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Highlights

A mathematical framework for evo-devo dynamics

Mauricio Gonzalez-Forero

e We formulate a framework integrating evolutionary and developmental dynamics.
e We derive equations describing the evolutionary dynamics of traits considering their developmental process.

e This yields a description of the evo-devo process in terms of closed-form formulas that are simple and insightful,

including for genetic covariance matrices.
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Abstract

Natural selection acts on phenotypes constructed over development, which raises the question of how development
affects evolution. Classic evolutionary theory indicates that development affects evolution by modulating the genetic
covariation upon which selection acts, thus affecting genetic constraints. However, whether genetic constraints are
relative, thus diverting adaptation from the direction of steepest fitness ascent, or absolute, thus blocking adaptation
in certain directions, remains uncertain. This limits understanding of long-term evolution of developmentally con-
structed phenotypes. Here we formulate a general tractable mathematical framework that integrates age progression,
explicit development (i.e., the construction of the phenotype across life subject to developmental constraints), and
evolutionary dynamics, thus describing the evolutionary developmental (evo-devo) dynamics. The framework yields
simple equations that can be arranged in a layered structure that we call the evo-devo process, whereby five core
elementary components generate all equations including those mechanistically describing genetic covariation and the
evo-devo dynamics. The framework recovers evolutionary dynamic equations in gradient form and describes the evo-
lution of genetic covariation from the evolution of genotype, phenotype, environment, and mutational covariation.
This shows that genotypic and phenotypic evolution must be followed simultaneously to yield a dynamically suffi-
cient description of long-term phenotypic evolution in gradient form, such that evolution described as the climbing of
a fitness landscape occurs in “geno-phenotype” space. Genetic constraints in geno-phenotype space are necessarily
absolute because the phenotype is related to the genotype by development. Thus, the long-term evolutionary dynamics
of developed phenotypes is strongly non-standard: (1) evolutionary equilibria are either absent or infinite in number
and depend on genetic covariation and hence on development; (2) developmental constraints determine the admissible
evolutionary path and hence which evolutionary equilibria are admissible; and (3) evolutionary outcomes occur at ad-
missible evolutionary equilibria, which do not generally occur at fitness landscape peaks in geno-phenotype space, but
at peaks in the admissible evolutionary path where “total genotypic selection” vanishes if exogenous plastic response
vanishes and mutational variation exists in all directions of genotype space. Hence, selection and development jointly
define the evolutionary outcomes if absolute mutational constraints and exogenous plastic response are absent, rather
than the outcomes being defined only by selection. Moreover, our framework provides formulas for the sensitivities
of a recurrence and an alternative method to dynamic optimization (i.e., dynamic programming or optimal control) to
identify evolutionary outcomes in models with developmentally dynamic traits. These results show that development

has major evolutionary effects.
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1. Introduction

Development may be defined as the process that constructs the phenotype over life (Barresi and Gilbert, 2020).
In particular, development includes “the process by which genotypes are transformed into phenotypes” (Wolf et al.,
2001). As natural selection screens phenotypes produced by development, a fundamental evolutionary problem con-
cerns how development affects evolution. Interest in this problem is long-standing (Baldwin 1896, Waddington 1959
p- 399, and Gould and Lewontin 1979) and has steadily increased in recent decades. It has been proposed that devel-
opmental constraints (Gould and Lewontin, 1979; Maynard Smith et al., 1985; Brakefield, 2006; Klingenberg, 2010),
causal feedbacks over development occurring among genes, the organism, and environment (Lewontin, 1983; Rice,
2011; Hansen, 2013; Laland et al., 2015), and various development-mediated factors (Laland et al., 2014, 2015),
namely plasticity (Pigliucci, 2001; West-Eberhard, 2003), niche construction (Odling-Smee et al., 1996, 2003), extra-
genetic inheritance (Baldwin, 1896; Cavalli-Sforza and Feldman, 1981; Boyd and Richerson, 1985; Jablonka and
Lamb, 2014; Bonduriansky and Day, 2018), and developmental bias (Arthur, 2004; Uller et al., 2018), may all have
important evolutionary roles. Understanding how development — including these elements acting individually and
together — affects the evolutionary process remains an outstanding challenge (Baldwin, 1896; Waddington, 1959;
Miiller, 2007; Pigliucci, 2007; Laland et al., 2014, 2015; Galis et al., 2018).

Classic evolutionary theory indicates that development affects evolution by modulating the genetic covariation
upon which selection acts. This can be seen as follows. In quantitative genetics, an individual’s i-th trait value x; is
written as x; = X;+ 3 ; @;j(y;—y;) +e;, where the overbar denotes population average, y; is the individual’s gene content
at the j-th locus, «;; is the partial regression coefficient of the i-th trait deviation from the average on the deviation
from the average of the j-th locus content, and e; is the residual error (Fisher, 1918; Crow and Kimura, 1970; Falconer
and Mackay, 1996; Lynch and Walsh, 1998; Walsh and Lynch, 2018). The quantity a;; is Fisher’s additive effect
of allelic substitution (his «@; see Eq. I of Fisher 1918 and p. 72 of Lynch and Walsh 1998) and is a description of
some of the linear effects of development, specifically of how genotypes are transformed into phenotypes. In matrix
notation, the vector of an individual’s trait values is X = X + a(y — §) + e, where the matrix @ corresponds to what
Wagner (1984) calls the developmental matrix (his B). The breeding value of the multivariate phenotype x is defined
as ay = X + a(y — ¥), which does not consider the error term that includes non-linear effects of genes on phenotype.

Breeding value thus depends on development via the developmental matrix @. The Lande (1979) equation describes
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the evolutionary change due to selection in the mean multivariate phenotype X as AX = G In W/8%, where the additive
genetic covariance matrix is G = cov[ay, a,] = acov[y, ylaT (e.g., Wagner 1984), mean absolute fitness is W, and the
selection gradient is 8 In W/8%, which points in the direction of steepest increase in mean fitness (here and throughout
we use matrix calculus notation described in Appendix A). An important feature of the Lande equation is that it is
in gradient form, so the equation shows that, within the assumptions made, phenotypic evolution by natural selection
proceeds as the climbing of a fitness landscape, as first shown by Wright (1937) for change in allele frequencies in a
two-allele single-locus model. Moreover, the Lande equation shows that additive genetic covariation, described by G,
may divert evolutionary change from the direction of steepest fitness ascent, and may prevent evolutionary change in
some directions if genetic variation in those directions is absent (in which case G is singular). Since additive genetic
covariation depends on development via the developmental matrix «, the Lande equation shows that development
affects evolution by modulating genetic covariation via @ (Charlesworth et al., 1982; Cheverud, 1984; Maynard Smith
et al., 1985).

However, this mathematical description might have limited further insight into the evolutionary effects of devel-
opment, particularly because it lacks two key pieces of information. First, the above description yields a limited
understanding of the form of the developmental matrix @. The definition of @ as a matrix of regression coefficients
does not make available a developmentally explicit nor evolutionarily dynamic understanding of @, which hinders un-
derstanding of how development affects evolution. Although the developmental matrix @ has been modelled (Pavlicev
and Hansen, 2011) or analysed as unknowable (Martin, 2014), there is a lack of a general theory with an explicit de-
scription of the developmental process to unveil the general structure of the developmental matrix a.

Second, the description in the second paragraph above gives a very short-term account of the evolutionary process.
The Lande equation in the second paragraph strictly describes the evolution of mean traits X but not of mean gene
content ¥y, that is, it does not describe change in allele frequency; yet, since a is a matrix of regression coefficients
calculated for the current population, @ depends on the current state of the population including allele frequency y.
Thus, the Lande equation above describes the dynamics of some traits X as an implicit function of traits y whose
dynamics are not described. The equation thus contains fewer dynamic equations (as many as there are traits in X)
than dynamic variables (as many as there are traits X and loci ¥), so it is underdetermined. Consequently, the Lande
equation strictly admits an infinite number of evolutionary trajectories for a given initial condition. Technically, the
evolutionary trajectory is ill-defined by the Lande’s system, so the Lande equation is dynamically insufficient (we
note that these harsh-sounding terms do not mean that the Lande equation is wrong). The standard approach to this
dynamic insufficiency is to assume Fisher’s (1918) infinitesimal model, whereby there is an infinite number of loci
such that allele frequency change per locus per generation is negligible (Bulmer, 1971, 1980; Turelli and Barton,
1994; Barton et al., 2017; Hill, 2017). Thus, the Lande equation is said to describe short-term evolution, during which
there is negligible allele frequency change per locus (Walsh and Lynch, 2018, pp. 504 and 879). The Lande equation
is then supplemented by the Bulmer (1980) equation (Lande and Arnold, 1983, Eq. 12) which describes the dynamics
of G primarily due to change in linkage disequilibrium under the assumption of negligible allele frequency change,
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thus still to describe short-term evolution (Walsh and Lynch, 2018, p. 553). Typically, the G matrix is assumed to have
reached an equilibrium in such short-term dynamics or to remain constant although this has often been shown not to
hold theoretically (Turelli, 1988) and empirically (Bjorklund et al., 2013). An alternative to the long-term dynamic
insufficiency of the classic Lande’s system would be to consider the vector of gene content y to be a subvector of the
vector of trait values x (Barfield et al., 2011), although such vector x does not admit the normality assumption of the
Lande equation and doing so does not yield a description of linkage disequilibrium dynamics. Indeed, there appears
to be no formal derivation of such extended Lande’s system that makes explicit the properties of its associated G-
matrix and the dependence of such matrix on development. Overall, understanding how development affects evolution
using the classic Lande equation might have been hindered by a lack of a general mechanistic understanding of the
developmental matrix @ and by the generally long-term dynamic insufficiency of the classic Lande’s system.

Nevertheless, there has been progress on general mathematical aspects of how development affects evolution on
various fronts. Both the classic Lande equation (Lande, 1979) and the classic canonical equation of adaptive dynamics
(Dieckmann and Law, 1996) describe the evolutionary dynamics of a multivariate trait in gradient form without
an explicit account of development, by considering no explicit age progression or developmental (i.e., dynamic)
constraints (there is also an analogous equation for allele frequency change for multiple alleles in a single locus,
first incorrectly presented by Wright, 1937 but later corrected by Edwards, 2000 and presented in Lande’s form by
Walsh and Lynch, 2018, Eq. 5.12a). Various research lines have extended these equations to incorporate different
aspects of development. First, one line considers explicit age progression by implementing age structure, which
allows individuals of different ages to coexist and to have age-specific survival and fertility rates. Thus, evolutionary
dynamic equations in gradient form under age-structure have been derived under quantitative genetics assumptions
(Lande, 1982), population genetics assumptions (Charlesworth, 1993, 1994), and adaptive dynamics assumptions
(Durinx et al., 2008). An important feature of age-structured models is that the forces of selection decline with age
due to demography, in particular due to mortality and fewer remaining reproductive events as age advances (Medawar,
1952; Hamilton, 1966; Caswell, 1978; Caswell and Shyu, 2017). Such age-specific decline in the force of selection
does not occur in unstructured models.

Second, another research line in life-history theory has extended age-structured models to consider explicit de-
velopmental constraints (Gadgil and Bossert, 1970; Taylor et al., 1974; Le6n, 1976; Schaffer, 1983; Houston et al.,
1988; Roff, 1992; Houston and McNamara, 1999; Sydseter et al., 2008). This line has considered developmentally
dynamic models with two types of age-specific traits: genotypic traits called control variables, which are under direct
genetic control, and developed traits called state variables, which are constructed over life according to developmental
constraints, although such literature calls these constraints dynamic. This explicit consideration of developmental
constraints in an evolutionary context has mostly assumed that the population is at an evolutionary equilibrium. Thus,
this approach identifies evolutionarily stable (or uninvadable) controls and associated states using techniques from dy-
namic optimization such as optimal control and dynamic programming (Gadgil and Bossert, 1970; Taylor et al., 1974;
Le6n, 1976; Schaffer, 1983; Houston et al., 1988; Roff, 1992; Houston and McNamara, 1999). While the assumption
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of evolutionary equilibrium yields great insight, it does not address the evolutionary dynamics which would provide
a richer understanding. Moreover, the relationship between developmental constraints and genetic covariation is not
made evident by this approach.

Third, another research line in adaptive dynamics has made it possible to mathematically model the evolutionary
developmental (evo-devo) dynamics. By evo-devo dynamics we mean the evolutionary dynamics of genotypic traits
that modulate the developmental dynamics of developed traits that are constructed over life subject to developmental
constraints. A first step in this research line has been to consider function-valued or infinite-dimensional traits, which
are genotypic traits indexed by a continuous variable (e.g., age) rather than a discrete variable as in the classic Lande
equation. Thus, the evolutionary dynamics of univariate function-valued traits (e.g., body size across continuous
age) has been described in gradient form by the Lande equation for function-valued traits (Kirkpatrick and Heckman,
1989) and the canonical equation for function-valued traits (Dieckmann et al., 2006). Although function-valued traits
may depend on age, they are not subject to developmental constraints describing their developmental dynamics, so
the consideration of the evolutionary dynamics of function-valued traits alone does not model the evo-devo dynam-
ics. To our knowledge, Parvinen et al. (2013) were the first to mathematically model what we here call the evo-devo
dynamics (but note that there have also been models integrating mathematical modeling of the developmental dy-
namics and individual-based modeling of the evolutionary dynamics, for instance, Salazar-Ciudad and Marin-Riera,
2013 and Watson et al., 2013). Parvinen et al. (2013) did so by considering the evolutionary dynamics of a univariate
function-valued trait (control variable) that modulates the developmental construction of a multivariate developed trait
(state variables) subject to explicit developmental constraints (they refer to these as process-mediated models). This
approach requires the derivation of the selection gradient of the control variable affecting the state variables, which, as
age is measured in continuous time, involves calculating a functional derivative (of invasion fitness; Dieckmann et al.,
2006; Parvinen et al., 2013, Eq. 4). Parvinen et al. (2013) noted the lack of a general simplified method to calculate
such selection gradient, but they calculated it for specific examples. Metz et al. (2016) illustrate how to calculate
such selection gradient using a fitness return argument in a specific example. Using functional derivatives, Avila et al.
(2021) derive the selection gradient of a univariate function-valued trait modulating the developmental construction
of a univariate developed trait for a broad class of models (where relatives interact and the genotypic trait may depend
on the developed trait). They obtain a formula for the selection gradient that depends on unknown associated vari-
ables (costate variables or shadow values) (Avila et al., 2021, Egs. 7 and 23), but at evolutionary equilibrium these
associated variables can be calculated solving an associated partial differential equation (their Eq. 32). Despite these
advances, the analysis of these models poses substantial technical challenges, by requiring calculation of functional
derivatives or (partial) differential equations at evolutionary equilibrium in addition to the equations describing the
developmental dynamics. These models have yielded evolutionary dynamic equations in gradient form for genotypic
traits, but not for developed traits, so they have left unanswered the question of how the evolution of developed traits
with explicit developmental constraints proceeds in the fitness landscape. Additionally, these models have not pro-
vided a link between developmental constraints and genetic covariation (Metz 2011; Dieckmann et al. 2006 discuss a
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link between constraints and genetic covariation in controls, not states; see Supplementary Information section S1 for
further details).

Fourth, a separate research line in quantitative genetics has considered models without age structure where a set of
traits are functions of underlying traits such as gene content or environmental variables (Wagner, 1984, 1989; Hansen
and Wagner, 2001; Rice, 2002; Martin, 2014; Morrissey, 2014, 2015). This dependence of traits on other traits is used
by this research line to describe development and the genotype-phenotype map. However, this research line considers
no explicit age progression, so it considers implicit rather than explicit developmental (i.e., dynamic) constraints.
Thus, this line has not considered the effect of age structure nor explicit developmental constraints (Wagner, 1984,
1989; Hansen and Wagner, 2001; Rice, 2002; Martin, 2014; Morrissey, 2014, 2015). Also, this line has not provided
an evolutionarily dynamic understanding of the developmental matrix, nor long-term dynamically sufficient equations
in gradient form describing the evolution of developed traits.

Here we formulate a tractable mathematical framework that integrates age progression (i.e., age structure), explicit
developmental constraints, and evolutionary dynamics. The framework describes the evolutionary dynamics of geno-
typic traits and the concomitant developmental dynamics of developed traits subject to developmental constraints. It
yields dynamically sufficient expressions describing the long-term evolutionary dynamics in gradient form including
for developed traits, so it shows how the climbing of an adaptive topography proceeds for developed traits in a broad
class of models. It also obtains a mechanistic counterpart of the developmental matrix thus relating development to
genetic covariation for a broad class of models. The resulting equations are long-term dynamically sufficient in the
sense that the evolutionary dynamics of all variables involved are described over evolutionary time scales (i.e., for an
arbitrary number of mutation-fixation events), including the evolutionary dynamics of the genotype, phenotype, envi-
ronment, and genetic covariation modulated by development (provided the elementary components below are known
or assumed).

We base our framework on adaptive dynamics assumptions (Dieckmann and Law, 1996; Metz et al., 1996; Cham-
pagnat, 2006; Durinx et al., 2008). We obtain equations describing the evolutionary dynamics in gradient form of
traits X that are constructed over a developmental process with explicit developmental constraints occurring as age
progresses. Developmental constraints allow the phenotype to be “predisposed” to develop in certain ways, thus
allowing for developmental bias (Arthur, 2004; Uller et al., 2018). We allow development to depend on the envi-
ronment, which allows for a mechanistic description of plasticity (Pigliucci, 2001; West-Eberhard, 2003). We also
allow development to depend on social interactions, which allows for a mechanistic description of extra-genetic in-
heritance (Boyd and Richerson, 1985; Jablonka and Lamb, 2014; Bonduriansky and Day, 2018) and indirect genetic
effects (Moore et al., 1997). In turn, we allow the environment faced by each individual to depend on the traits of
the individual and of social partners, thus allowing for individual and social niche construction although we do not
consider ecological inheritance (Odling-Smee et al., 1996, 2003). We also let the environment depend on processes
that are exogenous to the evolving population, such as eutrophication or climate change caused by members of other
species, thus allowing for exogenous environmental change. To facilitate analysis, we let population dynamics occur
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over a short time scale, whereas environmental and evolutionary dynamics occur over a long time scale. Crucially, we
measure age in discrete time, which simplifies the mathematics yielding closed-form formulas for otherwise implicitly
defined quantities. Our methods use concepts from optimal control (Sydsater et al., 2008) and integrate tools from
adaptive dynamics (Dieckmann and Law, 1996) and matrix population models (Caswell, 2001; Otto and Day, 2007).
While we use concepts from optimal control, we do not use optimal control itself and instead derive an alternative
method to optimal control that can be used to obtain optimal controls in a broad class of evolutionary models with
dynamic constraints. Our approach differs somewhat from standard matrix population models, where the stage (e.g.,
age and size) of an individual is discrete and described as indices of the population density vector (Caswell, 2001;
Caswell et al., 1997; de Vries and Caswell, 2018; Caswell, 2019, Ch. 6); instead, we let the stage of an individual be
partly discrete (specifically, age), described as indices in the population density vector, and partly continuous (e.g.,
size), described as arguments of various functions.

We obtain three sets of main results. First, we derive several closed-form formulas for the total selection gra-
dient of genotypic traits y (i.e., of control variables) that affect the development of the phenotype X (i.e., of state
variables), formulas that can be easily computed with elementary operations. The total selection gradient of geno-
typic traits is the selection gradient that appears in the canonical equation of adaptive dynamics of ¥, so coupling the
total selection gradient of genotypic traits, the canonical equation, and the developmental constraint describing the
developmental dynamics of developed traits provides simple expressions to model the evo-devo dynamics in a broad
class of models. In particular, these expressions provide an alternative method to dynamic optimization (e.g., dynamic
programming or optimal control) to calculate evolutionary outcomes for evolutionary (e.g., life history) models with
developmentally dynamic traits, both analytically for sufficiently simple models and numerically for more complex
ones. Second, we derive equations in gradient form describing the evolutionary dynamics of developed traits X and
of the niche-constructed environment. These equations motivate a definition of the “mechanistic additive genetic
covariance matrix” in terms of “mechanistic breeding value”, defined in turn in terms of a mechanistic counterpart
of Fisher’s (1918) additive effects of allelic substitution obtained from the developmental process rather than from
regression. Specifically, we obtain formulas for a mechanistic counterpart of the developmental matrix @ for a broad
class of models. This yields closed-form formulas for the sensitivity of the solutions of a system of recurrence equa-
tions and are thus of use beyond evolutionary or biological applications, formulas that seem to have been previously
unavailable (Johnson, 2011). Analogously to the classic Lande equation, our equation describing the evolutionary
dynamics of the developed traits X depends on the genotypic traits ¥ and so it is generally dynamically insufficient if
the evolutionary dynamics of the genotypic traits is not considered. Third, we obtain synthetic equations in gradient
form simultaneously describing the evolutionary dynamics of genotypic, developed, and environmental traits. These
equations are in gradient form and are dynamically sufficient in that they include as many evolutionarily dynamic
equations as evolutionarily dynamic variables, which enables one to describe the long-term evolution of developed
multivariate phenotypes as the climbing of a fitness landscape. Such equations describe the evolutionary dynamics
of the constraining matrix analogous to G as an emergent property, where genotypic traits § play an analogous role
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to that of allele frequency under quantitative genetics assumptions while linkage disequilibrium is not an issue as
we assume clonal reproduction. In this extended dynamically sufficient Lande’s system, the associated constraining
matrix is always singular, which is mathematically trivial, but biologically crucial as it entails that development plays

a major evolutionary role.

