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Abstract 17 

Chemical synapses exhibit a diverse array of internal mechanisms that affect the dynamics of 18 

transmission efficacy. Many of these processes, such as release of neurotransmitter and vesicle 19 

recycling, depend strongly on activity-dependent influx and accumulation of Ca2+. To model how each of 20 

these processes may affect the processing of information in neural circuits, and how their dysfunction 21 

may lead to disease states, requires a computationally efficient modelling framework, capable of 22 

generating accurate phenomenology without incurring a heavy computational cost per synapse. 23 

Constructing a phenomenologically realistic model requires the precise characterization of the timing 24 

and probability of neurotransmitter release. Difficulties arise in that functional forms of instantaneous 25 

release rate can be difficult to extract from noisy data without running many thousands of trials, and in 26 

biophysical synapses, facilitation of per-vesicle release probability is confounded by depletion. To 27 

overcome this, we obtained traces of free Ca2+ concentration in response to various action potential 28 

stimulus trains from a molecular MCell model of a hippocampal mossy fiber axon. Ca2+ sensors were 29 

placed at varying distance from a voltage-dependent calcium channel (VDCC) cluster, and Ca2+ was 30 

buffered by calbindin. Then, using the calcium traces to drive deterministic state vector models of 31 

synaptotagmin 1 and 7 (Syt-1/7), which respectively mediate synchronous and asynchronous release in 32 

excitatory hippocampal synapses, we obtained high-resolution profiles of instantaneous release rate, to 33 

which we applied functional fits. Synchronous vesicle release occurred predominantly within half a 34 

micron of the source of spike-evoked Ca2+ influx, while asynchronous release occurred more consistently 35 

at all distances. Both fast and slow mechanisms exhibited multi-exponential release rate curves, whose 36 

magnitudes decayed exponentially with distance from the Ca2+ source. Profile parameters facilitate on 37 

different time scales according to a single, general facilitation function. These functional descriptions lay 38 

the groundwork for efficient mesoscale modelling of vesicular release dynamics. 39 
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Author Summary 40 

Most information transmission between neurons in the brain occurs via release of neurotransmitter 41 

from synaptic vesicles. In response to a presynaptic spike, calcium influx at the active zone of a synapse 42 

can trigger the release of neurotransmitter with a certain probability. These stochastic release events 43 

may occur immediately after a spike or with some delay. As calcium accumulates from one spike to the 44 

next, the probability of release may increase (facilitate) for subsequent spikes. This process, known as 45 

short-term plasticity, transforms the spiking code to a release code, underlying much of the brain’s 46 

information processing. In this paper, we use an accurate, detailed model of presynaptic molecular 47 

physiology to characterize these processes at high precision in response to various spike trains. We then 48 

apply model reduction to the results to obtain a phenomenological model of release timing, probability, 49 

and facilitation, which can perform as accurately as the molecular model but with far less computational 50 

cost. This mesoscale model of spike-evoked release and facilitation helps to bridge the gap between 51 

microscale molecular dynamics and macroscale information processing in neural circuits. It can thus 52 

benefit large scale modelling of neural circuits, biologically inspired machine learning models, and the 53 

design of neuromorphic chips. 54 

Introduction 55 

Chemical synapses constitute the primary means of direct communication between neurons throughout 56 

the nervous system [1-3]. Neurotransmitters are stored in synaptic vesicles, which are docked to the 57 

plasma membrane of the axon terminal by soluble N-ethylmaieimide-sensitive factor attachment 58 

protein receptor (SNARE) complexes. Vesicle-membrane-bound synaptobrevin (v-SNARE) and the target-59 

membrane-bound syntaxin and SNAP-25 (t-SNAREs) form energetic SNAREpin complexes where the α-60 

helices of the v-SNAREs entwine with those of the t-SNAREs [4-6]. Synaptotagmin (Syt) proteins 61 
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embedded in both membranes associate with the SNARE complex and act as Ca2+-sensitive triggers for 62 

vesicle fusion. When the action potential of the presynaptic neuron reaches the axon terminal, it 63 

triggers a sudden influx of Ca2+ through voltage-dependent Ca2+ channels (VDCCs), and when a sufficient 64 

number Ca2+ ions binds to the C2 domains of synaptotagmin, it undergoes a conformational change that 65 

triggers the associated SNAREpin to zipper completely, causing the vesicle to fuse with the membrane 66 

and to release its neurotransmitter through the newly opened fusion pore [7-11] (see Fig 1). 67 

 68 

Fig 1. SNARE Complex Structure and Dynamics. 69 

A: SNAREpins prior to vesicle fusion. B: Binding of Ca2+ to synaptotagmin (Syt-1 here, Syt-7 attaches to 70 
target membrane [12, 13]) triggers full zippering of SNARE complex and, in turn, vesicle fusion [14, 15]. 71 
 72 

Very often, discussion of the activity in a network tends to focus on the action potentials (spikes) and 73 

subthreshold fluctuations in membrane potential [16-18]. The utility of these measurements, however, 74 

depends on the relevance of the spike code to neural information processing. How neurons integrate 75 

their inputs and generate signals in the context of larger neural circuits largely determines the sorts of 76 

computations that the network can perform [19, 20]. Biological neural networks need to represent 77 

information in a way that confers behavioral utility, but since so much of the information in the 78 
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environment is irrelevant to survival, synapses may not be optimized to transmit all information 79 

faithfully, but rather selectively. 80 

Significantly, neurons do not directly see the spiking activity of their neighbors at chemical synapses, but 81 

only detect presynaptic activation upon the release of neurotransmitter, which is a stochastic process 82 

[21]. Synapses form the basis for learning and information processing, and short-term plasticity (STP) 83 

defines a transformation from a spiking code to a neurotransmitter release code. All spiking activity is 84 

filtered through the dynamics of probabilistic synaptic release before the rest of the network can see it. 85 

This implies that one must first have an accurate model of release dynamics in order to understand the 86 

true nature of information processing of brain circuits. Such a model could, for instance, provide a 87 

crucial preprocessing step of motor cortex for training BCI-based prosthetics [22-24], or it could enable 88 

more accurate computation of the information capacity of sensory cortex by studying the “language” 89 

that neurons actually receive rather than simply the output that they generate [19, 25-28]. 90 

Synaptic dysfunction has been implicated in numerous psychological disorders, including schizophrenia 91 

[29, 30], bipolar disorder [29], ASD [31], and fragile X syndrome [32]. To ascertain exactly what role 92 

synapses play and what specific mechanisms might be causing or exacerbating these diseases, 93 

controlled experiments would need to be performed on the brain circuits of interest, testing which 94 

changes to synaptic function might push the network into a pathological state. Doing this in humans 95 

would pose significant problems, both technical and ethical. However, with a computational model that 96 

exhibits sufficient realism and scalability, such experiments become possible in large simulated 97 

networks, which could provide important insight into what sorts of targeted therapies to explore for 98 

treating these diseases. 99 
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The molecular simulator MCell can track the kinetics and interactions of thousands of molecules and 100 

ions in a three-dimensional model of the synapse, achieving a high degree of realism and elucidating 101 

how complex bimolecular systems may function in the absence of experimental interventions [33-102 

37].When properly constrained by experimental data, MCell will not only automatically reproduce 103 

observed features such as asynchronous vesicle release, facilitation, and depression in the probability of 104 

release [35], but it can also make surprising predictions that are later confirmed through experiment 105 

[38, 39]. However, it quickly becomes too computationally expensive to scale up to the many synapses 106 

that exist even in relatively simple neural circuits. 107 

The ultimate goal, therefore, is to develop a presynaptic model that captures realistic phenomenology 108 

while maintaining computational scalability. To that end, in this paper we develop a mathematical 109 

model that describes the phenomenology of presynaptic dynamics, using the MCell model of [35] as a 110 

reasonable approximation to ground truth. Our simplified model takes an arbitrary spike train and uses 111 

it to approximate the single-vesicle release rate histograms that would emerge from running an infinite 112 

number of MCell simulations, taking into account the facilitation in release rate of both synchronous and 113 

asynchronous release dynamics. The results are easily amenable to event-driven models, producing the 114 

generating distributions for temporally asynchronous vesicle release times with respect to arbitrary 115 

sequences of action potentials. Thus, it provides an avenue for large-scale simulations of spiking neural 116 

networks with many realistically performing synapses without incurring high computational costs, 117 

enabling investigations into how various presynaptic mechanisms can affect computation at the circuit 118 

level. 119 

  120 
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Results 121 

Ca2+-Evoked Dynamics of Vesicle Release 122 

Diffusion plays a key role in presynaptic processes. Simplified models of Ca2+-dependent presynaptic 123 

dynamics may assume that the axon terminal is locally well mixed, equivalent to saying that diffusion 124 

happens infinitely fast, at least relative to the spatial and temporal scales being studied. However, MCell 125 

allows one to add a spatial component to molecular simulations, which can account for certain 126 

phenomena that well mixed molecular kinetics models cannot capture [33, 34, 36]. To characterize the 127 

process of Ca2+-dependent neurotransmitter release, we based two models on the presynaptic model of 128 

[35]: a spatially explicit model implemented in MCell, and an equivalent “well-mixed” model. Both 129 

models contained voltage-dependent Ca2+ channels (VDCCs) that let Ca2+ ions into the presynaptic 130 

volume in response to an action potential stimulus, a calbindin (CB) buffer that moderated diffusion of 131 

the ions via its binding kinetics, and plasma membrane Ca2+-ATPase (PMCA) pumps that helped 132 

intracellular Ca2+ concentration return to equilibrium over time (see S1 Fig for state transition diagrams). 133 

However, the two models differed in that the MCell model relied heavily on diffusion of molecular 134 

species through space and discrete state transition events occurring over time, while the well-mixed 135 

model treated all molecular interactions as occurring within the same point in space and tracked 136 

continuous state probabilities over time (see Methods). 137 

Comparing these models, we found that the diffusion of Ca2+ and calbindin through the axonal volume 138 

affects both the timing and the probability of spike-evoked vesicle release, depending on the distance 139 

from the Ca2+ source. Fig 2 compares the well-mixed simulation without diffusion to the equivalent 140 

MCell simulations performed at multiple distances from the VDCC Ca2+ source. The shape of the Ca2+ 141 

transient measured in MCell displays marked qualitative differences from that obtained without 142 
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diffusion: Ca2+ sensors near the VDCC source see a much higher peak concentration with an extra 143 

component of decay immediately following the peak; those farther away progressively lose the fast 144 

peak until nothing is left but an extremely small distance-independent component. The extra 145 

component of the proximal Ca2+ curve, which does not appear in the well-mixed model, likely arises 146 

from local saturation in the nanodomains near the VDCC cluster, where the very high free [Ca2+]i 147 

temporarily saturates both the calbindin buffer and the PMCA pumps [40]. Farther out, the MCell model 148 

qualitatively matches the well-mixed model more closely, until at very large distances, the fast 149 

components almost completely disappear. The distance-independent components represent a sustained 150 

global elevation in [Ca2+]i that persists due to the excess Ca2+ that has yet to unbind from the calbindin 151 

buffer. The slowest component has a magnitude comparable to resting [Ca2+]i and a time constant of 152 

around 1 second. 153 

  154 
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 155 
Fig 2. Spatial Modeling of Spike-Evoked Ca2+ Transients. 156 

