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Abstract

Ant species often have multiple morphologically distinct ‘castes’ within a sin-
gle colony. Given that most of these castes are involved in non-reproductive
tasks, and since such individuals thus never reproduce, the question of how
ant castes can evolve is a non-trivial one. Over the years, several models
have been proposed in order to explain the evolution of castes in ant colonies.
Here, we attempt to answer this question using an economics-based ap-
proach, developing an optimization model that implements adaptation and
selection at the colony level. We argue that due to the nature of ant colonies,
selection is shifted to the group level, and, due to this, individual ants are
sheltered from negative selection. We show that our framework can explain
the evolution of novel castes in ant colonies, and discuss the novelty of our
model with regard to previous models that have been proposed. We also
show that our model is consistent with several empirical observations of ant
colonies.
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1. Introduction

Darwinian natural selection explains how traits can evolve through time.
However, the mechanisms involved behind the evolution of discrete novel
traits are relatively less well understood, and often involve proximate mech-
anisms such as phenotypic or developmental plasticity [1]. Group selection
theory, first proposed by Darwin, has increasingly been garnering interest [2],
and recent advances have been made both through theoretical approaches
[3] and the accumulation of empirical evidence [4, 5]. It has been proposed
that since very few members of an ant colony reproduce, the colony as a
whole may behave as a ‘superorganism’, with natural selection being shifted
to the colony level [6, 7, 8]. Evidence for this is also seen through the ex-
istence of certain morphological forms that seem to have evolved through
ecological specialization to benefit colony functioning (for example: special-
ized door-blocking castes in Cephalotes [9] and Colobopsis [10]).
Further, social Hymenopterans often have multiple morphologically and be-
haviorally distinct ‘castes’ within the same species. Individuals which have
the same genetic code can show greatly differing phenotypes. The pres-
ence of such distinct castes is seen in ants, termites [6], bumblebees [11],
aphids [12], thrips [13], and the clonal larvae of some parasitic wasps [14]
and trematodes [15]. It is thus likely that the presence of castes has conver-
gently evolved multiple times in social animals. However, the mechanism
through which novel castes can evolve is unclear, since very few members
of the colony reproduce and pass on their genes. Molet et al. have hy-
pothesized that in ants, erratically observed ‘intercastes’, which are likely
developmental recombinations of existing castes, may be the evolutionary
precursors which evolve into novel castes [16, 17]. However, since intercastes
may often initially be less functional than a member of any existing caste
in the initial stages, one would naively never expect intercastes to persist in
populations that are under natural selection at the individual level. Molet
et.al. provided a verbal model to justify why such intercastes would not be
wiped out by evolution, and how individuals that initially have low fitness
could still persist in ant colonies[16].
The law of diminishing marginal utility is a well-known empirical law in
economics and states that in any given system, the marginal utility of every
additional good diminishes with the total number of goods. In this paper,
we use this concept, along with related economic notions of productivity,
consumption and marginal rate of substitution to model the evolution of
monogynous eusocial ant colonies. In section (2), we lay out our assump-
tions and define quantities and concepts that are central to our model. This
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section drives most of the description in the subsequent sections. We then
use this framework to provide a potential mechanism for the evolution of
ant colonies through group selection in section 3. In the appendix, we show
how various empirical observations of eusocial ant colonies are consistent
with our model.
This paper thus formalizes a previously proposed verbal model, and develops
a broad conceptual framework for a general group selectionist description of
eusocial ant colonies.

2. The Model

2.1. The intuition

The meat of our argument relies on the fact that the costs and bene-
fits of a single non-reproductive individual are likely negligible for survival
of the colony. Ant colonies routinely lose workers to both biotic and abi-
otic factors, and this does not significantly hamper the functioning of the
colony. However, if an individual were to somehow acquire a trait such
as reproduction, that can be extremely beneficial to survival of the colony
even when expressed in only a few members, then the colony benefits. Thus,
colonies which produce a few ‘defective’ worker ants which do not contribute
to colony functioning as much as a regular worker do not pay a severe price.
On the other hand, if a colony can produce a few very useful ants, it is
likely to greatly increase its own survival, and thus go on to produce more
daughter colonies. Thus, if only a relatively small number of individuals in
a colony undergo a mutation, the other members of the colony can buffer
the entire colony from strong negative selection, acting somewhat analogous
to an evolutionary capacitor.