2. Problem statement

We begin by describing the mathematical problem we address. We consider a finite age-structured population with
deterministic density-dependent population dynamics with age measured in discrete time. Each individual is described
by three types of traits that we call genotypic, phenotypic (or developed), and environmental, all of which can vary
with age and can evolve. We let all traits take continuous values, which allows us to take derivatives. Genotypic traits
are defined by being directly genetically controlled: for instance, a genotypic trait may be the presence or absence
of a given nucleotide at a given single-nucleotide locus (Voss, 1992), described with a continuous representation
(see below). Phenotypic traits are defined by being constructed over life subject to a developmental constraint: for
instance, a phenotypic trait may be body size subject to the influence of genes, developmental history, environment,
social interactions, and developmental processes constructing the body. Environmental traits are defined as describing
the local environment of the individual subject to an environmental constraint: for instance, an environmental trait
may be ambient temperature, which the individual may adjust behaviorally such as by roosting in the shade. We
assume that reproduction transmits genotypic traits clonally, but developed and environmental traits need not be
transmitted clonally due to social interactions. Given clonal reproduction of genotypic traits, we do not need to
further specify the genetic architecture (e.g., ploidy, number of loci, or linkage) and it may depend on the particular
model. We assume that the genotypic traits are developmentally independent, whereby genotypic traits are entirely
specified by the individual’s genotype and do not depend on other traits expressed over development: in particular,
this means that the genotype can only be modified by mutation, but the genotype at a given locus and age does not
depend on other loci, the phenotype, or the environment. Developmental independence corresponds to the notion
of “open-loop” control of optimal control theory (Sydsater et al., 2008). Genotypic traits may still be mutationally
correlated, whereby genotypic traits may tend to mutate together or separately. We assume that environmental traits
are mutually independent, which facilitates derivations. We obtain dynamically sufficient equations in gradient form
for the evolution of the phenotype by aggregating the various types of traits. We give names to such aggregates for
ease of reference. We call the aggregate of the genotype and phenotype the geno-phenotype. We call the aggregate of
the genotype, phenotype, and environment the geno-envo-phenotype.

The above terminology departs from standard terminology in adaptive dynamics as follows. In adaptive dynamics,
our genotypic traits are referred to as the phenotype and our phenotypic traits as function-valued phenotypes (or
state variables). We depart from this terminology to follow the biologically common notion that the phenotype is

constructed over development. In turn, adaptive dynamics terminology defines the environment as any quantity outside
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the individual, and thus refers to the global environment. In contrast, by environment we refer to the local environment
of the individual. This allows us to model niche construction as the local environment of a mutant individual may
differ from that of a resident.

We use the following notation (Table 1). Each individual can live from age 1 to age N, € {2, 3,...}. Each individual
has a number N, of genotypic traits at each age. A mutant’s genotypic traiti € {1,...,Ng} atagea € {1,...,N,} is
via € R. For instance, y;,, may be a continuous representation of nucleotide presence at a locus: let Y;;, be 1 if
nucleotide I € {1,2,3,4} (for A, C, G, T) is at locus J € {l,...,n} at age a or 0 otherwise and let Y, be the
corresponding matrix (see Fig. 1 of Voss, 1992); then, the i-th entry of vec(Y,) gives whether the nucleotide I = [i/n]
is present at locus J = i — |i/n]n, where [-] and | -] are the ceiling and floor functions; the i-th entry of vec(Y,) may be
represented by the Heaviside function, which can be approximated by ¥;, = 1/[1 + exp(—yi,/¥)], where y > 0 is small
and y;, € [-10y, 10y] is continuous. Another example is that y;, is the value of a life-history trait i at age a assumed to
be directly under genetic control (i.e., a control variable in life-history models; Gadgil and Bossert, 1970; Taylor et al.,
1974; Ledn, 1976; Schaffer, 1983). While y;, may be often constant with age a in the first example, it generally is not
in the second so we allow genotypic traits to depend on age. Given our assumption of developmental independence
of genotypic traits, the genotypic trait value yj, for all i € {1,...,N,} and all a € {1, ..., N,} of a given individual is
exclusively controlled by her genotype but mutations can tend to change the value of y;, and yi; simultaneously for
k # iand j # a. Additionally, each individual has a number N, of developed traits, that is, of phenotypes at each age.
A mutant’s phenotype i € {1,..., Ny} atage a € {1,...,N,} is xi, € R. Moreover, each individual has a number N, of
environmental traits that describe her local environment at each age. A mutant’s environmental traiti € {1,..., N} at
agea < {l,...,N,}is €, € R. Although we do not consider the developmental or evolutionary change of the number
of traits (i.e., of Ny, Ny, or N;), our framework still allows for the modelling of the developmental or evolutionary
origin of novel traits (e.g., the origin of a sixth digit where there was five previously in development or evolution;
Chan et al., 1995; Litingtung et al., 2002; Miiller, 2010, or a gene duplication event) by implementing a suitable
codification (e.g., letting x;, mean sixth-digit length, being zero in a previous age or evolutionary time; or by letting
Vi, mean nucleotide presence and be zero for all novel loci before duplication).

We use the following notation for collections of these quantities. A mutant’s i-th genotypic trait across all ages
is denoted by the column vector y; = (yi1;...;Yyin,) € RMx!where the semicolon indicates a line break, that is, y; =
(i1, - --»Yin,)T. A mutant’s i-th phenotype across all ages is denoted by the column vector X; = (x;1;...; Xin,) € RNax1
A mutant’s i-th environmental trait across all ages is denoted by the column vector €; = (€1;...;€n,) € RN A
mutant’s genotype across all genotypic traits and all ages is denoted by the block column vector y = (yi;...;¥n,) €
RN«NexI A mutant’s phenotype across all developed traits and all ages is denoted by the block column vector x =
xq;... ;XNP) e RMMXL A mutant’s environment across all environmental traits and all ages is denoted by the block
column vector € = (€;...;€y,) € RNaNex1 - To simultaneously refer to the genotype and phenotype, we denote the
geno-phenotype of the mutant individual at age a as z, = (X,;y,) € R™*¥)X! "and the geno-phenotype of a mutant
across all ages as z = (x;y) € RNV:M*NoXI  Moreover, to simultaneously refer to the genotype, phenotype, and
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environment, we denote the geno-envo-phenotype of a mutant individual at age a as m, = (z,;€,) € RN +NetNex1
and the geno-envo-phenotype of the mutant across all ages as m = (z; €) € RMM*Ne*Ne)X e denote resident values

analogously with an overbar (e.g., Z is the resident geno-phenotype).

Table 1: Notation summary
Symbol Meaning
Phenotype (developed traits)
Genotype (genotypic traits)
Geno-phenotype (genotype and phenotype)
Environment
Geno-envo-phenotype (genotype, pheno-
type, and environment)
Number of ages
Number of developed traits
Number of genotypic traits
Number of environmental traits
Developmental map
Environmental map
Population density
Fertility
Survival probability
Survivorship
Fitness
Invasion fitness
Stable age distribution
Reproductive value
Force of selection on fertility
Force of selection on survival
Ecological time
Evolutionary time
Socio-devo time
Generation time

EMN%N

NTATRNBCERNI STISEFR 2> >
o Toe T e

X Resident phenotype in the context of mutant
V/ Unperturbed geno-phenotype
(€ Arbitrary vectors
b, Mechanistic breeding value of §
Z, Stabilized mechanistic breeding value of
H, Mechanistic additive genetic covariance ma-
trix of £
L, Mechanistic additive socio-genetic cross-
covariance matrix of {
ogT .
E Direct effects of & on ¢
ogT . .
E Total immediate effects of € on ¢
dgT
— Total effects of & on {
g
sgT s
—f Stabilized effects of £ on ¢
S
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The developmental process that constructs the phenotype is as follows (with causal dependencies described in
Fig. 1). We assume that an individual’s multivariate phenotype at a given age is a function of the genotypic, phe-
notypic, and environmental traits that the individual had at the immediately previous age as well as of the social
interactions experienced at that age. Thus, we assume that a mutant’s multivariate phenotype at age a + 1 is given by

the developmental constraint
Xg+1 = ga(mavz) (1)
foralla € {1,..., N, — 1} with initial condition X; = X;. The function

8.(My, Z) = (814(My, Z); . . . ; gN,a(My, Z))

is the developmental map at age a, which we assume is a differentiable function of the individual’s geno-envo-
phenotype at that age and of the geno-phenotype of the individual’s social partners who can be of any age; thus,
an individual’s development directly depends on the individual’s local environment but not directly on the local
environment of social partners. The developmental constraint (1) is a mathematical, deterministic description of
Waddington’s (1957) “epigenetic landscape”. Eq. (1) is a constraint in that the phenotype X,,; cannot take any value
but only those that satisfy the equality (e.g., an individual’s body size today cannot take any value but depends on
her body size, gene expression, and environment since yesterday). The term developmental function can be traced
back to Gimelfarb (1982) through Wagner (1984). The developmental map in Eq. (1) is an extension of the notions
of genotype-phenotype map (often a function from genotype to phenotype, without explicit developmental dynamics)
and reaction norm (often a function from environment to phenotype, also without explicit developmental dynamics),
as well as of early mathematical descriptions of development in an evolutionary context (Alberch et al., 1979). The
dependence of the mutant phenotype on the phenotype of social partners in (1) allows one to implement Jablonka and
Lamb’s (2014) notion that extra-genetic inheritance transmits the phenotype rather than the genotype (see their p. 108),
such that in (1) the mutant phenotype can be a possibly altered copy of social partners’ phenotype. The developmental
map in Eq. (1) may be non-linear and can change over development (e.g., from g;, = sin x;, to g;; = xlB] fora < jand
some parameter 3, for instance, due to metamorphosis) and over evolution (e.g., from a sine to a power function if
8ia = [Fjasinxj, + (1 - yja)x'i ] as nucleotide presence j;, evolves from O to 1). Simpler forms of the developmental
constraint (1) are standard in life-history models, which call such constraints dynamic stemming from the terminology
of optimal control theory (Gadgil and Bossert, 1970; Taylor et al., 1974; Le6n, 1976; Schaffer, 1983; Sydszter et al.,
2008). Simpler forms of the developmental constraint (1) are also standard in physiologically structured models of
population dynamics (de Roos, 1997, Eq. 7). The developmental constraint (1) can describe gene regulatory networks
(Alon, 2020), learning in deep neural networks (Saxe et al., 2019), and reaction-diffusion models of morphology
(Murray, 2003) in discrete developmental time and space, once such models are written in the form of Eq. (1) (e.g.,
if space is one-dimensional, the i-th developed trait may refer to the i-th spatial location; more spatial dimensions
would require care in the mapping from multidimensional space to the unidimensional i-th phenotypic index, but
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Exogenous
process
(e.g., climate change)

Partners’ ' Partners’
phenotype genotype
(T > 7
‘ Phenotype
X
Genotype
Y

Geno-phenotype z
Geno-envo-phenotype m

Figure 1: Causal diagram among the framework’s components. Variables have age-specific values which are not shown for clarity. The phenotype
X is constructed by a developmental process. Each arrow indicates the direct effect of a variable on another one. A mutant’s genotypic traits may
directly affect the phenotype (with the slope quantifying developmental bias from genotype), environment (niche construction by genotype), and
fitness (direct selection on genotype). A mutant’s phenotype at a given age may directly affect her phenotype at an immediately subsequent age
(quantifying developmental bias from the phenotype), thus the direct feedback loop from phenotype to itself. A mutant’s phenotype may also
directly affect her environment (niche construction by the phenotype) and fitness (direct selection on the phenotype). A mutant’s environment
may directly affect the phenotype (plasticity) and fitness (environmental sensitivity of selection). The social partners’ genotype may directly
affect their own phenotype (quantifying developmental bias from genotype), the mutant’s phenotype (indirect genetic effects from genotypes), and
the mutant’s fitness (social selection on genotype). The social partners’ phenotype at a given age may directly affect their own phenotype at an
immediately subsequent age (quantifying developmental bias from phenotypes), thus the direct feedback loop. The social partners’ phenotype at
a given age may also directly affect the mutant’s phenotype (quantifying indirect genetic effects from the phenotype), the mutant’s environment
(social niche construction), and the mutant’s fitness (social selection on the phenotype). The environment may also be directly influenced by
exogenous processes. We assume that the genotype is developmentally independent (i.e., controls y are open-loop), which means that there is no

arrow towards the genotype.

doing so is possible; Supplementary Information section S6). The developmental constraint (1) also admits that a
slight perturbation in the geno-envo-phenotype at an early age yields a large change in the phenotype at a later age,
possibly changing it from zero to an appreciable value (as in descriptions of developmental innovation (Goldschmidt,
1940; Gould, 1977; Orr and Coyne, 1992; Orr, 2005; Miiller, 2010), possibly via exploratory processes highlighted
by Gerhart and Kirschner 2007 and Kirschner and Gerhart (2010) provided a mathematical model of such processes
satisfies Eq. (1)). However, slight perturbations yielding large phenotypic effects raise the question of whether our
assumption below that invasion implies fixation is violated if mutant phenotypes x deviate substantially from resident
phenotypes X; indeed, it has previously been established that invasion implies fixation if mutant genotypes y do not
deviate substantially from resident genotypes ¥y (Geritz et al., 2002; Geritz, 2005; Dieckmann et al., 2006; Priklopil
and Lehmann, 2020), which we assume. We leave for future work to address explicitly whether large deviations in
mutant phenotypes in our sense of the word still entail that invasion implies fixation because of small deviations in
mutant genotypes. For simplicity, we assume that the phenotype x; = X; at the initial age is constant and does not
evolve. This assumption corresponds to the common assumption in life-history models that state variables at the initial
age are given (Gadgil and Bossert, 1970; Taylor et al., 1974; Ledn, 1976; Schaffer, 1983; Sydsater et al., 2008).

We describe the local environment as follows. We assume that an individual’s local environment at a given age
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is a function of the genotypic traits, phenotype, and social interactions of the individual at that age, and of processes
that are not caused by the population considered. Thus, we assume that a mutant’s environment at age a is given by

the environmental constraint
€, =hy(2,,2,7) @)
foralla € {1,..., N,}. The function
ho(24,2,7) = (h4(24,2,7); . . . s N .a(2a, 2, 7))

is the environmental map at age a, which can change over development and evolution. We assume that the environ-
mental map is a differentiable function of the individual’s geno-phenotype at that age (e.g., the individual’s behavior
at a given age may expose it to a particular environment at that age), the geno-phenotype of the individual’s so-
cial partners who can be of any age (e.g., through social niche construction), and evolutionary time 7 due to slow
exogenous environmental change. We assume slow exogenous environmental change to enable the resident popu-
lation to reach carrying capacity to be able to use relatively simple techniques of evolutionary invasion analysis to
derive selection gradients. The environmental constraint (2) may also be non-linear and can change over develop-
ment (i.e., over a) and over evolution (as the genotype or phenotype evolves or exogenously as evolutionary time
advances). The environmental constraint (2) is a minimalist description of the environment of a specific kind (akin
to “feedback functions” used in physiologically structured models to describe the influence of individuals on the en-
vironment; de Roos, 1997). A different, perhaps more realistic environmental constraint would be constructive of
the form €,,; = h,(m,,Z, 1), in which case the only structural difference between an environmental trait and a de-
veloped trait would be the dependence of the environmental trait on exogenous processes (akin to “feedback loops”
used in physiologically structured models to describe the influence of individuals on the environment; de Roos, 1997).
The environmental constraint could be further extended to model ecological inheritance by letting the environmental
constraint have the form €,,; = h,(€(r — A1), m,, Z, 7), where the environmental map now depends on the resident
environment at the previous evolutionary time (a similar lag could be added to the developmental map so it depends
on the resident geno-phenotype at the previous evolutionary time to model certain aspects of symbolic social learning;
Jablonka and Lamb, 2010, 2014; Odling-Smee, 2010). We use the minimalist environmental constraint (2) as a first
approximation to shorten derivations; our derivations illustrate how one could obtain equations with more complex
developmental and environmental constraints. With the minimalist environmental constraint (2), the environmental
traits are mutually independent in that changing one environmental trait at one age does not directly change any other
environmental trait at any age (i.e., 0e;j/0€;, = 0if i # kora # j). We say that development is social if dXT /dZ]y—y # 0.

Our aim is to obtain closed-form equations describing the evolutionary dynamics of the resident phenotype X
subject to the developmental constraint (1) and the environmental constraint (2). The evolutionary dynamics of the
phenotype X emerge as an outgrowth of the evolutionary dynamics of the genotype y and environment €. In the
Supplementary Information section S3, we provide a short derivation of the canonical equation of adaptive dynamics
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closely following Dieckmann and Law (1996) although assuming deterministic population dynamics. The canonical

equation describes the evolutionary dynamics of resident genotypic traits as:

% ~ (Hy 3—;1 R 3)

y=y

where 4 = A(m,m) is invasion fitness, ¢ is a non-negative scalar measuring mutational input proportional to the
mutation rate and the carrying capacity, and Hy = cov[y, y] is the mutational covariance matrix (of genotypic traits).
The selection gradient in Eq. (3) involves total derivatives so we call it the total selection gradient of the genotype,
which measures the effects of genotypic traits y on invasion fitness A across all the paths in Fig. 1. Total selection
gradients, namely total derivatives of invasion fitness with respect to mutant traits evaluated at resident traits, are
conceptually similar to the notion of “total derivative of fitness” of Caswell (1982, 2001) denoted by him as dA, “total
differential” of Charlesworth (1994) denoted by him as dr, “integrated sensitivity” of van Tienderen (1995) denoted
by him as IS, and of “extended selection gradient” of Morrissey (2014, 2015) denoted by him as 5. However, total
selection gradients differ from Lande’s selection gradient in that the latter is defined in terms of partial derivatives and
so measures only the direct effects of traits on fitness (Fig. 1). We will be concerned with describing the evolutionary
dynamics to first-order of approximation, so we will treat the approximation in Eq. (3) as an equality although we
keep the approximation symbols throughout to distinguish what is and what is not an approximation.

The arrangement above describes the evolutionary developmental (evo-devo) dynamics: the evolutionary dynam-
ics of the resident genotype are given by the canonical equation (3), while the concomitant developmental dynamics
of the phenotype are given by the developmental (1) and environmental (2) constraints evaluated at resident trait val-
ues. To complete the description of the evo-devo dynamics, we obtain closed-form expressions for the total selection
gradient of the genotype. Moreover, to determine whether the evolution of the resident developed phenotype X can
be described as the climbing of a fitness landscape, we derive equations in gradient form describing the evolutionary
dynamics of the resident phenotype X, environment €, geno-phenotype Z, and geno-envo-phenotype m. To do so, we
first give an overview of the model, which describes a complication introduced by social development, how we handle
it, and well-known first-order approximations to invasion fitness in age-structured populations. We then use these

descriptions to write our results. Derivations are in the Appendices.

3. Model overview

Here we give an overview of the model. We describe it in detail in the Supplementary Information section S2.

3.1. Set up

We base our framework on standard assumptions of adaptive dynamics, particularly following Dieckmann and
Law (1996). We separate time scales, so developmental and population dynamics occur over a short discrete ecological

time scale # and evolutionary dynamics occur over a long discrete evolutionary time scale 7. Although the population
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is finite, in a departure from Dieckmann and Law (1996), we let the population dynamics be deterministic rather
than stochastic for simplicity, so there is no genetic drift. Thus, the only source of stochasticity in our framework is
mutation. We assume that mutation is rare, weak, and unbiased. Weak mutation means that the variance of mutant
genotypic traits around resident genotypic traits is marginally small (i.e., a mutant y is marginally different from the
resident ¥, so 0 < E[|ly — |1 = tr(cov[y, y]) = Zg\f] Zi,vi] E[(Via — ¥ia)?] < 1. Weak mutation (Gillespie, 1983; Walsh
and Lynch, 2018, p. 1003) is also called ¢-weak selection (Wild and Traulsen, 2007). Unbiased mutation means
that mutant genotypic traits are symmetrically distributed around the resident genotypic traits (i.e., the mutational
distribution M(y —¥) is even, so M(y —¥) = M(y —y)). Yet, unbiased mutation in genotypic traits still allows for bias
in the distribution of mutant phenotypes since a function of a random variable may have a different distribution from
that of the random variable (i.e., the distribution of X — X is not even in general); thus, we do not make the isotropy
assumption of Fisher’s (1930) geometric model (Orr, 2005), although isotropy may arise for mechanistic breeding
values (defined below) with large N,N, and additional assumptions (e.g., high pleiotropy and high developmental
integration) from the central limit theorem (Martin, 2014). We assume that a monomorphic resident population having
geno-envo-phenotype m undergoes density-dependent population dynamics that bring it to carrying capacity. At this
carrying capacity, rare mutant individuals arise which have a marginally different genotype y and that develop their
phenotype in the context of the resident. If the mutant genotype increases in frequency, it increasingly faces mutant
rather than resident individuals. Thus, with social development, the mutant phenotype may change as the mutant

genotype spreads, which complicates invasion analysis.

