDUBbtQ6IyK9Aw=">AAACIHicbVDLSgNBEJyN7/iKevSyGARPYdeLXgRRAh4jmBjIhtA720kGZ2aXmV41LPkJr3rya7yJR/0aJzEHXwUDRVU31VNxJoWlIHj3SnPzC4tLyyvl1bX1jc3K1nbLprnh2OSpTE07BotSaGySIIntzCCoWOJ1fHM+8a9v0ViR6isaZdhVMNCiLziQk9rRAJSCnulVqkEtmML/S8IZqbIZGr0trxQlKc8VauISrO1I0Inl4CIKMCS4xHE5yi1mwG9ggB1HNSi03WJ69djfd0ri91PjniZ/qn7fKEBZO1Kxm1RAQ/vbm4j/eZ2c+sfdQugsJ9T8K6ifS59Sf1KBnwiDnOTIEeBGuFt9PgQDnFxR5UjjHU9dKzopovq4iCYBcVzUx+4/hPd0JxIanoSB0K618HdHf0nrsBYGtfAyqJ6ezfpbZrtsjx2wkB2xU3bBGqzJOJPsgT2yJ+/Ze/Fevbev0ZI329lhP+B9fAKwUqNg</latexit>

⌘
<latexit sha1_base64="XuO7gdlUKgSWRtUtgCM/Hx0HskY="></latexit><latexit sha1_base64="5VND/OYkNComaJQMJP74idIjXso="></latexit><latexit sha1_base64="5VND/OYkNComaJQMJP74idIjXso="></latexit><latexit sha1_base64="Xr9xNszn7RIJ7UOzz1EVxezab5Y=">AAACHHicbVBNS8NAEN3U7/pV9eglWARPJfGiF6EogkcFq0JTymQztYu7m7A7sZbQv+BVT/4ab+JV8N+4qT2o9cHC483MzrwXZ1JYCoJPrzIzOze/sLhUXV5ZXVuvbWxe2TQ3HFs8lam5icGiFBpbJEjiTWYQVCzxOr47KevX92isSPUlDTPsKLjVoic4UClFSNCt1YNGMIY/TcIJqbMJzrsbXiVKUp4r1MQlWNuWoBPLwX1fgCHBJY6qUW4xA34Ht9h2VINC2ynGF4/8Xackfi817mnyx+rPiQKUtUMVu04F1Ld/a6X4X62dU++wUwid5YSafy/q5dKn1C/t+4kwyEkOHQFuhLvV530wwMmFVI00DniqlLNTRKejIioXxHFxOnJ+CB9oIBLqH4WB0C618G9G0+RqvxEGjfAiqDePJ/ktsm22w/ZYyA5Yk52xc9ZinPXZI3tiz96L9+q9ee/frRVvMrPFfsH7+AJXLqGe</latexit>

Annihilation

Actuation

A

freq.      (rad/min)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>
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<latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit>
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freq.      (rad/min)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>
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<latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit>