2.2. Assumptions

Assumption 1. We assume that every ant colony is founded by a single
‘queen’ ant, and attains maturity in finite time. Thus, our model only
applies to monogynous colonies.

A colony is defined to bemature if it has a well-defined, time-independent
size.

Assumption 2. We assume that queens and males produced by these
colonies disperse, mate only with ants from other colonies, and go on to
produce their own, independent colony.
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We define a task as any activity performed by an ant in a colony that
benefits the colony in some way. For example: foraging, defense, and repro-
duction are all tasks.

Assumption 3. We assume that the ability of an adult ant to perform a
task is a function of its morphology, physiology, development, behavior, or
a combination of all of these factors.

Assumption 4. We assume that the types of offspring produced by a queen
and the fractions of offspring that are of each type are independent heritable
traits in queens and are subject to small mutations.

These assumptions directly imply that natural selection in our model
acts at a ‘colony-level’. Colonies which produce more queens/males tend
to produce more ‘daughter colonies’, and hence any trait carried by this
colony will spread in the population. Note: The proximate mechanisms
evolved in caste determination of Hymenopterans is still being investigated.
Some species seem to show a genetic bias, and in others, caste seems to be
determined entirely through epigenetic or developmental factors [18, 19, 20].
Regardless of the proximate cause, we assume only that the general pattern
of caste determination is heritable. For example, if the determination is
epigenetic or developmental, then the heritable information would be the
molecular threshold of stimulation needed in order to determine the caste.

2.3. Utility Functions

Consider a mature colony of size n which needs to perform η tasks which
are in the ordered set T = {τ1, . . . , τη}. Different tasks have different pur-
poses for the colony. Some tasks like foraging involve work done by ants by
expending energy. Others, such as defense of the colony, protect the colony
from potential energy losses (due to loss of colony members to predation).
Thus, each ant either does some work, or ‘saves’ some work. We can quan-
tify this (the work done/saved by the ith ant in doing the jth task) as a
positive quantity ωij . We define the Usefulness of the ith ant at performing
the jth task as:

uij :=kτjωij

if the ant performs the jth task, and 0 if the ant does not perform the jth
task. ω is a measure of how well an ant performs a given task (and can be
empirically quantified in a variety of ways, with the particular metric prob-
ably being dependent on the task at hand), and kτj is a constant between 0
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and 1 which quantifies the importance of the jth task for the functioning of
the colony. This is the definition that we use for non-reproductive tasks. If
the jth task is reproduction, we instead define the usefulness of the ith ant
as:

uij := (#offspring produced by focal ant)/(#offspring produced by queen ant)

where the ‘queen ant’ is the ant that acted as the foundress of the mature
colony.
We also define the task specific energy consumption of an individual ant as:

eij = (Energy spent by ith ant in performing τj)

We define the competence ci of the ith ant as:

ci :=

η∑
j=1

(uij − eij)

We also define the utility Uj of a task τj in the colony as:

Uj :=
n∑

i=1

(uij − eij)

For large values of n, it may be useful to define the fraction of the population
performing the task i as ϵi :=

ni
n where ni is the total number of individuals

in the colony with non-zero individual utility for the task τi (i.e. the number
of individuals which perform the task τi). We define the fractional marginal
utility as:

νi(ϵi,∆ϵi) :=
Ui(n(ϵi +∆ϵi))− Ui(n(ϵi))

∆ϵi

where ∆ϵi is a small change in ϵi. In the infinitesimal limit, we have:

µi := lim
∆ϵi→0

νi(ϵi,∆ϵi) =
∂Ui

∂ϵi

2.4. Productivity and consumption functions

We next define the Gross Productivity function of a colony as:

G :=

n∑
i=1

η∑
j=1

(uij − eij) =

n∑
i=1

ci =

η∑
j=1

Uj

5

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted December 27, 2021. ; https://doi.org/10.1101/2020.10.08.331207doi: bioRxiv preprint 

https://doi.org/10.1101/2020.10.08.331207
http://creativecommons.org/licenses/by-nc-nd/4.0/


Thus, the competence of an individual is a measure of how much the pres-
ence of that individual contributes to the gross productivity of the colony,
and the utility of a trait is a measure of how much the presence of the trait
contributes to the gross productivity of the colony.
We define a subsistence function E(t) for the colony as:

E(t) :=
n∑

i=1

Ei

where Ei is the energy that needs to be consumed by the ith ant of the
colony in order to survive when it is not performing any tasks. The value
of Ei will depend on the morphology of the ith ant, and in practical terms,
can be measured by determining the basal metabolic rate of the ith ant.