3.2. A complication introduced by social development

With social development, the phenotype an individual develops depends on the traits of her social partners. This
introduces a complication to standard evolutionary invasion analysis, for two reasons. First, the phenotype of a mutant
genotype may change as the mutant genotype spreads and is more exposed to the mutant’s traits via social interactions,
making the mutant phenotype frequency dependent. Thus, the phenotype developed by a rare mutant genotype in the
context of a resident phenotype may be different from the phenotype developed by the same mutant genotype in the
context of itself once the mutant genotype has approached fixation. Second, because of social development, a recently
fixed mutant may not breed true, that is, her descendants may have a different phenotype from her own despite clonal
reproduction of the genotype and despite the mutant genotype being fixed (Fig. 2; see also Kobayashi et al. 2015,
Eq. 14 in their Appendix). Yet, to apply standard invasion analysis techniques, the phenotype of the fixed genotype
must breed true, so that the phenotype of a mutant genotype developed in the context of individuals with the mutant
genotype have the same phenotype.

To carry out invasion analysis, we proceed as follows. Ideally, one should follow explicitly the change in mutant
phenotype as the mutant genotype increases in frequency and achieves fixation, and up to a point where the fixed
mutant phenotype breeds true. Yet, to simplify the analysis, we separate the dynamics of phenotype convergence and

the population dynamics. We thus introduce an additional phase to the standard separation of time scales in adaptive
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Figure 2: A difficulty introduced by social development. (A) Illustration of socio-devo dynamics. The dashed line is a socio-devo initial resident
phenotype x,(0) = 0.1 foralla € {1,...,4}, ¥; = 0.1, and socio-devo time 6 = 1. The gray line immediately above is a phenotype developed in the
context of such resident, where X,41(2) = 84(Zq, Xa+1) = X4(2) + al{Xa(2) + q[ X041 (1)]?}, with 5, = 0.5 foralla € {1,...,4} and g = 0.5. Setting this
phenotype X(2) as resident and iterating up to 8 = 10 yields the remaining gray lines, with iteration 10 given by the black line, where X,4+1(10) =
Xa(10) + ¥4{%,(10) + g[Xa+ 1917} and X(10) =~ X(9) is approximately a socio-devo stable equilibrium, which breeds true. (B) Introducing in the
context of such resident X(10) (dashed line) a mutant genotype y yields the mutant phenotype x (gray line), where x,41 = Xg + Ya{Xq + g[Xa+1 (10013}
and y, = 0.6 forall a € {1,...,4}. Such mutant does not breed true: a mutant x” (solid black line) with the same genotype developed in the context

of mutant x has a different phenotype, where x’

el = X+ Yol Xl + gl X1 1%}. One can use socio-devo dynamics (A) to find for such mutant genotype

y a phenotype that breeds true under social development.

Resident SDS resident SDS resident New
at carrying cap. resident
| Time scale: 68 | t | t
N
| ! ! i
Socio-devo Resident Resident-mutant
T dynamics population dynamics population dynamics T+ AT

Figure 3: Phases of an evolutionary time step. Evolutionary time is 7. SDS means socio-devo stable. The socio-devo dynamics phase is added
to the standard separation of time scales in adaptive dynamics, which only consider the other two phases. The socio-devo dynamics phase is only
needed if development is social (i.e., if the developmental map g, depends directly or indirectly on social partners’ geno-phenotype for some age

a).

dynamics so that phenotypic convergence occurs first and then resident population dynamics follow. Such additional
phase does not describe a biological process but is a mathematical technique to facilitate mathematical treatment (akin
to using best-response dynamics to find Nash equilibria). However, this phase might still be biologically justified under
somewhat broad conditions. In particular, Aoki et al. (2012, their Appendix A) show that such additional phase is
justified in their model of social learning evolution if mutants are rare and social learning dynamics happen faster than
allele frequency change; they also show that this additional phase is justified for their particular model if selection
is 0-weak. As a first approximation, here we do not formally justify the separation of phenotype convergence and

resident population dynamics for our model and simply assume it for simplicity.

3.3. Phases of an evolutionary time step

To handle the above complication introduced by social development, we partition a unit of evolutionary time in
three phases: socio-developmental (socio-devo) dynamics, resident population dynamics, and resident-mutant popu-
lation dynamics (Fig. 3).

At the start of the socio-devo dynamics phase of a given evolutionary time 7, the population consists of individuals

all having the same resident genotype, phenotype, and environment. A new individual arises which has identical
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genotype as the resident, but develops a phenotype that may be different from that of the original resident due to social
development. This developed phenotype, its genotype, and its environment are set as the new resident. This process
is repeated until convergence to what we term a “socio-devo stable” (SDS) resident equilibrium or until divergence.
These socio-devo dynamics are formally described by Eq. (S1) and illustrated in Fig. 2A. If development is not social,
the resident is trivially SDS so the socio-devo dynamics phase is unnecessary. If an SDS resident is achieved, the
population moves to the next phase; if an SDS resident is not achieved, the analysis stops. We thus study only the
evolutionary dynamics of SDS resident geno-envo-phenotypes. More specifically, we say a geno-envo-phenotype
m = (X;y;€) is a socio-devo equilibrium if and only if X is produced by development when the individual has such
genotype ¥ and everyone else in the population has that same genotype, phenotype, and environment (Eq. S2). A
socio-devo equilibrium m = (X;y;€) is locally stable (i.e., SDS) if and only if a marginally small deviation in the
initial phenotype X(1) from the socio-devo equilibrium keeping the same genotype leads the socio-devo dynamics
(Eq. S1) to the same equilibrium. A socio-devo equilibrium m is locally stable if all the eigenvalues of the matrix

dx

dXT ly=y
have absolute value (or modulus) strictly less than one. For instance, this is always the case if social interactions
are only among peers (i.e., individuals of the same age) so the mutant phenotype at a given age depends only on the
phenotype of immediately younger social partners (in which case the above matrix is block upper triangular so all its
eigenvalues are zero; Eq. G9). We assume that there is a unique SDS geno-envo-phenotype for a given developmental
map at every evolutionary time 7.

If an SDS resident is achieved in the socio-devo dynamics phase, the population moves to the resident population
dynamics phase. Because the resident is SDS, an individual with resident genotype developing in the context of the
resident geno-phenotype is guaranteed to develop the resident phenotype. Thus, we may proceed with the standard
invasion analysis. Hence, in this phase of SDS resident population dynamics, the SDS resident undergoes density
dependent population dynamics, which we assume asymptotically converges to a carrying capacity.

Once the SDS resident has achieved carrying capacity, the population moves to the resident-mutant population
dynamics phase. At the start of this phase, a random mutant genotype y marginally different from the resident genotype
y arises in a vanishingly small number of mutants. We assume that the mutant becomes either lost or fixed in the
population (Geritz et al., 2002; Geritz, 2005; Priklopil and Lehmann, 2020), establishing a new resident geno-envo-
phenotype.

Repeating this evolutionary time step generates long term evolutionary dynamics of an SDS geno-envo-phenotype.

3.4. Invasion fitness in age structured populations

We now write a well-known first-order approximation of invasion fitness for age-structured populations. To do

this, we first write a mutant’s survival probability and fertility at each age. At the resident population dynamics
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equilibrium, the mutant’s fertility at age a is

Ja = fa(m,,mm) (4a)

and the mutant’s survival probability from age a to a + 1 is

Pa = Pa(Mg, m). (4b)

The first argument m, in Eqgs. (4) is the direct dependence of the mutant’s fertility and survival at a given age on
her own geno-envo-phenotype at that age. The second argument m in Eqgs. (4) is the direct dependence on social
partners’ geno-envo-phenotype at any age (thus, fertility and survival may directly depend on the environment of
social partners, specifically, as it may affect the carrying capacity, and fertility and survival are density dependent).
In the Supplementary Information section S2.3, we recover the well-known result that invasion fitness A for age-
structured populations is to first-order of approximation around resident genotypic traits equal to the relative fitness w

of a mutant individual per unit of generation time, that is A ~ w (Eq. S21), where

Na
w = Z Wi, (5a)
j=1
a mutant’s relative fitness at age j is
1
wi = = (656 + 7ipj). (5b)
and generation time is
Ny
T=)i6f; ©)
=1

(Charlesworth 1994, Eq. 1.47c; Bulmer 1994, Eq. 25, Ch. 25; Bienvenu and Legendre 2015, Eqgs. 5 and 12). The
superscript o denotes evaluation at y = y (so at m = m as the resident is a socio-devo equilibrium). The quantity
ti= I—[i;i Dr 1s the survivorship of mutants from age 1 to age j, and {3 is that of neutral mutants. We denote the force

of selection on fertility at age j (Hamilton 1966 and Caswell 1978, his Egs. 11 and 12) as

¢;(m) = ¢; (7a)
and the force of selection on survival at age j as
1 N
nm) = — > Gf, (7b)
J k=j+1

which are independent of mutant trait values because they are evaluated at the resident trait values. It is easily checked
that ¢; and 7r; decrease with j (respectively, if p; < 1land fj ~1 > 0 provided that p; does not change too abruptly with
age).
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Invasion fitness in our age-structured population can also be written in terms of a mutant’s expected lifetime
reproductive success because of our assumption that mutants arise when residents are at carrying capacity (Mylius
and Diekmann, 1995). Specifically, invasion fitness for age-structured populations with mutants arising at carrying
capacity is to first-order of approximation around resident genotypic traits given by 4 = 1+(Ro—1)/T (Eq. S23), where
R is a mutant’s expected lifetime reproductive success. For our life cycle, a mutant’s expected lifetime reproductive

success is
A
Ry= > tif;, 8)
j=1

(Caswell, 2001).

4. The layers of the evo-devo process

We use the model above to obtain three main results. First, we obtain formulas for the total selection gradient of
the genotype and underlying equations. Second, we obtain formulas and underlying equations for the evolutionary
dynamics in gradient form for the phenotype and environment, which if considered on their own yield an underde-
termined and so dynamically insufficient evolutionary system. Third, we obtain formulas and underlying equations
for the evolutionary dynamics in gradient form for the geno-phenotype and the geno-envo-phenotype, which if con-
sidered on their own yield a determined and so dynamically sufficient system. These results provide formulas for
genetic covariation and other high-level quantities from low-level mechanistic processes. We term the resulting set of
equations the “evo-devo process”. The evo-devo process can be arranged in a layered structure, where each layer is
formed by components in layers below (Fig. 4). This layered structure helps see how complex interactions between
variables involved in genetic covariation are formed by building blocks describing the direct interaction between vari-
ables. We thus present the evo-devo process starting from the lowest-level layer up to the highest. The three main
results highlighted above are given in the top layers 6 and 7, and the underlying equations are given in the lower level
layers 2-5. The derivations of these equations are provided in the Appendices and involve recurrent use of the chain

rule due to the recurrence and feedbacks involved in the developmental constraint (1).

4.1. Layer I: elementary components

The components of the evo-devo process can be calculated from ten elementary components. These include five
“core” elementary components: the fertility f,(m,, m), survival probability p,(m,, m), developmental map g,(m,, Z),
and environmental map h,(z,, Z, 7) for all ages a, as well as the mutational covariance matrix Hy (Fig. 4, Layer 1). The
remaining five elementary components of the evo-devo process are the mutation rate ¢ and the initial conditions for
the various dynamical processes, namely, the evolutionarily initial resident genotype y(r = 1), the developmentally
initial resident phenotype X1, the population density 7] at carrying capacity of initial-age residents, and the socio-

devo initial resident phenotype X(6 = 1). Once the five core elementary components are available, either from purely
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Figure 4: The evo-devo process and its layered structure. Here we summarize the equations composing the evo-devo process arranged in a layered

structure. Each layer is formed by components in layers below. Layer 7 describes the evolutionary dynamics as (A) evo-devo dynamics, which in

the limit as AT — 0 implies (B) the evolutionary dynamics of the geno-phenotype, and (C) the evolutionary dynamics of the geno-envo-phenotype.

(D) Layer 6 describes genetic covariation. (E) Layer 5 describes stabilized effects (total derivatives over life after socio-devo stabilization, denoted

by s/s). (F) Layer 4 describes total effects (total derivatives over life before socio-devo stabilization, denoted by d/d). (G) Layer 3 describes total

immediate effects (total derivatives at the current age, denoted by ¢/6). (H) Layer 2 describes direct effects (partial derivatives, denoted by d/d). (I)

Layer 1 comprises the elementary components of the evo-devo process that generate all layers above. All derivatives are evaluated at y = . See

text for the equations of direct-effect matrices, which have structure due to age structure. See Fig. 1 and Table 1 for the meaning of symbols.

theoretical models or using empirical data, all the remaining layers of the evo-devo process can be derived. The

remaining elementary components are then needed to compute the solution of the evo-devo dynamics. The five core

elementary components except for Hy correspond to the elementary components of physiologically structured models

of population dynamics (de Roos, 1997).

4.2. Layer 2: direct effects

We now write the equations for the next layer, that of the direct-effect matrices which constitute nearly elementary

components of the evo-devo process. Direct-effect matrices measure the direct effect that a variable has on another

variable. Direct-effect matrices capture various effects of age structure, including the declining forces of selection as

age advances.

Direct-effect matrices include direct selection gradients, which have the following structure due to age-structure.
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The direct selection gradient of the phenotype, genotype, or environment is

ow :(Bw_ _8w)
lyy — \0& 0w oy
ow; GWN)
== a , Layer 2, Eq. 1
(ag1 A (Layer 2, Eq. 1)

for £ € {x,y, €}, with dimensions for dw/0xly_y € RN dw/dyly_y € RNNeX! and dw/Oely_y € RNNx1 These
gradients measure direct directional selection on the phenotype, genotype, or environment, respectively. Analogously,
Lande’s (1979) selection gradient measures direct directional selection under quantitative genetics assumptions. Also,
the direct selection gradient of the environment measures the environmental sensitivity of selection (Chevin et al.,
2010). The block entries of Layer 2, Eq. 1 can be computed by differentiating Eq. (5b). Note that the second line
in Layer 2, Eq. 1 takes the derivative of fitness at each age, so from Eq. (5b) each block entry in Layer 2, Eq. 1 is
weighted by the forces of selection at each age. Thus, the selection gradients in Layer 2, Eq. 1 capture the declining
forces of selection in that increasingly rightward block entries have smaller magnitude if survival and fertility effects
are of the same magnitude as age increases.

We use the above definitions to form the following aggregate direct selection gradients. The direct selection

gradient of the geno-phenotype is

8_w
oz

y=y  \0x 9y

and the direct selection gradient of the geno-envo-phenotype is

€ RV WptNx1

y=y

6_w
om

e RNZ,(Np +Ng+Ne)x1 .

y=y

v ow_ow
0x’ 9y’ Oe

y=y

Direct-effect matrices also include matrices that measure direct developmental bias. These matrices have specific,
sparse structure due to the arrow of developmental time: changing a trait at a given age cannot have effects on the
developmental past of the individual and only directly affects the developmental present or immediate future. Using
matrix calculus notation (Appendix A), the block matrix of direct effects of a mutant’s phenotype on her phenotype

is

ox 0x
oxT _ .1 .1
X ly=y '

aXNa (9)(1\/a ©

21


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

0

0

% e 0 0
6x1
I 0 0
0 6)(17\,u
5XNZ,71
0 e 0 1

y=y

€ RNNpX NNy (Layer 2, Eq. 2a)

which can be understood as measuring direct developmental bias from the phenotype. The equality (Layer 2, Eq. 2a)

follows because the direct effects of a mutant’s phenotype on her phenotype are only non-zero at the next age (from

the developmental constraint in Eq. 1) or when the phenotypes are differentiated with respect to themselves. The

block entries of Layer 2, Eq. 2a can be computed by differentiating the developmental constraint (1). Analogously,

the block matrix of direct effects of a mutant’s genotype on her phenotype is

oxT

9y ly=y

ox) 0 0
dyi
0O --- 0 0
oxT
0 Na
Oyn,-1
0 --- 0 0

€ RNalNexNalp (Layer 2, Eq. 2b)

which can be understood as measuring direct developmental bias from the genotype. Note that the main block diagonal

is zero.

Direct-effect matrices also include matrices measuring direct plasticity and direct niche construction. Indeed, the

block matrix of direct effects of a mutant’s environment on her phenotype is

oxT

0€ y=§

% e 0 0
0€|
0 - 0 0
0 (9x,T\,a
o€y,
0 0 0

€ RNoNexNap (Layer 2, Eq. 2¢)

which can be understood as measuring the direct plasticity of the phenotype (Noble et al., 2019). In turn, the block
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partners’ phenotype or genotype on a mutant’s phenotype is

0o

o0&,

T
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0o X

24

23

0

0

0
661TVa
4w,

by the block matrix of direct effects of a mutant’s environment on itself

0

0

0€

;
No-1
o€y,

useful to write 0€T /0€ly—y rather than only I, and we do so throughout.

T
0x Ny

re
BXLa

04,
oxT

A,

y=y

0

T
0€ N,

13 N,

matrix of direct effects of a mutant’s phenotype or genotype on her environment is
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(Layer 2, Eq. 2d)

for { € {x,y}, which can be understood as measuring direct niche construction by the phenotype or genotype. The
equality (Layer 2, Eq. 2d) follows from the environmental constraint in Eq. (2) since the environment faced by a

mutant at a given age is directly affected by the mutant phenotype or genotype at the same age only (i.e., (96; 106, =0

Direct-effect matrices also include a matrix describing direct mutual environmental dependence. This is measured

(Layer 2, Eq. 3)

The first equality follows from the environmental constraint (Eq. 2) and the second equality follows from our assump-

tion that environmental traits are mutually independent, so 66}/6eu|y=y =Iforalla € {1,...,N,}. Itis conceptually

Additionally, direct-effect matrices include matrices describing direct social developmental bias, which includes

the direct effects of extra-genetic inheritance and indirect genetic effects. The block matrix of direct effects of social

(Layer 2, Eq. 4)
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for £ € {X, §}, where the equality follows because the phenotype X, at the initial age is constant by assumption. The
matrix in Layer 2, Eq. 4 can be understood as measuring direct social developmental bias from either the phenotype
or genotype, and mechanistically measures the direct effects of extra-genetic inheritance and indirect genetic effects.
This matrix can be less sparse than direct-effect matrices above because the mutant’s phenotype can be affected by the
phenotype or genotype of social partners of any age.

Direct-effect matrices also include matrices describing direct social niche construction. The block matrix of direct

effects of social partners’ phenotype or genotype on a mutant’s environment is

O€eT % %
a7 = : : , (Layer 2, Eq. 5)
9N, N, Nyg

for £ € {X,¥}, which can be understood as measuring direct social niche construction by either the phenotype or
genotype. This matrix does not contain any zero entries in general because the mutant’s environment at any age can
be affected by the phenotype or genotype of social partners of any age.

We use the above definitions to form direct-effect matrices involving the geno-phenotype. The block matrix of

direct effects of a mutant’s geno-phenotype on her geno-phenotype is

oxT  JyT OxT 0
oz ox 0X ox
0z . = oxT oyT = oxT : (Layer 2, Eq. 6)
6y 6y y=y ay y=y

c RNH(NP+Ng)><Na(Np+Ng)’

which measures direct developmental bias of the geno-phenotype, and where the equality follows because genotypic
traits are developmentally independent by assumption. The block matrix of direct effects of a mutant’s geno-phenotype

on her environment is

O€T

= € RNeWp+NXNalNe (Layer 2, Eq. 7)
Z

y=y

y=y

_ [O€T Oe€T
“\ox’ ay

which measures direct niche construction by the geno-phenotype. The block matrix of direct effects of social partners’

geno-phenotypes on a mutant’s environment is

_ (aeT' aeT)
y=y \0X 9y

which measures direct social niche construction by partners’ geno-phenotypes. The block matrix of direct effects of a

O€T

= € RN(Vp#NehxNale | (Layer 2, Eq. 8)
Z

y=y

mutant’s environment on her geno-phenotype is

_(oxT )
y=¥ - ( 0€ 0

24

0z’
0€

y=y

(2 &
0€ 0€

€ RNaNeXNaWp+Ny) (Layer 2, Eq. 9)
y=y
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which measures the direct plasticity of the geno-phenotype, and where the equality follows because genotypic traits
are developmentally independent.

We will see that the evolutionary dynamics of the environment depends on a matrix measuring “inclusive” direct
niche construction. This matrix is the transpose of the matrix of direct social effects of a focal individual’s geno-

phenotype on hers and her partners’ environment

(e, 2
yzy_ oz 0z7

where we denote by € the environment a resident experiences when she develops in the context of mutants (a donor

0(€ + €)
oz7

€ RNNXNalNptNy) (Layer 2, Eq. 10)

y=y

perspective for the mutant). Thus, this matrix can be interpreted as inclusive direct niche construction by the geno-
phenotype. Note that the second term on the right-hand side of Layer 2, Eq. 10 is the direct effects of social partners’
geno-phenotypes on a focal mutant (a recipient perspective for the mutant). Hence, inclusive direct niche construction
by the geno-phenotype as described by Layer 2, Eq. 10 can be equivalently interpreted either from a donor or a

recipient perspective.

