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A key challenge in biology is to understand how spatiotemporal patterns and structures arise
during the development of an organism. An initial aggregate of spatially uniform cells develops
and forms the differentiated structures of a fully developed organism. On the one hand, contact-
dependent cell-cell signalling is responsible for generating a large number of complex, self-organized,
spatial patterns in the distribution of the signalling molecules. On the other hand, the motility of
cells coupled with their polarity can independently lead to collective motion patterns that depend on
mechanical parameters influencing tissue deformation, such as cellular elasticity, cell-cell adhesion
and active forces generated by actin and myosin dynamics. Although modelling efforts have, thus
far, treated cell motility and cell-cell signalling separately, experiments in recent years suggest that
these processes could be tightly coupled. Hence, in this paper, we study how the dynamics of
cell polarity and migration influence the spatiotemporal patterning of signalling molecules. Such
signalling interactions can occur only between cells that are in physical contact, either directly at
the junctions of adjacent cells or through cellular protrusional contacts. We present a vertex model
which accounts for contact-dependent signalling between adjacent cells and between non-adjacent
neighbours through long protrusional contacts that occur along the orientation of cell polarization.
We observe a rich variety of spatiotemporal patterns of signalling molecules that is influenced by
polarity dynamics of the cells, relative strengths of adjacent and non-adjacent signalling interactions,
range of polarized interaction, signalling activation threshold, relative time scales of signalling and
polarity orientation, and cell motility. Though our results are developed in the context of Delta-
Notch signalling, they are sufficiently general and can be extended to other contact dependent
morpho-mechanical dynamics.

I. INTRODUCTION

Morphogenesis is a complex phenomenon in which
mechano-chemical pattern formation plays a key
role [1]. A large number of self-organising, regular,
spatio-temporal patterns in tissues have already been
documented. These include, for example, bristle pat-
terns on the Drosophila notum [2, 3], spotted skin pat-
terns on pearl danio fish and striped skin patterns on
zebrafish [4, 5]. Such spatially differentiated patterns
are formed from an aggregate of uniform cells due to
cell differentiation process, that acquires a different
fate depending on their spatial position [6].

Tissues establish self-organizing chemical patterns
by interacting chemically and mechanically [7, 8]. Re-
action and diffusion processes involving activators and
inhibitors can result in a large variety of the so called
Turing patterns in the tissues [9, 10]. Various investi-
gations indicate that a large number of self-organised
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patterns can also be generated either via short-range
signalling interactions mediated by direct cell-cell con-
tact through cell membrane junctions [11] or via long-
range signals transmitted through long filapodial pro-
trusions [4, 12]. For example, it is observed that in
several multi-cellular organisms, signalling takes place
by the lateral inhibition of Delta and Notch, trans-
membrane molecules, which reside on the surface of
multi-cellular organisms such as flies, worms, fish and
other vertebrates [13, 14]. Lateral inhibition is a cell
interaction process where a cell with a particular fate
inhibits the other cells in contact from achieving the
same fate. The short-range signalling via lateral in-
hibition, in which the immediate neighbouring cells
in a tissue attain a different fate results in a self-
organised checker-board pattern [13]. On the other
hand, more complex patterns such as bristle patterns
in Drosophila notum and stripe patterns in zebrafish
can be produced by protrusion-mediated long-range
signalling with protrusion directionality and signalling
efficiency [15, 16]. Moreover, the patterning dynam-
ics can be speeded up by the inclusion of the mutual
inactivation of Delta-Notch along with the dynamics
of lateral inhibition [17, 18].
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Coupling between collective cell migration, cell me-
chanics, and cell-cell signalling is observed in many
biological processes such as wound healing, cancer
metastasis, branching morphogenesis and embryonic
development [19–21]. This coupling is also observed
in the case of Delta-Notch signalling. For example, in
endothelial cells exhibiting Delta-Notch kinetics, the
expression of Dll4 (Delta) is significantly enhanced at
the tips of the migrating epithelium during angiogen-
esis [22]. Also, Delta increase is associated with the
motility and spreading of individual keratinocytes [19]
and stimulated lamellipodia formation [23]. Further-
more, Delta-induced activation of Notch is linked with
the application of mechanical force [24, 25]. Thus
there are good indications that spatiotemporal chem-
ical patterns of molecules due to contact-based sig-
nalling are associated with cell-cell signalling kinetics,
tissue mechanics, cell polarisation dynamics, and cell
motility.

The contact-based signalling patterns are inter-
preted using models generally with a simplifying as-
sumption that the tissue morphology is fixed and does
not alter during the patterning process [2, 13, 15, 17,
18]. This assumption may not always be correct since
cell migration and cell division can dynamically mod-
ify the connectivity among cells. Hence, in order to
maintain a regular pattern, the signalling pathway re-
quires some feedback mechanisms to coordinate with
cell migration and dynamic tissue topology. In some
organisms, such as zebrafish, cell migration plays a
vital role in Delta-Notch patterning [26]. Numerical
modelling shows that during somitogenesis the syn-
chronization of the segmentation clock is sustained as
well as promoted by the randomly moving cells [7],
which in turn promote the flow of information across
the tissue by cell mixing and destabilizing the regular
patterns [8]. In such case, the ratio of time scales of
cell migration and cell-cell signalling is crucial for pat-
terning and information transfer between the moving
cells [26].