Assumption 5. We assume that E grows linearly with an increase in n,
when ϵi is held constant for all tasks.

This is a reasonable assumption to make, since each individual ant of a
certain morphological type on average consumes the same amount of energy,
and, if ϵi is kept constant for all tasks, then, by consequence, the fraction
of ants which have a particular morphology is also kept constant. We also
define a Net Productivity function P(t) as follows:

P(t) := G(t)− E(t)

Assumption 6. Crucially, we assume that given a colony of size n, the
per-capita net productivity p(t) = P(t)

n acts as a maximand for selection,
i.e. natural selection tends to select colonies which have higher per-capita
net productivity. Explicitly, if a colony has net productivity p and fitness
w, we assume that:

dw

dp
> 0

Alternately, given a colony of size n, net productivity P,(
∂w

∂P

)
n

> 0

Note that here, by ‘fitness’, we refer to the absolute reproductive fitness
of a colony, measured by the number of daughter colonies that it produces.
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Assumption 7. We assume that for any given task τi, the utility function
Ui follows the law of diminishing marginal utility past a threshold both when
varied with ni (keeping ϵi constant for all tasks τi), and when varying any
given ϵi(when n is kept constant), i.e.:

∂2Ui

∂n2
i

∣∣∣∣
ϵi

< 0 ∀ni > ni0 ∈ N, ∀τi ∈ T

∂2Ui

∂ϵ2i

∣∣∣∣
n

< 0 ∀ϵi > ϵi0 ∈ [0, 1], ∀τi ∈ T

This implies that G follows a similar behavior past a threshold i.e.

∂2G
∂n2

∣∣∣∣
ϵi

< 0 ∀n > n0 ∈ N

Assumption 8. We further assume that the following trends hold:

lim
ni→∞

∂Ui

∂ni
= 0 ∀τi ∈ T

lim
ϵi→1

∂U
∂ϵi

= 0

It is intuitively easy to see why assumptions (7, 8) are reasonable. They
are justified by the fact that the resources around an ant colony are generally
finite. Thus, if for example, we were looking at the individual usefulness of
foragers, we would expect that indefinitely increasing the number of nest
members or the number of foragers would not keep increasing the utility of
foraging at a constant rate. In fact, as you keep adding foragers, you would
expect the resources to become increasingly limited, leading to logistic-like

growth of the utility functions. Since G =
η∑

j=1
Uj , we have:

lim
n→∞

∂G
∂n

= 0

3. Results

3.1. Division of labour

Consider a mature colony of size n. Let the fraction of individuals which
carry out a given task τi be given by ϵi. By assumption (6), we look for the
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condition at which each partial derivative ∂P
∂ϵi

= 0.
We define the Marginal Rate of Substitution (MRS) Mij between two tasks
as:

Mij :=
µi

µj

Where µi and µj are the fractional marginal utilities of the ith and jth task
respectively. Rearranging, we get

µi = Mijµj

This is a comparison of the marginal utilities of task τi and τj and tells us
that adding one more ant to perform task τi is “Mij times as useful” as
adding one ant to perform task τj instead, in terms of contributions to the
gross productivity of the colony.
By assumption (7), we see that as ϵj keeps increasing (keeping ϵi fixed), µj

keeps reducing. Thus, Mij increases, and it is more beneficial to the colony
if ants start performing τi instead. This is how division of labour evolves
i.e. it is more useful if at any given time, different groups of ants perform
different tasks, instead of all ants performing the same task.
It is evident that an equilibrium will be attained only when the marginal
utility of both tasks is equal, i.e there can be no further increase in P by
individuals switching from one task to the other. This means that Mij = 1.