4.3. Layer 3: total immediate effects

We now proceed to write the equations of the next layer of the evo-devo process, that of total immediate effects.
Total-immediate-effect matrices measure the total effects that a variable has on another variable only at a given age,
thus without considering the downstream effects over development. With the developmental and environmental con-
straints assumed, if there are no environmental traits, total immediate effect matrices (647 /6€) reduce to direct effect
matrices (047 /0€).

Total-immediate-effect matrices include total immediate selection gradients, which capture some of the effects of

niche construction. The rotal immediate selection gradient of the phenotype, genotype, or geno-phenotype is

ow
6¢

_[(Ow  O€T Ow

==+ —— (Layer 3, Eq. 1)
=5 (6{ ¢ 66)

y=y ’
for { € {x,y, z}. Here, the total immediate selection gradient of { depends on direct directional selection on ¢, direct
niche construction by £, and direct environmental sensitivity of selection. Thus, total immediate selection gradients
measure total immediate directional selection, which is directional selection in the fitness landscape modified by the
interaction of niche construction and environmental sensitivity of selection. In a standard quantitative genetics frame-
work, the total immediate selection gradients correspond to Lande’s (1979) selection gradient if the environmental
traits are not explicitly included in the analysis.

Total immediate selection on the environment equals direct selection on the environment because we assume

environmental traits are mutually independent. The fotal immediate selection gradient of the environment is
B (8ET 6w)
y=¥ 0e Oe

25

ow

e € RNalex1, (Layer 3, Eq. 2)

y=y
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Given our assumption that environmental traits are mutually independent, the matrix of direct effects of the envi-
ronment on itself is the identity matrix. Thus, the total immediate selection gradient of the environment equals the
selection gradient of the environment.

Total-immediate-effect matrices also include matrices describing total immediate developmental bias, which cap-
ture additional effects of niche construction. The block matrix of total immediate effects of the phenotype, genotype,

social partner’s phenotype, or social partner’s genotype on a mutant’s phenotype is

oxT

k3

s (Layer 3, Eq. 3)

y=y

_ (‘Kﬁﬁai)
vy \0C O e

for { € {x,y,X,y}. Here, the total immediate effects of { on the phenotype depend on the direct developmental bias
from ¢, direct niche construction by £, and the direct plasticity of the phenotype. Consequently, total immediate effects
on the phenotype can be interpreted as measuring total immediate developmental bias, which measures developmental
bias in the developmental process modified by the interaction of niche construction and plasticity.

Moreover, total immediate-effect matrices include matrices describing total immediate plasticity of the phenotype,
which equals plasticity of the phenotype because environmental traits are mutually independent by assumption. The

block matrix of total immediate effects of a mutant’s environment on her phenotype is

oxT
0€

_ O€eT oxT

= — | e RMNXNN, L 3,Eq. 4
s d€ de (Layer 3, Eq. 4)

y=y

Given our assumption that environmental traits are mutually independent, the matrix of direct effects of the environ-
ment on itself is the identity matrix. Thus, the total immediate plasticity of the phenotype equals the direct plasticity
of the phenotype.

We use the above definitions to form a matrix quantifying the total immediate developmental bias of the geno-
phenotype. This is the block matrix of fotal immediate effects of a mutant’s geno-phenotype on her geno-phenotype

0z7

= € RNa(Np+N)XNa(Np+Ny) | (Layer 3, Eq. 5)

y=y

_[0zT N 0€T 077
v=y \ 0z 0z Oe

Consequently, the total immediate developmental bias of the geno-phenotype depends on the direct developmental bias

of the geno-phenotype, direct niche construction by the geno-phenotype, and direct plasticity of the geno-phenotype.

4.4. Layer 4: total effects

‘We now move to write the equations for the next layer of the evo-devo process, that of total-effect matrices. Total-
effect matrices measure the total effects of a variable on another one over the individual’s life, thus considering the
downstream effects over development, but before the effects of social development have stabilized in the population.
More generally, total-effect matrices include matrices that give the sensitivity to perturbations of the solution of a

recurrence of the form (1).
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The total effects of the phenotype on itself describe the developmental feedback of the phenotype. This is given

by the block matrix of total effects of a mutant’s phenotype on her phenotype

€ RNNoXNy (Layer 4, Eq. 1)

y=¥
which is always invertible (Appendix B, Eq. B15) and where the last equality follows by the geometric series of
matrices. This matrix can be interpreted as a lifetime collection of total immediate effects of the phenotype on itself.
Also, the developmental feedback of the phenotype can be seen as describing the total developmental bias of the
phenotype. More generally, Layer 4, Eq. 1 gives the sensitivity of the solution x of the recurrence (1) to perturbations
in the solution at other times (ages): in particular, dx;;/dx;, gives the sensitivity of the solution x;; of the k-th variable
at time j to perturbations in the solution x;, of the i-th variable at time a. Developmental feedback may cause major
phenotypic effects at subsequent ages as its block entries involve matrix products. Indeed, the total effects of the

phenotype at age a on the phenotype at age j are given by

m
il sxT ox' ox!
1_[ ktl _ “Tatl J forj>a
dxT A 0X 0X, 6Xj_1
L= (Layer 4, Eq. 2)
dxa I for j=a
0 for j < a.

Since matrix multiplication is not commutative, the ~ denotes right multiplication. By depending on the total im-
mediate developmental bias from the phenotype, the developmental feedback of the phenotype depends on direct
developmental bias from the phenotype, direct niche-construction by the phenotype, and direct plasticity of the phe-
notype (Layer 3, Eq. 3). Layer 4, Eq. 1 has the same form of an equation for total effects used in path analysis (Greene
1977, p. 380; see also Morrissey 2014, Eq. 2) if (6xT/6x — I)|,—y is interpreted as a matrix listing the path coefficients
of “direct” effects of the phenotype on itself (direct, without explicitly considering environmental traits).

The total effects of the genotype on the phenotype are a mechanistic analogue of Fisher’s additive effects of allelic
substitution and of Wagner’s developmental matrix. The block matrix of rotal effects of a mutant’s genotype on her
phenotype is given by

dxT
dy

_ (6XT de)
y=¢ oy dx

which is singular because the developmentally initial phenotype is not affected by the genotype (by our assumption

c RNENngaNp, (Layer 4, Eq. 3)

y=y

that the initial phenotype is constant) and the developmentally final genotypic traits do not affect the phenotype (by
our assumption that individuals do not survive after the final age; so dxT/dyly—y has rows and columns that are zero;

Appendix C, Eq. C16). From Layer 4, Eq. 3, this matrix can be interpreted as involving a developmentally immediate
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pulse caused by a change in genotypic traits followed by the triggered developmental feedback of the phenotype.
The matrix of total effects of the genotype on the phenotype measures total developmental bias of the phenotype
from the genotype. By giving the total effects of a perturbation in the genotype on the phenotype, the entries of this
matrix are a mechanistic analogue of Fisher’s additive effect of allelic substitution, which he defined as regression
coeflicients (his «; see Eq. I of Fisher 1918 and p. 72 of Lynch and Walsh 1998). Also, this matrix is a mechanistic
analogue of Wagner’s (1984, 1989) developmental matrix (his B) (see also Martin 2014), Rice’s (2002) rank-1 D
tensor, and Morrissey’s (2015) total effect matrix (his @, but not Morrissey’s (2014) @, which is a regression-based
form of dx7/dx) (interpreting these authors’ partial derivatives as total derivatives, although using derivatives rather
than regression coefficients violates the standard partition of phenotypic variance into genetic and “environmental”
variances, as explained below). More generally, interpreting y as parameters affecting the recurrence (1) over x, Layer
4, Eq. 3 gives the sensitivity of the solution x to perturbation in the parameters at other times (ages): in particular,
dxzj/dyiq gives the sensitivity of the solution xi; of the k-th variable at time j to perturbations in the i-th parameter yj, at
time a. The definition of total effects of the genotype on the phenotype in terms of derivatives (Layer 4, Eq. 3) differs
from Fisher’s in terms of regression coefficients both in that it reveals its structure and so it can be used for evo-devo
dynamically sufficient analysis, and in that regression coefficients of phenotype to genotype are uncorrelated with
residuals whereas the derivative analogues need not be. This implies that the standard partition of phenotypic variance
in quantitative genetics does not hold with our mechanistic analogues, so a mechanistic analogue of heritability can
be greater than one (as further explained in Layer 6).

The total effects of the environment on the phenotype measure the total plasticity of the phenotype, considering

downstream effects over development. This is given by the block matrix of fotal effects of a mutant’s environment on

_(6xT dxT
y=y B o€ dx

Thus, the total plasticity of the phenotype can be interpreted as a developmentally immediate pulse of plastic change

her phenotype

dxT

E € RNaNeXNalp (Layer 4, Eq. 4)

y=y

in the phenotype followed by the triggered developmental feedback of the phenotype.

The total effects of social partners’ genotype or phenotype on the phenotype measure the total social developmen-

tal bias of the phenotype. The block matrix of total effects of social partners’ phenotype or genotype on a mutant’s
phenotype is
dxT

dxT _(@di]
dz |, \e¢z dx

for £ € {X,y}. This matrix can be interpreted as measuring total social developmental bias of the phenotype from

(Layer 4, Eq. 5)

y=y y=y

phenotype or genotype, as well as the total effects on the phenotype of extra-genetic inheritance, and the total in-
direct genetic effects. In particular, the matrix of total social developmental bias of the phenotype from phenotype,
dxT/dX|y—y, is a mechanistic version of the matrix of interaction coeflicients in the indirect genetic effects literature
(i.e., ¥ in Eq. 17 of Moore et al. 1997, which is defined as a matrix of regression coefficients). From Layer 4, Eq. 5,
28
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the total social developmental bias of the phenotype can be interpreted as a developmentally immediate pulse of phe-
notype change caused by a change in social partners’ traits followed by the triggered developmental feedback of the
mutant’s phenotype.
The total effects on the genotype are simple since genotypic traits are developmentally independent by assumption.
The block matrix of total effects of a mutant’s genotype on itself is
dy?

NyNgXN,N,
Ragxﬂg,

=1e
y=y

(Layer 4, Eq. 6)

dy?

aZ =0,

y=y

(Appendix C, Eq. C13).
We can use some of the previous total-effect matrices to construct the following total-effect matrices involving the

geno-phenotype. The block matrix of fotal effects of a mutant’s phenotype on her geno-phenotype is

dzT|  _ (dXT dyT)
dx lyy ~ Vdx  dx Jlysy
T
- (di 0) € RNNoXNaNp V), (Layer 4, Eq. 7)
dx y=y

measuring total developmental bias of the geno-phenotype from the phenotype. The block matrix of rotal effects of

the genotype on her geno-phenotype is

dzT B (de dyT)
dy -y \dy dy /|,
dxT NuNgXNo(No+No)
- o I € RNaNXNaWNp+Ny) (Layer 4, Eq. 8)
y=y

measuring total developmental bias of the geno-phenotype from the genotype. This matrix dzT/dyl|y,—y is singular
because any matrix with fewer rows than columns is singular (Horn and Johnson, 2013, p. 14). This singularity will
be important when we consider mechanistic additive genetic covariances (Layer 6). Now, the block matrix of toral

effects of a mutant’s geno-phenotype on her geno-phenotype is

dxT dyT dxT 0
dz7 | dx dx 3 dx
dz |y~ |dxT dyT T dxT I
dy dy/lyy Vdy  ly
5zT -1 N, 5zT a—1
= (2[ - %) = (% - I) (Layer 4, Eq. 9)
y=y a=1

€ RVOo N XNu(Ny tNy)

which can be interpreted as measuring the developmental feedback of the geno-phenotype (Appendix E, Eq. E4).
Since dzT /dz|,—y is square and block lower triangular, and since dxT/dx|y—y is invertible (Appendix B, Eq. B15), we
have that dz7 /dz|,_y is invertible.
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Moreover, the total effects of the phenotype and genotype on the environment quantify total niche construction.

Total niche construction by the phenotype is quantified by the block matrix of total effects of a mutant’s phenotype on

_[dxT g€
y=¥ B dx 0Ox
_(daT deT
" \dx oz

which can be interpreted as showing that developmental feedback of the phenotype occurs first and then direct niche-

her environment

deT
dx

y=y

€ RNalpxNalVe (Layer 4, Eq. 10)

y=y

constructing effects by the phenotype follow. Similarly, total niche construction by the genotype is quantified by the

block matrix of total effects of a mutant’s genotype on her environment

deT
dy

B (de OeT N BeT)
y=y dy ox 0y

_(dz7 9T
“\dy oz

which depends on direct niche construction by the genotype and on total developmental bias of the phenotype from

y=y

€ RNalVexNaNe (Layer 4, Eq. 11)

Y=y

the genotype followed by niche construction by the phenotype. The analogous relationship holds for total niche

construction by the geno-phenotype, quantified by the block matrix of fotal effects of a mutant’s geno-phenotype on

_ (dzT 9eT
v=y  \dz 0z

which depends on the developmental feedback of the geno-phenotype and direct niche construction by the geno-

her environment

deT

= € RN Wp+NexNale| (Layer 4, Eq. 12)
z

y=y

phenotype.
The total effects of the environment on itself quantify environmental feedback. The block matrix of total effects

of a mutant’s environment on her environment is

deT
de

€ RNaNeXNaNe (Layer 4, Eq. 13)

y=y

O€T N dxT deT
oe de 0Ox

y=¥
which is always invertible (Appendix D, Eq. D5). This matrix can be interpreted as measuring environmental feed-
back, which depends on direct mutual environmental dependence, total plasticity of the phenotype, and direct niche
construction by the phenotype.

We can also use some of the following previous total-effect matrices to construct the following total-effect matrices
involving the geno-envo-phenotype. The block matrix of total effects of a mutant’s phenotype on her geno-envo-

phenotype is

dmT _ (de dyT deT)
dx ly-y  \dx dx  dx/lyy
T T
= (di 0 di) (Layer 4, Eq. 14)
dx dx y=y
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€ RNNpxNaNp+Ng+Ne)

measuring total developmental bias of the geno-envo-phenotype from the phenotype. The block matrix of total effects

of a mutant’s genotype on her geno-envo-phenotype is

dm7|  (dxT dyT deT
a2
= (diT E) (Layer 4, Eq. 15)
dy Ay Jly=s

€ RNNeXNaNy tNgtNe)

measuring total developmental bias of the geno-envo-phenotype from the genotype, and which is singular because it
has fewer rows than columns.

The block matrix of total effects of a mutant’s environment on her geno-envo-phenotype is

dmT _ (de dy" deT)
de ly-y \de de de /ly-y
T T
= (di di) (Layer 4, Eq. 16)
de de /ly=y

NaNeXNy(Np+Ng+N,
eRae a(p g e)’

measuring total plasticity of the geno-envo-phenotype. The block matrix of total effects of a mutant’s geno-phenotype

on her geno-envo-phenotype is

dmT dxT 0 deT
dmT | dx | dx dx L 4.Eq. 17)
dz lysy  [dmT| T faxT deT ayer &, 59
dy Jly—y dy dy Jly—y

€ RV N XNaNy Ny N

measuring total developmental bias of the geno-envo-phenotype from the geno-phenotype. The block matrix of foral

effects of a mutant’s geno-envo-phenotype on her geno-envo-phenotype is

Yo e

dx dx dx
dm?_ | dm? T e (Layer 4, Eq. 18)
dm [y dy dy dy

dmT dxT deT

de M=y \de de /ly=y

e RNa(Np+Ng+Ne)><Na(Np+Ng+Ns)’

measuring developmental feedback of the geno-envo-phenotype, and which we show is invertible (Appendix F).
Obtaining a compact form for dmT /dmly_y analogous to Layer 4, Eq. 9 seemingly needs (deT /del,—y)~' which appears
to yield relatively complex expressions so we leave this for future analysis.
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We will see that the evolutionary dynamics of the phenotype depends on a matrix measuring “inclusive” total
developmental bias of the phenotype. This matrix is the transpose of the matrix of fotal social effects of a focal

individual’s genotype or phenotype on hers and her partners’ phenotypes

_ ( dx . dx ]
vy 46T Az

for { € {x,y} where we denote by X the phenotype that a resident develops in the context of mutants (a donor

d(x + %)

ar (Layer 4, Eq. 19)

perspective for the mutant). Thus, this matrix can be interpreted as measuring inclusive total developmental bias
of the phenotype. Note that the second term on the right-hand side of Layer 4, Eq. 19 is the total effects of social
partners’ phenotype or genotype on a focal mutant (a recipient perspective for the mutant). Thus, the inclusive total
developmental bias of the phenotype as described by Layer 4, Eq. 19 can be equivalently interpreted either from a
donor or a recipient perspective.

Having written expressions for the above total-effect matrices, we can now write the total selection gradients,
which measure total directional selection, that is, directional selection considering all the pathways in which a trait
can affect fitness in Fig. 1 (see also Morrissey 2014). This contrasts with Lande’s (1979) selection gradient, which
corresponds to the direct selection gradient measuring the direct effect of a variable on fitness in Fig. 1. In Appendix

B-Appendix F, we show that the total selection gradient of vector { € {X,y, z, €, m} is

dw

dmT ow
= ( i 6—m)|y=y, (Layer 4, Eq. 20)

which has the form of the chain rule in matrix calculus notation. Hence, the total selection gradient of { depends
on the total effects of { on the geno-envo-phenotype and direct directional selection on the geno-envo-phenotype.
Consequently, the total directional selection on { is the directional selection on the geno-envo-phenotype transformed
by the total effects of { on the geno-envo-phenotype considering the downstream developmental effects. Layer 4,
Eq. 20 has the same form of previous expressions by Caswell (e.g., Caswell, 1982, Eq. 4 and Caswell, 2001, Eq. 9.38),
except that it is in terms of traits rather than vital rates (i.e, Caswell’s equations have the entries of the Leslie matrix in
Eq. S7 in the place of m). Layer 4, Eq. 20 also recovers the form of Morrissey’s (2014) extended selection gradient.
Total selection gradients take the following particular forms.

The total selection gradient of the phenotype is

(Layer 4, Eq. 21)

dxT 8w deT 6_w
dx BX dx Je

L&
(52
(&
&

dzT ow
dx 6z
dmT 8w

dx om)| .
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This gradient depends on direct directional selection on the phenotype and direct directional selection on the environ-
ment (Layer 2, Eq. 1). It also depends on developmental feedback of the phenotype (Layer 4, Eq. 1) and total niche
construction by the phenotype, which also depends on developmental feedback of the phenotype (Layer 4, Eq. 10).
Consequently, the total selection gradient of the phenotype can be interpreted as measuring total (directional) pheno-
typic selection in the fitness landscape modified by developmental feedback of the phenotype and by the interaction
of total niche construction and environmental sensitivity of selection.

The total selection gradient of the genotype is

(Layer 4, Eq. 22)

dxT 6w aw + deT ow
dy 6x dy e

xT 5w )

ol
(&5
(&
|

dz7 6w)
dy oz y=
dmT ow
dy dm

y

: dew+6w
~\dy dx 6yl

This gradient not only depends on direct directional selection on the phenotype and the environment, but also on direct
directional selection on the genotype (Layer 2, Eq. 1). It also depends on the mechanistic analogue of Fisher’s (1918)
additive effects of allelic substitution or of Wagner’s (1984, 1989) developmental matrix (Layer 4, Eq. 3) and on total
niche construction by the genotype, which also depends on the developmental matrix (Layer 4, Eq. 11). Consequently,
the total selection gradient of the genotype can be interpreted as measuring total (directional) genotypic selection
in a fitness landscape modified by the interaction of total developmental bias of the phenotype from the genotype
and directional selection on the phenotype and by the interaction of total niche construction by the genotype and
environmental sensitivity of selection. In a standard quantitative genetics framework, the total selection gradient of
the genotype would correspond to Lande’s (1979) selection gradient of the genotype if phenotypic and environmental
traits were not explicitly included in the analysis. The fifth line of Layer 4, Eq. 22 has the form of previous expressions
for the total selection gradient of controls in continuous age in terms of partial derivatives of the Hamiltonian involving
costate variables for which closed-form formulas have been lacking (e.g., Day and Taylor 1997, Eq. 4, Day and Taylor
2000, Eq. 6, and Avila et al. 2021, Eq. 23; see also our Eq. K4). Costate variables are proportional to the total selection
gradient of states (i.e., the phenotype; Eq. (K3); see also Appendix K and Metz et al. 2016). Our discrete-age approach
allowed us to obtain closed-form formulas for the total selection gradient of states (Layer 4, Eq. 21), thus providing
closed-form formulas for the total selection gradient of controls.