A: Ca2+ sensors (dark yellow through dark blue filled circles) at vesicle cluster centers, displaced linearly 157 
from cluster of Ca2+ channels (blue half-disk on the left); distance in μm, dn=0.160+0.105n for 158 
n∈{0,…,16}. B: [Ca2+]i measured over time in MCell (dark yellow through dark blue) and in the 159 
deterministic well-mixed model (maroon). MCell traces averaged from 2000 trials of MCell simulations 160 
with Δt=0.1 ms. Color transitions from yellow for vesicles proximal to the VDCC Ca2+ source to blue for 161 
vesicles far away, as in A. Proximally (distally) measured [Ca2+]i displays more (fewer) components of 162 
decay than are evident in the deterministic model. C: Logarithmic plots of peak [Ca2+]i (blue) and peak 163 
time (red) as a function of distance from Ca2+ source; peak [Ca2+]i drops off exponentially with distance 164 
from VDCC cluster; amplitude of latent Ca2+ dominates over the initial action-potential-evoked influx 165 
after 1.4 μm. 166 
 167 

One would expect the strength of spike-evoked neurotransmitter release to diminish with increasing 168 

distance from the Ca2+ source, where Ca2+ has more time to diffuse and bind to buffer molecules before 169 

reaching the sensor. In fact, numerous studies have found that vesicles of the readily releasable pool 170 

(RRP) fall into one of two subpopulations, depending on their physical location of vesicles within the 171 

synapse: vesicles located very near Ca2+ channels release quickly in response to spikes, while those 172 

farther away are more reluctant [41-44]. To explore how the release rate profiles vary with distance, we 173 
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established a linear array of Ca2+ sensors along the length of the model axon, with a cluster of 50 VDCCs 174 

arranged in a half-disk at one end (Fig 2 A). Reflective boundaries on the ends of a 2-μm tube effectively 175 

simulated the effects of having one cluster of 100 VDCCs every 4 μm, consistent with previous models of 176 

the Schaffer collateral axon [35, 45]. Running the model again for 2000 trials, with a single action 177 

potential stimulus applied at the beginning, we obtained Ca2+ traces measured at each point along the 178 

axon. For the first 1.4 μm, free Ca2+ from the initial influx dominated, and the peak concentration 179 

declined exponentially with distance (length constant 0.204 μm; Fig 2 C). Farther out, global 180 

accumulation and depletion of Ca2+ dominates, which, although spike-evoked, does not vary in 181 

magnitude with distance and acts over a much longer time scale and at a much lower level than most of 182 

the spike-triggered Ca2+. 183 

Running these simulations in MCell, rather than as a much simpler well-mixed model, was essential for 184 

capturing both distance-dependent effects and temporal features of the Ca2+ waveform. The well-mixed 185 

assumption, which ignores diffusion and treated all chemical processes as occurring at the same point in 186 

space, does not hold at the spatial and temporal scales of interest in the synapse [46, 47]. As seen in Fig 187 

2 C, peak Ca2+ dropped precipitously even over fractions of a micron away from the VDCC cluster, and 188 

the shape of the response changed dramatically over this same scale, transitioning from a 189 

predominantly synchronous to a predominantly asynchronous profile, even before the Ca2+ sensors 190 

started responding. These trends, elucidated by the spatial MCell model, were completely absent in the 191 

space-less well-mixed simulation (Fig 2 B, maroon line), even when all other aspects of the model 192 

remained the same, such as the number of VDCCs, calbindin buffer molecules, and PMCA pumps and 193 

the set of all state transitions for each molecular species (see Methods for details). Note also from Fig 2 194 

B that the transition in time from the fast synchronous component to the extended asynchronous 195 

component was much sharper in the case without space. The extra Ca2+ decay component arose from 196 
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local saturation effects. After the initial rapid influx, the calbindin buffer immediately around the VDCC 197 

cluster became saturated, causing the high free Ca2+ that remains to overwhelm the PMCA pumps’ 198 

ability to evacuate it from the area. The pumps removed it at a constant maximum rate, leading to a 199 

short linear decay only evident very near the VDCCs (yellow traces, S4 Fig A) or when all calbindin is 200 

removed from the simulation (S5 Fig B). Such effects did not appear in the well-mixed case because all 201 

buffer molecules and pumps were simultaneously available to all the free Ca2+, preventing any local 202 

saturation from occurring. Thus, in light of all these effects, the spatial MCell model was crucial for the 203 

task of properly characterizing the Ca2+ transient in the synapse. 204 

Although many more proteins are involved in coordinating release kinetics at active zones [14, 15, 44, 205 

48-52], for validation purposes we restrict the scope of this paper to the function of synaptotagmins. 206 

The model of synaptotagmin-mediated release used in our simulations followed the dual Ca2+-sensor 207 

model of Sun et al. [53], which includes mechanisms for both fast/synchronous and slow/asynchronous 208 

release. In excitatory hippocampal synapses, these synchronous and asynchronous modes of release 209 

may correspond to the roles of synaptotagmin-1 (Syt-1) and synaptotagmin-7 (Syt-7), respectively [54-210 

59]. The model incorporates cooperative binding of Ca2+ to multiple sites on the sensor, requiring five 211 

Ca2+ ions before triggering synchronous release and two Ca2+ ions for asynchronous release (see Fig 3). 212 

Because both binding and unbinding rates for the synchronous mechanism are substantially higher than 213 

those for the asynchronous mechanism, Syt-1 produces rapid release over a very narrow window 214 

relative to spike arrival time, while Syt-7 produces slow release over a much more extended window. 215 

Table 1 contains the values used in this model for Ca2+-binding and unbinding rates with each release 216 

mechanism, along with the rates of vesicle fusion from the fully bound states (𝛾𝑆  and 𝛾𝐴) and the time 217 

constant for the post-release refractory period (𝜀) [60, 61], which features in the Nadkarni et al. [35] 218 

MCell model. 219 
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 220 
Fig 3. Model of Ca2+-Evoked, Synaptotagmin-Mediated Neurotransmitter Release. 221 

A, B: Model adapted from Sun et al. [53]. γS and γA represent rates of vesicle fusion from the releasable 222 
states of the synchronous and asynchronous mechanisms, respectively. A: Ca2+-bound states for Syt-1 223 
(synchronous release); Sn indicates n Ca2+ ions bound to the synchronous release mechanism. B: Ca2+-224 
bound states for Syt-7 (asynchronous release); An indicates n Ca2+ ions bound to the asynchronous 225 
release mechanism. C, D: Action-potential-like stimulus delivered to model axon starting at 0 ms. 226 
Diffusion is assumed to be instantaneous, and molecular state probabilities are tracked deterministically 227 
over time. C: Free [Ca2+]i in response to single action potential. D: Instantaneous vesicle release rate in 228 
response to buffered Ca2+ from both synaptotagmin-mediated release mechanisms. 229 
 230 

Table 1. SNARE Release State Transition Parameters. 231 

Values taken from Nadkarni et al. [35], adapted from Sun et al. [53]. 232 

synchronous asynchronous other parameters 

𝒌𝑺+ 6.12 × 107  M−1s−1 𝒌𝑨+ 3.82 × 106  M−1s−1 𝒃 0.25 

𝒌𝑺− 2.32 × 103  s−1 𝒌𝑨− 13 s−1 𝜺 6.34 ms 

𝜸𝑺 6.0 × 103 s−1 𝜸𝑨 50 s−1   
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 233 

The MCell model, because it tracks thousands of individual particles through Markov chain Monte Carlo 234 

simulations [33, 34, 36], can both capture very realistic synaptic dynamics and uncover their underlying 235 

molecular causes, which would be difficult to obtain through other methods. Unfortunately, this realism 236 

can also obscure the patterns necessary for building simplified models. First, many processes, such as 237 

asynchronous or “mini” release events [62-64], occur slowly enough that many thousands or millions of 238 

simulated trials would be required to uncover precise functional descriptions, which could become 239 

computationally prohibitive. For instance, the histograms of synchronous release obtained from 2000 240 

trials of MCell in Fig 4 offer little information on spontaneous release from the Syt-1 mechanism 241 

between action potentials, and synchronous release far from the VDCC cluster (blue) hardly occurs at all. 242 

Second, the fact that vesicles deplete upon release hides how the instantaneous single-vesicle release 243 

rate actually changes with time. The tails of the release distributions fall off too quickly as vesicles are 244 

removed from the simulation over time, and any paired-pulse facilitation (PPF) in single-vesicle release 245 

probability is countered by the release-dependent depletion in the model (Fig 4 D). 246 
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 247 
Fig 4. Synchronous and Asynchronous Release in MCell. 248 

Color indicates distance from VDCC source, with yellow representing a nearby Ca2+ sensor and dark blue 249 
a distant one (as in Fig 2 A-B). Action-potential-like stimulus delivered at 0 ms (left), followed by another 250 
at 20 ms (center) and 100 ms (right). A: Spike-evoked Ca2+ traces that drive release. B: Synchronous 251 
release raster. C: Asynchronous release raster. D: Synchronous (tall, thin bars) and asynchronous (short, 252 
wide bars) release stacked histogram. Most synchronous releases happen close to the Ca2+ source; 253 
asynchronous releases distributed across all distances. 254 
 255 

The only way to avoid these depletion effects in MCell would be to run many millions of trials with a 256 

single vesicle to track how the vesicle’s alacrity for release fluctuates with the Ca2+ history detected at its 257 
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position. For these reasons, we decided not to depend on the release histograms generated by many 258 

trials of MCell for building a phenomenological model. Instead, we used the Ca2+ traces generated by 259 

MCell, which do not suffer from the aforementioned problems, to drive deterministic simulations of the 260 

SNARE state probability dynamics (as described in Methods), effectively producing what an infinite 261 

number of trials would produce in MCell with the same Ca2+ data. Thus, using the deterministic release 262 

rates driven by the stochastic MCell Ca2+ data balances the necessary realism of MCell with the 263 

smoothness and insights required for designing a versatile phenomenological model. 264 

Reducing from Molecular Simulations to Phenomenological Model 265 

By driving a deterministic simulation of SNARE dynamics with the [Ca2+]i waveform obtained from MCell, 266 

one can see that each release mechanism induces vesicle fusion with a histogram that essentially 267 

follows a multi-exponential form (Fig 5). The release rate profiles (𝑟(𝑡), where 𝑟 ∈ {𝑆, 𝐴} may refer to 268 

synchronous or asynchronous release rate) rise quickly from baseline after the spike and decay with 269 

several exponential components, approximated as 270 

 𝑟(𝑡) = 𝑟0 +∑
𝑃𝑐
𝜏𝑐
e−𝑡 𝜏𝑐⁄ u(𝑡)