Extending this to η tasks, we see that the fixed proportions of workers of a
colony that perform a given task can be determined by solving:

Mij = 1 ∀ τi ̸= τj ∈ T =⇒ µ1 = µ2 = ...... = µη (3.1)

constrained to the condition:

0 ≤
η∑

i=1

ϵi ≤ 1

This condition is true because at any given instant of time, an ant can
perform at most 1 task. Note that equation (3.1) is a constraint on the
colony as a whole, and not on individuals. Therefore, an ant which engages
in task τi at some point of time can switch over to task τj at some later
point of time, as long as this switch is also accompanied by some other ants
also switching tasks.
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3.2. Redistribution of tasks helps the colony

Here we study what happens if a fraction of individuals who perform a
particular task die. We show that in our system, a colony redistributes its
workers such that this loss is supplemented by a readjustment of workers
from other tasks.

Let us assume that some number of individuals which performed the task
τi died. Before any individuals died, the system was in equilibrium, and
equation (3.1) held, i.e. Mij = 1 ∀ τj ̸= τi ∈ T. Now, if δϵi is the fraction
of dead workers out of the initial ϵi0 , we see that:

ϵi0 − δϵi <ϵi0

=⇒ ∂Ui

∂ϵi

∣∣∣∣
ϵi0−δϵi

>
∂Ui

∂ϵi

∣∣∣∣
ϵi0

(By assumption (7))

Thus, we see that Mij > 1 ∀τj ̸= τi ∈ T, and a ‘redistribution’ of workers
such that more workers are allocated to perform τi would increase the pro-
ductivity of the colony. It is easily seen that even after this redistribution,
the new net productivity is still less than the productivity of the colony
before the deaths occurred. Thus, this type of redistribution only serves to
‘buffer’ the loss of the dead individuals.

3.3. Main proof

We define a caste as a morphologically and behaviorally specialised type
of ant which performs a particular, fixed set of functions in the colony. We
begin by examining our fitness function w(t) which measures the average
number of daughter colonies produced by a given colony at a given point of
time. If w(t) is greater than 1, a colony will not go extinct and the genes
of its foundress are passed on in the population. We examine the rate of
change of fitness,

φ :=
dw

dt

For the sake of simplicity, we will assume that we start with a mature colony
that has only a queen and a single other caste, which we shall call the ‘worker’
caste. The same arguments proposed here hold regardless of the initial state
of the colony, as will easily be seen.Consider a reference colony of size n which
has a basal fitness of w0. Let a mutation occur in the daughter colony pro-
duced by this queen. By assumption (4) this mutation could affect either
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the types of non-reproductive offspring produced, the fraction of each of
those types of offspring produced, or both. Let us assume both factors are
affected, and ants which possess a previously unseen trait (or combination
of traits) are now born in this colony. If this mutation increases the compe-
tence of these ants, it automatically increases the fitness of the colony, and
this trait will spread in the population. Let us assume that this mutation
decreases the fitness of the colony by negatively affecting the competence of
the ants that are produced. Let the competence of the new ants be cn(t).
It is clear that the rate of change of fitness will depend on the fraction of
offspring who are affected. Let the number of such offspring produced at
time t be m(t).
Now, at every instance in which the colony (or its descendants) breeds,
there is some chance that there is another mutation which further modifies
this trait. Thus, this trait is now effectively performing a random walk in
mutation-space. Let θ− be the time elapsed before this trait becomes benefi-
cial to the colony and the marginal net productivity becomes positive again.
Qualitatively, this is the point at which ants which express the trait are ‘at
least as useful’ as a worker. If, in this time, the fitness never dropped below
1, the trait is never removed and is successfully fixed in the population. Let
us assume that the fitness drops below 1 before the trait becomes beneficial.
From the point when fitness first started increasing again, let θ+ be the time
taken before the fitness grows back to 1.
Thus, the total time elapsed is θ = θ− + θ+, and the total change in fitness
∆w during this period will be given by:

∆w =

∫ θ

0
φ dt (3.2)

Now, this trait can be removed from the population at two time periods:
Case 1: Extinction during θ− :

In the entire period of θ−, the fitness is decreasing throughout. Thus, if∫ θ−

0
φ dt ≥ w0

the trait will be removed from the population since the fitness of the colony
is reduced to 0. Biologically, this either means that the trait was so detri-
mental that it drastically reduced the fitness of the colony in a short period
of time, or that the trait either took too long to become beneficial to the
colony, or was not expressed in high enough numbers to become beneficial
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to the colony.