To derive equations describing the evolutionary dynamics of the geno-envo-phenotype, we make use of the total

selection gradient of the environment, although such gradient is not necessary to obtain equations describing the
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evolutionary dynamics of the geno-phenotype. The total selection gradient of the environment is

d_w
de

T ox + = e (Layer 4, Eq. 23)

B (dXT ow 6w)

B (dXT ow deT Bw)
y=y

y=y

__+_
de 6x e

y=y
B (me c’)w)

de Om V=5
_(oxTaw o
"\ de dx = e

This gradient depends on total plasticity of the phenotype and on environmental feedback, which in turn depends on
total plasticity of the phenotype and niche construction by the phenotype (Layer 4, Eq. 13). Consequently, the total
selection gradient of the environment can be understood as measuring total (directional) environmental selection in a
fitness landscape modified by environmental feedback and by the interaction of total plasticity of the phenotype and
direct directional selection on the phenotype.

We can combine the expressions for the total selection gradients above to obtain the total selection gradient of the

geno-phenotype and the geno-envo-phenotype. The total selection gradient of the geno-phenotype is

d_w
dz

(Layer 4, Eq. 24)

y=¥

dz 0z dz Oe

dz 6z | _;
(5 )
dz om/|

Thus, the total selection gradient of the geno-phenotype can be interpreted as measuring total (directional) geno-

y=y

phenotypic selection in a fitness landscape modified by developmental feedback of the geno-phenotype and by the
interaction of total niche construction by the geno-phenotype and environmental sensitivity of selection. In turn, the

total selection gradient of the geno-envo-phenotype is

dw

dm dm om

dmT o
= (_m aw )‘ , (Layer 4, Eq. 25)
y=y y=¥§
which can be interpreted as measuring total (directional) geno-envo-phenotypic selection in a fitness landscape modi-

fied by developmental feedback of the geno-envo-phenotype.

4.5. Layer 5: stabilized effects

We now move on to write the equations for the next layer of the evo-devo process, that of (socio-devo) stabilized-
effect matrices. Stabilized-effect matrices measure the total effects of a variable on another one considering down-
stream developmental effects, after the effects of social development have stabilized in the population. Stabilized-
effect matrices arise in the derivation of the evolutionary dynamics of the phenotype and environment as a result of
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social development. If development is not social (i.e., dx7/dZly—y = 0), then all stabilized-effect matrices (sgT/s€ly—y)
reduce to the corresponding total-effect matrices (d{7/dély=5), except one (sxT/sX|y,—y) that reduces to the identity
matrix.

The stabilized effects of social partners’ phenotypes on a focal individual’s phenotype measure social feedback.

This is given by the transpose of the matrix of stabilized effects of social partners’ phenotypes on a focal individual’s

-2l
y=y dXTly=y

=) d 6-1
> (ﬁ) € RNNpxNaly (Layer 5, Eq. 1)
0=1

where the last equality follows by the geometric series of matrices. The matrix sx/sXT|y—y is invertible by our assump-

phenotype

SX

y=y

(1 _ 4
dxT

sxT

y=y

tion that all the eigenvalues of dx/dXT|,—y have absolute value strictly less than one, to guarantee that the resident
is socio-devo stable. The matrix sx/sXT|y—y can be interpreted as the total effects of social partners’ phenotypes on a
focal individual’s phenotype after socio-devo stabilization (Eq. S1); or vice versa, of a focal individual’s phenotype on
social partners’ phenotypes. Thus, the matrix sx/sXT|y—y describes social feedback arising from social development.
This matrix corresponds to an analogous matrix found in the indirect genetic effects literature (Moore et al., 1997,
Eq. 19b and subsequent text). If development is not social from the phenotype (i.e., dxT/dX|y—y = 0), then the matrix
sx/sXT|y_y is the identity matrix. This is the only stabilized-effect matrix that does not reduce to the corresponding
total-effect matrix when development is not social.

The stabilized effects of a focal individual’s phenotype or genotype on her phenotype measure stabilized develop-
mental bias. We define the transpose of the matrix of stabilized effects of a focal individual’s phenotype or genotype

on her phenotype as

SX

s¢T

) (Layer 5, Eq. 2a)

y=y

_ (ﬁ d(x+i))

=
sXT  d¢ v=§

for { € {x,y}. This matrix can be interpreted as measuring stabilized developmental bias of the phenotype from
¢, where a focal individual’s genotype or phenotype first affects the development of her own and social partners’
phenotype which then feeds back to affect the individual’s phenotype. Stabilized developmental bias is “inclusive” in
that it includes both the effects of the focal individual on herself and on social partners. If development is not social
(i.e., dxT/dzly—_y = 0), then a stabilized developmental bias matrix (sx/s{T|y—y) reduces to the corresponding total
developmental bias matrix (dx/d{T|y-y).

The stabilized effects of the environment on the phenotype measure stabilized plasticity. The transpose of the

matrix of stabilized effects of a focal individual’s environment on the phenotype is
sx dx
y=y  \SXT deT

35

SX

= € RNalNpXNalVe (Layer 5, Eq. 2b)
s

y=y
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This matrix can be interpreted as measuring stabilized plasticity of the phenotype, where the environment first causes
total plasticity in a focal individual and then the focal individual causes stabilized social effects on social partners.
Stabilized plasticity does not depend on the inclusive effects of the environment. If development is not social (i.e.,
dxT/dzly-y = 0), then stabilized plasticity reduces to total plasticity.

The stabilized effects on the genotype are simple since genotypic traits are developmentally independent by as-

sumption. The transpose of the matrix of stabilized effects of a focal individual’s phenotype or environment on the

genotype is
sy dy
O = =0, (Layer 5, Eq. 3a)
s¢T y=y e y=y
for { € {x, €}. The transpose of the matrix of stabilized effects of a focal individual’s genotype on the genotype is
d
Sy -9 =1 e RNaNeXNaNg (Layer 5, Eq. 3b)
SYTly=y  dyTlyy

We can use some of the previous stabilized-effect matrices to construct the following stabilized-effect matrices
involving the geno-phenotype. The transpose of the matrix of stabilized effects of a focal individual’s genotype on the
geno-phenotype is

> € RNy tNexNay (Layer 5, Eq. 4a)

syT y=y

_ ( SX sy )
y=y YT SyT

measuring stabilized developmental bias of the geno-phenotype from the genotype. The transpose of the matrix of

stabilized effects of a focal individual’s environment on the geno-phenotype is

_ ( SX sy )
y=§ SET ~ S€T

measuring stabilized plasticity of the geno-phenotype. The transpose of the matrix of stabilized effects of a focal

SZ

- € RNWp+NexNale| (Layer 5, Eq. 4b)
S

y=y

individual’s geno-phenotype on the geno-phenotype is

SX SX sX sX
sz = | SXT syt = sxT sy_T (Layer 5, Eq. 5)
szT y=y - 1 i 0 1 , '
sxT SyT y=y y=¥

€ RVWp N xNy(Np+Ny)

measuring stabilized developmental feedback of the geno-phenotype.
The stabilized effects of the phenotype or genotype on the environment measure stabilized niche construction.

Although the matrix

SE
SX_T y=y

appears in some of the matrices we construct, it is irrelevant as it disappears in the matrix products we encounter. The

following matrix does not disappear. The transpose of the matrix of stabilized effects of a focal individual’s genotype
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on the environment is

SE

L

syT

oz7

0(€ + €) S
syT

y=y

€ RM\NeXNaNg

s

(Layer 5, Eq. 6a)

which is formed by stabilized developmental bias of the geno-phenotype from genotype followed by inclusive direct

niche construction by the geno-phenotype. This matrix can be interpreted as measuring stabilized niche construction

by the genotype. If development is not social (i.e., dxT/dzly—y = 0), then stabilized niche construction by the genotype

reduces to total niche construction by the genotype (see Layer 4, Eq. 11 and Layer 2, Eq. 10).

The stabilized effects of the environment on itself measure stabilized environmental feedback. The transpose of

the matrix of stabilized effects of a focal individual’s environment on the environment is

SE

SET |y—y ( 0zT  seT

O0(€ + €) sz

0€
O€T

|

NaNexNyN,
eRae ae’

y=y

(Layer 5, Eq. 6b)

which depends on stabilized plasticity of the geno-phenotype, inclusive direct niche construction by the geno-

phenotype, and direct mutual environmental dependence.

We can also use some of the following previous stabilized-effect matrices to construct the following stabilized-

effect matrices comprising the geno-envo-phenotype. The transpose of the matrix of stabilized effects of a focal

individual’s genotype on the geno-envo-phenotype is

_ SX. Sy. SE
= (SyT’ syT’ SyT)

sm

syT

Y=y

Y=y

Na(Np+Ng+Ne)XNy N,
GR a( ptiVg e)XNy g’

(Layer 5, Eq. 7a)

measuring stabilized developmental bias of the geno-envo-phenotype from the genotype. The transpose of the matrix

of stabilized effects of a focal individual’s environment on the geno-envo-phenotype is

sm
SeT

y=y

_(sx. sy se)
SET’ s€T’ seT

y=y

Ny(Np+Ng+Ne)XNyNe
€ RNaNp+N ) Ne

(Layer 5, Eq. 7b)

measuring stabilized plasticity of the geno-envo-phenotype. Finally, the transpose of the matrix of stabilized effects

of a focal individual’s geno-envo-phenotype on the geno-envo-phenotype is

sm
smT |y_g

SX
sxT
sy
sxT
SE
sxT
SX
sxT

0

SE

sxT

37

SX
sy
sy
sy
S€E
syT
sX
syT

I

SE

syT

SX
seT
sy
seT
SE
seT
SX
seT

0

SE€

SET

(Layer 5, Eq. 8)
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e RNE.(NI,+Ng+Ne)xNa(Np+Ng+Ne)’
measuring stabilized developmental feedback of the geno-envo-phenotype.

4.6. Layer 6: genetic covariation

We now move to the next layer of the evo-devo process, that of genetic covariation. To present this layer, we first
define mechanistic breeding value under our adaptive dynamics assumptions, which allows us to define mechanistic
additive genetic covariance matrices under our assumptions. Then, we define (socio-devo) stabilized mechanistic
breeding value, which we use to define mechanistic additive socio-genetic cross-covariance matrices. The notions of
stabilized mechanistic breeding values and mechanistic socio-genetic cross-covariance generalize the corresponding
notions of mechanistic breeding value and mechanistic additive genetic covariance to consider the effects of social
development.

We follow the standard definition of breeding value to define its mechanistic analogue under our assumptions.
The breeding value of a trait is defined under quantitative genetics assumptions as the best linear estimate of the
trait from gene content (Lynch and Walsh, 1998; Walsh and Lynch, 2018). Specifically, under quantitative genetics
assumptions, the i-th trait value x; is written as x; = X; + 3; @;;(y; — ¥;) + e;, where the overbar denotes population
average, y; is the j-th predictor (gene content in j-th locus), «;; is the partial least-square regression coefficient of
X;—X; vs y;—¥;, and e; is the residual error; the breeding value of x; is a; = ¥; + 3. ; @;;(y; — ;). Accordingly, we define
the mechanistic breeding value b, of a vector { as its first-order estimate with respect to genotypic traits y around the
resident genotypic traits y:

by = {ly=y + g y-9=4¢+ de -9 (Layer 6, Eq. 1)
dyTly-—y dyTly—y
The key difference of this definition with that of breeding value is that rather than using regression coefficients, this

definition uses the total effects of the genotype on £, d{/dyT|,_;, which are a mechanistic analogue to Fisher’s additive

y=y’
effect of allelic substitution (his «; see Eq. I of Fisher 1918 and p. 72 of Lynch and Walsh 1998). As previously stated,
the matrix d{/dyT|,_g also corresponds to Wagner’s (1984, 1989) developmental matrix, particularly when ¢ = x (his
B; see Eq. 1 of Wagner 1989).

That there is a material difference between breeding value and its mechanistic counterpart is made evident with
heritability. Because breeding value under quantitative genetics uses linear regression via least squares, breeding value
a; is guaranteed to be uncorrelated with the residual error e;. This guarantees that heritability is between zero and one.
Indeed, the (narrow sense) heritability of trait x; is defined as h? = var[a;]/var[x;], where using x; = a; + e; we have
var[x;] = var[a;] + var[e;] + 2cov[a;, e;]. The latter covariance is zero due to least squares, and so h? € [0,1]. In
contrast, mechanistic breeding values may be correlated with residual errors. Indeed, in our framework we have that

phenotype x;, = b;, + O(|ly — ¥11%), but mechanistic breeding value b;, is not computed via least squares, so b;, and the

error O(|ly — ¥|1>) may covary, positively or negatively. Hence, the classic quantitative genetics partition of phenotypic
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variance into genetic and “environmental” (i.e., residual) variance does not hold with mechanistic breeding value,
as there may be mechanistic genetic and “environmental” covariance. Consequently, since the covariance between
two random variables is bounded from below by the negative of the product of their standard deviations, mechanistic
heritability defined as the ratio between the variance of mechanistic breeding value and phenotypic variance cannot
be negative but it may be greater than one.

Our definition of mechanistic breeding value recovers Fisher’s (1918) infinitesimal model under certain conditions,
although we do not need to assume the infinitesimal model. According to Fisher’s (1918) infinitesimal model, the
normalized breeding value excess is normally distributed as the number of loci approaches infinity. Using Layer 6,

Eq. 1, we have that the mechanistic breeding value excess for the i-th entry of b, is
Ng Nm

i dz;
by — = -
¢ g Z 1 dyka

k=1 a=

(y ka — y ku)'
y=y
Let us denote the mutational variance for the k-th genotypic trait at age a by
Tt = El0ka = 510’1,

and let us denote the total mutational variance by

Ne N

N,
2 2
SR

k=1 a=1
If the yy, are mutually independent and Lyapunov’s condition is satisfied, from the Lyapunov central limit theorem
we have that, as either the number of genotypic traits N, or the number of ages N, tends to infinity (e.g., by reducing
the age bin size), the normalized mechanistic breeding value excess

1

SN,N,

(b, = &)

is normally distributed with mean zero and variance 1. Thus, this limit yields Fisher’s (1918) infinitesimal model, al-
though we do not need to assume such limit. Our framework thus recovers the infinitesimal model as a particular case,
when either N, or N, approaches infinity (provided that the yy, are mutually independent and Lyapunov’s condition
holds).

From our definition of mechanistic breeding value, we have that the mechanistic breeding value of the genotype

is simply the genotype itself. From Layer 6, Eq. 1, the expected mechanistic breeding value of vector { is
b; = E[b;] = ¢.
In turn, the mechanistic breeding value of the genotype y is

by =y + Y-y =¥y+y-¥=y,

dyTly—y

39


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

since dy/dyT|y—y = I because, by assumption, the genotype does not have developmental constraints and is develop-
mentally independent (Layer 4, Eq. 6).

We now define mechanistic additive genetic covariance matrices under our assumptions. The additive genetic
variance of a trait is defined under quantitative genetics assumptions as the variance of its breeding value, which is
extended to the multivariate case so the additive genetic covariance matrix of a trait vector is the covariance matrix of
the traits’ breeding values (Lynch and Walsh, 1998; Walsh and Lynch, 2018). Accordingly, we define the mechanistic

additive genetic covariance matrix of a vector £ € R™! as the covariance matrix of its mechanistic breeding value:

H; = cov[b,, b/]

= E[(b; - by)(b; —b,)T] = E[(by — O)(b; — {)T]

5( gl o9l o) |

=E % o y-Dy-97 % y:y]

- ;7{ Bl =9 -97) ddin .

- (%Hy%) n R (Layer 6, Eq. 2)

where the fourth line follows from the property of the transpose of a product (i.e., (AB)T = BTAT) and the last line

follows since the mechanistic additive genetic covariance matrix of the genotype y is
Hy = COV[by7 by] = COV[y, y] c RN'«!NgXNaNg.

Layer 6, Eq. 2 has the same form of previous expressions for the additive genetic covariance matrix under quantitative
genetics assumptions, although using least-square regression coeflicients in place of the derivatives if the classic
partitioning of phenotypic variance is to hold (see Eq. II of Fisher 1918, Eq. + of Wagner 1984, Eq. 3.5b of Barton
and Turelli 1987, and Eq. 4.23b of Lynch and Walsh 1998; see also Eq. 22a of Lande 1980, Eq. 3 of Wagner 1989, and
Eq. 9 of Charlesworth 1990). We denote the matrix H (for heredity) rather than G to note that the two are different,
particularly as the former is based on mechanistic breeding value. Note H, is symmetric.

In some cases, Layer 6, Eq. 2 allows one to immediately determine whether a mechanistic additive genetic co-
variance matrix is singular. Indeed, a matrix with fewer rows than columns is always singular (Horn and Johnson,
2013, section 0.5 second line), and if the product AB is well-defined and B is singular, then AB is singular (this is
easily checked to hold). Hence, from Layer 6, Eq. 2 it follows that H is necessarily singular if d{7/dy has fewer rows
than columns, that is, if y has fewer entries than {. Since y has N, N, entries and  has m entries, then H; is singular
if N,N; < m. Moreover, Layer 6, Eq. 2 allows one to immediately identify bounds for the “degrees of freedom” of
genetic covariation, that is, for the rank of H,. Indeed, for a matrix A € R™", we have that the rank of A is at most

the smallest value of m and n, that is, rank(A) < min{m, n} (Horn and Johnson, 2013, section 0.4.5 (a)). Moreover,
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from the Frobenius inequality (Horn and Johnson, 2013, section 0.4.5 (e)), for a well-defined product AB, we have

that rank(AB) < rank(B). Therefore, for ¢ € R"™*!, we have that
rank(H;) < min{N,N,, m}. (Layer 6, Eq. 3)

Intuitively, this states that the degrees of freedom of genetic covariation are at most given by the lifetime number of
genotypic traits (i.e., NaNg). So if there are more traits in { than there are lifetime genotypic traits, then there are
fewer degrees of freedom of genetic covariation than traits. This point is mathematically trivial and has undoubtedly
been clear in the evolutionary literature for decades. However, this point will be biologically crucial because the
evolutionary dynamic equations in gradient form that are generally dynamically sufficient involve a H; whose ¢
necessarily has fewer entries than y. Note also that these points on the singularity and rank of H, also hold under
quantitative genetics assumptions, where the same structure (Layer 6, Eq. 2) holds, except that Hy does not refer
to mutational variation but to standing variation in allele frequency and total effects are measured with regression
coefficients. Considering standing variation in Hy and regression coefficients does not affect the points made in this
paragraph.

Consider the following slight generalization of the mechanistic additive genetic covariance matrix. We define
the mechanistic additive genetic cross-covariance matrix between a vector £ € R”*! and a vector & € R™! as the
cross-covariance matrix of their mechanistic breeding value:

i@ dgT)

9 2 mxn
dy" ydy e R™™", (Layer 6, Eq. 4)

H{f = COV[bg,bf] = (
y=y

Thus, Hy; = H;. Note Hgs may be rectangular, and if square, asymmetric. Again, from Layer 6, Eq. 4 it follows that

H, is necessarily singular if there are fewer entries in y than in & (i.e., if N,N, < n). Also, for € € R™! have that
rank(Hzg) < min{N,Ng, n}.

In words, the degrees of freedom of genetic cross-covariation are at most given by the lifetime number of genotypic
traits.

The mechanistic additive genetic covariance matrix of the phenotype takes the following form. Evaluating Layer
6, Eq. 2 at £ = x, the mechanistic additive genetic covariance matrix of the phenotype x € R¥™*! ig

T
sz(ddex)

X OX NaNoxN, N,
dyT y dy e R™™ P, (Layer 6, Eq. 5)

y=y

which is singular because the developmental matrix dxT /dyly—y is singular since the developmentally initial phenotype
is not affected by the genotype and the developmentally final genotypic traits do not affect the phenotype (Appendix
C, Eq. C16). However, a dynamical system consisting only of evolutionary dynamic equations for the phenotype thus
having an associated Hy-matrix is underdetermined in general because the system has fewer dynamic equations (i.e.,
the number of entries in x) than dynamic variables (i.e., the number of entries in (x;y;€)). Indeed, the evolution-
ary dynamics of the phenotype generally depends on the resident genotype, in particular, because the developmental

41


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

matrix depends on the resident genotype (Layer 4, Eq. 3; e.g., due to non-linearities in the developmental map involv-
ing products between genotypic traits, or between genotypic traits and phenotypes, or between genotypic traits and
environmental traits, that is, gene-gene interaction, gene-phenotype interaction, and gene-environment interaction,
respectively). Thus, evolutionary dynamic equations of the phenotype alone generally have either zero or an infinite
number of solutions for any given initial condition and are thus dynamically insufficient. To have a determined system
in gradient form that is dynamically sufficient in general, we follow the evolutionary dynamics of both the phenotype
and the genotype, that is, of the geno-phenotype, which depends on H, rather than Hy alone.

The mechanistic additive genetic covariance matrix of the geno-phenotype takes the following form. Evaluating

Layer 6, Eq. 2 at ¢ = z, the mechanistic additive genetic covariance matrix of the geno-phenotype z € RN+ Nox1 jg

T
= (g, 9
dyT dy

This matrix is necessarily singular because the geno-phenotype z includes the genotype y so dzT/dy has fewer rows

€ RN NpHNeXNalNptNy) (Layer 6, Eq. 6)
y=y

than columns (Layer 4, Eq. 8). Intuitively, Layer 6, Eq. 6 has this form because the phenotype is related to the
genotype by the developmental constraint (1). From Layer 6, Eq. 3, the rank of H, has an upper bound given by the
number of genotypic traits across life (i.e., N.N), so H, has at least NV, eigenvalues that are exactly zero. Thus, H,
is singular if there is at least one trait that is developmentally constructed according to the developmental constraint
(1) (i.e., if N, > 0). This is a mathematically trivial singularity, but it is biologically key because it is H, rather than
Hj that occurs in a generally dynamically sufficient evolutionary system in gradient form (provided the environment
is constant; if the environment is not constant, the relevant matrix is Hy, which is also always singular if there is at
least one phenotype or one environmental trait).