As discussed above, the cell movement characteris-
tics can control the signalling patterns in the tissues.
However, the migration pattern of cells in the tissue
strongly depends on mechanical properties and cell
polarisation dynamics [27]. It is known that the motile
cells mechanically interact via elastic forces, contrac-
tile forces, cell-cell adhesive forces as well as active
forces [28, 29]. The tissue shows a transition from
solid to fluid behaviour depending on the cell target
shape index, cell motile speed and the polarity dy-
namics the cells [27]. The cells can orient randomly or
exhibit polar alignment and move collectively depend-
ing on the persistence time of cell tracks and the local
orientation order between them [30, 31]. For exam-
ple, collective motion with velocity or polar alignment
between cells shows the presence of highly dynamic,
large-scale moving structures which shows a lane-like
or band-like movement of cells in a tissue [32]. Hence
it is important to understand the connection between
signalling patterns and cell polarisation and migration
dynamics.

Although some of existing theoretical models inves-
tigate the potential mechanisms that could result in

a variety of patterns due to contact-based signalling,
to the best of our knowledge, there are no theoretical
studies yet that attempt to include the role of tissue
mechanics, cell polarisation dynamics, and cell motil-
ity influencing them. However, as discussed above,
these factors are expected to be important in dictating
orientation, range and topology of cellular contacts in
the tissue and hence could be critical for the origin
and maintenance of the chemical patterns. To test the
influence of above mentioned factors in the patterns
formed by signalling molecules, we study the system
using the well-established vertex model, with several
crucial additions. First, we overlay the lateral inhi-
bition based signalling kinetics to the vertex model.
We consider both short-ranged as well as long-ranged
signalling kinetics, to account for junctional and pro-
trusional contacts [2, 13, 15]. We also study the effect
of the activation threshold for long-range signalling on
the chemical patterns. Second, we couple the orienta-
tion of protrusional contacts with the underlying cell
polarities and study the effect of polarisation dynam-
ics on the generated patterns. We specifically look at
two cases of polarity dynamics: (i) random rotational
diffusion and (ii) polarity alignment with the near-
est neighbors. Finally, in addition to cell-signalling,
for every cell, we also include cell motility that is ori-
ented along cell polarity and investigate the role of cell
migration and tissue mechanics on the resulting sig-
nalling patterns due to dynamically evolving cell-cell
contacts.

Based on these new additions to the model, in ad-
dition to the standard checker-board patterns for sig-
nalling molecules, we obtain a large number of intri-
cate patterns ranging from well-defined spotted motifs
to diffuse patterns. Moreover, for neighbour aligned
polarity dynamics, we see striped patterns of sig-
nalling molecules. Upon addition of motility, interest-
ingly, we find that the patterns in signalling molecules
maintained, but the cellular structure keeps dynami-
cally shifting in space. We systematically quantify the
spatio-temporal characteristics of the chemical pat-
terns by obtaining number of clusters, cluster size
distribution and cluster anisotropy of the signalling
molecules, as well as dynamic correlation function.
Overall, we show that the dynamics of cell polar-
ity and cell motility greatly influences the richness
of molecular patterns arising from contact-based sig-
nalling.

II. METHODS AND MODEL

In our paper, the mechanics of the tissue is imple-
mented using a vertex model [27–29], in which the
tissue is represented as a monolayer formed of polyg-
onal cells having vertices and edges. The mechani-
cal forces within the tissue arise from area elasticity
and boundary contractility of individual cells and the
forces at cell-cell contacts from acto-myosin contrac-
tility and E-cadherin adhesivity. The mechanical con-
tribution from these sources can be expressed using a
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work function of the form,

U =
N∑
α=1

[Kα(Aα −Aα,0)2 + ΓαL
2
α] +

∑
edges:γβ

Λγβlγβ ,

(1)
where, N is the total number of cells in the monolayer
and Kα, Aα, Aα,0, Γα, and Lα are the area stiffness,
current area, preferred area, boundary contractility
and perimeter, respectively, of cell α. Λγβ is the con-
tractility of the junction of length lγβ shared by cells
γ and β. The contributions from these different forc-
ing terms is converted in effective force acting on any
vertex i as

Felastic
i = −∂U

∂ri
, (2)

where ri is the position vector for vertex i. In many
epithelial tissues, cells are known to be polarised and
in many cases also have self-propelled motility. Hence,
in addition to the elastic forces, for a given vertex i,
we add a motile force [27, 33] of the form

Factive
i = ηv0

1

ni

∑
β

p̂β , (3)

where ni is the number of cells β that contain vertex
i, p̂β is the polarity unit vector for cell β, η is the
viscous drag acting on the vertex and v0 is the motility
of a single cell. The total force on vertex i, which is a
combination of the elastic and active force, is balanced
by the external viscous force. The resulting dynamical
equation of evolution for the vertex position is

η
dri
dt

= Felastic
i + Factive

i . (4)

As is common for vertex models, T1 transitions are
also included in our formalism and facilitate fluidisa-
tion of the tissue.