Case 2: Extinction during θ+:

Assuming that the population reaches the point where the trait becomes
beneficial without going extinct, it can still go extinct if the fitness does not
rise back up quickly enough. Thus, if the total number of colonies produced
at the end of time θ− is N− and the time averaged fitness in subsequent
time ϕ is given by wϕ, then the condition for extinction is that:

N− · (wϕ)
ϕ → 0

Let us assume that this, too, doesn’t happen, and the population suc-
cessfully reaches a fitness of 1. We would like to know how to maximize the
chances of reaching this stage.
We now draw on assumption (6) and assume that examining how productiv-
ity changes will allow us to draw inferences about how the fitness changes.
We now have exactly two kinds of ants: Those that have the mutation, and
those that don’t. We can safely assume that all the ants which have the
trait are identical to each other, and that, likewise, all ants which do not
have the trait are also identical to each other. Thus, our productivity can
be split into two terms: Let pm be the per-capita productivity of the ants
which possess the mutation, and let p0 be the per-capita productivity of the
ants which do not possess the mutation (This is why we assumed a colony
with only one kind of worker. If we do not, we will have several different p0
terms, but the basic arguments do not change). Now, we have:

P(t) = m(t)pm(t) + (n−m(t))p0 (3.3)

Differentiating equation (3.3) with respect to m gives us:

dP
dm

= pm − p0 (3.4)

and differentiating equation (3.3) with respect to time gives us:

dP
dt

= m
dpm
dt

+
dm

dt
(pm − p0) (3.5)

We now have the necessary equations, and can examine the optimal con-
ditions at each phase of this process.
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Phase 1: 0 < t < θ−

During this period, the trait is not useful, and pm is less than p0. Thus,
the quantity pm − p0 is negative. A cursory glance at equation (3.4) tells
us that at this stage, dP

dm is a decreasing function. Thus, mutations that
minimize m tend to maximize P (and hence fitness), since we are assuming
that n is constant. Examining equation (3.5) also tells us that either small
positive values, or large negative values of dm

dt will tend to increase P. Thus,
until the trait becomes beneficial, it should only affect a small proportion
of the population.

Phase 2: θ− < t < θ+

During this period, the trait is useful. Thus, the quantity pm−p0 is pos-
itive. Examining equation (3.4), we see that dP

dm is now positive, and hence,
increasing m will increase P (and hence fitness). Additionally, examining
equation (3.5) tells us that we must now try to maximize dm

dt . For as long as
dpm
dt is positive (i.e. for as long as the trait becomes more and more useful
with time), maximizing it is beneficial. Thus, in this phase, populations in
which m and pm both increase rapidly will be less likely to go extinct, which
is in line with what we expect intuitively.
In conclusion, we have shown that in our model, novel complex traits can
evolve in ant colonies if the following conditions are satisfied:

i The trait is not initially severely detrimental to the fitness of the colony.

ii The trait can, when developed, in principle become useful to the colony
even when expressed in small numbers.

iii The trait is initially expressed in only a small number of the non-
reproductive offspring, until it becomes useful.

iv Once the trait becomes beneficial, its presence in the population in-
creases rapidly.

In real life, ants which satisfy these conditions are the ‘intercastes’, which
often have reduced utility, and are produced erratically in small numbers.
In fact, both the soldier caste and the ergatoid queen caste exhibit the tell-
tale signs of having developed from developmental mosaics of worker and
queen castes [16]. Thus, our model justifies the conceptual model proposed
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by Molet et al.
Note that our model predicts that m should continually increase only until
pm = p0 (i.e the per capita productivity of both types of ants is equal).

4. Discussion

Our model relies on several assumptions, some more realistic than others.
Some of these assumptions may seem too idealistic. At this stage, we would
like to point out that most mathematical models, due to the nature of model
construction, must tread a fine line between idealism and realism. A model
that is too realistic risks losing predictive power by having to incorporate too
many parameters, and a model that relies on too many assumptions risks
losing accuracy in the real world. Unfortunately, this is a limitation of using
mathematics to make predictions about complex, real-world phenomena.
We hope that we have managed to tread this fine line, in the sense that
while some of our assumptions may not be very realistic, they may help
provide a model that is a crude approximation of the real world. Our model
is not intended to be right in all its gory details, it is only intended to be
useful and/or insightful.