𝑁

𝑐=1

, (1) 

where 𝑟0 is the spontaneous release rate (related to “mini”-EPSCs [63-65]; 𝑆0 = 5.70 × 10
−9ms−1; 271 

𝐴0 = 1.84 × 10
−5ms−1), 𝑡 is the time since the last spike, u(𝑡) is the Heaviside step function (so that 272 

release occurs only for 𝑡 ≥ 0), 𝑁 is the number of exponential decay components, 𝜏𝑐  are the time 273 

constants of exponential decay, and 𝑃𝑐  are the expected number of releases from each component for a 274 

single vesicle. Note that because the release rate profile is not a probability distribution, but rather it 275 

represents the instantaneous rate of release conditioned on having not released yet (see Methods), its 276 

integral 𝑃𝑐  can potentially exceed one (just as the integral over the spontaneous component 𝑟0 for 277 

𝑡 = 0…∞ is infinite). The probability that the exponential component causes release at any point in 278 
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time, ignoring the other components, is 𝑝𝑟𝑐 = 1 − exp(−𝑃𝑐) (and the integrated release probability for 279 

the spontaneous component is 𝑝𝑟0 = 1 − exp(−∞) = 1). The existence of multiple exponential 280 

components is apparent from the linear segments visible in log-linear space for synchronous and 281 

asynchronous release rates in Fig 5 B. To calculate the time constants of exponential decay (Fig 5 C), we 282 

used the slope of the logarithm of the release rate curve according to 283 

 𝜏(𝑡) = −(
d

d𝑡
[ln(𝑟∗(𝑡) − 𝑟∗(0))])

−1

, (2) 

where 𝜏(𝑡) is the instantaneous time constant and 𝑟∗(𝑡) is the observed instantaneous release rate. We 284 

used the well-mixed model for the derivative calculation because it had no noise in the release rate 285 

profiles. 286 

 287 

  288 
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 289 
Fig 5. Multi-Exponential Shape of Ca2+-Driven Vesicle Release Rate. 290 

A, B: Plots given as semi-log to highlight exponential decay components (straight line segments of 291 
profiles). A: A single, spike-evoked [Ca2+]i transient, which drives B: the synchronous and asynchronous 292 
release rates. C: Instantaneous time constants for Ca2+, synchronous, and asynchronous curves, 293 
calculated from the well-mixed model (see Eq (2)). Long release rate time constants (around 80 ms and 294 
1000 ms; dashed lines) follow Ca2+ curve due to slow un-buffering of latent Ca2+. Asynchronous starts 295 
high because fast and slow components have comparable magnitude and become conflated; it goes up 296 
to infinity where additive effects cause the curve to flatten. 297 
 298 

Most of the Ca2+ that enters the axon following an action potential quickly binds with the calbindin 299 

buffer before diffusing to the SNARE complex, causing a narrow spike in the free [Ca2+]i available to the 300 

release mechanism. Therefore, most of the spike-evoked release occurs in response to this narrow 301 

window of influx. To test how each release mechanism responds to transient Ca2+ spikes, we supplied an 302 

instantaneous burst of Ca2+ to a single time step of the deterministic model, allowing us to measure the 303 

impulse-response function. These simulations were repeated for various resting Ca2+ levels ([Ca2+]i0), 304 

ranging from 0 to 10 μM, to see how the presence of Ca2+ at equilibrium affects the response to spike-305 
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evoked transients. As Fig 6 shows, when there is no resting [Ca2+]i, the rate of release for both 306 

synchronous and asynchronous mechanisms rises quickly in response to a sudden influx before dropping 307 

exponentially with a single exponential component (black). However, when [Ca2+]i0 settles at some level 308 

greater than zero, an extra exponential component emerges for both mechanisms (blue and red lines). 309 

The exponential decay time constants seem to be mostly independent of resting [Ca2+]i0 at low levels, 310 

but they drop off more quickly as spontaneous release rates begin to overtake the spike-evoked rates at 311 

high concentrations. The extra component emerges as a result of the back-and-forth Ca2+-binding and 312 

unbinding processes, where finite baseline [Ca2+]i0 likely provides a “floor” to “bounce off of” in terms of 313 

the number of Ca2+ ions bound to the release mechanism. Note, however, that even though it depends 314 

on equilibrium [Ca2+]i0, this secondary release component is still purely spike-evoked and arises due to 315 

the nonlinearity of the system. The baseline rate 𝑟∗(0) was subtracted off to ensure that the function 316 

approached zero prior to taking the logarithm (dotted lines). Time constants in Fig 6 C were calculated 317 

using Eq (2). 318 
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 319 
Fig 6. Synchronous and Asynchronous Release Rates in Response to Ca2+ Impulse at 320 

Different Resting Concentrations. 321 

Instantaneous impulse of Ca2+ delivered at 10 ms. Solid lines represent true release rate; dotted lines 322 
have spontaneous rates subtracted off to show secondary exponential components. Black lines show 323 
release rate decaying with a single exponential component with no baseline [Ca2+]i. For other curves, 324 
[Ca2+]i0 ranges from 0.001 μM to 10 μM. A: Synchronous release rate over time: S(t). B: Asynchronous 325 
release rate over time: A(t). C: Instantaneous release rate decay time constants for synchronous and 326 
asynchronous mechanisms. Fast components (lower blue and red lines) determined from profiles with 327 
[Ca2+]i0=0 (black lines in A and B). Slower components (upper blue and red curves) determined from 328 
cases with small [Ca2+]i0. 329 
 330 

From the above, it would seem that each mechanism should have three components to its release 331 

histogram: a constant spontaneous rate that increases with [Ca2+]i0, a fast exponential component that 332 

acts in response to an impulse of spike-evoked Ca2+, and a slower spike-evoked component that results 333 
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from a “rebound” interaction with the Ca2+ floor. However, the profiles of the release rate histograms 334 

display more complexity than this, which will be discussed in more detail below. Significantly, [Ca2+]i 335 

does not drop instantly to baseline after the initial influx, but some leftover Ca2+ continues to have a 336 

small effect over a long time window as it slowly unbinds from the calbindin buffer (see S5 Fig). This 337 

allows a small but noticeably enhanced rate of release efficacy to continue out to hundreds or 338 

thousands of milliseconds before returning fully to baseline (within noise). Fig 5 C shows the effect that 339 

this latent Ca2+ has on producing longer time constants in the decay of the release rate profiles, using 340 

the smooth curves obtained from the well-mixed model. 341 

Of course, neurotransmitter release cannot begin at exactly the moment of the spike, both because the 342 

action potential itself is not an instantaneous process and because it takes finite time for Ca2+ to diffuse 343 

from the VDCC source, through the buffer, to the Ca2+ sensor in the SNARE complex. MCell represents 344 

this complex process with a Markov chain Monte Carlo method (MCMC). Because of this, the release 345 

process cannot begin until the spike-evoked Ca2+ arrives, which time may vary randomly relative to the 346 

timing of the spike. Thus, the process of buffered diffusion acts as a temporal filter on the release 347 

dynamics, transforming the equation of release to 348 

 𝑟(𝑡) = 𝑟0 +∑
𝑃𝑐
𝜏𝑐
(e−𝑡 𝜏𝑐⁄ u(𝑡))

𝑁

𝑐=1

∗ 𝑎(𝑡; 𝑘𝑐 , 𝜇𝑐 , 𝜎𝑐), (3) 

where 𝑎(⋅) is the temporal filter and 𝑘𝑐, 𝜇𝑐, and 𝜎𝑐  are parameters to be discussed below. The 349 

convolution operation effectively smears the start time of the average release profile in a way that 350 

accounts for random temporal jitter across trials. 351 

Importantly, the release-start-time filter 𝑎(⋅) must integrate to one over all real numbers. That way, it 352 

does not affect the probability of release, only its timing. The temporal filter chosen is an ex-Gaussian 353 
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distribution, resulting from the convolution of an exponential distribution of rate 𝑘 with a normal 354 

distribution of mean 𝜇 and standard deviation 𝜎: 355 

 

𝑎(𝑡; 𝑘, 𝜇, 𝜎) = (𝑘e−𝑘𝑡u(𝑡)) ∗ (
1

𝜎√2𝜋
𝑒
−
(𝑡−𝜇)2

2𝜎2 ) 

= ∫ 𝑘e−𝑘(𝑡−𝑡
′)

1

𝜎√2𝜋
𝑒
−
(𝑡′−𝜇)

2

2𝜎2 d𝑡′
𝑡

−∞

 

= 𝑘e
−𝑘(𝑡−(𝜇+

𝜎2

2 𝑘))Φ(
𝑡 − (𝜇 + 𝜎2𝑘)

𝜎
), 

(4) 

where Φ(⋅) represents the CDF of the zero-mean, unit-variance normal distribution. In the limit where 356 

𝜎 → 0, this CDF simply becomes the shifted Heaviside step function u(𝑡 − 𝜇), and 𝑎(𝑡; 𝑘, 𝜇, 𝜎) →357 

𝑘e−𝑘(𝑡−𝜇)u(𝑡 − 𝜇), which is just a rightward shift in time of the exponential distribution by 𝜇. The values 358 

of 𝜇 and 𝜎 result from the sum of the delays caused by numerous random processes, including the 359 

timing of Ca2+ entry relative to the spike, the accumulation of collision events during Brownian motion, 360 

and the binding/unbinding events with the calbindin buffer and SNARE complex. Assuming that the 361 

individual events of the buffered diffusion process are numerous and similar enough for a given spike, 362 

the central limit theorem states that the sum of their delays should approximate a normal distribution 363 

[66]. The value of 𝑘 represents the rate of some limiting step in the process of buffered diffusion, and it 364 

slows with increasing distance between the VDCC source and the Ca2+ sensor in the SNARE complex. 365 

Keep in mind that these parameters constitute only a phenomenological approximation to the exact 366 

filter, but they work well enough for the purposes of this paper. 367 

For an event-driven model, which this paper is working towards, the convolutional operation can be 368 

implemented by sampling a normally distributed random number (with mean and standard deviation μc 369 

and σc) and an exponentially distributed random number (with rate kc) and adding them to the spike 370 

time to determine the start time for the release response. In other words, combine the spike time with 371 
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an ex-Gaussian random delay to determine when the release component begins to respond to the spike, 372 

following Eq (1). In aggregate, across many trials with the same spike time, the release histogram will 373 

approach Eq (3). 374 

With the mathematical description of the release rate profiles in mind, we ran a fitting algorithm (see 375 