We model the polarity of every cell to have a ten-
dency to orient with respect to the director (±p) of
its nearest neighbors while also undergoing rotational
diffusion. This rule can be expressed with the follow-
ing equation

dθα
dt

= ξ
∑
β

sin 2(θβ − θα) + ζα, (5)

where θα denotes the orientation angle of cell polarity,
p̂α = cos θαêx + sin θαêy. Here, ξ is the strength of
the polarity alignment of a given cell α with respect
to that of its connected cells β and ζα is the rotational
noise which follows

〈ζα(t)ζα(t′)〉 = 2Drδ(t− t′), and

〈ζα(t)〉 = 0. (6)

In order to study pattern formation of molecules
due to contact-based, cell-cell signalling, we now over-
lay the signalling kinetics on the mechanical vertex
model. As discussed earlier, we use Delta-Notch sig-
nalling, which is based on contact based lateral inhi-
bition, as our model system [2, 13, 15]. In our formal-
ism, the Delta-Notch kinetics of the cells is modelled

by keeping track of Notch and Delta concentration Nα
and Dα, respectively, in each cell α. It is known that
while Notch concentration in a given cell α increases
with the increase in Delta concentration of the cells
in contact, the Delta concentration of that cell de-
creases with increase in its Notch concentration. This
signalling dynamics could mathematically be repre-
sented as follows

dNα
dt

= RN
D̄2
α

a+ D̄2
α

− µNα, (7a)

dDα

dt
= RD

1

b+N2
α

− ρDα, (7b)

where RN |µ and RD|ρ are, respectively, the produc-
tion | decay rates of Notch and Delta. Here, D̄α de-
notes the mean Delta concentration in the cells that
are in direct contact with cell α through cell-cell junc-
tions and cellular protrusions. More specifically,

D̄α =
1

2
[βjD̄

α
j + βpD̄

α
p ],

where βj and βp correspond to the contact weights
for nearest neighbor and protrusional contacts, respec-
tively, such that βj + βp = 1. We define

D̄α
j =

1

nj

∑
γ∈nj

Dγ and (8a)

D̄α
p =

1

np

∑
γ∈np

Dγ , (8b)

where nj and np are the number of cells in contact
with cell α, respectively, via cell-cell junctions and
protrusions. The nearest neighbors of the cell α con-
stitute nj . Below we outline the procedure followed
to obtain the np cells that contact cell α through pro-
trusions.

The coupling between the mechanical vertex model
and the signalling kinetics is made by identifying that
the protrusions of cells are indicative of polarity and
motility of the cells [34, 35]. In that spirit, cell protru-
sions are modelled by assuming a protrusional length
l extending along the orientation of cell polarization,
p̂α and −p̂α [15]. We assume that the cellular protru-
sions lie in a interval of [−∆θ,∆θ] around the direc-
tions p̂α and −p̂α. We choose the protrusion length l
of cell protrusion [2]. We assume that signalling takes
place when the protrusion of a given cell makes con-
tact with the protrusion of other cells within an an-
nulus of thickness ∆l around the protrusion length l
of the protrusion. Thus effectively, protrusions of two
cells can potentially contact with each other for sig-
nalling only if the distance between the centers of the
cells is within the interval [2(l−∆l), 2(l+∆l)] – let us
term this as separation criterion. However, the extent
of cellular protrusions overlap depends on the relative
positions of cell pairs, polarity of each cell and the an-
gular sweep of protrusions 2∆θ (Fig. 1). For example,
if ∆θ = π/2, then any pair of cells that satisfy the
separation criterion will be in large protrusional over-
lap with each other. Similarly, if ∆θ is small, then any
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pair of cells satisfying the separation criterion would
have relatively small protrusional overlaps, and that
too for only certain relative positions and polarity ori-
entations (Figs. 1bc).

The signalling between the contacting cells is be-
lieved to have an activation threshold [2] that, for ex-
ample, could depend on the extent of the overlap [36–
38]. The exact protrusional overlap between the pair
of cells can be calculated using geometry. However,
since in our model we couple the protrusion orienta-
tion with the cell polarity which constantly evolves in
time (Eq. 5), for computational convenience we use
a simpler criteria for overlap that also includes the
signalling activation threshold T in a coarse-grained
fashion. In our model, we define

wαβ = max
[1

2
((p̂α ·r̂αβ)2+(p̂β ·r̂αβ)2), sin2 ∆θ

]
. (9)

Only if wαβ ≥ T and the cell separation criterion is
satisfied there exists protrusional contact between the
cell pair α, β. Here, r̂αβ is the unit vector from the
center of cell α to the center of cell β (Fig. 1c).

The different parameters used in our model are
non-dimensionalised as discussed in Appendix A and
shown in Table I.

III. RESULTS

As described in Section II, there are different fac-
tors that interact with each other to control the fate
of Delta-Notch pattern formation. Some of these are
the relative contributions from junctional and protru-
sional contacts (βj/βp), Delta-Notch signalling rates
(ρ ≈ µ ≈ RD ≈ RN ), polarity orientation time-scales
(1/Dr, 1/ξ), length and overlap margin of protrusions
(l,∆l), angular range of protrusions (∆θ), and neigh-
bour exchange time-scales (Lc/v0), where Lc is the
characteristic length scale of the system (Fig. 1a). For
example, in the case, when ∆θ is large, the contact
between any pair of cells only depends on the spac-
ing between the cells. Hence, the pattern formation is
expected to be predominantly dictated by the relative
time-scales Lc/v0 over which the cells move away from
each other and 1/ρ. On the other hand, when ∆θ is
small, even if the spacing between the cells does not
change (e.g., when v0 ≈ 0) the pattern formation from
protrusional contacts should still be influenced by the
time-scales for polarity changes 1/Dr when compared
with the signalling time-scales 1/ρ. In this section,
we systematically explore, how these different chemi-
cal and mechanical factors decide the spatio-temporal
dynamics of signalling patterns. In Sec. IIIA-C, we
study the role of mechanochemical parameters on sig-
nalling patterns when cell motility is low. The effect
of cell motility on signalling patterns is explicitly in-
vestigated in Sec. III D.