4.1. Comparisons with previous models

Molet et al. [16, 17] provided a verbal model for how novel castes may
evolve in ant colonies even when such intercastes initially do not contribute
to colony functioning. Our model mathematically shows that the verbal
model that they propose is justified. Furthermore, it presents a very general
conceptual framework for colony-level optimization theory. We are far from
the first to present optimization models for eusocial colonies. Oster and
Wilson developed an ergonomic theory to determine which castes should
be maintained in a population of colonies [21, 22]. This was accomplished
through a linear optimization model which lead to several predictions. The
model that we present is a more general optimization model than that of
Oster and Wilson, but some of the predictions that the two models make are
the same. Both models predict that the ratio of castes that are present in
a colony should be close to the optimum value. Though empirical evidence
is relatively scarce, support for optimal caste ratio theory is seen in ants
[23, 24, 6], termites [6], the clonal larvae of polyembryonic wasps [25], and
the clonal larvae of trematodes [26, 27, 28, 29] (But see [30] for an example
in which proportional task allocation follows seasonal schedules independent
of colony demand, and are enforced by developmental constraints.)
Hasegawa [23] has developed an optimizatiom model on an n-dimensional
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hyperspace, and also provided empirical evidence for his model in the di-
morphic ant species Colobopsis nipponicus. However, in Hasegawa’s model,
the net ‘efficiency’ (which is equivalent to the net productivity function in
our framework) is given by the product of the individual efficiencies. That
is to say, if there are τ tasks in a colony, and if the state of the colony (given
by the proportion of each caste in the colony) is r, then, in Hasegawa’s

model, the total colony efficiency is given by

τ∏
i=1

αiti(r), where ti(r) is the

‘efficiency function’ for the ith task, and αi is a quantity that determines
the importance of the ith task for colony fitness. Thus, the quantity αiti(r)
is equivalent to the utility function Ui in our framework. Hasegawa uses
the product of individual efficiency functions to arrive at the net efficiency.
This means that a small number of ‘unimportant’ tasks (low αi, or, in our
framework, low Ui) can heavily influence the net efficiency, which is unreal-
istic. We thus believe that our formulation is more robust to the existence
of relatively unimportant tasks.
Rueffler et al. [31] develop a framework for optimization of the performance
of functionally specialized ‘modules’ in organisms. This is analogous to our
framework for ant colonies, since ant colonies can be viewed as superorgan-
isms in which each caste is analogous to a module (see Appendix A.5). We
also provide a rational justification from economic first principles for such
an optimization.
The idea that eusocial insect societies are comparable to a superorganism,
and thus may be subject to selection at a colony-level, is an old one [6, 7, 8].
The idea that small mutations may be buffered by the rest of the colony
has also been proposed before [16]. The idea that caste ratios may be tuned
to optimal values is not new either [21, 22]. We develop a single unify-
ing framework that incorporates all of these phenomena, and includes these
theories within it. Our model is also consistent with several other empirical
observations (see Appendix).

4.2. Potential experiments to determine utility and productivity functions

Determining utility functions and productivity functions for ant colonies
is no easy task, and will require elegant experiments, and quite possibly
novel experimental techniques altogether. However, if these functions can
be determined empirically, our model should provide a framework to pre-
dict the future direction of evolution that is likely to be followed by this
colony in a given fixed environment. Our model also makes one very general
prediction that should be true of all colonies: We propose that the model
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can be tested by experimentally generating ‘knock out’ colonies (the term
being borrowed from genetics), by selectively eliminating all members of a
given caste from a colony of ants, and then eliminating all subsequent lar-
vae that mature into the focal caste. Set up with the appropriate controls,
this will allow us to look for ‘task redistribution’, whereby some ants move
away from their task to perform the task that the eliminated caste used to
perform. This is a natural prediction of our model (independent of the form
of productivity and utility functions). The presence of task redistribution
would lend credibility to our model, and the absence of any redistribution,
even among morphologically similar castes, would falsify it. Furthermore,
if we had access to a large enough number of colonies so as to generate a
sizable number of knockout colonies for each caste present in the species,
we would be able to directly measure utility functions of these castes by
monitoring colony functioning for each class of knockout colony. Specific
measures of utility and productivity functions will allow for very specific
predictions about quantities such as colony size, caste ratios in a colony,
and number of castes.