Methods) to determine the values of the parameters for each profile. Initially, we used release profiles 376 

driven by Ca2+ measured at 400 nm from the cluster of 100 VDCCs, which provides a physiologically 377 

realistic probability of release for a single vesicle (around 0.04) [67]. The synchronous release 378 

mechanism exhibits more exponential decay components in its release rate histogram than does the 379 

asynchronous mechanism (4 versus 3), likely because it has more Ca2+ binding sites (5 versus 2) and 380 

because it operates on a faster time scale. Fig 7 shows how the fitted parametric release profiles match 381 

the simulated release profiles to within noise across multiple orders of magnitude; the noise in the 382 

simulated profiles was due to fluctuations in [Ca2+] at the Ca2+ sensor. Table 2 lists the values of the best-383 

fit profile parameters. 384 

  385 
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 386 
Fig 7. Fitted Release Rate Histogram Profiles for a Single Spike. 387 

Parameter values given in Table 2. A: Synchronous release rate: true histogram (blue) with estimated 388 
histogram (black). B: Asynchronous release rate: true histogram (red) with estimated histogram (black). 389 
 390 

Table 2. Spike-Evoked Release Rate Parameters. 391 

Parameter values calculated for a single spike following a period of low activity. Valid for Ca2+-sensitive 392 
synchronous and asynchronous release mechanisms located 400 nm from a cluster of 100 VDCCs. 393 

component 𝑷 𝝉 𝒌 𝝁 𝝈 

𝑺𝟏 0.0175 0.163 ms 1.79 ms-1 3.41 ms 0.168 ms 

𝑺𝟐 0.0220 6.50 ms 18.0 ms-1 3.56 ms 0.0977 ms 

𝑺𝟑 1.70×10-5 80.0 ms 0.526 ms-1 10.0 ms 4.44 ms 

𝑺𝟒 1.10×10-5 1000 ms 0.142 ms-1 50.0 ms 11.5 ms 

𝑨𝟏 3.72×10-3 17.7 ms 1.60 ms-1 3.05 ms 0.243 ms 

𝑨𝟐 0.0111 76.9 ms 0.0759 ms-1 4.00 ms 1.14 ms 

𝑨𝟑 0.0136 1000 ms 0.0337 ms-1 76.5 ms 21.9 ms 

 394 

Keep in mind that the 𝜇 values are somewhat arbitrary in that they depend on exactly when during the 395 

action potential that the spike time is taken to occur. Action potential waveforms last a couple of 396 
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milliseconds (see S2 Fig) [68]; the values for 𝜇 above used a point on the action potential waveform 397 

immediately prior to the rising phase as the spike time. Using the peak of the action potential would 398 

take away about 2 ms from all values of 𝜇. Again, the time point along the action potential where the 399 

spike is counted is arbitrary, but it must be consistent across all components. 400 

Combining Release Profiles for Multiple Spikes 401 

Having established the shape of the release profile for a single spike, we considered how the release 402 

profiles of multiple spikes in a train would combine. Consider first the case of two spike times, ts1 and ts2 403 

(where ts2 > ts1). After the first spike, the release mechanism will respond to a Ca2+ influx after some 404 

delay with the release profile of Eq (1) shifted in time by tCa1, where the delay between the spike time 405 

and the arrival of the Ca2+ influx is distributed according to the ex-Gaussian temporal delay filter: 406 

 𝑡𝐶𝑎1 − 𝑡𝑠1~𝑎(𝑡 − 𝑡𝑠1; 𝑘, 𝜇, 𝜎). (5) 

Fig 8 A-C shows visually how this temporal delay filter affects a given release profile component. 407 
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 408 
Fig 8. Convolutional Filter Applied to a Component of a Release Rate Function. 409 

Toy model with P=5, τ=10 ms, k=0.5 ms–1, μ=5 ms, and σ=1 ms. A: Unfiltered release rate component. B: 410 
MCMC ex-Gaussian filter shape. C: Filtered release profile produced by convolving the release rate 411 
profile with the temporal delay filter. D-F: Release rates in response to spike trains without applying 412 
delay filter. G-I: Release rates in response to spike trains with delay filter applied. D,G: Response to one 413 
spike. E,H: Response to two spikes. F,I: Response to multiple spikes. Dotted lines show how the 414 
histogram of response to one spike falls off with interference from the response to the following spike. 415 
Spike times at 0, 15, 20, 30, and 50 ms. 416 
 417 

When the second spike arrives at the release site, the VDCCs produce another influx of Ca2+ that can 418 

again propagate to the SNARE complex, building on the Ca2+ from the first spike. The buffered diffusion 419 

again involves an ex-Gaussian-distributed delay, after which the release mechanism starts responding to 420 
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the second spike at time tCa2. With a future event-driven simulator in mind, we treated the arrival of Ca2+ 421 

from the second spike as a transition point between release-time generating functions. That is, the 422 

synapse stops generating release times in response to the first spike (whose release profile was shifted 423 

by tCa1) and starts generating release times in response to the second spike (with a release profile shifted 424 

by tCa2), according to 425 

 

𝑟(𝑡; {𝑡𝐶𝑎1, 𝑡𝐶𝑎2}) = 𝑟0 +∑
𝑃𝑐
𝜏𝑐
e−(𝑡−𝑡𝐶𝑎1) 𝜏𝑐⁄

𝑁

𝑐=1

u(𝑡 − 𝑡𝐶𝑎1)(1 − u(𝑡 − 𝑡𝐶𝑎2)) 

                                          +∑
𝑃𝑐
𝜏𝑐
e−(𝑡−𝑡𝐶𝑎2) 𝜏𝑐⁄

𝑁

𝑐=1

u(𝑡 − 𝑡𝐶𝑎2) 

= 𝑟(𝑡 − 𝑡𝐶𝑎1)(1 − u(𝑡 − 𝑡𝐶𝑎2)) + 𝑟(𝑡 − 𝑡𝐶𝑎2), 

(6) 

where r(t) is the unfiltered release profile from Eq (1). Notice that Eq (6) does not account for facilitation 426 

yet. In this section, we focus on the interaction of individual spikes’ release profiles, reserving the 427 

discussion of facilitation for the next section. For a spike train with an arbitrary number of spikes, this 428 

becomes 429 

 𝑟(𝑡;𝓣𝑪𝒂) = ∑

(

 
 
𝑟(𝑡 − 𝑡𝐶𝑎𝑖) ∏ (1 − u(𝑡 − 𝑡𝐶𝑎𝑗))

𝑡𝐶𝑎𝑗∈𝓣𝑪𝒂
𝑡𝐶𝑎𝑗>𝑡𝐶𝑎𝑖 )

 
 

𝑡𝐶𝑎𝑖∈𝓣𝑪𝒂

, (7) 

where 𝓣𝑪𝒂 = {𝑡𝐶𝑎1, 𝑡𝐶𝑎2, … } is the set of all Ca2+ arrival times, each resulting from the combination of a 430 

spike time with an ex-Gaussian-distributed delay. Fig 8 D-F shows what these profiles should look like for 431 

a certain set of parameters in response to various spike trains. 432 

While the above formulation relies on fixed delay times, an event-driven simulator will need to sample 433 

new delay times on every trial for a given spike train, as well as different delay times for each release 434 

component. Therefore, we calculated the probability 𝐷𝑐(𝑡) that the Ca2+ sensor has begun responding 435 
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to the Ca2+ from the latest spike for release component 𝑐, allowing for a gradual switch from one spike-436 

evoked release profile to the next, taking into account the variation of delay among all possible trials. 437 

For two spike times, 𝑡𝑠1 < 𝑡𝑠2, the net release profile for each component of Eq (6) becomes 438 

 𝑟𝑐(𝑡; {𝑡𝑠1, 𝑡𝑠2}) = 𝑟𝑐(𝑡 − 𝑡𝑠1)(1 − 𝐷𝑐(𝑡 − 𝑡𝑠2)) + 𝑟𝑐(𝑡 − 𝑡𝑠2). (8) 

In other words, the response to the first spike is cut short after the second spike by 𝐷𝑐(⋅) to give way to 439 

the new release response. And every time another spike arrives, it decreases the probability of release 440 

relative to the first spike multiplicatively, such that each component of Eq (7) becomes 441 

 𝑟𝑐(𝑡; 𝓣𝑺) = ∑

(

 
 
𝑟𝑐(𝑡 − 𝑡𝑠𝑖) ∏ (1 − 𝐷𝑐(𝑡 − 𝑡𝑠𝑗))

𝑡𝑠𝑗∈𝓣𝑺
𝑡𝑠𝑗>𝑡𝑠𝑖 )

 
 

𝑡𝑠𝑖∈𝓣𝑺

, (9) 

where 𝓣𝑺 = {𝑡𝑠1, 𝑡𝑠2, … } is now the set of all spike times. 442 

Because this formulation now uses spike times rather than delayed Ca2+ arrival times, the step functions 443 

u(t–tCaj) of Eq (6) and (7) have been smeared out in time by the temporal delay filter of Eq (4) to become 444 

Dc(t–tsj). Assuming the latest spike arrives at t=0, Dc(t) is simply the cumulative distribution of the 445 

temporal delay filter: 446 

 

𝐷𝑐(𝑡) = ∫ 𝑎(𝑡; 𝑘𝑐 , 𝜇𝑐, 𝜎𝑐)d𝑡
𝑡

−∞

 

= Φ (
𝑡 − 𝜇𝑐
𝜎𝑐

) − e
−𝑘𝑐(𝑡−(𝜇𝑐+

𝜎𝑐
2

2 𝑘𝑐))

Φ(
𝑡 − (𝜇𝑐 + 𝜎𝑐

2𝑘𝑐)

𝜎𝑐
). 