(a)

(b) (c)

FIG. 1. Schematic showing protrusion along cell polariza-
tion and contact interactions with neighbors. (a) Single
cell with polarisation p̂ = cos θex + sin θey and protru-
sions along p̂ and −p̂. Length of protrusions is l and its
angular spread is 2∆θ around θ and θ + π. (b) Cellular
protrusions of two cells overlapping each other. Likeli-
hood of contact for two cells is high if their cell polariza-
tion vectors are coaxial or the angular range of protru-
sion is high. (c) Protrusions of two cells that are within
range [2(l − ∆l), 2(l + ∆l)] of one another but do not
touch/overlap.

A. Role of contact ratio (βj/βp) from junctional
and protrusion-mediated contacts

The strength of Delta–Notch signalling at junc-
tional and protrusional contacts is captured by βj and
βp, respectively. The contact ratio βj/βp is critical for
deciding signalling pattern in this model. When the
contact ratio is large βj/βp � 1 checker board pattern
emerges since the signalling is dominated by the junc-
tional contacts as in the classic model by Collier et
al. [13] (Fig. 2a) and (Movie 1). On the other hand,
consider the case of small contact ratio βj/βp � 1
with ∆θ = π/2 (Fig. 2b) and (Movie 2). Here, the
dominant mode of signalling is through cell protru-
sions. Moreover, for ∆θ = π/2, the cell-cell signalling
is isotropic and occurs for any pair of cells that satisfy
the separation criterion. The signalling pattern in this
case is similar to the checkerboard pattern observed
for large contact ratio. However, the pattern shows a
new length scale corresponding to the size of protru-
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(a) (b)

FIG. 2. Signalling patterns formed by contact mediated
signalling via (a) junctional contacts βj � βp and (b)
protrusional contacts βp � βj .

sions (2l ≈ 3 cell-lengths). Thus the nature of pattern
formation in contact based signalling is influenced by
the relative strengths of junctional and protrusional
contacts.

B. Role of angular range of protrusions (∆θ)
and activation threshold (T )

As discussed in Sec. II, long-range signalling can be
achieved by protrusional contacts. As described there,
the orientation of protrusion for any cell α is decided
by the direction of cell polarization ±p̂α. In this sec-
tor we consider the case where the cell polarization
is governed by the random rotational diffusion only
(ξ = 0). The signalling dynamics additionally depend
on the length and overlap range of protrusion (l, ∆l),
the angular range of the protrusions ∆θ and activa-
tion threshold (T ). We now systematically study the
effect of ∆θ and T on signalling patterns by varying
only these two while keeping all other model parame-
ters fixed (Fig. 3) and (Movie 2-7). The patterns The
protrusions are more polarized if ∆θ is smaller and
the protrusions are not at all polarized if ∆θ = π/2,
ie, the protrusions can grow in all directions. The
smaller the ∆θ, the protrusions are more polarized ie,
if ∆θ = 0 the protrusions are polarized to grow only
in the direction of polarization.

We keep ∆θ = π/4 and explore how the steady-
state signalling patterns evolve with the activation
threshold T . When T is relatively small, we see iso-
lated, ordered patterns of sharp isotropic spots of
Delta expression, similar to the ones already discussed
in Sec. III A (see Fig. 2b). Upon increase in T , there
is an increase in Delta signalling (Eq. 9) that re-
sults in reduction of Notch in cells and hence a gen-
eral increase in Delta levels (Eq. 9). Moreover, the
Delta-Delta signalling also gets relatively anisotropic
in patches. As a result, the Delta expression patterns
start getting less structured, more elongated, and in-
creasingly connected. This effect becomes most per-
vasive at the largest threshold value.

We now quantify different aspects of Delta patterns
that are observed for various combinations of ∆θ and
T . To get insights into the connectivity of the Delta
patches, we compute the median number of Delta clus-
ters and median size (number of Delta cells per clus-
ter) of isolated Delta clusters. We define one cluster of

Delta cells as the group of connected cells, each with
Delta concentration D > Dcritical (see Appendix B).
To also get insight into the geometry of these patches,
we then quantify their shape ratio (see Appendix C).
In Figs. 3g, 3h and 3i, respectively, we represent the
median number of clusters, median size of the clusters
and their median shape ratio, averaged over space and
time, as functions of ∆θ and T . By observing these
phase-diagrams together we can see that, for lower
values of T the Delta expression patterns are isolated
in small isotropic clusters (Figs. 3ab). However, upon
increase in T , the clusters keep getting smaller in num-
bers, i.e, larger in size, and become increasingly elon-
gated for lower values of ∆θ (Figs. 3cd). For largest
values of T , the clusters remain bigger but become
more isotropic due to increasing connectivity of Delta
regions (Fig. 3ef). For large values of ∆θ, however,
the clusters always remain small and isotropic, as dis-
cussed in Sec. III A.

We thus find that a rich array of Delta-Notch pat-
terns are observed due to an interplay between the
angular range of protrusions and the threshold for sig-
nalling at protrusional contacts and provide an effec-
tive way of quantifying their nature.