Another way to see the singularity of H, is the following. From Layer 6, Eq. 6, we can write the mechanistic

additive genetic covariance matrix of the geno-phenotype as
Hz = (Hzx sz),
where the mechanistic additive genetic cross-covariance matrix between z and X is

I{ = -ElZL-II EEEEI. € ERAA(Aﬁ>+’Vg)XFVaA&
ZX dyT y dy . s

and the mechanistic additive genetic cross-covariance matrix between z and y is

sz = (dfj_z,rHy Cg’_T) € RNQ(NP+N§)XN“NQ.
y Y Jly=y
Thus, using Layer 4, Eq. 6, we have that

dxT

Hzx = sz@

(Layer 6, Eq. 7)

y=y
That is, some columns of H, (i.e., those in Hy) are linear combinations of other columns of H, (i.e., those in Hyy).
Hence, H; is singular.
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The mechanistic additive genetic covariance matrix of the geno-phenotype is singular because the geno-phenotype
includes the genotype (“‘gene content”). The singularity arises because the mechanistic breeding value of the pheno-
type is a linear combination of the mechanistic breeding value of the genotype by definition of mechanistic breeding
value, regardless of whether the phenotype is a linear function of the genotype and regardless of the number of phe-
notypic or genotypic traits. In quantitative genetics terms, the G-matrix is a function of allele frequencies (which
corresponds to our ¥), so a generally dynamically sufficient Lande system would require that allele frequencies are
part of the dynamic variables considered; consequently, if the geno-phenotypic vector Z includes allele frequencies ¥,
then G is necessarily singular since by definition, breeding value under quantitative genetics assumptions is a linear
combination of gene content. The singularity of H, implies that if there is only one phenotype and one genotypic
trait, with a single age each, then there is a perfect correlation between their mechanistic breeding values (i.e., their
correlation coefficient is 1). This also holds under quantitative genetics assumptions, in which case the breeding
value a of a trait x is a linear combination of a single predictor y, so the breeding value a and predictor y are per-
fectly correlated (i.e., cov[a,y]/\/anr[y] = covlay,yl/ \/\m = (a/a)cov[y,y]/\/m =1).
The perfect correlation between a single breeding value and a single predictor arises because, by definition, breeding
value excludes residual error e. Note this does not mean that the phenotype and genotype are linearly related: it is
(mechanistic) breeding values and the genotype that are linearly related by definition of (mechanistic) breeding value
(Layer 6, Eq. 1). A standard approach to remove the singularity of an additive genetic covariance matrix is to remove
some traits from the analysis (Lande, 1979). To remove the singularity of H, we would need to remove at least either
all phenotypic traits or all genotypic traits from the analysis. However, removing all phenotypic traits from the anal-
ysis prevents analysing phenotypic evolution as the climbing of a fitness landscape whereas removing all genotypic
traits from the analysis renders the analysis dynamically insufficient in general because the evolutionary dynamics
of some variables is not described. Thus, in general, to analyse a dynamically sufficient description of phenotypic
evolution as the climbing of a fitness landscape, we must keep the singularity of H,.

We now use stabilized-effect matrices (Layer 5) to consider social development by extending the notion of mech-

anistic breeding value (Layer 6, Eq. 1). We define the stabilized mechanistic breeding value of a vector { as:

by =lhs+ —r| -9 =Z+ ;—i -9 (Layer 6, Eq. 8)

SYT ly=y y=y
Recall that the stabilized-effect matrix s&/syT|y—y equals the total-effect matrix d§/dyT|y—y if development is non-
social. Thus, if development is non-social, the stabilized mechanistic breeding value bz equals the mechanistic breed-
ing value bg. Also, note that E[b}] = .

With this, we extend the notion of mechanistic additive genetic covariance matrix to include the effects of socio-
devo stabilization as follows. We define the mechanistic additive socio-genetic cross-covariance matrix of { € R™!

as (L for legacy)

e R™™, (Layer 6, Eq. 9)

L; = cov[b}, b/] = (
y=y

s¢ o AT
25 H 2
syT dY)
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Note L; may be asymmetric and its main diagonal entries may be negative (unlike variances). If development is

non-social, L; equals H;. As before, L, is singular if £ has fewer entries than y. Also, for ¢ € R"™*!, have that
rank(L;) < min{N,N,, m}.

That is, the degrees of freedom of socio-genetic covariation are at most also given by the lifetime number of genotypic
traits.
Similarly, we generalize this notion and define the mechanistic additive socio-genetic cross-covariance matrix

between ¢ € R™! and € e R™! as

e R™", (Layer 6, Eq. 10)

‘ dgT
Lye = cov[b}, be] = ( % g, % )
y=y

syt dy

Again, if development is non-social, L;s equals Hzz. Note Lz may be rectangular and, if square, asymmetric. Also,

L;: is singular if £ has fewer entries than y. For £ € R™! have that
rank(Lzz) < min{N,Ng, n}.

That is, the degrees of freedom of socio-genetic cross-covariation are at most still given by the lifetime number of
genotypic traits.

In particular, some L;s matrices are singular or not as follows. The mechanistic additive socio-genetic cross-
covariance matrix between £ and the geno-phenotype z

s¢ " dzT)

—H,— € R NalWpNy) (Layer 6, Eq. 11)
syT dy

y=y

Lo |

is singular if there is at least one phenotype (i.e., if N, > 0). Thus, L, has at least N, N, eigenvalues that are exactly
zero. Also, the mechanistic additive socio-genetic cross-covariance matrix between ¢ and the geno-envo-phenotype

m

€ RNy +Ng+Ne) (Layer 6, Eq. 12)
y=y

dm7
iﬂyi)
syT dy

Lo |

is singular if there is at least one phenotype or one environmental trait (i.e., if N, > 0 or No > 0). Thus, Ly has
at least N,(N, + N.) eigenvalues that are exactly zero. In important contrast, the mechanistic additive socio-genetic

cross-covariance matrix between a vector { € {y, z, m} and the genotype y
¢
L, =|—H
gy (syT y)

is non-singular if Hy is non-singular because the genotype is developmentally independent (Appendix H and Ap-

€ RNalVe (Layer 6, Eq. 13)

y=y

pendix J). The L-matrices share various properties with similar generalizations of the G-matrix arising in the indirect

genetic effects literature (Kirkpatrick and Lande, 1989; Moore et al., 1997; Townley and Ezard, 2013).
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4.7. Layer 7: evolutionary dynamics

Finally, we move to the top layer of the evo-devo process, that of the evolutionary dynamics. This layer con-
tains equations describing the evolutionary dynamics under explicit developmental and environmental constraints. In
Supplementary Information section S3 and Appendix G-Appendix J, we show that, in the limit as At — 0, the
evolutionary dynamics of the phenotype, genotype, geno-phenotype, environment, and geno-envo-phenotype (i.e., for

{ € {x,y,z,€,m}) are given by

A P , L 7,Eq. 1
dr ‘ ™ om * SET It (Layer a- 1a)

L (12 2 1)

which must satisfy both the developmental constraint
X1 = g,(m,,Z) forall a € {1,...,N, — 1} with fixed X;, (Layer 7, Eq. 1b)
and the environmental constraint
€, =h,(z,,z,7)forallae{l,...,N,}. (Layer 7, Eq. 1c)

If { = z in Layer 7, Eq. 1a, then the equations in Layers 2-6 guarantee that the developmental constraint is satisfied
for all T > 7; given that it is satisfied at the initial evolutionary time 7. If { = m in Layer 7, Eq. 1a, then the equations
in Layers 2-6 guarantee that both the developmental and environmental constraints are satisfied for all 7 > 7, given
that they are satisfied at the initial evolutionary time 7;. Both the developmental and environmental constraints can
evolve as the genotype, phenotype, and environment evolve and such constraints can involve any family of curves as
long as they are differentiable.

Layer 7, Eq. 1a describes the evolutionary dynamics as consisting of selection response and exogenous plastic

response. Layer 7, Eq. 1a contains the term

ow

(Lym — ,
" om y=y

(Layer 7, Eq. 2)

which comprises direct directional selection on the geno-envo-phenotype (dw/0mly—y) and socio-genetic cross-
covariation between ¢ and the geno-envo-phenotype (L;m). The term in Layer 7, Eq. 2 is the selection response
of £ and is a mechanistic generalization of Lande’s (1979) generalization of the univariate breeder’s equation (Lush,

1937; Walsh and Lynch, 2018). Additionally, Layer 7, Eq. 1a contains the term
s{ Oe
SET O1

which comprises the vector of environmental change due to exogenous causes (0€/07) and the matrix of stabilized

) (Layer 7, Eq. 3)

y=

plasticity (s{/s€T|y=y). The term in Layer 7, Eq. 3 is the exogenous plastic response of { and is a mechanistic gener-
alization of previous expressions (cf. Eq. A3 of Chevin et al. 2010). Note that the endogenous plastic response of ¢
(i.e., the plastic response due to endogenous environmental change arising from niche construction) is part of both the
selection response and the exogenous plastic response (Layers 2-6).
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Selection response is relatively incompletely described by direct directional selection on the geno-envo-phenotype.
We saw that the matrix Lgy is always singular if there is at least one phenotype or one environmental trait
(Layer 6, Eq. 12). Consequently, evolutionary equilibria of { can invariably occur with persistent direct directional
selection on the geno-envo-phenotype, regardless of whether there is exogenous plastic response.

Selection response is also relatively incompletely described by total immediate selection on the geno-phenotype.
We can rewrite the selection response, so the evolutionary dynamics of { € {x,y, z, €, m} (Layer 7, Eq. 1a) is equiva-

lently given by

a (L ow E(’)_e) (Layer 7, Eq. 4)

~ [(Lyp— +
dr “52 " seT ot

y=y
This equation now depends on total immediate selection on the geno-phenotype (0w/dzly-y), which measures total
immediate directional selection on the geno-phenotype (or in a quantitative genetics framework, it is Lande’s (1979)
selection gradient of the allele frequency and phenotype if environmental traits are not explicitly included in the
analysis). We saw that the total immediate selection gradient of the geno-phenotype can be interpreted as pointing in
the direction of steepest ascent on the fitness landscape in geno-phenotype space after the landscape is modified by
the interaction of direct niche construction and environmental sensitivity of selection (Layer 3, Eq. 1). We also saw
that the matrix L, is always singular if there is at least one phenotype (Layer 6, Eq. 11). Consequently, evolutionary
equilibria can invariably occur with persistent directional selection on the geno-phenotype after niche construction
has modified the geno-phenotype’s fitness landscape, regardless of whether there is exogenous plastic response.

In contrast, selection response is relatively completely described by total genotypic selection. We can further
rewrite selection response, so the evolutionary dynamics of { € {x,y, z, €, m} (Layer 7, Eq. 1a) is equivalently given

by

d¢ _ (L dw EH_E) (Layer 7, Eq. 5)

= — +
Ty T set ot

dr ~

y=y

This equation now depends on total genotypic selection (dw/dyly—y), which measures total directional selection on
the genotype considering downstream developmental effects (or in a quantitative genetics framework, it is Lande’s
(1979) selection gradient of allele frequency if neither the phenotype nor environmental traits are explicitly included
in the analysis). We saw that the total selection gradient of the genotype can be interpreted as pointing in the direction
of steepest ascent on the fitness landscape in genotype space after the landscape is modified by the interaction of
total developmental bias from the genotype and directional selection on the phenotype and by the interaction of total
niche construction by the genotype and environmental sensitivity of selection (Layer 4, Eq. 22). In contrast to the
other arrangements of selection response, in Appendix H and Appendix J we show that Ly, is non-singular for
all { € {y,z,m} if Hy is non-singular (i.e., if there is mutational variation in all directions of genotype space); this
non-singularity of Ly arises because genotypic traits are developmentally independent by assumption. Consequently,

evolutionary equilibria of the genotype, geno-phenotype, or geno-envo-phenotype can only occur when total genotypic
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selection vanishes if there is mutational variation in all directions of genotype space and if exogenous plastic response
is absent.

Importantly, although Layer 7, Eq. 1a and its equivalents describe the evolutionary dynamics of £, such equations
are guaranteed to be dynamically sufficient only for certain {. Layer 7, Eq. la and its equivalents are dynamically
sufficient if { is the genotype y, the geno-phenotype z, or the geno-envo-phenotype m, provided that the developmental
and environmental constrains are satisfied throughout. In contrast, Layer 7, Eq. 1a and its equivalents are dynamically
insufficient if  is the phenotype x or the environment €, because the evolution of the genotype is not followed but it
generally affects the system.

In particular, the system is generally dynamically insufficient if only the evolutionary dynamics of the phenotype
are considered. Let us temporarily assume that the following four conditions hold: (1) development is non-social
(dxT/dzly-y = 0), and there is (2) no exogenous plastic response of the phenotype ([(dx/deT)(0€/d7)]ly=y = 0), (3) no
total immediate selection on the genotype (6w/dyly=y = 0), and (4) no niche-constructed effects of the phenotype on

fitness ([(O€T /0x)(0w/0€)] ly=y = 0). Then, the evolutionary dynamics of the phenotype reduces to

% ~ (Hy a_w .
dr ox y=y

(Layer 7, Eq. 6)
This is a mechanistic version of the Lande equation for the phenotype. The mechanistic additive genetic covariance
matrix of the phenotype (Layer 6, Eq. 5) in this equation is singular because the developmentally initial phenotype is
not affected by the genotype and the developmentally final genotypic traits do not affect the phenotype (so dxT/dyly-y
has rows and columns that are zero; Appendix C, Eq. C16). This singularity might disappear by removing from
the analysis the developmentally initial phenotype and developmentally final genotypic traits, provided additional
conditions hold. Yet, the key point here is that a system describing the evolutionary dynamics of the phenotype
alone is dynamically insufficient because such system depends on the resident genotype whose evolution must also be
followed. In particular, setting dX/dr = 0 does not generally imply an evolutionary equilibrium, or evolutionary stasis,
but only an evolutionary isocline in the phenotype, that is, a transient lack of evolutionary change in the phenotype.
To guarantee a dynamically sufficient description of the evolutionary dynamics of the phenotype, we simultaneously
consider the evolutionary dynamics of the phenotype and genotype, that is, the geno-phenotype.

Indeed, a dynamically sufficient system can be obtained by describing the dynamics of the geno-phenotype alone
if the environment is constant or has no evolutionary effect. Let us now assume that the following three condi-
tions hold: (i) development is non-social (dxT/dzly_; = 0), and there is (ii) no exogenous plastic response of
the phenotype ([(dx/deT)(0€/d7)]ly-y = 0), and (iii) no niche-constructed effects of the geno-phenotype on fitness

([(0€T /0z)(Ow/0€)] ly=y = 0). Then, the evolutionary dynamics of the geno-phenotype reduces to

dz ow
— ~H, — . L 7,Eq. 7
dr : 0z y=§y ( ayet 4 )

This is an extension of the mechanistic version of the Lande equation to consider the geno-phenotype. The mecha-

nistic additive genetic covariance matrix of the geno-phenotype (Layer 6, Eq. 6) in this equation is singular because
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the geno-phenotype z includes the genotype y (so dzT/dy has fewer rows than columns; Layer 4, Eq. 8). Hence, the
degrees of freedom of genetic covariation in geno-phenotype space are at most given by the number of lifetime geno-
typic traits, so these degrees of freedom are bounded by genotypic space in a necessarily larger geno-phenotype space.
Thus, H, is singular if there is at least one trait that is developmentally constructed according to the developmental
map (Layer 7, Eq. 1b). The evolutionary dynamics of the geno-phenotype is now fully determined by Layer 7, Eq. 7
provided that i-iii hold and that the developmental (Layer 7, Eq. 1b) and environmental (Layer 7, Eq. 1c) constraints
are met. In such case, setting dz/dr = 0 does imply an evolutionary equilibrium, but this does not imply absence of
direct directional selection on the geno-phenotype (i.e., it is possible that 0w/dzly—y # 0) since H, is always singular.
Due to this singularity, if there is any evolutionary equilibrium, there is an infinite number of them. Kirkpatrick and
Lofsvold (1992) showed that if G is singular and constant, then the evolutionary equilibrium that is achieved depends
on the initial conditions. Our results extend the relevance of Kirkpatrick and Lofsvold’s (1992) observation by show-
ing that H, is always singular and remains so as it evolves. Moreover, since both the developmental (Eq. Layer 7,
Eq. 1b) and environmental (Eq. Layer 7, Eq. 1c) constraints must be satisfied throughout the evolutionary process,
the developmental and environmental constraints determine the admissible evolutionary trajectory and the admissible
evolutionary equilibria if mutational variation exists in all directions of genotype space. Therefore, developmental
and environmental constraints together with direct directional selection jointly define the evolutionary outcome if
mutational variation exists in all directions of genotype space.

Since selection response is relatively completely described by total genotypic selection, further insight can be
gained by rearranging the extended mechanistic Lande equation for the geno-phenotype (Layer 7, Eq. 7) in terms of
total genotypic selection. Using the rearrangement in Layer 7, Eq. 5 and making the assumptions i-iii in the previous

paragraph, the extended mechanistic Lande equation in Layer 7, Eq. 7 becomes

dz d
@,
dr dy ly—y

(Layer 7, Eq. 8)
This equation is closely related to but different from Morrissey’s (2014) Eq. 4, which uses a different factorization of
the constraining matrix (here H,, there Lande’s G) in terms of a square total effect matrix of all traits on themselves
(his @ in his Eq. 2) and so Morrissey’s equation is in terms of the total selection gradient of the phenotype rather than
of the genotype. Also, being a rearrangement of the classic Lande equation, Morrissey’s equation refers to the selec-
tion response of the phenotype rather than of the geno-phenotype and is thus dynamically insufficient. A dynamically
sufficient equation with a factorization of the constraining matrix analogous to Morrissey’s factorization is obtained in
Eq. (H4), which is in terms of the total selection gradient of the geno-phenotype premultiplied by a necessarily singu-
lar matrix so such total selection gradient is not sufficient to identify evolutionary equilibria. In contrast, in Layer 7,
Eq. 8, if the mutational covariance matrix Hy is non-singular, then the mechanistic additive genetic cross-covariance
matrix between geno-phenotype and genotype H,y is non-singular so evolutionary equilibrium (dz/dr = 0) implies
absence of total genotypic selection (i.e., dw/dyly—y = 0) to first order of approximation. Indeed, to first order, lack
of total genotypic selection provides a necessary and sufficient condition for evolutionary equilibria in the absence of

48

1142

1143

1144

1145

1146

1147

1148

1149

1150

1151

1152

1153

1154

1155

1156

1157

1158

1159

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1170

171

1172

173

1174


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

1175

1176

177

1178

179

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

1200

1201

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

exogenous environmental change and of absolute mutational constraints (Layer 7, Eq. 5) (see Supplementary Infor-
mation section 2.2 for a definition of absolute mutational or genetic constraints). Consequently, evolutionary equilibria
depend on development and niche construction since total genotypic selection depends on Wagner’s (1984, 1989) de-
velopmental matrix and on total niche construction by the genotype (Layer 4, Eq. 22). However, since dw/dyly—y = 0
has only as many equations as there are lifetime genotypic traits and since not only the genotype but also the phenotype
and environmental traits must be determined, then dw/dyly—y = 0 provides fewer equations than variables to solve for.
Hence, absence of total genotypic selection still implies an infinite number of evolutionary equilibria. Again, only the
subset of evolutionary equilibria that satisfy the developmental (Layer 7, Eq. 1b) and environmental (Layer 7, Eq. 1c)
constraints are admissible, and so the number of admissible evolutionary equilibria may be finite. Therefore, admis-
sible evolutionary equilibria have a dual dependence on developmental and environmental constraints: first, by the
constraints’ influence on total genotypic selection and so on evolutionary equilibria; and second, by the constraints’
specification of which evolutionary equilibria are admissible.

Because we assume that mutants arise when residents are at carrying capacity, the analogous statements can be
made for the evolutionary dynamics of a resident vector in terms of lifetime reproductive success (Eq. 8). Using the
relationship between selection gradients in terms of fitness and of expected lifetime reproductive success (Eqs. S22),
the evolutionary dynamics of { € {x,y, z, €, m} (Layer 7, Eq. 1a) are equivalently given by

’ 1 R
%~( L, 2Ro iﬁ) (Layer 7, Eq. 9a)

S N Al (m
dr T om  s€T Ot =7
1 O0Ry s¢ Oe
= (t=Lyp—+ —=— L 7, Eq. 9b
(LT . " e (97') - (Layer 7. Eq. 9b)
1 dRy s{ Oe
=(t=Ly—+—— L 7, Eq.
(LT &y dy + ppe 67') o (Layer q. 9¢)

To close, the evolutionary dynamics of the environment can be written in a particular form that is insightful. In

Appendix I, we show that the evolutionary dynamics of the environment is given by
de (6(6 + €) dz 66)

- = + —
dr

L Eq. 1
0z dr ot (Layer 7, Eq. 10)

y=y
Thus, the evolutionary change of the environment comprises “inclusive” endogenous environmental change and ex-

ogenous environmental change.