(10) 

More intuitively, by letting 𝜎𝑐 → 0, the Gaussian component becomes a delta function, and the first-447 

release distribution function above becomes much more simply 448 

 𝐷𝑐(𝑡) = (1 − e
−𝑘𝑐(𝑡−𝜇𝑐))u(𝑡 − 𝜇𝑐). (11) 
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Thus, after the second spike, the histogram of releases from the first spike drops off exponentially, while 449 

those due to the second spike rise and fall as for the first spike. When 𝜎𝑐  is small relative to the median 450 

interspike interval, third spikes have an almost imperceptible effect at cutting the first profile short 451 

relative to the second spike’s effect. Fig 8 G-I shows how this transition works in response to the same 452 

spike trains as in Fig 8 D-F. 453 

 Characterizing Facilitation in Vesicle Release Rates 454 

The discussion above has focused on the release response of a single vesicle with a constant probability 455 

of release across spikes. However, many synapses display a facilitation in release probability from one 456 

spike to another [20, 60, 69-73]. This results both from an accumulation of Ca2+ in the presynaptic space 457 

[69] and from a stochastic accumulation of Ca2+ on the sensor (Syt) of the SNARE complex. Simulations 458 

with the MCell model demonstrate how nonlinear binding cooperativity in the Ca2+ sensors induces 459 

facilitation in excess of what would be expected from cytoplasmic Ca2+ buildup alone (S9 Fig). This 460 

happens because on some trials, Ca2+ accumulates on the sensor, not enough to trigger vesicle fusion on 461 

the first spike, but enough to increase the probability of reaching the releasable state after subsequent 462 

spikes. As can be seen in S8 Fig, Ca2+ entry from one AP can predispose the distribution of bound states 463 

of the sensor to trigger release with greater alacrity on subsequent spikes. 464 

Furthermore, the level of facilitation depends to some extent on the full history of spiking activity in the 465 

synapse. In the simplest case, the probability of release on one spike should depend only on the 466 

probability for the previous spike and on the time since the previous spike. However, the level of 467 

facilitation is not a simple function of the most recent activity but depends on the rate of stimulation 468 

prior to the last spike. To explore the space of facilitation dynamics more fully, we applied spike trains 469 

with spike ramps of different rates and durations, to see how quickly facilitation builds up, followed by 470 

.CC-BY-NC-ND 4.0 International licenseavailable under a
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprint (whichthis version posted April 18, 2021. ; https://doi.org/10.1101/2021.04.16.440229doi: bioRxiv preprint 

https://doi.org/10.1101/2021.04.16.440229
http://creativecommons.org/licenses/by-nc-nd/4.0/


29 

 

single probe spikes at increasing interspike intervals (ISI), to see how quickly it decays back to baseline 471 

(see Methods). Fig 9 shows examples of how these different spike trains affect the rates of synchronous 472 

and asynchronous release. 473 

 474 
Fig 9. Empirical Facilitation in Synchronous and Asynchronous Release Rates.  475 

Synchronous release rate shown in blue; asynchronous shown in red. Dark colors represent initial spike 476 
ramp (common to all traces on a plot); light colors represent single probe spikes from different 477 
simulations. Associated Ca2+ traces omitted for clarity. A: PPF decays with increasing ISI (probe ISIs of 2, 478 
5, 10, 20, 50, 100, 200 ms). B: 5-spike ramp with a 5-ms ISI shows strong facilitation. C: 5-spike ramp 479 
with a 20-ms ISI shows weaker facilitation. Note the change in scale from A to B and C. 480 
 481 
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Facilitation does not affect all components of release equally. Therefore, we derived a general 482 

facilitation function 𝐹𝑐(⋅) that affects each release component 𝑐 independently. The area under the 483 

curve of each component of the release rate profile (see Eq (1) and (3)) depends on the facilitation 484 

factor according to 485 

 𝑃𝑐(𝑛) = 𝑃𝑐0 ⋅ 𝐹𝑐(𝑛), (12) 

where 𝑃𝑐0 is the baseline value and 𝑛 is the index of the current spike. To ensure that the function works 486 

for arbitrary spike trains, the factor 𝐹𝑐(𝑛) needs both to grow somehow from spike to spike and to 487 

decay back toward one for large ISIs. This growth can happen in a highly nonlinear fashion, so to account 488 

for this, we take 𝐹𝑐(𝑛) to be a nonlinear combination of linear facilitation factors 𝑓𝑐𝑖(𝑛) such that 489 

 𝐹𝑐(𝑛) =∏ 𝑓𝑐𝑖(𝑛)
𝜉𝑐𝑖

𝑀𝑐

𝑖=1
, (13) 

where 𝑀𝑐 represents the number of facilitation components (either one or two for all functions 490 

explored below), and 𝜉𝑐𝑖  represents the nonlinearity applied to facilitation component 𝑖 of release 491 

component 𝑐. Each 𝑓𝑐𝑖(𝑛) accounts for some aspect of the internal state of the SNARE complex, in terms 492 

of how the expected number of Ca2+ ions bound changes with time, that helps determine the probability 493 

of release on subsequent spikes. 494 

In the simplest case, each 𝑓𝑐𝑖(𝑛) would decay exponentially from its previous value 𝑓𝑐𝑖(𝑛 − 1) before 495 

incrementing by one: 496 

 𝑓𝑐𝑖(𝑛) = 𝑓𝑐𝑖(𝑛 − 1)e
−Δ𝑡 𝜏𝑐𝑖⁄ + 1, (14) 

where Δ𝑡 is the delay from the previous spike to the current one. The increment of one is meant to 497 

account for the influx of about the same amount of Ca2+ during each action potential. This formulation 498 

ensures that even after infinitely long intervals, the facilitation factor will equal a value no less than 499 
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𝐹𝑐(0) = 1, allowing the release components to return to their baseline values of 𝑃𝑐 = 𝑃𝑐0 during long 500 

periods of inactivity, as expected. 501 

However, this formula implies that for an infinitely fast rate of stimulation, 𝑓𝑐𝑖(𝑛) could grow toward 502 

infinity, producing an infinitely fast rate of release, all of which are impossible. More realistically, there 503 

should exist some finite saturation level, 𝐿𝑐𝑖, such that the facilitation function could never theoretically 504 

exceed 505 

 𝐹𝑐(∞) =∏ 𝐿𝑐𝑖
𝑀𝑐

𝑖=1
. (15) 

The value of this upper limit is constrained by the rates of vesicle fusion from the fully bound states of 506 

the SNARE complex (𝛾𝑆  and 𝛾𝐴 in Table 1) and by the maximum level of Ca2+ buildup in the presynaptic 507 

space. When facilitation is still well below this level, it should continue to increment by approximately 508 

one on every spike, but this increment should fall to zero quickly enough that facilitation never exceeds 509 

saturation. Setting a maximum number of equal-sized steps to saturation for each component, 510 

𝑁𝑐𝑖 = 𝐿𝑐𝑖
1 𝜉𝑐𝑖⁄

, the value of 𝑓𝑐𝑖(𝑛) becomes 511 

 
𝑓𝑐𝑖(𝑛) = 𝑓𝑐𝑖(𝑛 − 1)e

−Δ𝑡 𝜏𝑐𝑖⁄ + 1 − (
𝑓𝑐𝑖(𝑛 − 1)e

−Δ𝑡 𝜏𝑐𝑖⁄

𝑁𝑐𝑖
)

𝑁𝑐𝑖

. 
(16) 

The new term subtracted off at the end ensures that 𝑓𝑐𝑖(𝑛) never exceeds 𝑁𝑐𝑖 , just as Ca2+ cannot 512 

accumulate to infinite concentrations but is limited by the electrochemical gradient across the cell 513 

membrane [74]. An alternative would be simply to set 𝑓𝑐𝑖(𝑛) = 𝑁𝑐𝑖  whenever a step size of one would 514 

cause it to exceed this limit, but the formula in Eq (16) allows for a smoother approach. 515 

With the model for facilitation established, we sought to fit it to the empirical changes observed in 516 

release rate for complex spike trains. For simplicity, we took facilitation to apply only to the 𝑃𝑐  517 

parameters, which control for the magnitude of each release component, although in principle the 518 
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parameters of the temporal filter (𝑘𝑐, 𝜇𝑐, and 𝜎𝑐) might also increase (𝜉𝑐𝑖 > 0) or decrease (𝜉𝑐𝑖 < 0) 519 

with spike history. As discussed in Methods, we explored 136 unique spike trains for how both spike rate 520 

(along the spike ramp) and ISI (of the probe spike) affect the release rate in response to the last spike. 521 

For the fitting algorithm, we used a simplex method for gradient descent, since the derivatives of the 522 

error function are difficult to compute (see Methods). The values of the 𝑃𝑐  parameters were allowed to 523 

vary within bounds, while the profile time constants and the temporal filter parameters were held 524 

constant. The best-fit set of values for 𝑃𝑐  were found for the spike-response profile at the end of each 525 

spike train, after which the meta-parameters of the facilitation functions could be fitted to the patterns 526 

in 𝑃𝑐. Fig 10 A shows some examples of fitted release rate functions fit to baseline (blue) and facilitated 527 

(yellow) profiles. Fig 10 B depicts how release magnitudes varied for the release magnitude components 528 

(first (𝑃𝑆1) and third (𝑃𝑆3) components of synchronous release and first component (𝑃𝐴1) of 529 

asynchronous release) across all 136 facilitation spike trains (see S10 Fig for a depiction of how stimulus 530 

cases are ordered). 531 
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 532 
Fig 10. Release Rate Parameters and Facilitation Metaparameters Fitted to Empirical 533 

Histogram Profiles. 534 

A: Synchronous and asynchronous profiles fitted for baseline (un-facilitated) case, and for highly 535 
facilitated case (probe spike 5 ms after 5-spike ramp of 5-ms ISIs). B, C: Release fidelity values fitted 536 
case-by-case (dark colors) overlaid with predictions from best-fit facilitation functions (light colors) for 537 
synchronous (B) and asynchronous (C) components. 538 
 539 
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Through trial-and-error, we found that the two components of synchronous release with the fastest 540 

time constants, along with the fastest component of asynchronous release, each required two 541 

facilitation components to explain their patterns of change from case to case. The synchronous and 542 

asynchronous release components with “medium” time constants (each close to 80 ms) could each be 543 

fitted with a single facilitation component. The slowest release components, with time constants of 544 

1000 ms due to latent [Ca2+]i released from the buffer (see Fig 5 C), were constrained not to facilitate, 545 

since changes in these components seemed to have a negligible effect on fitting error. Table 3 records 546 

the facilitation meta-parameters obtained from the fits, along with the baseline values for release 547 

fidelity for each component (𝑃0). During each step of the fitting algorithm, these metaparameters were 548 

used to generate predictions for the state of facilitation across all 136 spike-train cases, and error was 549 

calculated as the fraction of the variance of the “true” release fidelity values unexplained by the 550 

predicted pattern (S12 Fig; see Methods). 551 

  552 
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Table 3. Metaparameters for Facilitation of Release Fidelity.  553 

First column shows baseline magnitudes of integrated release rate, duplicated from Table 2. First and 554 
second components of synchronous release and first component of asynchronous release facilitate with 555 
two time constants each. Smallest component of both release mechanisms does not facilitate. P0 is 556 
integrated release rate for the un-facilitated case (baseline), τ is the time constant of decay for each 557 
facilitation component, N is the number of linear facilitation steps to saturation, ξ is the nonlinearity 558 
parameter, and L is the maximum facilitation factor contributed by each component. Valid for Ca2+-559 
sensitive synchronous and asynchronous release mechanisms located 400 nm from a cluster of 100 560 
VDCCs. 561 

component 𝑷𝟎 𝝉 𝑵 𝝃 𝑳 = 𝑵𝝃 

𝑺𝟏𝟏 
0.0175 

95.9 ms 7.00 1.27 11.8 

𝑺𝟏𝟐 7.66 ms 2.32 2.93 11.8 

𝑺𝟐𝟏 
0.0220 

13.1 ms 10.0 1.23 17.0 

𝑺𝟐𝟐 114 ms 17.6 1.68 125 

𝑺𝟑 1.70×10-5 199 ms 12.5 2.67 846 

𝑺𝟒 1.10×10-5 – 1 0 1 

𝑨𝟏𝟏 
3.72×10-3 

141 ms 12.2 1.48 40.0 

𝑨𝟏𝟐 17.2 ms 12.5 0.996 12.4 

𝑨𝟐 0.0111 126 ms 12.1 1.67 64.4 

𝑨𝟑 0.0136 – 1 0 1 

 562 

Discussion 563 

Advantages and Limiting Assumptions of Treating MCell as Ground Truth 564 

Basing the new model on MCell has distinct advantages over biological experiments in terms of both 565 

flexibility and precision when it comes to model validation. As an example, estimates of [Ca2+]i in 566 

neurons obtained from fluorescent reporters in physiological experiments may provide accurate 567 
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estimates of slow (tens of milliseconds) Ca2+ transients [75, 76], but the buffering kinetics of the calcium 568 

reporters can act as a low-pass filter, obscuring the faster (0-5 milliseconds) components of Ca2+ 569 

dynamics [37]. Molecular simulations like MCell, on the other hand, can capture these fast transients, 570 

since they track every particle, which may be crucial for correctly modeling fast, Ca2+-dependent 571 

synaptic processes like synchronous vesicular release of neurotransmitter [65] (see Figure 6 from [37]). 572 