C. Role of coupling strength ratio (ξ/Dr) on
pattern formation

In our model, the dynamics of cell polarity has two
components (Eq. 5). The first component tends to
align the polarity of any cell with that of its nearest
neighbors with rate ξ and attempts to bring about
global alignment of polarity in the tissue [32]. The
second component Dr brings about rotational diffu-
sion of cell polarity, thus creating an overall disorder
in tissue polarity. As studied in the previous section,
for the case of polarity alignment rate ξ = 0, the cell
polarities dictate the local dynamics of protrusional
contacts (Eq. 9) and hence the Delta-Notch patterns.
However, since ξ influences the global alignment of
cell polarity, in this section we study the role of the
coupling strength ratio ξ/Dr on Delta-Notch pattern
formation.

We fix T = 0.5, Dr = 0.1,∆θ = π/4 and vary the
value of ξ from 0 − 0.25. The progressively changing
patterns for increasing magnitude of ξ/Dr are shown
in (Figs. 4a-f) and (Movie 8-13). As expected, when ξ
is relatively small, Dr dominates and the cell polarity
is spatially disordered, thus resulting in isotropic cir-
cular patterns of Delta expression (also see Fig. 3a).
However, when ξ becomes comparable to Dr, the spa-
tial disorder of cell polarity decreases and local re-
gions of polarity alignment with an effective direction
are created. Since protrusions are oriented along the
polarity of cells in our model, the cell-cell contacts
predominantly occur along the effective polarity ori-
entation and very little in the perpendicular direction.
As a result, the Delta signalling is diminished along
the perpendicular direction resulting in reduction of
Notch levels along that direction. The lowering of
Notch concentration, in turn, results in greater expres-
sion of Delta, thus leading to formation of elongated
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(a) T = 0.1 (b) T = 0.5 (c) T = 0.6

(d) T = 0.8 (e) T = 0.9 (f) T = 0.94

(g) Number of clusters (h) Cluster size (i) Shape ratio

FIG. 3. Role of angular range of protrusions ∆θ and activation threshold T on pattern formation. (a-f) Steady-state
Delta(red)-Notch(green) patterns obtained with RN = RD = ρ = µ = 1, Dr = 10−3, βj/βp = 10−2, ∆θ = π/4,
v0 = 3.1×10−4, and Λ = −13.77, ξ = 0 and varying T ∈ [0.1, 0.5, 0.6, 0.8, 0.9, 0.94]. (g,h) Phase diagrams for the median
number of clusters and the median cluster size (median number of Delta cells per cluster) in a confluent tissue as a
function of ∆θ and T . Large value of cluster number with small cluster size indicates many isolated small Delta patches,
whereas a small number of clusters with large cluster size indicates connected regions of Delta expression. (i) Phase
diagram for the median shape ratio of Delta clusters in a confluent tissue as a function of ∆θ and activation threshold
T . Lower and higher values of this quantity indicate dominant presence of circular and elongated patches, respectively.

Delta domains. Consequently, we see Delta expres-
sion emerging in stripe-like patterns that are oriented
perpendicular to the overall direction of cell polarity
in the ordered region. In the region with disordered
polarity we still observe circular regions of Delta ex-
pression. As expected, the thickness of stripes and
the diameter of the circular spots are roughly equal
to twice the protrusion length (2l ≈ 3 cell lengths).
Upon further increase in ξ, the cell polarities align
globally, thus resulting exclusively in stripe-like pat-
terns of Delta expression. However, the presence ofDr

leads to modification of the global polarity alignment
causing the patterns to reorient over longer time-scales
(see Movie 8-13).

As we had done in the previous section, we now
quantify the median number of clusters, median clus-
ter size and median shape-ratio of the Delta pat-

terns using phase-diagrams obtained as a function of
∆θ and ξ/Dr (Figs. 4g 4hand 4i). As expected, for
large values of ∆θ, we mostly observe patterns of iso-
lated, circular clusters, irrespective of the magnitude
of ξ/Dr since the cell protrusional contacts are mostly
isotropic. However, for lower values of ∆θ, an increase
in ξ/Dr, which results in cell polarity ordering, leads
to the formation of uniformly oriented and continuous
Delta stripes.

We thus find that polarity dynamics can have a
strong influence on the nature of Delta-Notch sig-
nalling patterns.
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(a) ξ/Dr = 0 (b) ξ/Dr = 0.5 (c) ξ/Dr = 1

(d) ξ/Dr = 1.5 (e) ξ/Dr = 2 (f) ξ/Dr = 2.5

(g) Number of clusters (h) Cluster size (i) Shape ratio

FIG. 4. Screenshots showing the steady state Delta(red)-Notch(green) patterns formed with polarized cells with varying
coupling strength ratio (ξ/Dr) and angular range of protrusions (∆θ). The fixed parameters are RN = RD = ρ = µ = 1,
Λ = −13.77, Dr = 0.1, v0 = 3.1 × 10−4, βj/βp = 0.01, T = 0.5, and ∆θ = π/4. The patterns (a-f) are obtained by
varying coupling strength ratio ξ/Dr ∈ [0, 0.5, 1.0, 1.5, 2.0, 2.5]. (g,h) Phase diagrams for the median number of clusters
and median cluster size in a confluent tissue as a function ∆θ and ξ/Dr. (h) Phase diagram for shape ratio in a confluent
tissue as a function of ∆θ and ξ/Dr. Large number of Delta clusters with small cluster size and low shape ratio indicate
the dominance of isolated circular patterns, wheres low number of clusters with big cluster size and high shape ratio
point towards stripe-like patterns.