(rad./min.)
!max = 1.87

<latexit sha1_base64="vZGOIT/jQIZ2KXhAHGjjgviaFtM=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3CuCNoJgY6lgEiEJYe5mEhf3cdmdK4ZLWht/xcZCEVv/wM6/cRNT+DowcDhnhpk5aaakpzj+iKamZ2bn5hcWS0vLK6tr5fWNure5E1gTVll3mYJHJQ3WSJLCy8wh6FRhI70+GfmNG3ReWnNBgwzbGvpG9qQAClKnzFtWYx86RYvwlox1GlSh4XY45Ec8qR4edMqVuBqPwf+SZEIqbIKzTvm91bUi12hIKPC+mcQZtQtwJIXCYamVe8xAXEMfm4Ea0OjbxfiTId8JSpf3rAtliI/V7xMFaO8HOg2dGujK//ZG4n9eM6feYbuQJssJjfha1MsVJ8tHsfCudChIDQIB4WS4lYsrcCAohFcKISS/X/5L6nvVJK4m5/uV4/1JHAtsi22zXZawA3bMTtkZqzHB7tgDe2LP0X30GL1Er1+tU9FkZpP9QPT2CQMjmcw=</latexit><latexit sha1_base64="vZGOIT/jQIZ2KXhAHGjjgviaFtM=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3CuCNoJgY6lgEiEJYe5mEhf3cdmdK4ZLWht/xcZCEVv/wM6/cRNT+DowcDhnhpk5aaakpzj+iKamZ2bn5hcWS0vLK6tr5fWNure5E1gTVll3mYJHJQ3WSJLCy8wh6FRhI70+GfmNG3ReWnNBgwzbGvpG9qQAClKnzFtWYx86RYvwlox1GlSh4XY45Ec8qR4edMqVuBqPwf+SZEIqbIKzTvm91bUi12hIKPC+mcQZtQtwJIXCYamVe8xAXEMfm4Ea0OjbxfiTId8JSpf3rAtliI/V7xMFaO8HOg2dGujK//ZG4n9eM6feYbuQJssJjfha1MsVJ8tHsfCudChIDQIB4WS4lYsrcCAohFcKISS/X/5L6nvVJK4m5/uV4/1JHAtsi22zXZawA3bMTtkZqzHB7tgDe2LP0X30GL1Er1+tU9FkZpP9QPT2CQMjmcw=</latexit><latexit sha1_base64="vZGOIT/jQIZ2KXhAHGjjgviaFtM=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3CuCNoJgY6lgEiEJYe5mEhf3cdmdK4ZLWht/xcZCEVv/wM6/cRNT+DowcDhnhpk5aaakpzj+iKamZ2bn5hcWS0vLK6tr5fWNure5E1gTVll3mYJHJQ3WSJLCy8wh6FRhI70+GfmNG3ReWnNBgwzbGvpG9qQAClKnzFtWYx86RYvwlox1GlSh4XY45Ec8qR4edMqVuBqPwf+SZEIqbIKzTvm91bUi12hIKPC+mcQZtQtwJIXCYamVe8xAXEMfm4Ea0OjbxfiTId8JSpf3rAtliI/V7xMFaO8HOg2dGujK//ZG4n9eM6feYbuQJssJjfha1MsVJ8tHsfCudChIDQIB4WS4lYsrcCAohFcKISS/X/5L6nvVJK4m5/uV4/1JHAtsi22zXZawA3bMTtkZqzHB7tgDe2LP0X30GL1Er1+tU9FkZpP9QPT2CQMjmcw=</latexit><latexit sha1_base64="vZGOIT/jQIZ2KXhAHGjjgviaFtM=">AAACCXicbVC7SkNBEN3r2/iKWtosBsEq3CuCNoJgY6lgEiEJYe5mEhf3cdmdK4ZLWht/xcZCEVv/wM6/cRNT+DowcDhnhpk5aaakpzj+iKamZ2bn5hcWS0vLK6tr5fWNure5E1gTVll3mYJHJQ3WSJLCy8wh6FRhI70+GfmNG3ReWnNBgwzbGvpG9qQAClKnzFtWYx86RYvwlox1GlSh4XY45Ec8qR4edMqVuBqPwf+SZEIqbIKzTvm91bUi12hIKPC+mcQZtQtwJIXCYamVe8xAXEMfm4Ea0OjbxfiTId8JSpf3rAtliI/V7xMFaO8HOg2dGujK//ZG4n9eM6feYbuQJssJjfha1MsVJ8tHsfCudChIDQIB4WS4lYsrcCAohFcKISS/X/5L6nvVJK4m5/uV4/1JHAtsi22zXZawA3bMTtkZqzHB7tgDe2LP0X30GL1Er1+tU9FkZpP9QPT2CQMjmcw=</latexit>