Furthermore, neurotransmitter release may occur asynchronously with respect to the arrival time of 573 

action potentials, following some time-dependent distribution [65]. Experimental methods for 574 

determining release rate would offer far less control of presynaptic conditions over the number of trials 575 

that would be required to tease out the same resolution of detail as is possible with controlled 576 

simulations. Therefore, we chose to constrain ourselves to validating the model developed in this paper 577 

against an MCell model, which has itself been validated already against hippocampal Schaffer collateral 578 

synapses [35]. 579 

However, this approach is limited on several levels. First, it assumes that MCell can correctly replicate 580 

the dynamics of diffusion and molecular interactions of biophysical systems through its Markov chain 581 

Monte Carlo framework [33, 34, 36]. Second, it assumes that the molecular kinetics of the included 582 

species match their true kinetics. Finally, it assumes that the molecular species and biological systems 583 

modelled are the only ones present in the presynaptic compartment, or at least that any other systems 584 

would produce only negligible changes to the phenomenology of the synapse. MCell has been 585 

sufficiently well validated to satisfy the first assumption [36], at least for the temporal and spatial scales 586 

of interest here (hundreds of microseconds and several microns). 587 

The second assumption is valid insofar as the molecular models used by MCell correctly represent 588 

reality, both in terms of the molecular state diagrams and in terms of the binding and interaction 589 
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kinetics reported by other groups: Sun et al. [53] for the descriptions of Ca2+-driven SNARE kinetics for 590 

vesicular release; Bischofberger et al. [68] for the VDCC dynamics for spike-evoked Ca2+ influx; Nägerl et 591 

al. [77] for the high- and medium-affinity sites of the calbindin Ca2+ buffer; and Sneyd et al. [78] for the 592 

kinetics of the PMCA pumps. The state diagrams and kinetic parameters for these species are 593 

summarized in S1 Fig and S1 Table. Simplifying assumptions inevitably go into models such as these, 594 

which limit the accuracy of any model based on them. However, for the purposes of this paper, we 595 

assume that these models reproduce experimental results sufficiently well to use them. 596 

The greatest limitations to model accuracy come from the third assumption in that the true variety of 597 

systems and molecular species in biological synapses far exceeds what MCell represents [79]. For 598 

instance, the Nadkarni et al. [35] model did not include any endoplasmic reticulum (ER), which stores 599 

intracellular Ca2+ and has a significant effect on neuronal signaling [80]. Ryanodine receptors (RyR) [81-600 

83] and inositol 1,4,5-trisphosphate receptors (IP3R) [84, 85] can unleash these Ca2+ stores. Inclusion of 601 

such an ER would likely alter the shape of the Ca2+ transient and increase the probability of 602 

neurotransmitter release, possibly over longer time scales, as in synaptic augmentation [67, 86]. 603 

Another system that would significantly affect Ca2+ dynamics over multiple spikes is the inactivation and 604 

facilitation of Ca2+ channels mediated by Ca2+-calmodulin (CaM) and Ca2+ binding proteins (CaBP1) [62, 605 

87-90]. These interactions might help control release-independent depression (RID) and the frequency-606 

dependent recovery (FDR) from depression [91] by restricting Ca2+ influx over extended spike trains. 607 

Furthermore, the presynaptic Ca2+ buffer includes more than just calbindin [92, 93] and diffusion is 608 

limited by the plethora of intracellular microstructures [94, 95]. Because location and movement 609 

through space plays a crucial role in phenomenology (see Fig 2, S4 Fig, S6 Fig, and S7 Fig), investigating 610 

how these features affect release dynamics would require rerunning the MCell model with them 611 

included.  612 
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The advantages of using MCell as ground truth, we believe, outweigh the limitations enumerated above. 613 

A simulated synaptic model allows for much finer experimental control and consistency from trial to 614 

trial, while yielding far more precise results than physiological experiments. Measuring release rate, 615 

probability, facilitation, and depression at biological synapses is difficult and requires a number of 616 

problematic assumptions [96]. Using MCell allows for precise measurements of unmodified Ca2+ traces 617 

[37] and of single-vesicle release rates, even controlling for such confounding processes as the post-618 

release refractory period [35]. Any new features, including arbitrary numbers of vesicle pools and 619 

synaptic processes, can easily be included in future work. 620 

Comparison to Other Models of Short-Term Synaptic Dynamics 621 

In response to a given spike train, this model produces a release rate profile that represents the rate of a 622 

time-varying Poisson process, the average release activity of an infinite number of synapses (or trials) 623 

responding to the same spike train. The multi-exponential form of the release rate profile and the 624 

facilitation factors that modify it evolve deterministically for a given sequence of spike times. 625 

Incorporating this as a deterministic synaptic model into a spiking neural network simulation would 626 

allow for comparison with other deterministic models of short-term plasticity, such as that introduced 627 

by Tsodyks and Markram [97]. Their model uses a relatively simple representation of the utilization of 628 

synaptic resources, tracking the fraction of resources in recovered, active, and inactivated states, to 629 

flexibly model both short-term depression and facilitation [20], and has proven useful in simulated 630 

neural network contexts for producing complex behavior [98]. On the other hand, the predictive power 631 

of the Tsodyks-Markram model is limited by how it abstracts away all the internal processes of the 632 

synapse, conflating presynaptic (vesicle availability, release probability) with postsynaptic 633 

(neurotransmitter receptor saturation and desensitization) resources. In contrast, our model more 634 

closely tracks the vesicle release phenomenology that results directly from Ca2+-evoked molecular 635 
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dynamics. This allows us to explore the contribution of more fine-grained synaptic features to whole-636 

network computations. 637 

Another limitation of the Tsodyks-Markram model is its deterministic formulation, representing average 638 

or aggregate synaptic behavior rather than single-trial or single-synapse behavior. However, the 639 

presence of trial-to-trial stochasticity in synaptic transmission may have important implications for the 640 

learning and information processing performed in neural circuits [27, 99-103]. Our model can capture 641 

such trial-to-trial and synapse-to-synapse variability if we sample release events from the time-varying 642 

Poisson process defined by the release rate profile. 643 

An example of a presynaptic model that captures probabilistic release is that by Maass and Zador [104]. 644 

The Maass-Zador model tracks short-term facilitation in response to spike history and short-term 645 

depression in response to release history, calculating the probability of release at each spike time and 646 

generating Boolean release events according to this probability. However, these release events only 647 

occur exactly at spike times, in contrast to the spontaneous and asynchronous release that occurs in real 648 

synapses [105, 106]. Furthermore, the phenomenology of the Maass-Zador model, while elegant, arises 649 

from mathematical abstractions rather than from physiologically grounded mechanisms, making it 650 

susceptible to producing unrealistic behavior and limiting its utility as a testable model.  651 

Kandaswamy et al. [67] present another presynaptic model that aims for more physiologically grounded 652 

realism, employing multiple mechanisms of vesicle recycling, facilitation, augmentation, and release-653 

dependent depression, each with its own set of parameters. Some parameters were constrained to 654 

values derived from earlier studies, while other parameters were fit to experimental measurements of 655 

changes in synaptic strength in response to various constant-frequency spike train stimuli. Although the 656 

resulting model does qualitatively well at matching the experimental data, it lacks generalizability. In 657 
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particular, the free parameters of their model, which they adjusted to fit the experimental data, depend 658 

empirically on the frequency of stimulation but without any discernible pattern that would provide 659 

insight into their physiologic origin (see Table 2 in [67]). Furthermore, the model for facilitation treats 660 

the first spike as a special case relative to all subsequent spikes, excluding the first spike from facilitation 661 

to fit the data. A realistic short-term facilitation model should scale the probability of release on the first 662 

spike as though it occurred in the middle of a train after an infinite ISI, since the synapse should return 663 

to its baseline state after a sufficiently long interval of no spiking activity, which our model 664 

accomplishes. 665 

Future work with our model will involve implementing it in an event-driven framework, where release 666 

events are sampled from the time-varying Poisson process defined by the release rate profile. This 667 

approach will provide a powerful way to include a highly generalizable facilitation function and sub-668 

millisecond vesicular release phenomenology, grounded in molecular kinetics, into a highly scalable and 669 

computationally efficient presynaptic model. In contrast to the models reviewed above, this model can 670 

achieve both the stochasticity and the asynchronicity that are characteristic of real synapses, while 671 

maintaining a clear mapping between its parameters and the underlying molecular mechanisms. This 672 

approach will be crucial for exploring the impact of different presynaptic mechanisms on the 673 

computational performance of large neural circuits. 674 

The main advantage of our model is its balance of computational efficiency with physiologically 675 

grounded realism. It accounts for both asynchronous and spontaneous release events, which the Maass-676 

Zador model lacks. For neural network simulations where the presence of stochasticity in synaptic 677 

transmission is more important than reproducing true dynamics, the Maass-Zador model may suffice. 678 

However, for investigations into how presynaptic mechanisms of vesicle release affect information 679 

transmission and network behavior, our model provides and indispensable layer of flexibility. 680 
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Furthermore, our model provides a highly flexible and explanatory framework. Each of the parameters 681 

for describing the profile of the release histogram (𝑃, 𝜏, 𝑘, 𝜇, 𝜎; see Eq (1), (3), (4)) has an almost direct 682 

link to the underlying physiology, whether to the Ca2+-binding and vesicle fusion kinetics of the SNARE 683 

complex (𝑃 and 𝜏) or to the stochastic delay in response to the spike caused by buffered diffusion of Ca2+ 684 