D. Effect of motility on pattern formation

So far we have studied the role of protrusion spread,
signalling threshold and polarity dynamics on the for-
mation of Delta-Notch patterns in tissues. In our
model, the polarity dynamics influences the signalling
via modification of protrusional contacts. However,
cell polarity is also connected with cell migration,
which in conjunction with cell shape index can con-
trol tissue fluidisation through cell neighbor exchanges
and thus influence the signalling pattern. Hence, we
provide cells with larger values of motility v0 and ad-
just cell line tension Λ such that the cell-shape index
p0 = − Λ

4Γ
√
A0
≈ 3.85 > 3.8, that is required for tissue

fluidisation for v0 = 0 [27, 29, 39]. First, we study

the effect of uncorrelated cell movement on pattern
formation by fixing ξ = 0, v0 = 0.31, and Dr = 0.001.
If the signalling rates are small, then the neighbor ex-
changes between the cells are too fast as compared
to the signalling time-scales. As a result, we do not
observe Delta-Notch patterns as for the static cell net-
work. However, upon increasing the signalling rates
by ten-fold, we recover back the circular, isolated pat-
terns seen earlier.

Interestingly, the patterns are now no longer static
but keep spatially rearranging. The movement of the
Delta patterns mainly depends on the dynamics of the
cluster of Delta expressing cells, which in turn is dic-
tated by the collective cell migration patterns that are
governed by the underlying tissue mechanics and po-
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larity dynamics of individual cells (Figs. 5a-c)(Movie
14,15). In the case where a particular cluster of Delta
cells breaks apart, a new group of Delta expressing
cells is created by the entry of new cells into a pre-
exisiting nuclei of Delta expressing cells. On the other
hand, there are cases where the entire group of Delta
expressing cells migrates as a whole in which case the
Delta patterns also takes the same trajectory as the
complete cluster. A combination of these two modes
of pattern movements leads to an emergent time-scale
of spatial rearrangement of the clusters.

To quantify the spatio-temporal dynamics of these
patterns, we calculate the Delta-Delta radial distribu-
tion function, Gd(r, τ) that is given as

Gd(r, τ) =
1

κN
∑
α

∑
β 6=α

r<|rαβ |≤r

〈Dα(t)Dβ(t+ τ)〉t, (10)

where, κ is the normalization factor given as

1

N (N − 1)

∑
α

∑
α6=β

〈Dα(t)Dβ(t+ τ)〉t〉

The basic idea behind this function is to capture
for every cell α at a given time t how much does its
Delta expression correlates with the Delta levels of
every other cell β that is present within a particular
distance r < |rβ−rα| ≤ r+∆r at time t+τ . The plots
of G(r, τ) as a function of r for different time-lags τ are
shown in (Fig. 5d). When τ = 0, we see a decaying os-
cillatory pattern in space that is indicative of periodic
Delta expression with the distance between the cen-
ters of neighboring Delta region of approximate 5 cells.
For increasing values of τ , we see that the shape of
Gd(r, τ) remains invariant, but the amplitude of the
function decreases, thus indicating that the patterns
are not stationary but diffuse in space. To quantify
the rearrangement time-scale of the Delta patterns,
we plot the amplitudes of the radial distribution func-
tion Gd(r, τ) corresponding to its first minima r ≈ 2.5
as a function of time-lag τ (Fig. 5e). After fitting an
expression of the form A+B exp(−τ/T ), the pattern
re-arrangement time-scale T ≈ 90.

We also study the effect of cell movement on pattern
formation when the alignment strength ratio ξ/Dr

is relatively high with ξ = 0.25, v0 = 0.31, and
Dr = 0.1. In this case, we see that stripe-like patterns
of Delta expression are seen similar to the case when
v0 = 10−4. However, the patterns are more dynamic
and, as opposed to the formation and breaking of clus-
ters in the case of spot-like patterns when ξ = 0, we
see that the stripes break and merge to continuously
change their alignment.

Thus, we observe that the polarity and motility dy-
namics of cells, along with tissue mechanics, influence
the signalling patterns and hence the spatio-temporal
levels of Delta and Notch expression.

IV. DISCUSSION

In this study, we report a rich variety of Delta-
Notch patterns that depend on the nature of cell-cell

contacts, signalling threshold, polarity dynamics, cell
motility and tissue mechanics. The classic model by
Collier et al. [13] exhibits checkerboard pattern for
Delta-Notch expression. We show that this pattern
modifies to a spot-like like pattern due to long-range
contacts with essentially a change in the length-scale
that arises due to linear protrusion range. However,
the modification in the angular range of protrusional
contacts elicits local contact anisotropy and hence re-
sults in more elongated Delta patterns. We further
showed that the signalling threshold is also important
in dictating the connectivity of Delta clusters. More-
over, we systematically quantified the nature of these
patterns by measuring the number of Delta cells clus-
ter, cluster size and calculating the shape of individ-
ual clusters. We see that by changing the polarity
dynamics by increasing the signalling ratio ξ/Dr, the
cell directors (±p) become globally aligned thus lead-
ing to the formation of stripe-like patterns. We also
observed that when the cells have motility and shape
index beyond the fluidisation threshold, the cells can
rapidly change their connectivity due to which their
signalling contacts are also modified. As a result, the
expression patterns for Delta-Notch no longer remain
static. Their dynamics is decided by the dynamics of
the formation and breaking of Delta clusters, which in
turn are governed by the motility patterns of the cells.
When the polarity diffusion dominates, we see the for-
mation of moving spot-like patterns, which we sys-
tematically quantified using the spatio-temporal ra-
dial correlation function for Delta expression. On the
other hand, when the polarity alignment term domi-
nates, we saw that stripe-like patterns arise. However,
unlike for the static case, the stripes keep modifying
their alignment by splitting and then merging with
the other stripes – this dynamics being governed by
cellular movements.