kfb = 0
<latexit sha1_base64="YdmmLVBRf3CnQSGMA2HdFtWFxRo=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuRNBGCdhYRjAxkBzH3mYvWbK3e+zOieG4xr9iY6GIrT/Dzn/jJrlCEx8MPN6bYWZemAhuwHW/ndLS8srqWnm9srG5tb1T3d1rG5VqylpUCaU7ITFMcMlawEGwTqIZiUPB7sPR9cS/f2DacCXvYJwwPyYDySNOCVgpqB6MgqwH7BGk0jERWRTmOb7EblCtuXV3CrxIvILUUIFmUP3q9RVNYyaBCmJM13MT8DOigVPB8kovNSwhdEQGrGupJDEzfjZ9IMfHVunjSGlbEvBU/T2RkdiYcRzazpjA0Mx7E/E/r5tCdOFnXCYpMElni6JUYFB4kgbuc80oiLElhGpub8V0SDShYDOr2BC8+ZcXSfu07rl17/as1rgq4iijQ3SETpCHzlED3aAmaiGKcvSMXtGb8+S8OO/Ox6y15BQz++gPnM8fqUKWZg==</latexit><latexit sha1_base64="YdmmLVBRf3CnQSGMA2HdFtWFxRo=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuRNBGCdhYRjAxkBzH3mYvWbK3e+zOieG4xr9iY6GIrT/Dzn/jJrlCEx8MPN6bYWZemAhuwHW/ndLS8srqWnm9srG5tb1T3d1rG5VqylpUCaU7ITFMcMlawEGwTqIZiUPB7sPR9cS/f2DacCXvYJwwPyYDySNOCVgpqB6MgqwH7BGk0jERWRTmOb7EblCtuXV3CrxIvILUUIFmUP3q9RVNYyaBCmJM13MT8DOigVPB8kovNSwhdEQGrGupJDEzfjZ9IMfHVunjSGlbEvBU/T2RkdiYcRzazpjA0Mx7E/E/r5tCdOFnXCYpMElni6JUYFB4kgbuc80oiLElhGpub8V0SDShYDOr2BC8+ZcXSfu07rl17/as1rgq4iijQ3SETpCHzlED3aAmaiGKcvSMXtGb8+S8OO/Ox6y15BQz++gPnM8fqUKWZg==</latexit><latexit sha1_base64="YdmmLVBRf3CnQSGMA2HdFtWFxRo=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuRNBGCdhYRjAxkBzH3mYvWbK3e+zOieG4xr9iY6GIrT/Dzn/jJrlCEx8MPN6bYWZemAhuwHW/ndLS8srqWnm9srG5tb1T3d1rG5VqylpUCaU7ITFMcMlawEGwTqIZiUPB7sPR9cS/f2DacCXvYJwwPyYDySNOCVgpqB6MgqwH7BGk0jERWRTmOb7EblCtuXV3CrxIvILUUIFmUP3q9RVNYyaBCmJM13MT8DOigVPB8kovNSwhdEQGrGupJDEzfjZ9IMfHVunjSGlbEvBU/T2RkdiYcRzazpjA0Mx7E/E/r5tCdOFnXCYpMElni6JUYFB4kgbuc80oiLElhGpub8V0SDShYDOr2BC8+ZcXSfu07rl17/as1rgq4iijQ3SETpCHzlED3aAmaiGKcvSMXtGb8+S8OO/Ox6y15BQz++gPnM8fqUKWZg==</latexit><latexit sha1_base64="YdmmLVBRf3CnQSGMA2HdFtWFxRo=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuRNBGCdhYRjAxkBzH3mYvWbK3e+zOieG4xr9iY6GIrT/Dzn/jJrlCEx8MPN6bYWZemAhuwHW/ndLS8srqWnm9srG5tb1T3d1rG5VqylpUCaU7ITFMcMlawEGwTqIZiUPB7sPR9cS/f2DacCXvYJwwPyYDySNOCVgpqB6MgqwH7BGk0jERWRTmOb7EblCtuXV3CrxIvILUUIFmUP3q9RVNYyaBCmJM13MT8DOigVPB8kovNSwhdEQGrGupJDEzfjZ9IMfHVunjSGlbEvBU/T2RkdiYcRzazpjA0Mx7E/E/r5tCdOFnXCYpMElni6JUYFB4kgbuc80oiLElhGpub8V0SDShYDOr2BC8+ZcXSfu07rl17/as1rgq4iijQ3SETpCHzlED3aAmaiGKcvSMXtGb8+S8OO/Ox6y15BQz++gPnM8fqUKWZg==</latexit>