(𝑘, 𝜇, and 𝜎). Furthermore, the facilitation function has sufficient complexity to account for the changes 685 

seen in neurotransmitter release fidelity of a wide variety of spike train patterns. Importantly, all spikes 686 

are treated equally: Eq (13) and (16) apply as consistently to the first spike as to the 𝑛-th. While it falls 687 

short in terms of computational efficiency relative to the Kandaswamy et al. model, it makes up for it in 688 

terms of biophysical plausibility and its utility for testing hypotheses regarding synaptic function. 689 

Importance of Facilitation Function Parameterization 690 

Different synapse types in different regions of the brain employ different short-term plasticity functions, 691 

including various forms of facilitation and depression, transforming spike timing codes into 692 

neurotransmitter release timing codes [97]. We do not know what the precise computational roles of 693 

facilitation and depression play in neural circuits, but it seems likely to involve more than just high-pass 694 

or low-pass filtering of spike trains [19, 26, 27, 107-109]. The model of facilitation presented in this 695 

paper enables the exploration of this question both because of its grounding in explainable molecular 696 

physiology via MCell and because of its amenability to efficient simulation of complex neural circuits. 697 

One possible shortcoming of the facilitation function presented in this paper is that we did not explore 698 

the steady-state behavior in our simulations. Although the steady-state facilitation factors can be 699 

calculated from the fitted parameters, we will need to run MCell simulations with longer spike ramps to 700 

confirm their values for long spike trains of different frequencies. Since the release rates explored in this 701 

paper deal with single-vesicle release probabilities, release-dependent depression (i.e. depletion-702 
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dependent depression) should occur naturally when applying the model to simulations of synapses with 703 

finite readily releasable vesicle pools. However, other forms of release-independent depression may be 704 

more relevant to natural spike frequencies [91, 110] and could be incorporated into an extra facilitation 705 

factor within the current model by using a negative 𝜉 as the exponent in Eq (13). Thus, the facilitation 706 

function can be naturally extended to include release-independent depression mechanisms, although 707 

further research is necessary to confirm the kinetics of the other active zone molecules of non-708 

hippocampal synapses that underlie such mechanisms. 709 

Future Refinements 710 

Because so much about release probability and timing depends on the precise magnitude and time 711 

course of the Ca2+ transient, accurate modelling of Ca2+ dynamics using MCell is essential to future 712 

refinements of our model. For instance, intracellular calcium stores, including ER and its associated 713 

receptors and channels [80-86, 111] and mitochondria and its associated calcium uniporter [112], can 714 

impact the Ca2+ signaling over the long term. The diffusion of Ca2+ through the presynaptic space can be 715 

affected in ways not captured by our current model by buffering molecules other than calbindin and 716 

signaling molecules such as CaM and CaBP1 [62, 87-90, 92, 93] and by the geometry of cytoskeletal 717 

microstructures [94, 95]. Additional mechanisms that can influence the Ca2+ transient include the shape 718 

of the presynaptic action potential, which can vary in cases such as Fragile X syndrome [113], spatially 719 

localized Ca2+ spikes mediated by presynaptic NMDA receptors [114-116], and retrograde signaling via 720 

endocannabinoid receptors [117-119]. 721 

Other considerations of synaptic physiology, those which do not affect the shape of the spike-evoked 722 

Ca2+ transient, can be characterized without running full MCell simulations. These include the structure 723 

and dynamics of the SNARE complex. In our model, we assumed that each vesicle employs two Ca2+ 724 
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sensors for triggering vesicle fusion, Syt-1/2 for synchronous release and Syt-7 for asynchronous release, 725 

as characterized by the Sun et al. [53] model. Each mechanism acted independently, and together they 726 

served as the sole mechanism of release. However, many more molecules comprise the SNARE complex, 727 

each affecting release fidelity in complex ways [14, 15, 44, 48-52]. In fact, the inclusion of extra 728 

molecules in the SNARE assembly may play a crucial “superpriming” step in enhancing the release 729 

alacrity of already-primed vesicles [44, 69]. Furthermore, although a single SNARE complex is sufficient 730 

to induce spike-evoked release [120], each vesicle may have multiple SNARE complexes associated with 731 

it, which is necessary for fast vesicle fusion [121]. We predict that multiplying SNARE complexes would 732 

simply multiply release rate in proportion. It is less clear what effects that other molecules, such as 733 

complexins and Muncs, would have on release kinetics. A quantitative understanding of their molecular 734 

interaction kinetics is required before they can be applied to this model. Once obtained, however, we 735 

can apply deterministic simulations of state probabilities (see Methods) for this more complex SNARE 736 

model, similar to what we did in this paper. If these simulations are driven by the improved Ca2+ 737 

transients obtained from the more mechanistically exhaustive MCell simulations described above, we 738 

can derive much more biologically accurate phenomenology. 739 

Although our work focused on characterizing hippocampal Schaffer collateral synapses, our approach 740 

can apply just as well to other synapse types. Additionally, other internal synaptic processes such as 741 

vesicle recycling may be combined with our model within an event-driven framework. In this way, future 742 

refinements of our model will have the ability to capture physiologically realistic phenomenology, trial-743 

to-trial variability, asynchronicity, and internal synaptic dynamics for a wide variety of synapses at very 744 

low computational cost. It can help to uncover the contributions of single synapses or synaptic features 745 

to network computations, establishing a connection from molecular kinetics through synaptic 746 

phenomenology up to whole-network dynamics. This can be applied to create predictive models of 747 
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biological networks from known physiological parameters or to design neuromorphic chips or spiking 748 

neural networks with dynamical properties relevant to future developments in brain-computer 749 

interfaces and artificial intelligence. 750 

Methods 751 

Ca2+-Evoked Vesicle Release Model 752 

The detailed model of molecular reaction-diffusion dynamics was developed in the modeling 753 

environment known as MCell [33, 34, 36]. The MCell model used as a basis for the design and validation 754 

of the presynaptic model presented in this paper comes from Nadkarni et al. [35]. It includes 755 

mechanisms for voltage-sensitive Ca2+ influx and for Ca2+ buffering in the presynaptic space, with pumps 756 

and channels in the membranes to maintain a steady-state average free Ca2+ concentration of 100 nM 757 

[74]. 758 

When an action potential arrives at the presynaptic membrane, voltage-dependent Ca2+ channels 759 

(VDCCs) open stochastically, traversing through four unopened states via voltage-dependent state 760 

transition rates [68] (see S1 Fig A), producing a Ca2+ influx due to the steep electrochemical gradient 761 

[74]. The VDCCs very quickly shut off after the membrane potential returns to baseline (S2 Fig), and the 762 

newly introduced Ca2+ ions diffuse randomly in the presynaptic space. Vesicle fusion occurs when a 763 

sufficient number of Ca2+ ions have diffused over and bound to the release machinery associated with 764 

the SNARE complex of a docked vesicle [15, 35, 53]. Cytoplasmic calbindin (CB) with a concentration of 765 

45 μM acts as a buffer that modulates the magnitude and duration of the free Ca2+ (S1 Fig B) [77], and 766 

plasma membrane Ca2+-ATPase (PMCA) pumps (S1 Fig C) actively remove Ca2+ ions over a time course of 767 
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seconds [78] to the baseline [Ca2+]i of 100 nM [35, 74]. Parameter values for these molecular 768 

mechanisms are given in S1 Table. 769 

Calcium concentration as a function of time is measured at various spatial locations within the 770 

presynaptic space (see Fig 2 for synaptic structure and “Estimating [Ca2+]i from Collision Events” in the 771 

Supplemental Information for a description of how local [Ca2+] is measured). For each spike train, local 772 

[Ca2+]i in the vicinity of the SNARE complex was averaged over 2000 trials at a resolution of 0.1 msec. 773 

These calcium transient profiles were then used to drive deterministic simulations of SNARE state 774 

probabilities, as described below. 775 

Deterministic Simulations of State Probabilities 776 

With the Ca2+ profiles obtained for each spike-evoked simulation in MCell and with the state transitions 777 

for the release mechanisms defined in Fig 3 A-B and Table 1, the corresponding vesicle release-rate 778 

profiles become computable. While the MCell simulations we ran do generate their own sets of release 779 

times, it would be impossible to fit precise phenomenological functions to the release histograms 780 

without running an infeasibly large number of trials. Furthermore, vesicle depletion following release 781 

events confounds the representation of release rate, its functional form, and its facilitation dynamics 782 

(see Fig 4). Therefore, instead of running millions of trials of MCell (or more) to produce temporally 783 

precise single-vesicle release rate histograms, we used the averaged calcium profiles from 2000 trials (at 784 

a resolution of 0.1 msec) to drive a deterministic simulation of the SNARE complex, tracking the 785 

probabilities of being in each state as functions of time. This approach, in effect, produced the average 786 

release histograms equivalent to an infinite number of trials acting on the averaged calcium traces. 787 

This method tracked the probabilities of a particular release mechanism being in each possible state at 788 

every time step. That is, each state represents the number of Ca2+ ions bound to the release molecule (0 789 
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through 5 for Syt-1 (synchronous; S) and 0 through 2 for Syt-7 (asynchronous; A)). Each mechanism 790 

𝑋 ∈ {𝑆, 𝐴} has a state probability vector 𝐬𝑋(𝑡) associated with it that tracks the probability of being in 791 

each possible state, that is, the probability of having 𝑛 Ca2+ ions currently bound for 𝑛 ∈ {0…𝑁𝑋}, 792 

where 𝑁𝑆 = 5 and 𝑁𝐴 = 2. State probabilities add to unity, and they update on each time step 793 

according to a [Ca2+]-dependent state transition rate matrix 𝐓𝑋, whose superdiagonal terms are the 794 

unbinding rates, moving from a higher to a lower-bound state, and whose subdiagonal terms are the 795 

binding rates, moving from a lower to a higher-bound state. Specifically, for mechanism 𝑋 ∈ {𝑆, 𝐴} with 796 

𝑁𝑋 ∈ {5,2} calcium ions needed for release to occur, the binding rate is 797 

 𝑇𝑛+1,𝑛
𝑋 = (𝑁𝑋 − 𝑛) ⋅ 𝑘𝑋+ ⋅ [Ca

2+], (17) 

and the unbinding rate is 798 

 𝑇𝑛−1,𝑛
𝑋 = 𝑛 ⋅ 𝑏𝑛−1 ⋅ 𝑘𝑋− (18) 

for 𝑛 ∈ {0… 𝑁𝑋} ions currently bound, where 𝑏 = 0.25 acts as a binding cooperativity factor (see Fig 3 799 

and S8 Fig for state transition diagrams and Table 1 for parameter values). Notice that we index the 800 

rows and columns of 𝐓𝑋 (as well as the dimensions of 𝐬𝑋) starting from 0 rather than 1 for convenience 801 

in representing the number of calcium ions bound in the current state (column) and in the next state 802 

(row). To enforce conservation of mass, the diagonal terms must equal the combined rate of leaving the 803 

current state through both binding and unbinding: 804 

 
𝑇𝑛,𝑛
𝑋 = −(𝑇𝑛+1,𝑛

𝑋 + 𝑇𝑛−1,𝑛
𝑋 ) 

         = −((𝑁𝑋 − 𝑛) ⋅ 𝑘𝑋+ ⋅ [Ca
2+] + 𝑛 ⋅ 𝑏𝑛−1 ⋅ 𝑘𝑋−). 