4.3. Proxies for Utility and Productivity functions

For a monomorphic colony of size n performing τ tasks, we can write the
gross productivity function as G = nḠ, and the total energy consumed as
E = nĒ . For such a colony, assuming workers are identical, from equation
3.1, we know that:

∂U1

∂ϵ1
=

∂U2

∂ϵ2
= · · · = ∂Uτ

∂ϵτ

Let the per-capita utility of the ith task be given by Ūi. Then,

Ui = nϵiŪi

=⇒ ∂Ui

∂ϵi
= nŪi

Since we know that the fractional marginal utilities of every task must be
equal, we have Ū1 = Ū2 = · · · = Ūτ , which means that the per-capita utility
is the same for all tasks. Since all ants are assumed to be morphologically
identical, the total mass of all ants performing any given task can thus be
used a proxy for the utility Ui of that task, i.e.

Ui =
mi

M
Ū

where mi is the total mass of all ants that are engaged in task τi, and M is
the total biomass of the colony. Since the sum of the utility functions over
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all tasks equals the gross productivity function, the biomass of the colony
can be used as a proxy for the gross productivity function.
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Appendix A. predictions and empirical observations that are con-
sistent with our model

Appendix A.1. The total number of castes has an upper bound

Our model shows that as the number of existing castes in a colony in-
creases, the probability of yet another novel caste evolving decreases. Let
there be χ castes in a colony, and let χ′

i be the number of castes which have
the ability to perform a task τi, and let χi < χ′

i be the number of castes
which actually perform this task. Mutations affect individuals as described
in 3. We assume the worst possible case, and say that until time θ− (as
defined in 3) has passed, the utility of mutated ants is equal to that of a
dead ant. If some fraction δϵ′i of a particular caste which actually performs
τi is affected by this mutation, we would expect redistribution of workers
from the total number of ants from one or more of the χ′

i castes which are
able to perform τi. From this, we can draw two inferences: Firstly, since
castes are generally specialized in terms of morphology and behavior (and
thus the functions they perform), an increased number of castes will likely
cause a reduction in the number of castes that can perform a task. Thus it
is reasonable to make the following assumption:

Assumption 9. As the number of castes in a colony increases, the number
of individuals which can perform a given task is non-increasing, i.e.

∂ϵi
∂χ

≤ 0 ∀ τi ∈ T
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Under this assumption, it is clear that the effectiveness of the buffering as
described in 3.2 is non-increasing as the number of castes increases, and
thus, if a colony has more pre-existing specialized castes, the detrimental
effect on the fitness of the colony during the θ− period is stronger, and the
population is more likely to go extinct before the trait can become useful.
In the event where certain tasks are essential for sustenance of the colony,
a minimum utility may be essential for the survival of the colony, in which
case, the population will survive only if the utility of that task exceeds a
minimum threshold U0

i . Thus, the condition to be met after redistribution
is:

Ui = miv̄m + (ni −mi)v̄0 > U0
i

where mi is the number of mutants, ni = ϵin is the total number of ants
which can perform τi, and v̄m and v̄0 are the per-capita utilities of the
mutants and non-mutants respectively. Differentiating with respect to ϵi,
we get:

∂Ui

∂ϵi
= nν̄0 > 0 (A.1)

But as a consequence of assumption (9), we see that:

∂ϵi
∂χ

≤ 0 (A.2)

and thus,
∂Ui

∂χ
≤ 0 (A.3)

Equation (A.3) tells us that as the number of castes in a colony increases,
Ui is non-increasing, and thus, it becomes harder to keep the utility of these
tasks above the minimum utility required for colony maintenance.