B C Proportional feedback

freq.      (rad/min)!<latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit><latexit sha1_base64="q68DExyLJY1cg/WTCNu8Udo3wf4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkys7PMzAphyUd48aCIV7/Hm3/jbLIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7RT3t3bPzisHB23jEo1wyZTQulORA0KHmPTciuwk2ikMhLYjiZ3ud9+Qm24ih/tNMFQ0lHMh5xR66R2T0kc0XK/UvVr/hxklQQFqUKBRr/y1RsolkqMLRPUmG7gJzbMqLacCZyVe6nBhLIJHWHX0ZhKNGE2P3dGzp0yIEOlXcWWzNXfExmVxkxl5DoltWOz7OXif143tcObMONxklqM2WLRMBXEKpL/TgZcI7Ni6ghlmrtbCRtTTZl1CeUhBMsvr5LWZS3wa8HDVbV+W8RRglM4gwsI4BrqcA8NaAKDCTzDK7x5iffivXsfi9Y1r5g5gT/wPn8AxqyPLw==</latexit>
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<latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit><latexit sha1_base64="uzuwmSQwUf/OLzKHJBAt4ZQR9ik=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiSloMuCG5cV7QOaECbTSTt0HmFmIoRQf8WNC0Xc+iHu/Bunj4W2HrhwOOde7r0nThnVxvO+nY3Nre2d3dJeef/g8OjYPTntapkpTDpYMqn6MdKEUUE6hhpG+qkiiMeM9OLJzczvPRKlqRQPJk9JyNFI0IRiZKwUuZX7qAjiBPajxrQWSE5G6DJyq17dmwOuE39JqmCJduR+BUOJM06EwQxpPfC91IQFUoZiRqblINMkRXiCRmRgqUCc6LCYHz+FF1YZwkQqW8LAufp7okBc65zHtpMjM9ar3kz8zxtkJrkOCyrSzBCBF4uSjEEj4SwJOKSKYMNySxBW1N4K8RgphI3Nq2xD8FdfXifdRt336v5ds9pqLuMogTNwDmrAB1egBW5BG3QABjl4Bq/gzXlyXpx352PRuuEsZyrgD5zPH2ftk+g=</latexit>
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Figure 6: (A) Depiction of the bio-molecular antithetic integral feedback (AIF) controller regulating the gene-
expression network. Here mRNA (X1) is the actuated species and the protein (X2) is the output species. This
protein output is sensed by the controller species Z2 which annihilates the other controller species Z1 that is consti-
tutively produced at rate µ. The species Z1 actuates the gene-expression network by catalysing the production of
mRNA X1. The red arrow indicates an extra negative feedback from the output species (protein) to the actuated
species (mRNA). In (B) the single-cell oscillatory trajectory for the protein counts (without the extra feedback) is
plotted and the corresponding PSD is estimated with Padé PSD and the averaged periodogram method. (C) Com-
pares the PSDs estimated with the Padé PSD method for the Hill feedback for three choices of feedback parameter
kfb. The single-cell trajectory for kfb = 1 min−1 is plotted. (D) The computational analysis in part (C) is repeated
for the proportional feedback. The plots for the single-cell trajectories also indicate the total signal power which is
equal to the stationary output variance (see Box 1).

addressed in [14] which introduced the antithetic integral feedback (AIF) controller and demonstrated its
ability to achieve RPA for the population-mean of output species. This controller has been synthetically
implemented in vivo in bacterial cells, and it has been shown that any bio-molecular controller that achieves
RPA for arbitrary reaction networks with noisy dynamics, must embed this controller [5].

Computational analysis has revealed that AIF controller can cause high-amplitude oscillations in the
single-cell dynamics in certain parameter regimes [14, 60] which could potentially be undesirable and/or
unfavorable. Hence it is important to find ways to augment the AIF controller, so that single-cell oscillations
are attenuated but the RPA property is preserved. It is known that adding an extra negative feedback from
the output species to the actuated species maintains the RPA property, while decreasing both the output
variance and the settling-time for the mean dynamics [15]. Using the PSD estimation method developed in
this paper we now demonstrate how adding such a negative feedback also helps in diminishing single-cell
oscillations.

The AIF controller is depicted in Figure 6(A) and it is acting on the gene-expression model considered
in Section 3.2.2. The AIF controller robustly steers the mean copy-number level of the protein X2 to the
desired set-point µ/θ, where µ is the production rate of Z1 and θ is the reaction rate constant for the
output sensing reaction. The AIF affects the output by actuating the production of mRNA X1 and the
feedback loop is closed by the annihilation reaction between Z1 and Z2. This annihilation reaction can
be viewed as mutual inactivation or sequestration and it can be realised using bio-molecular pairs such as
sigma/anti-sigma factors [22, 52, 4], scaffold/anti-scaffold proteins [41] or toxin/antitoxin proteins [26].

It is known from [14] that the combined closed-loop dynamics is ergodic and mean steady-state protein
copy-number is µ/θ

lim
t→∞

E(X2(t)) =
µ

θ
.

As discussed in [15], this ergodicity is preserved under certain conditions when an extra negative feedback
reaction from protein X2 to mRNA X1 is added. Letting z1 and x2 denote the copy-numbers of Z1 and
X2 respectively, we add the extra feedback by changing the rate of the actuation reaction from kz1 to
(kz1 + Fb(x2)) where Fb is a monotonically decreasing feedback function which takes non-negative values.
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As in [15] we consider two types of feedback. Letting µ̂ to be the reference point, the first is Hill feedback
of the form

Fb(x2) =
4kfbµ̂

2

µ̂+ x2

which is based on the actual output copy-number x2, while the second is the proportional feedback that is
essentially the linearisation of the Hill feedback at the reference point µ̂

Fb(x2) = kfb max {3µ̂− x2, 0} .