5. Example: allocation to growth vs reproduction

‘We now provide an example that illustrates some of the points above. To do this, we use a life-history model rather
than a model of morphological development as the former is simpler yet sufficient to illustrate the points. In particular,
this example shows that our results above enable direct calculation of the evo-devo dynamics and the evolution of the
constraining matrices H and L and provide an alternative method to dynamic optimization to identify the evolutionary
outcomes under explicit developmental constraints. We first describe the example where development is non-social
and then extend the example to make development social.
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5.1. Non-social development

We consider the classic life-history problem of modeling the evolution of resource allocation to growth vs repro-
duction (Gadgil and Bossert, 1970; Ledn, 1976; Schaffer, 1983; Stearns, 1992; Roff, 1992; Koztowski and Teriokhin,
1999). Let there be one phenotype (or state variable), one genotypic trait (or control variable), and no environmental
traits. In particular, let x, be a mutant’s phenotype at age a (e.g., body size or resources available) and y, € [0, 1] be
the mutant’s fraction of resource allocated to phenotype growth at that age. Let mutant survival probability p, = p be
constant for all a € {1,..., N, — 1} with py, = 0, so survivorship is {, = p*forallae{l,...,N,} with tn+1 = 0.

Let mutant fertility be

Ja =d@)(1 = ya)Xa,

where (1 — y,)x, is the resource a mutant allocates to reproduction at age a and d(Z) is a positive density-dependent

scalar that brings the resident population size to carrying capacity. Let the developmental constraint be
Xarl = 8a(Za,Z) = Xa + YaXa = (1 +Ya)Xa, (Example, Eq. 1)

where y,x, is the resource a mutant allocates to growth at age a. These equations are a simplification of those used
in the classic life-history problem of finding the optimal resource allocation to growth vs reproduction in discrete age
(Gadgil and Bossert, 1970; Le6n, 1976; Schaffer, 1983; Stearns, 1992; Roff, 1992; Koztowski and Teriokhin, 1999).
In life-history theory, one assumes that at evolutionary equilibrium, a measure of fitness such as lifetime reproductive
success is maximized by an optimal control y* yielding an optimal pair (x*,y*) that is obtained with dynamic pro-
gramming or optimal control theory (Sydszter et al., 2008). Instead, here we illustrate how the evolutionary dynamics
of (X,y) can be analysed with the equations derived in this paper, including identification of an optimal pair (x*, y*).
Let us calculate the elements of Layers 2-4 that we need to calculate genetic covariation and the evolutionary
dynamics. Because there are no environmental traits, total immediate effects equal direct effects. Also, because
development is non-social, stabilized effects equal total effects (except for social feedback, which is simply the identity
matrix). Iterating the recurrence given by the developmental constraint (Example, Eq. 1) yields the mutant phenotype

at age a

a-1

Xq = X1 l_[(l + Yi)- (Example, Eq. 2)
k=1

To find the density-dependent scalar, we note that a resident at carrying capacity satisfies the Euler-Lotka equation
>N fo€, = 1 (Eq. $34), which yields

v

Zj;vil(l - ya)xaga .

Using Eq. (5a), the entries of the direct selection gradients are given by

d@@) =

N,
2 8wj

P 0x,

ow
ox,

_ 0w,

T ox
y=¥ a

y=y y=y
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1 0 fa Opa 1 _
== a + 7y = Tga 1- a)s
T (¢ ox, n Oxa)y:y T (1'=5a)
ow 3 i ow; ow,
aya y:i j:] a)’a yzy 6}’:1 yzy
1 0f, op, 1
== (¢a J: + 7y P ) = —={,X,. (Example, Eq. 3)
T 0y, 0y, v=§ T

where the generation time without density dependence is
Na
T=> it -5)%;.
=1

Thus, there is always direct selection for increased phenotype and against allocation to growth (except at the bound-

aries where y, = 1 or X, = 0). The entries of the matrices of direct effects on the phenotype (a: row, j: column) are

given by

1+y, ifj=a+1

8)(1'
HXa y=§ ! i /=4

0 otherwise,
oy |% ifj=a+l
0yq y=y 0 otherwise.

Using Layer 4, Eq. 2 and Eq. (C15), the entries of the matrices of total effects on the phenotype are given by

j-1
0
[15x if j>a
Bxk
dxj _ k=a y=y
dxalyy |1 if j=a
0 otherwise
j-1
1_[(1 +30) ifj>a
k=a
R if j=a
0 otherwise,
Ox = ox
atl ]_[ kel ifj>a+1
aya k=a+1 axk =y
de a y=y
= Xa+1 e
dy, v=§ W |ig ifj=a+1
0 otherwise
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j-1
xal_[(1+yk) ifj>a+l
k=a+1
= ) (Example, Eq. 4)
X4 ifj=a+1
0 otherwise.

Then, using Layer 4, Eq. 21 and Layer 4, Eq. 22, the entries of the total selection gradients are given by

(de aw) Ry (dxj aw)
y=y dx, 0x n

dx, Ox;

dx, Ow dx; ow

dx, 0x, dx, 9x;
j=a+1 -

dw
dx,

y=y

y=y

y=y

bl

1 N, j-1
- l@(l —)+ Y, 60 -F) 1;[(1 + 50

j=a+1
| ow . & dx; ow
. p= dy, Ox;
o y=y

dw
dy,

ya | dya 0%

3 (6w dxT (9w)
y=y

y=y

N,
0 dx.+1 0 5 dx; 0
w " Xa+1 w " Z j ow
0Ya dys Oxgs1 . dy, Ox;
= y=y
1 = = -
= _?gu-xu + xa?&&l(l _ya+1)
NI:\

j-1
1
+ ) T [ [ +30260-3)

Jj=a+2 k=a+1

N, j-1
S o Z (1 - %)) ]_[ (1+ yk)}, (Example, Eq. 5)
j=a+1 k=a+1

where we use the empty-product notation such that HZ;; Fi = 1 and the empty-sum notation such that ;- ('l Fr=0
for any F;. There is thus always total selection for increased phenotype (except at the boundaries), although total
selection for allocation to growth may be positive or negative.
Now, using Eqgs. (1) and (3), the evo-devo dynamics are given by
Ay d
om
T Y ly=y (Example, Eq. 6)
Xat1 = 8a(Za, 2).
Using Layer 7, Eq. 1a, Layer 7, Eq. 4, and Layer 7, Eq. 5, the evolutionary dynamics of the phenotype in the limit as

At — 0 are given by

dw

—| =My
Z ly=y dy

. (Example, Eq. 7)
y=y

Note these are not equations in Lande’s form. In particular, the mechanistic additive genetic-cross covariance matrices
involved are not symmetric and the selection gradients are not those of the evolving trait in the left-hand side; Example,
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Eq. 7 cannot be arranged in Lande’s form because the genotypic trait directly affects fitness (i.e., Ow/dyly—y # 0;
Example, Eq. 3). Importantly, H,, and Hy, depend on y because of gene-phenotype interaction in development (i.e.,
the developmental map involves a product y,x, such that the total effect of the genotype on the phenotype depends on
the genotype; Example, Eq. 4); consequently, Example, Eq. 7 is dynamically insufficient because the system does not
describe the evolution of y. In turn, the evolutionary dynamics of the geno-phenotype are given by

dw

dz ow
— =, —| =y @

i = (Example, Eq. 8)

y=y

y=y
This system contains dynamic equations for all the evolutionarily dynamic variables, namely both the resident phe-
notype X and the resident genotype ¥, so it is determined and dynamically sufficient. The first equality in Example,
Eq. 8 is in Lande’s form, but H, is always singular. In contrast, the matrix Hyy in the second equality is non-singular
if the mutational covariance matrix Hy is non-singular. Thus, the total selection gradient of the genotype provides a
relatively complete description of the evolutionary process of the geno-phenotype.
Let the entries of the mutational covariance matrix be given by
Y¥a(l=3a) ifj=a

Ya¥j =
0 otherwise,

where 0 < ¥ < 1 so the assumption of marginally small mutational variance, namely 0 < tr(Hy) < 1, holds. Thus,
H, is diagonal and becomes singular only at the boundaries where the resident genotype is zero or one. Then, from
Example, Eq. 6, the evolutionary equilibria of the genotypic trait at a given age and their stability are given by the
sign of its corresponding total selection gradient.

Let us now find the evolutionary equilibria and their stability for the genotypic trait. Using Example, Eq. 5, starting
from the last age, the total selection on the genotypic trait at this age is

dw

1. o« _fNa,
dyw, y=§

which is always negative so the stable resident genotypic trait at the last age is
¥y, =0. (Example, Eq. 9a)

That is, no allocation to growth at the last age. Continuing with the second-to-last age, the total selection on the

genotypic trait at this age is

N, j-1
dw _ _
q OC—fNa_1+Z€j(1—yj)l_[(1+yk)

YN.-1 |y—g =N, k=N,

=—ty-1 +n (1 = Fn).

Evaluating at the optimal genotypic trait at the last age (Example, Eq. 9a) and substituting £, = p*~! yields

dw
dyy,—1

o _pNﬂ—Z + pNu—l o —1 +p’

y=y=y*
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which is negative (assuming p < 1) so the stable resident genotypic trait at the second-to-last age is

Continuing with the third-to-last age, the total selection on the genotypic trait at this age is

In,1 =0.

N, -
dw
o~y o+ (1 -3)) (1 + 1)
dyn,-2 ly—y j—NZa—l k:Nl—ul—l

=—{lno+On1(1 = In,-1)

+ Oy, (L =N )1+ In,-1).

(Example, Eq. 9b)

Evaluating at the optimal genotypic trait at the last two ages (Example, Eq. 9a and Example, Eq. 9b) and substituting

L, = p*~! yields

which is positive if

o — pN'f3 + pN'“2 +pV o —1+p+ Pz,

y=y=y*

1
P> P2 =51+ V5) ~ 0.62.

So the stable resident genotypic trait at the third-to-last age is

0 ifp<py_,=31-1+V5)~062

o
YN,-2 =

1 ifp>py = 1(-1+ V5)~ 0.62.

(Example, Eq. 9¢)

If p = p), _,, the genotypic trait at such age is selectively neutral, but we ignore this case as without an evolutionary

model for p it is biologically unlikely that survival is and remains at such precise value. Hence, there is no allocation

to growth at this age for low survival and full allocation for high survival. Continuing with the fourth-to-last age, the

total selection on the genotypic trait at this age is

dw
dyn, -3

y=y

N, j-1
c—lya+ y -5y [] a+50

jEN—2 k=N,-2

=—tyn,3 + On2(1 = Yn,—2)
+ -1 (1 =y + Yy, 2)

+ Oy, (L = N )1 + YN, 2)(1 + I, -1)-

Evaluating at the optimal genotypic trait at the last three ages (Example, Eq. 9a-Example, Eq. 9¢) and substituting

L, = p*~! yields

dw

dyn,=3 |y_os
yAQ 3 y=y=¥*

oc = pMNTt 4 PN (A =y )+ PN+ )
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+ N1+ Yn,—2)
o= 1+ p(1—yy o)+ p*(L+p)A +yy ).
If p < py _,. thisis

dw

dyn,-3 |y —os
yNa 3 y=y=y*

o —1+p+p*(1+p),
which is positive if
p>py,_3 ~ 054

Ifp> Py, 2 the gradient is

dw

dyn,-3 |y_g-y-

o= 1+2p*(1 + p),
which is positive if

P> Py,_3 ~ 0.565.
Hence, the stable resident genotypic trait at the fourth-to-last age is

o iftp<py ,~054
N3 = ‘ (Example, Eq. 9d)

L if p>py 5 ~054,
for p # p) _, ~ 0.62. Again, this is no allocation to growth for low survival, although at this earlier age survival can
be smaller for allocation to growth to evolve. Numerical solution for the evo-devo dynamics using Example, Eq. 6 is
given in Fig. 5. The associated evolution of the H, matrix, plotting Layer 6, Eq. 6, is given in Fig. 6. The code used

to generate these figures is in the Supplementary Information.

5.2. Social development

Consider a slight modification of the previous example, so that development is social. Let the mutant fertility be
Ja=d@)(1 = y)(Xa + GXas1),

where the available resource is now given by x, + gX,.; for some constant g (positive, negative, or zero). Here the
source of social development can be variously interpreted, including that an immediately older resident contributes to
(positive g) or scrounges from (negative g) the resource of the focal individual, or that the focal individual learns from
the older resident (positive or negative ¢ depending on whether learning increases or increases the phenotype). Let

the developmental constraint be

Xat1 = 8a(2a,Z) = X4 + Ya(Xa + GXar1).
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Figure 5: Example. Numerical solution of evolutionary dynamics of the genotype and associated developmental dynamics of the phenotype. Large
plots give the resident genotype or phenotype vs age over evolutionary time for various p. Small plots give the associated direct and total selection
gradients. The numerical evolutionary outcomes match the analytical expressions for the genotype (Example, Eq. 9) and associated phenotype

(Example, Eq. 2). x; = X; = 1. From Eq. (S15a), the carrying capacity is i* = 7] 2221 Pl We let iy =2/(uy),sot = ylyd  pel

a=1

Note that setting the mutant genotype to the resident does not necessarily produce a resident phenotype. Indeed, the

phenotype with resident genotype is
Xar1 = Xa + Va(Xa + gXas1)-

which may not equal the resident phenotype X,.;. If the resident X is at socio-devo equilibrium X**, then the resident

satisfies

=ik

X =X+ Ya(Xg +qX,5).
Solving for X", yields a recurrence for the resident phenotype at socio-devo equilibrium

1+y
o= ﬁfcz* (Example, Eq. 10)

provided that 1 — gy, # 0. Iterating Example, Eq. 10 yields the resident phenotype at socio-devo equilibrium

-1

N

1+y
Xa =X —y_k, (Example, Eq. 11)
k=1 1- Dk
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1 Hy Hyy |t 1 1 1 1
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4 | | 4 4 4 4 Arg
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2 2 2 2 2 2 M4
3 3 3 3 3 3
4 Hyy H, 4 4 4 4 4
@ 12341234 12341234 12341234
3 T=10 T=20 =200
< 12341234 12341234 12341234
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4 4 4 4 4 4
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2 2 2 2 2 2
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4 4 4 4 4 4
12341234 12341234 12341234
Age, a

Figure 6: Resulting evolutionary dynamics of the mechanistic additive genetic covariance matrix H,. The upper-left quadrant (blue) is the mecha-
nistic additive genetic covariance matrix Hy of the phenotype, that is, of the state variable. For instance, at the initial evolutionary time, the genetic
variance for the phenotype is higher at later ages, and the phenotype at age 3 is highly genetically correlated with the phenotype at age 4. As
evolutionary time progresses, genetic covariation vanishes as mutational covariation vanishes (Hy becomes singular) as genotypic traits approach

their boundary values. p = 0.7. The evolutionary times 7 shown correspond to those of Fig. 5.

where we drop the ** for simplicity. To determine when this socio-devo equilibrium is socio-devo stable, we find the
eigenvalues of dx7/dX|y—y as follows. The entries of the matrix of the direct social effects on the phenotype are given

by

BXI‘ _ ya—lq ifj:a

0%, |- .
“ly=y 0 otherwise.

Hence, from Egs. G8 and G9, dxT/dX|yy is upper-triangular, so its eigenvalues are the values in its main diagonal,
which are given by 0x,/0X,ly=y = ¥.-19. Thus, the eigenvalues of dxT/dX|y—y have absolute value strictly less than
one if |g| < 1, in which case the socio-devo equilibrium in Example, Eq. 11 is socio-devo stable.

Let X be the SDS resident phenotype given by Example, Eq. 11 with |g| < 1. Then, the evo-devo dynamics are still
given by Example, Eq. 6. Using Layer 7, Eq. 1a, Layer 7, Eq. 4, and Layer 7, Eq. 5, the evolutionary dynamics of the

phenotype in the limit as AT — 0 are now given by

dx ow
— x Ly, —
ar e 5

dw

=Ly — (Example, Eq. 12)
y=§ Y dy

y=y

This system is dynamically insufficient as Ly, and Lyy depend on y because of gene-phenotype interaction in devel-

opment. In turn, the evolutionary dynamics of the geno-phenotype are given by

dz 0
& ~ 0L, 4

dw
- =L
dr oz ‘

y — (Example, Eq. 13)
y=¥ ' dy

y=y
This system is dynamically sufficient as it contains dynamic equations for all evolutionarily dynamic variables, namely
both X and y. While L, in the first equality is always singular, the matrix L,y in the second equality is non-singular if
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the mutational covariance matrix Hy is non-singular. Thus, the total selection gradient of the genotype still provides a
relatively complete description of the evolutionary process of the geno-phenotype.

We can similarly find that the total selection gradient of the genotypic trait at age a is

dw 1 14g S .
= —X, |l + £i(1-53) (I +30],
dyalyy T "1 -4y j;l kgl

where the generation time without density dependence is now

1+¢
1-gqy;’

Nﬂ
T=> it -5)%;
j=1

This total selection gradient of the genotypic trait at age a has the same sign as that found in the model for non-social
development (Example, Eq. 5). Hence, the stable evolutionary equilibria for the genotype are still given by Example,
Eq. 9. Yet, the associated phenotype, given by Example, Eq. 11, may be different due to social development (Fig. 7).
That is, social development here does not affect the evolutionary equilibria, as it does not affect the zeros of the
total selection gradient of the genotype which gives the zeros of the evolutionary dynamics of the geno-phenotype
(Example, Eq. 13). Instead, social development affects here the developmental constraint so it affects the admissible
evolutionary equilibria of the phenotype. Numerical solution for the evo-devo dynamics using Example, Eq. 6 is given
in Fig. 7. For the g chosen, the phenotype evolves to much larger values due to social feedback than with non-social
development although the genotype evolves to the same values. The associated evolution of the L, matrix, using

Layer 6, Eq. 9, is given in Fig. 8. The code used to generate these figures is in the Supplementary Information.

6. Discussion

We have addressed the question of how development affects evolution by formulating a mathematical framework
that integrates explicit developmental dynamics into evolutionary dynamics. The framework integrates age progres-
sion, explicit developmental constraints according to which the phenotype is constructed across life, and evolutionary
dynamics. This framework yields a description of the structure of genetic covariation, including the developmental
matrix dxT/dyly—y, from mechanistic processes. The framework also yields a dynamically sufficient description of
the evolution of developed phenotypes in gradient form, such that their long-term evolution can be described as the
climbing of a fitness landscape within the assumptions made. This framework provides a tractable method to model
the evo-devo dynamics for a broad class of models. We also obtain formulas to compute the sensitivity of the solution
of a recurrence (here, the phenotype) to perturbations in the solution or parameters at earlier times (here, ages), which
are given by dxT/d{ for { € {x,y}. Overall, the framework provides a theory of constrained evolutionary dynamics,
where the developmental and environmental constraints determine the admissible evolutionary path (Layer 7, Eq. 1).

Previous understanding suggested that development affects evolution by inducing genetic covariation and genetic
constraints, although the nature of such constraints had remained uncertain. We find that genetic constraints are nec-
essarily absolute in a generally dynamically sufficient description of long-term phenotypic evolution in gradient form.
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Figure 7: Example with social development. The genotype evolves to the same values as those with non-social development in Fig. 5. However, the
phenotype evolves to much larger values due to social development. Large plots give the resident genotype or phenotype vs age over evolutionary
time for various p. Small plots give the associated direct and total selection gradients. The numerical evolutionary dynamics of the genotype match

the analytical expressions for the genotype (Example, Eq. 9) and associated phenotype (Example, Eq. 11). ¢ is as in Fig. 5. ¢ = 0.5.

This is because dynamic sufficiency in general requires that not only phenotypic but also genotypic evolution is fol-
lowed. Because the phenotype is related to the genotype via development, simultaneously describing the evolution of
the genotype and phenotype in gradient form entails that the associated constraining matrix (Hj or L;) is necessarily
singular with a maximum number of degrees of freedom given by the number of lifetime genotypic traits (N,N,).
Consequently, genetic covariation is necessarily absent in as many directions of geno-phenotype space as there are
lifetime developed traits (NV,N,). Since the constraining matrix is singular, direct directional selection is insufficient
to identify evolutionary equilibria in contrast to common practice. Instead, total genotypic selection, which depends
on development, is sufficient to identify evolutionary equilibria if there are no absolute mutational constraints and no
exogenous plastic response. The singularity of the constraining matrix associated to direct geno-phenotypic selec-
tion entails that if there is any evolutionary equilibrium and no exogenous plastic response, then there is an infinite
number of evolutionary equilibria that depend on development; in addition, development determines the admissible
evolutionary trajectory and so the admissible equilibria. The adaptive topography in phenotype space is often as-
sumed to involve a non-singular G-matrix where evolutionary outcomes occur at fitness landscape peaks (i.e., where

Ow/0xXl|y—y—3~ = 0). In contrast, we find that the evolutionary dynamics differ from that representation in that evolu-
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Figure 8: Resulting dynamics of the mechanistic additive socio-genetic cross-covariance matrix L,. The structure and dynamics of L, here are
similar to those of H, in Fig. 8 but the magnitudes are an order of magnitude larger (compare bar legends). p = 0.7, ¢ = 0.5. The evolutionary

times 7 shown correspond to those of Fig. 7.

tionary outcomes occur at best (i.e., without absolute mutational constraints) at peaks in the admissible evolutionary
path determined by development (i.e., where dw/dyly—y—y- = 0), and that such path peaks do not typically occur at
landscape peaks (so generally Ow/0zly—y—y- # 0).