Lateral inhibition is one of the most ubiquitous
mode of signalling, and Delta-Notch signalling is one
of the prominent example of this mechanism. Exper-
imentally, the Delta-Notch signalling mechanism has
been studied in detail, and its involvement in cell mi-
gration, polarity dynamics, and mechanical aspects
of morphogenesis is known. Although, there are a few
theoretical models that study the Delta-Notch pattern
formation in tissues, there are no theoretical studies
on how these patterns are themselves influenced by
collective cell dynamics. On the other hand, there
are a large number of theoretical studies on collective
cell migration, especially on the role of cell motility,
polarity and cell shape index on tissue unjamming.
However, these studies generally do not consider the
effect of tissue kinematics on the underlying signalling
patterns. In this study, we combined both these as-
pects and showed how cell level interactions can lead
to tissue level formation of a large variety of Delta-
Notch patterns. Although in our model, the Delta-
Notch pattern is influenced by cellular dynamics, the
signalling itself does not influence the cell dynamics.
A next step, for example, would be to include the
influence on Delta-Notch levels in the cells on motil-
ity and cell-cell adhesivity. We finally note that, al-
though our modeling is developed in the context of
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TABLE I. The model parameters relative to characteristic
length scale Lc = 1 (Fig.1a) and characteristic time scale
Tc = 1

Dimensionless Parameter
parameters values

Lc 1.0

η 1.0

Γ 1.0

K ≡ KTcL
2
c

η
1.15

Λ ≡ ΛTc
4Lcη

[−13.77,−14.32]

v0 ≡ v0Tc/Lcη 3.1× 10−4, 0.31

A0 ≡ A0/L
2
c 0.866

ξ ≡ ξTc 0− 2

Dr ≡ DrTc [0.001, 0.1]

Dα ≡ Dα/D0 0− 1

Nα ≡ Nα/N0 0− 1

RD ≡ RDTc 1, 10

RN ≡ RNTc 1, 10

ρ ≡ ρTc 1, 10

µ ≡ µTc 1, 10

l ≡ l/Lc 1.4

∆l ≡ ∆l/Lc 0.3

∆θ ≡ ∆θ π/24− π/2
∆t ≡ ∆t/Tc 0.01

a [0.01]

b [100]

Dcritical ≡ Dcritical/D0 0.5

N [400, 1600]

Delta-Notch signalling, it is sufficiently general, and
provides a broad framework to study the role of col-
lective cell dynamics on chemical pattern formation
for any contact based signalling.
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Appendix A: Model non-dimensionalization

The mechanical energy function and the signalling
kinetics equations are non-dimensionalized with char-
acteristic time scale η

Γ = 1 and characteristic length
scale Lc = 1 (Fig.1a) (Table I).

We simulate a monolayer of tissue with periodic

boundary and N number of cells (no cell divi-
sions or apoptosis). The model is implemented in
CHASTE [40] using the C++ libraries. The equation
of motion is solved numerically using a simple for-
ward Euler discretization. The signalling equations
are solved using Runge-Kutta-Merson method. We
choose the time step size ∆t = 0.01 (sufficiently small)
to maintain the numerical stability. The initial levels
of Notch and Delta concentration are chosen randomly
from uniform random number in (0,1) for each cell α.

Appendix B: Number of clusters and cluster size

The median number of clusters and the median clus-
ter size is calculated for 400 cells and 1800 steady state
time frames using the density-based spatial clustering
(DBSCAN) algorithm [41]. The cell α is considered
a Delta cell if the concentration of Delta molecule in
the cell is greater than Dcritical. A group of Delta cells
is considered to be in dense region if minimum num-
ber of Delta cells in the cluster is 3. Two cells are
considered to be touching each other if the Euclidean
distance between both the cells are less than or equal
to 1.5

Appendix C: Shape ratio

The shape ratio is calculated for 400 cells and 1800
steady state time frames. The cell α is considered a
Delta cell if the concentration of Delta molecule in the
cell is greater than Dcritical. The inertia matrix of a
single cluster is computed as follows:

A =

[
Ixx Ixy
Ixy Iyy

]

Ixx =

Nc∑
i=1

(Ai(xi − xmean)2), (C1)

Iyy =

Nc∑
i=1

(Ai(yi − ymean)2), (C2)

Ixy =

Nc∑
i=1

(Ai(xi − xmean)(yi − ymean)) (C3)

where, Nc is the number of cells in a cluster. Eigen
values of A is calculated and shape ratio is estimated
as the ratio of the maximum and minimum eigen val-
ues. The median of the shape ratios of all the clusters
of a time frame is calculated, and the median of all
the shape ratios obtained from all time frames is the
final shape ratio.