One can easily see that at the reference point, the values of this feedback function Fb(µ̂) and its derivative
F ′b(µ̂) (equal to −kfb) are the same for both types of feedback. We can view kfb as the feedback gain
parameter. The Hill feedback is biologically more realisable, while the proportional feedback captures the
classical controller where the feedback strength depends linearly on the deviation of the output x2 from the
reference point µ̂, in the output range [0, 3µ̂]. In our analysis we set the reference point µ̂ as the set-point
µ/θ.

For a particular network parametrization we use our method to estimate the PSD for the single-cell
protein dynamics in the AIF regulated gene-expression network, and the results are displayed in Figure
6. When the extra negative feedback is absent (i.e. kfb = 0) the single-cell trajectory has high-amplitude
oscillations which is also evident from the estimated PSD (see Figure 6(B)). In Figure 6 (C) we apply our
Padé PSD method to examine how the PSD changes when extra feedback of Hill type is added with varying
strengths given by parameter kfb. Observe that as the feedback strength increases, the PSD peak declines and
the the oscillations become almost non-existent for kfb = 1 min−1. The same holds true for the proportional
feedback (see Figure 6(D)). These results suggest that both feedback mechanisms are more or less equally
effective in reducing oscillations. This is further corroborated by the single-cell trajectories plotted in Figure
6(C-D) which also shows that addition of feedback decreases the stationary output variance, that is equal
to the signal power (see Box 1). The details on the computations for the AIF regulated gene-expression
network can be found in Section S4.2.2 of the Supplement.

5 Discussion

Recent advances in microscopic imaging and fluorescent reporter technologies have enabled high-resolution
monitoring of processes within living cells [57]. As the accessibility of this time-course data rapidly increases,
there is an urgent need to design novel theoretical and computational approaches that make use of the full
scope of such data, in order to understand intracellular processes and design effective synthetic circuits. An
important feature of time-course measurements, which is lacking in the data generated by the more common
experimental technique of Flow-Cytometry, is that they capture temporal correlations at the single-cell level
which are rich in information about the underlying dynamical model. Frequency domain analysis provides
a viable approach to extract this information, if we have an efficient framework to connect network models
to the frequency spectrum or the power spectral density (PSD) of the single-cell trajectories measured with
time-lapse microscopy [71, 24]. The dynamics within cells is invariably stochastic, owing to the presence of
many low abundance biomolecular species, and it is commonly described as a continuous-time Markov chain
(CTMC). In this context, the aim of this paper is to develop an analytical and computational method for
reliably estimating the PSD for single-cell trajectories from CTMC models. Existing approaches for PSD
estimation for stochastic network models, are either applicable to a particular class of networks [70, 68],
or they are based on dynamical approximations that are known to be inaccurate over large time-intervals
and in situations where low abundance species are present [71, 69]. Our method does not suffer from these
drawbacks. It applies generically to any stable network and it yields an accurate PSD expression using a
single simulation of the CTMC trajectory. Moreover for networks with affine propensity functions we provide
an exact expression for the PSD.

The tools we develop in this paper are of significance to both systems and synthetic biology. We demon-
strate that in the presence of intrinsic noise, PSD estimation can successfully differentiate between adapting
Incoherent Feedforward (IFF) and Negative Feedback (NFB) topologies [53], and it can facilitate perfor-
mance optimisation of synthetic oscillators [28] as well as synthetic in vivo controllers [14]. Moreover it
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can also aid the study of stochastic entrainment at the single-cell level. This is of particular relevance for
applications such as designing pulsatile dynamics of transcription factors, which is known to enable graded
multi-gene regulation [8].

One of the main contributions of this paper is to show how the theory of Padé approximations can be
effectively applied to the PSD estimation problem for reaction networks with stochastic CTMC dynamics. In
our method a low dimensional approximation of the PSD is computed based on estimates of Padé derivatives
that are expressible as stationary expectations of certain functions involving the observable output and its
image under iterations of the CTMC generator. These ideas can be combined with several existing techniques
to significantly improve the efficiency of our PSD estimation method. Specifically the problem of reliably
estimating expectations of functions under the CTMC model has received a lot of attention in recent years
[76], and methods designed for this problem, like τ -leaping [19] and/or multilevel schemes [3], can be easily
integrated with our framework. Moreover model reduction [46, 40] and simulation tools [18, 27] for multiscale
networks can be readily applied to simplify the estimation of Padé derivatives. The main bottleneck in
the estimation of these derivatives is the cumbersome recursive computation of the iterates of the CTMC
generator. Modern computer algebra systems [56] may provide a viable alternative to this recursive approach
and this would go a long way in reducing the required computational time.
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