Appendix A.2. Variation of number of castes with colony size

In section 3, we illustrated the mechanism through which novel castes
can evolve. Integral to this mechanism is the ‘buffering capacity’ of non-
mutated ants which can prevent the colony from going extinct before the
trait becomes beneficial. It is clear that the buffering capacity is higher if
the colony includes more non-mutated ants in the initial stages of evolution.
Thus all other things being equal, we would expect species with larger colony
sizes to have a stronger buffering capacity and thus it is more probable for
a species with a larger colony size to evolve a new caste. This is in line with
empirical observations [32, 33].
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Appendix A.3. Variation in gyne to worker ratio with colony size

Schmidt et al. reported that in the Pharoah ant (Monomorium pharao-
nis), a species that is polygynous and exhibits extensive intranidal mating,
the gyne to worker ratio decreases as colony size increases [34]. In a com-
pletely intranidal colony, since a single male can fertilize multiple gynes, it
would be fair to approximate the scaling of the number of offspring produced
by a colony to be linear with respect to the number of gynes. Thus, for a
colony of size n and ng gynes, if we assume generations are discrete in time,
then, at any point t, we can write:

n(t+ 1) = ang(t) + b

where a and b are positive constants, and the generation time is taken to
be 1 for simplicity. Thus, an increase in the number of gynes will lead to a
linear increase in colony size n. Now, for optimal functioning of a colony,
we assume that the net productivity P must be maximized, or, given the
colony size n, that the per-capita productivity p must be maximized. We
know that: (

∆P
∆n

)
≈ p

=⇒ ∆P ≈ p∆n

Thus, a bigger colony will require a proportionally bigger net productivity
P to be able to sustain itself at optimal levels. However, because of the
law of diminishing marginal utility, we know that we will need a non-linear
increase in the number of workers to achieve the same linear increase in net
productivity, and thus the number of workers will have to be several times
more in the bigger colony to be able to sustain it. Thus, we expect the gyne
to worker ratio to decrease as colony size increases, which lines up with the
observations of Schmidt et al.[34].

Appendix A.4. Variation of number of castes with latitude

Wilson [6, 22] pointed out that species which live in tropical climates
tend to show much higher levels of caste diversity and specialization than
species found in temperate climates. Our model allows for this as well.
In section 3, we showed how our model allows for the evolution of novel
castes. We also highlighted that if the mutated trait proves to be useful,
selection pressure would lead to those colonies being selected which have
that trait. If we consider a utility function U(x) as a function of the value
of a trait x, we would expect selection pressure to eventually move the
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system towards a state with greater U(x), and thus, natural selection would
select the colony which had ants that displayed the phenotype at which U(x)
has a local maximum. This introduces a directionality in the evolution of
morphological variations. However, as we saw earlier, for any given novel
(individual-level) trait, there is an initial period when the trait is not useful
for the colony, and mutated ants thus pose an additional cost to the colony.
However, since the magnitude of benefit is dependent on the utility function,
variation in the utility function will lead to variation in the utility of the
phenotype. Thus, the directionality that had been induced is lost if the
utility function varies, and it is unlikely that the trait reaches the point
where it becomes beneficial before being wiped out in the manner described
in section 3. Note that the utility function of any trait is strongly dependent
on the environmental conditions, and thus, in temperate climates, which
experience greater fluctuations in abiotic factors as seasons change, we would
expect fewer castes to be present, and that those castes which are present
are generalists (i.e. are not too phenotypically different from the workers)
and not specialists, which is in line with Wilson’s observation.

Appendix A.5. Multicellularity

The framework that we propose is a general one, based on basic eco-
nomic principles, and can be applied to biological systems at various levels.
While this document focuses on ant colonies, for the purposes of our model,
eusocial insect colonies and primitive multicellular organisms are function-
ally equivalent. A multicellular organism behaves very similar to a colony:
All the cells carry the same genes; only a few cells reproduce, and the rest
serve to maintain optimal functioning of the organism. Thus, we make the
bold claim that the same arguments proposed here also serve to explain how
differentiation could evolve in multicellular organisms, with the ‘castes’ in
that case referring to the number of cell types, as in [31]. It has been widely
observed that the number of cell types tends to increase as the number of
cells increases [32, 35, 31]. In the context of our model, this makes sense,
since an increase in the number of cells corresponds to a larger buffering
effect, and hence a higher likelihood of evolution of novel cell types.
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