Appendix D: Movie captions

Movie-1 corresponding to Fig.2a. Signalling pat-
tern formed by contact mediated signalling via junc-

tional contacts
βj
βp

= 99.
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(a) time=0 (b) time=700 (c) time=1400

(d) (e)

FIG. 5. Screenshots and plots showing the effect of cell motility and tissue mechanics on Delta-Notch pattern formation.
The parameters used for the simulations are RN = RD = ρ = µ = 10, Λ = −14.32, Dr = 0.001, ξ = 0, ∆θ = π/2, T = 0.1
and v0 = 0.31. The shape parameter for the cells p0 > 3.82, the so called fluidisation threshold. (a)-(c) The spot-like
Delta patterns keep re-arranging in space as a function of time. (d) Plot of the Delta-Delta correlation function Gd(r, τ)
shows clear spatial pattern with a length scale of approximately 5 cell lengths. Although the shape of the function
Gd(r, τ) does not change with τ , its amplitude decreases, thus indicating that the dynamic nature of the patterns. (e)
The magnitude of G(r, τ) as a function of τ for r ≈ 2.9 is plotted as a function of time. An exponentially saturating
function of the form A + B exp(−t/T ) fits well to these values with T ≈ 100 and provides the time-scale for pattern
re-arrangement.

Movie-2 corresponding to Fig.3a. Pattern ob-
tained using the model for RN = RD = ρ = µ = 1,

Dr = 10−3,
βj
βp

= 10−2, ∆θ = π/4, v0 = 3.1 × 10−4,

and Λ = −13.77 and T = 0.1.

Movie-3 corresponding to Fig.3b. Pattern ob-
tained using the model for RN = RD = ρ = µ = 1,

Dr = 10−3,
βj
βp

= 10−2, ∆θ = π/4, v0 = 3.1 × 10−4,

and Λ = −13.77 and T = 0.5.

Movie-4 corresponding to Fig.3c. Pattern ob-
tained using the model for RN = RD = ρ = µ = 1,

Dr = 10−3,
βj
βp

= 10−2, ∆θ = π/4, v0 = 3.1 × 10−4,

and Λ = −13.77 and T = 0.6.

Movie-5 corresponding to Fig.3d. Pattern ob-
tained using the model for RN = RD = ρ = µ = 1,

Dr = 10−3,
βj
βp

= 10−2, ∆θ = π/4, v0 = 3.1 × 10−4,

and Λ = −13.77 and T = 0.8.

Movie-6 corresponding to Fig.3e. Pattern ob-
tained using the model for RN = RD = ρ = µ = 1,

Dr = 10−3,
βj
βp

= 10−2, ∆θ = π/4, v0 = 3.1 × 10−4,

and Λ = −13.77 and T = 0.9.

Movie-7 corresponding to Fig.3f. Pattern obtained
using the model for RN = RD = ρ = µ = 1,

Dr = 10−3,
βj
βp

= 10−2, ∆θ = π/4, v0 = 3.1 × 10−4,

and Λ = −13.77 and T = 0.94. Movie-8 correspond-
ing to Fig.4a. Pattern obtained using the model with
parameter RN = RD = ρ = µ = 1, Λ = −13.77,

Dr = 0.1, v0 = 3.1 × 10−4,
βj
βp

= 0.01, T = 0.5 and

∆θ = π/4 and ξ/Dr = 0.

Movie-9 corresponding to Fig.4b. Pattern ob-
tained using the model with parameter RN = RD =
ρ = µ = 1, Λ = −13.77, Dr = 0.1, v0 = 3.1 × 10−4,
βj
βp

= 0.01, T = 0.5 and ∆θ = π/4 and ξ/Dr = 0.5.

Movie-10 corresponding to Fig.4c. Pattern ob-
tained using the model with parameter RN = RD =
ρ = µ = 1, Λ = −13.77, Dr = 0.1, v0 = 3.1 × 10−4,
βj
βp

= 0.01, T = 0.5 and ∆θ = π/4 and ξ/Dr = 1.0.

Movie-11 corresponding to Fig.4d. Pattern ob-
tained using the model with parameter RN = RD =
ρ = µ = 1, Λ = −13.77, Dr = 0.1, v0 = 3.1 × 10−4,
βj
βp

= 0.01, T = 0.5 and ∆θ = π/4 and ξ/Dr = 1.5.
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Movie-12 corresponding to Fig.4e. Pattern ob-
tained using the model with parameter RN = RD =
ρ = µ = 1, Λ = −13.77, Dr = 0.1, v0 = 3.1 × 10−4,
βj
βp

= 0.01, T = 0.5 and ∆θ = π/4 and ξ/Dr = 2.0.

Movie-13 corresponding to Fig.4f. Pattern ob-
tained using the model with parameter RN = RD =
ρ = µ = 1, Λ = −13.77, Dr = 0.1, v0 = 3.1 × 10−4,
βj
βp

= 0.01, T = 0.5 and ∆θ = π/4 and ξ/Dr = 2.5.

Movie-14 corresponding to Fig.5a-c. The param-

eter values used for the simulations are RN = RD =
ρ = µ = 10,

βj
βp

= 0.01, Λ = −14.32, Dr = 0.001,

ξ = 0, ∆θ = π/2, T = 0.1 and v0 = 0.31. The shape
parameter for the cells p0 > 3.82.
Movie-15 for the tissue in fluid region with stripe-

like pattern. The parameter values used for the sim-

ulations are RN = RD = ρ = µ = 10,
βj
βp

= 0.01,

Λ = −14.32, Dr = 0.1, ξ = 0.25, ∆θ = π/4, T = 0.5
and v0 = 0.31. The shape parameter for the cells
p0 > 3.82.
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