(19) 

 805 

The above formulation does not yet take into account vesicle fusion. Recall that each mechanism 𝑋 806 

induces vesicle release at a certain rate 𝛾𝑋 from its releasable state (all Ca2+ ions bound). Therefore, in 807 
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addition to the unbinding rate, the diagonal term for the fully bound state of each mechanism also 808 

includes the rate of transition to the release state: 809 

 𝑇𝑁𝑋,𝑁𝑋
𝑋 = −(𝛾𝑋 +𝑁𝑋 ⋅ 𝑏

𝑁𝑋−1 ⋅ 𝑘𝑋−), (20) 

where 𝛾𝑋 is the mechanism-specific release rate defined in Table 1. By including the release rate, the 810 

sum of state probabilities would slowly decay towards zero as probability mass leaks into the 811 

(untracked) release state, since when release occurs, the vesicle can no longer participate in further 812 

activity. This depletion of vesicle probability would obscure the true shape of the single-vesicle release 813 

rate. To account for this, the state vector is renormalized at each time step by the probability of no 814 

release event having yet occurred, such that the occupancies of each state again add to one: 815 

 𝐬𝑋(𝑡) ←
𝐬𝑋(𝑡)

∑ 𝑠𝑛
𝑋(𝑡)

𝑁𝑋
𝑛=0

. (21) 

If one considers the deterministic simulation to represent a state histogram averaged over an infinite 816 

number of trials, this normalization step effectively “zooms in” on the fraction of trials at each time step 817 

for which no release occurred. Thus, the model tracks the instantaneous rate of release, given that no 818 

release has yet occurred since the start of the simulation. This permits the calculation, for example, of 819 

the equilibrium state probability distribution (see S8 Fig, left pie charts), driven by the steady-state Ca2+ 820 

concentration (100 nM in MCell: [35]). These equilibrium state vectors are essential for initializing all 821 

other simulations. From these, it is possible to determine the steady-state spontaneous release rates for 822 

each mechanism that result (𝑆0 = 5.70 × 10
−9ms−1; 𝐴0 = 1.84 × 10

−5ms−1; see S3 Fig). 823 

Because the matrix 𝐓𝑋 represents transition rates rather than transition probabilities, it acts as the 824 

infinitesimal generator for a continuous-time finite state Markov process [122] rather than as a discrete 825 

transition matrix. Converting this exactly to a discrete transition probability matrix 𝐏𝑋 using a time step 826 

of Δ𝑡 requires an infinite sum of matrix products, according to the Taylor series 827 
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 𝐏𝑋([Ca2+]; Δ𝑡) = exp(𝛥𝑡 ⋅ 𝑻𝑋([Ca2+])) = ∑
(Δ𝑡 ⋅ 𝐓𝑋([Ca2+]))

𝑚

𝑚!

∞

𝑚=0

. (22) 

This is akin to the probability of a Poisson process with transition rate 𝜆 remaining in the same state for 828 

a time duration Δ𝑡, which follows the exponential form 𝑝(𝑡 > Δ𝑡) = exp(−𝛥𝑡 ⋅ 𝜆), acting just like the 829 

diagonal terms of the transition rate matrix and sharing the same Taylor series expansion. The time step 830 

Δ𝑡 needs to be small enough such that the level of [Ca2+] can be regarded as constant (on the order of 831 

0.1 msec for the calcium transients investigated for this paper). However, in order to avoid too many 832 

matrix multiplications and sums, we chose a time step of 0.005 msec, which is small enough to use the 833 

linear approximation to Eq (22) while still maintaining numerical stability, even at very high levels of 834 

[Ca2+]: 835 

 𝐏𝑋([Ca2+]; Δ𝑡) ≈ 𝐈 + 𝛥𝑡 ⋅ 𝑻𝑋([Ca2+]). (23) 

Thus, the state vector at time 𝑡 + Δ𝑡 is the product of the state transition probability matrix with the 836 

state vector at time 𝑡, according to 837 

 

𝐬𝑋(𝑡 + Δ𝑡) = 𝐏𝑋([Ca2+](𝑡); Δ𝑡)𝐬𝑋(𝑡) 

= (𝐈 + 𝛥𝑡 ⋅ 𝑻𝑋([Ca2+](𝑡))) 𝐬𝑋(𝑡), 
(24) 

followed by the renormalization described above in Eq (21). 838 

Similarly, the transitions in state probabilities for VDCCs, calbindin, and PMCA pumps in the well-mixed 839 

model were calculated according to 840 

 𝐬𝑀(𝑡 + Δ𝑡) = (𝐈 + 𝛥𝑡 ⋅ 𝐓𝑀)𝐬𝑀(𝑡), (25) 

where 𝑀 ∈ {𝑉𝐷𝐶𝐶, 𝐶𝑏, 𝑃𝑀𝐶𝐴} refers to the molecular species. Furthermore, the transition rate matrix 841 

𝐓𝑉𝐷𝐶𝐶  is a function of membrane potential, while the matrices 𝐓𝐶𝑏  and 𝐓𝑃𝑀𝐶𝐴 are functions of [Ca2+]i 842 

(see S1 Fig and S1 Table for state transition diagrams and transition rate parameters). Within the well-843 
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mixed model simulations, diffusion occurs instantaneously, effectively eliminating space from 844 

consideration and allowing [Ca2+]i to be the same for all molecular mechanisms within the synapse. 845 

Stimulus Protocols for Exploring Facilitation 846 

Whereas simulations with single action potentials can elucidate the functional form of synchronous and 847 

asynchronous release, stimulus trains of multiple spikes can reveal the dynamics of facilitation in release 848 

probability, which is well documented experimentally [20, 60, 69-73]. Short-term facilitation in release 849 

probability is more pronounced for spikes closer together in time than for those separated by long 850 

intervals. To investigate how delay affects probability of release, we studied paired-pulse facilitation 851 

(PPF) for interspike intervals (ISIs) of exponentially increasing delay. Specifically, we stimulated the 852 

MCell model with paired pulses of action-potential-like waveforms separated by 2, 5, 10, 20, 50, 100, 853 

and 200 ms and measured the local [Ca2+]i at a point within the axon (see Fig 2 for synaptic structure and 854 

“Estimating [Ca2+]i from Collision Events” in the Supplemental Information for a description of how local 855 

[Ca2+] is measured). These Ca2+ traces then drove deterministic simulations of synchronous and 856 

asynchronous release rate, as described in the previous section. This permitted us to determine a 857 

functional form to describe PPF (see Results). 858 

Realistic spike trains, however, involve patterns much more complex than paired pulses, and the recent 859 

history of presynaptic activity can have a strong effect on future changes in release probability. To see 860 

how facilitation evolves in more complex trains of action potentials, we designed a protocol to explore a 861 

larger space of possible facilitated states, assuming that the level of facilitation experienced on one 862 

spike depends exclusively on the delay since the previous spike (the interspike interval, or ISI) and on the 863 

state of some internal facilitation parameter from the previous spike. The spike trains generally consist 864 

of two phases: a spiking ramp and a probe spike. The ramp phase explores how facilitation develops 865 
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with multiple spikes at fixed ISIs and having anywhere from one to five spikes with an ISI of 2, 5, 10, or 866 

20 ms (time prevented the exploration of ramps with more spikes). The probe phase explores how 867 

facilitation wears off with increasing delay between spikes and consists of a single spike at 2, 5, 10, 20, 868 

50, 100, or 200 ms after the end of the ramp, as in the PPF protocol above. All these combinations of 869 

ramps and probes add up to 5 × 4 × (7 + 1) = 160 cases (including those cases without a probe spike) 870 

or 136 unique spike trains (discounting the repeats with one spike in the ramp at different ISIs). Future 871 

work can explore the steady-state behavior of the facilitation factors by testing longer spike ramps of 872 

each ISI. 873 

Algorithms for Fitting Parameters and Metaparameters 874 

Fitting parameter values to the shapes of the release-rate histograms involved two steps: first, obtaining 875 

an initial guess, and second, optimizing the parameter values to a best-fit set. For the first step, the time 876 

constants for rate decay (see Eq (1), (3), and Table 2) were found from the slopes of the logarithms of 877 

the profiles (see Eq (2), Fig 5, and Fig 6) in response to both Ca2+ impulse and the Ca2+ traces derived 878 

from MCell. Other parameters were initialized through trial and error. For the second step, we applied 879 

the Nelder-Mead simplex method of function optimization using the fminsearch() function in MATLAB 880 

2016 [123-125] to minimize the cost function over the parameters. This method does not require a 881 

measure of the gradient of the cost function, which was not computable analytically. The cost function 882 

uses the fraction of the variance unexplained (FVU) by the model, as in 883 

 FVU(𝑦(𝑡), 𝑓(𝑡)) =
∑ (𝑦(𝑡𝑛) − 𝑓(𝑡𝑛))

2𝑁𝑡
𝑛=1

∑ (𝑦(𝑡𝑛) − 𝑦̅)
2𝑁𝑡

𝑛=1

, (26) 

where 𝑦̅ is the mean release rate, 𝑦(𝑡) is the true shape of the release rate profile, and 𝑓(𝑡) is the 884 

model profile at the same 𝑁𝑡  time points. More precisely, the cost function 𝜖 is a linear combination of 885 

the FVU for the function and for the logarithm of the function: 886 
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 𝜖(𝑦(𝑡), 𝑓(𝑡)) = 𝛼 ⋅ FVU(𝑦(𝑡), 𝑓(𝑡)) + 𝛽 ⋅ FVU(log(𝑦(𝑡)) , log(𝑓(𝑡))), (27) 

where 𝛼 and 𝛽 are constants (𝛼 = 𝛽 = 1 in the fits run for this paper). The FVU for the functions in 887 

linear space is more sensitive to the high-amplitude peaks that occur for the fast release components, 888 

while the FVU for the functions in logarithmic space is more sensitive to the slopes (and therefore the 889 

time constants) of the exponential components. 890 

The metaparameters of the facilitation functions (see Eq (13), (16), and Table 3) were fitted after the 891 

parameters were fitted to the release profiles in response to each spike of the trains described in the 892 

previous section of Methods. As described in Results, we took facilitation to apply only to the 𝑃𝑐  893 

parameters, allowing them to vary within bounds for each spike in the train, while the profile time 894 

constants and the temporal filter parameters were held constant. The best-fit set of values for 𝑃𝑐  were 895 

found for the final spike-response profile of each spike train. The fitted parameters were taken as true, 896 

and the space of the logarithms of the metaparameters 𝜏, 𝑁, and 𝐿 = 𝑁𝜉  was explored, using the same 897 

error function and optimization as above. 898 
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