The singularity of the constraining matrix (H, or L;) is not due to our adaptive dynamics assumptions. Under
quantitative genetics assumptions, the additive genetic covariance matrix of phenotype x is Gy = aycovly, yla] as
described in the introduction, and here we use the subscripts x to highlight that this @ matrix is for the regression co-
efficients of the phenotype with respect to gene content. Under quantitative genetics assumptions, the matrix covly, y]
describes the observed covariance in allele frequency due to any source, so it describes standing covariation in allele
frequency. Under our adaptive dynamics assumptions, we obtain an Hy matrix that has the same form of Gy, but where
covl[y, y] describes the covariance in genotypic traits only due to mutation at the current evolutionary time step among
the possible mutations, so it describes (expected) mutational covariation. Regardless of whether cov[y, y] describes
standing covariation in allele frequency or mutational covariation, the additive genetic covariance matrix in geno-
phenotype space G, = a,cov[y, yla; is always singular because the developmental matrix of the geno-phenotype @]
has fewer rows than columns: that is, the degrees of freedom of G, have an upper bound given by the number of
loci (or genetic predictors) while the size of G, is given by the number of loci and of phenotypes. Thus, whether one
considers standing or mutational covariation, the additive genetic covariance matrix of the geno-phenotype is always
singular. Eliminating traits from the analysis to render G, non-singular as traditionally recommended (Lande, 1979)
either renders the gradient system underdetermined and so dynamically insufficient in general (if allele frequency y
is removed), or prevents a description of phenotypic evolution as the climbing of a fitness landscape (if the mean
phenotype X is removed). The singularity of H and L in geno-phenotype space persists despite evolution of the devel-

opmental map, regardless of the number of genotypic traits or phenotypes provided there is any phenotype, and in the
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presence of endogenous or exogenous environmental change. Thus, we find that a dynamically sufficient description
of phenotypic evolution in gradient form generally requires a singular constraining matrix.

Dynamic sufficiency for phenotypic evolution in gradient form requires that the constraining matrix is in geno-
phenotype space particularly because of non-linear development. The H-matrix in phenotype space generally depends
on the resident genotype via both the mutational covariance matrix and the developmental matrix. The develop-
mental matrix depends on the resident genotype due to non-linear development, particularly gene-gene interaction,
gene-phenotype interaction, and gene-environment interaction (see text below Eq. Layer 6, Eq. 5). The analogous
dependence of G on allele frequency holds under quantitative genetics assumptions for the same reasons (Turelli,
1988; Service and Rose, 1985). If development is linear (i.e., the developmental map for all phenotypes is a linear
function in all its variables at all ages), the developmental matrix no longer depends on the resident genotype (or allele
frequency under quantitative genetics assumptions). If in addition the mutational covariance matrix is independent
of the resident genotype, then the constraining matrix H in phenotype space is no longer dependent on the resident
genotype. Thus, if one assumes linear development and both mutational covariation and phenotypic selection being
independent of the resident genotype (in addition to no social interactions, no exogenous plastic response, no total
immediate genotypic selection, and no niche-constructed effects of the phenotype on fitness (Layer 7, Eq. 6)), the H
matrix in phenotype space becomes constant and the mechanistic Lande equation (Layer 7, Eq. 6) becomes dynami-
cally sufficient. However, even simple models of explicit development involve non-linearities (e.g., Example, Eq. 1)
and mutational covariation depends on the resident genotype whenever the genotype is constrained to take values
within a finite range (e.g., between zero and one). Thus, consideration of even slightly realistic models of develop-
ment seems unlikely to allow for a dynamically sufficient mechanistic Lande equation (i.e., following only phenotypic
evolution).

Extensive research efforts have been devoted to determining the relevance of constraints in adaptive evolution
(Arnold, 1992; Hine and Blows, 2006; Hansen and Houle, 2008; Jones et al., 2014; Hine et al., 2014; Engen and
Sather, 2021). Empirical research has found that the smallest eigenvalue of G in phenotype space is often close
to zero (Kirkpatrick and Lofsvold, 1992; Hine and Blows, 2006; McGuigan and Blows, 2007). Mezey and Houle
(2005) found a non-singular G-matrix for 20 morphological (so, developed) traits in fruit flies. Our results suggest G
singularity would still arise in all these studies if enough traits are included so as to guarantee a dynamically sufficient
description of phenotypic evolution on an adaptive topography (i.e., if allele frequency were included in the analysis
as part of the multivariate “geno-phenotype”).

Previous theory has offered limited predictions as to when the G-matrix would be singular. These include that
incorporating more traits in the analysis renders G more likely to be singular as the traits are more likely to be
genetically correlated, such as in infinite-dimensional traits (Gomulkiewicz and Kirkpatrick, 1992; Kirkpatrick and
Lofsvold, 1992). Suggestions to include gene frequency as part of the trait vector in the classic Lande equation (e.g.,
Barfield et al., 2011) have been made without noticing that doing so entails that the associated G-matrix is necessarily
singular. Kirkpatrick and Lofsvold (1992, p. 962 onwards) showed that, assuming that G in phenotypic space is
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singular and constant, then the evolutionary trajectory and equilibria depend on the evolutionarily initial conditions of
the phenotype. In our framework, the evolutionarily initial conditions of the phenotype are given by the developmental
constraint evaluated at the evolutionarily initial genotype and environment. Hence, the evolutionary trajectory and
equilibria depend on the developmental constraint, which provides the admissible evolutionary path. Our results thus
extend the relevance of Kirkpatrick and Lofsvold’s (1992) analysis by our observation that H is always singular in
geno-phenotype space to yield a generally dynamically sufficient gradient system for the phenotype, even with few
traits and evolving H.

Multiple mathematical models have addressed the question of the singularity of G. Recently, simulation work
studying the effect of pleiotropy on the structure of the G-matrix found that the smallest eigenvalue of G is very small
but positive (Engen and Szther, 2021, Tables 3 and 5). Our findings indicate that this model and others (e.g., Wagner,
1984; Barton and Turelli, 1987; Wagner, 1989; Wagner and Mezey, 2000; Martin, 2014; Morrissey, 2014, 2015) would
recover G-singularity by considering the geno-phenotype so both allele frequency and phenotype change are part of
the gradient system. Other recent simulation work found that a singular G-matrix due to few segregating alleles still
allows the phenotype to reach its unconstrained optimum if all loci have segregating alleles at some point over the long
run, thus allowing for evolutionary change in all directions of phenotype space in the long run (Barton, 2017, Fig. 3).
Our results indicate that such a model attains the unconstrained optimum because it assumes that fitness depends on a
single phenotype at a single age, and that there is no direct genotypic selection and no niche-constructed effects of the
genotype on fitness (i.e., there dw/dy = 0 and (deT/dy)(0w/d€) = 0, so dw/dy;, = 27:1 ZkNil(dxkj/dym)(aw/c')xkj),
which since fitness depends on a single trait k at a single age j further reduces to (dxyj/dy;,)(0w/0xy;); hence, dw/dy; =
0 for any locus /(i) and nucleotide J(i) at the single age j there implies dw/dxy; = 0; Eq. Layer 4, Eq. 22). Our results
show that when at least one of these assumptions does not hold, the unconstrained optimum is not necessarily achieved
(as illustrated in Example, Eq. 3 and Fig. 5). In our framework, phenotypic evolution converges at best to constrained
fitness optima, which may under certain conditions coincide with unconstrained fitness optima. Convergence to
constrained fitness optima under no absolute mutational constraints occurs even with the fewest number of traits
allowed in our framework: two, that is, one genotypic trait and one phenotype with one age each (or in a standard
quantitative genetics framework, allele frequency at a single locus and one quantitative trait that is a function of
such allele frequency). Such constrained adaptation has important implications for biological understanding (see e.g.,
Kirkpatrick and Lofsvold, 1992; Gomulkiewicz and Kirkpatrick, 1992) and is consistent with empirical observations
of lack of selection response in the wild despite selection and genetic variation (Merild et al., 2001; Hansen and
Houle, 2004; Pujol et al., 2018), and of relative lack of stabilizing selection (Kingsolver et al., 2001; Kingsolver and
Diamond, 2011).

Our results provide a mechanistic description of breeding value, thus allowing for insight regarding the structure
and evolution of the constraining matrix, here H or L. We have defined mechanistic breeding value, not in terms of
regression coefficients as traditionally done, but in terms of total derivatives with components mechanistically arising
from lower level processes. This yields a mechanistic description of the constraining matrices in terms of total effects
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of the genotype, which recover previous results in terms of regression coefficients and random matrices (Fisher, 1918;
Wagner, 1984; Barton and Turelli, 1987; Lynch and Walsh, 1998; Martin, 2014; Morrissey, 2014). Matrices of total
effects of the genotype are mechanistic analogues of Fisher’s (1918) additive effects of allelic substitution (his «)
and of Wagner’s (1984, 1989) developmental matrix (his B). Our formulas for total effects allow one to compute the
effect of a perturbation of the genotype, phenotype, or environment at an early age on the phenotype at a later age.
Yet, by being defined from derivatives rather than regression, mechanistic breeding values do not satisfy the classic
partitioning of phenotypic variance into genetic and “environmental” variances, and so mechanistic heritability can be
greater than one.

Evolutionary analysis might have been hindered by lack of a mechanistic theory of breeding value and thus of
the constraining matrix. Ever since Lande (1979) it has been clear that direct directional selection on the phenotype
would be insufficient to identify evolutionary equilibria if the G-matrix were singular (Lande, 1979; Via and Lande,
1985; Kirkpatrick and Lofsvold, 1992; Gomulkiewicz and Kirkpatrick, 1992). Wagner (1984, 1989) constructed and
analysed evolutionary models considering developmental maps, and wrote the G-matrix in terms of his developmental
matrix to assess its impact on the maintenance of genetic variation. Yet, without a mechanistic theory of the constrain-
ing matrix, Wagner (1984, 1988, 1989) and Wagner and Mezey (2000) did not simultaneously track the evolution of
genotypes and phenotypes, so did not conclude that the associated G-matrix is necessarily singular or that the devel-
opmental matrix affects evolutionary equilibria. Wagner’s (1984, 1989) models have been used to devise models of
constrained adaptation in a fitness landscape, borrowing ideas from computer science (Altenberg, 1995, his Fig. 2).
This and other models (Houle 1991, his Fig. 2 and Kirkpatrick and Lofsvold 1992, their Fig. 5) have suggested how
constrained evolutionary dynamics would proceed although they have lacked a mechanistic theory of breeding value
and thus of G and its evolutionary dynamics. Other models borrowing ideas from computer science have found that
epistasis can cause the evolutionary dynamics to take an exponentially long time to reach fitness peaks (Kaznatcheev,
2019). Our mechanistic treatment of genetic covariation finds that as the H-matrix in geno-phenotype space has at
least as many zero eigenvalues as there are lifetime phenotypes (i.e., N,Np), even if there were infinite time, the
population does not necessarily reach a fitness peak in geno-phenotype space. However, the population eventually
reaches a fitness peak in genotype space if there are no absolute mutational constraints after the landscape is modified
by the interaction of the total effects of the genotype on phenotype and direct phenotypic selection and by the total
niche-constructed effects of the genotype on fitness.

We find that total genotypic selection provides more information regarding selection response than direct direc-
tional selection or other forms of total selection. We show that evolutionary equilibria occur when total genotypic
selection vanishes if there are no absolute mutational constraints and no exogenous plastic response. Direct selection
or total selection on the phenotype need not vanish at evolutionary equilibria, even if there are no absolute mutational
constraints and no exogenous plastic response. As total genotypic selection depends on development rather than ex-
clusively on (unconstrained) selection, and as development determines the admissible evolutionary trajectory along
which developmental and environmental constraints are satisfied, our findings show that development has a major
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evolutionary role by sharing responsibility with selection for defining evolutionary equilibria and for determining the
admissible evolutionary path. Future work should assess to what extent these conclusions depend on our assumptions,
particularly that of deterministic development.

Total selection gradients correspond to quantities that have received various names. Such gradients correspond to
Caswell’s (1982, 2001) “total derivative of fitness” (denoted by him as d1), Charlesworth’s (1994) “total differential”
(of the population’s growth rate, denoted by him as dr), van Tienderen’s (1995) “integrated sensitivity” (of the popu-
lation’s growth rate, denoted by him as IS), and Morrissey’s (2014, 2015) “extended selection gradient” (denoted by
him as 7). Total selection gradients measure total directional selection, so in our framework they take into account the
downstream developmental effects of a trait on fitness. In contrast, Lande’s (1979) selection gradients measure direct
directional selection, so in our framework’s terms they do not consider the developmentally immediate total effects
of a trait on fitness nor the downstream developmental effects of a trait on fitness. We obtained compact expressions
for total selection gradients as linear transformations of direct selection gradients, arising from the chain rule in ma-
trix calculus notation (Layer 4, Eq. 20), analogously to previous expressions in terms of vital rates (Caswell, 2001,
Eq. 9.38). Our mechanistic approach to total selection recovers the regression approach of Morrissey (2014) who
defined the extended selection gradient as 7 = ®f, where £ is Lande’s selection gradient and ® is the matrix of total
effects of all traits on themselves (computed as regression coefficients between variables related by a path diagram
rather than as total derivatives, which entails material differences with our approach as explained above). Morrissey
(2014) used an equation for the total-effect matrix @ (his Eq. 2) from path analysis (Greene, 1977, p. 380), which has
the form of our matrices describing developmental feedback of the phenotype and the geno-phenotype (dxT/dx|y—y
and dzT/dz|y_3; Layer 4, Eq. 1 and Layer 4, Eq. 9). Thus, interpreting Morrissey’s (2014) @ as our dxT/dx|y—y
(resp. dzT/dzly-3) and B as our 6w/6X|y—y (resp. ow/dzly—y) (i.e., Lande’s selection gradient of the phenotype or the
geno-phenotype if environmental traits are not explicitly included in the analysis), then Layer 4, Eq. 21 (resp. Layer 4,
Eq. 24) shows that the extended selection gradient 7 = ®f corresponds to the total selection gradient of the phenotype
dw/dx|y—y (resp. of the geno-phenotype dw/dzly—y). We did not show that dmT/dml|y_; has the form of the equation
for ® provided by Morrissey (2014) (his Eq. 2), but it might indeed hold. If we interpret ® as our dmT/dml|y—y and 8
as our Ow/0mly—y (i.e., Lande’s selection gradient of the geno-envo-phenotype thus explicitly including environmental
traits in the analysis), then Layer 4, Eq. 25 shows that the extended selection gradient 7 = ®f corresponds to the total
selection gradient of the geno-envo-phenotype dw/dmly—j.

Not all total selection gradients provide a relatively complete description of the selection response. We show in
Appendix H (Eq. H4) and Appendix J (Eq. J4) that the selection response of the geno-phenotype or the geno-envo-
phenotype can respectively be written in terms of the total selection gradients of the geno-phenotype dw/dz|y—; or the
geno-envo-phenotype dw/dmly—y, but such total selection gradients are insufficient to predict evolutionary equilibria
because they are premultiplied by a singular socio-genetic cross-covariance matrix. Also, the selection response of
the phenotype can be written in terms of the total selection gradient of the phenotype dw/dxly—y, but this expression
for the selection response has an additional term involving the total immediate selection gradient of the genotype
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Ow/0Yly=y, so the total selection gradient of the phenotype is insufficient to predict evolutionary equilibria (even more
considering that following the evolutionary dynamics of the phenotype alone is generally dynamically insufficient).
In contrast, we have shown that the total selection gradient of the genotype dw/dyl|y-y predicts evolutionary equilibria
if there are no absolute mutational constraints and no exogenous plastic response. Thus, out of all total selection gra-
dients considered, only total genotypic selection provides a relatively complete description of the selection response.
Morrissey (2015) considers that the total selection gradient of the genotype (his “inputs’) and of the phenotype (his
“traits”) would be equal, but the last line of Layer 4, Eq. 22 shows that the total selection gradients of the phenotype
and genotype are different in general, particularly due to direct genotypic selection and the total effects of genotype
on phenotype.

Our results allow for the modelling of evo-devo dynamics in a wide array of settings. First, developmental and
environmental constraints (Layer 7, Eq. 1b and Layer 7, Eq. 1c) can mechanistically describe development, gene-
gene interaction, and gene-environment interaction, while allowing for arbitrary non-linearities and evolution of the
developmental map. Several previous approaches have modelled gene-gene interaction, such as by considering multi-
plicative gene effects, but general frameworks mechanistically linking gene-gene interaction, gene-environment inter-
action, developmental dynamics, and evolutionary dynamics have previously remained elusive (Rice, 1990; Hansen
and Wagner, 2001; Rice, 2002; Hermisson et al., 2003; Carter et al., 2005; Rice, 2011). A historically dominant
yet debated view is that gene-gene interaction has minor evolutionary effects as phenotypic evolution depends on
additive rather than epistatic effects (under normality or to a first-order of approximation), so epistasis would act by
influencing a seemingly effectively non-singular G (Hansen, 2013; Nelson et al., 2013; Paixao and Barton, 2016; Bar-
ton, 2017). Our finding that the constraining matrix H is necessarily singular in a dynamically sufficient phenotypic
adaptive topography entails that evolutionary equilibria depend on development and consequently on gene-gene and
gene-environment interactions. Hence, gene-gene and gene-environment interaction can generally have strong and
permanent evolutionary effects in the sense of defining together with selection what the evolutionary equilibria are
(e.g., via developmental feedbacks described by dxT/dx|,—5) even by altering the H-matrix alone. This contrasts with
a non-singular constraining matrix whereby evolutionary equilibria are pre-determined by selection.

Second, our results allow for the study of long-term evolution of the H-matrix as an emergent property of the
evolution of the genotype, phenotype, and environment (i.e., the geno-envo-phenotype). In contrast, it has been
traditional to study short-term evolution of G by treating it as another dynamic variable under constant allele frequency
(Bulmer, 1971; Lande, 1979; Bulmer, 1980; Lande, 1980; Lande and Arnold, 1983; Barton and Turelli, 1987; Turelli,
1988; Gavrilets and Hastings, 1994; Carter et al., 2005; Débarre et al., 2014). Third, our results allow for the study
of the effects of developmental bias, biased genetic variation, and modularity (Wagner, 1996; Pavlicev and Hansen,
2011; Pavlicev et al., 2011; Wagner and Zhang, 2011; Pavlicev and Wagner, 2012; Watson et al., 2013). While we
have assumed that mutation is unbiased for the genotype, our equations allow for the developmental map to lead
to biases in genetic variation for the phenotype. This may lead to modular effects of mutations, whereby altering a
genotypic trait at a given age tends to affect some phenotypes but not others.
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Fourth, our equations facilitate the study of life-history models with dynamic constraints. Life-history models
with dynamic constraints have typically assumed evolutionary equilibrium, so they are analysed using dynamic opti-
mization techniques such as dynamic programming and optimal control (e.g., Leén, 1976; Iwasa and Roughgarden,
1984; Houston and McNamara, 1999; Gonzalez-Forero et al., 2017; Avila et al., 2021). In recent years, mathemat-
ically modelling the evolutionary dynamics of life-history models with dynamic constraints, that is, of what we call
the evo-devo dynamics, has been made possible with the canonical equation of adaptive dynamics for function-valued
traits (Dieckmann et al., 2006; Parvinen et al., 2013; Metz et al., 2016). However, such an approach poses substan-
tial mathematical challenges by requiring derivation of functional derivatives and solution of associated differential
equations for costate variables (Parvinen et al., 2013; Metz et al., 2016; Avila et al., 2021). By using discrete age, we
have obtained closed-form equations that facilitate modelling the evo-devo dynamics. By doing so, our framework
yields an alternative method to dynamic optimization to analyse a broad class of life-history models with dynamic
constraints (see Example).

Fifth, our framework allows for the modelling of the evo-devo dynamics of pattern formation by allowing the
implementation of reaction-diffusion equations in discrete space in the developmental map, once equations are suit-
ably written (e.g., Eq. 6.1 of Turing, 1952; Tomlin and Axelrod, 2007; Supplementary Information section S6). Thus,
the framework may allow one to implement and analyse the evo-devo dynamics of existing detailed models of the
development of morphology (e.g., Salazar-Ciudad and Jernvall, 2010; Salazar-Ciudad and Marin-Riera, 2013), to the
extent that developmental maps can be written in the form of Eq. (1). Sixth, our framework also allows for the mech-
anistic modelling of adaptive plasticity, for instance, by implementing reinforcement learning or supervised learning
in the developmental map (Sutton and Barto, 2018; Paenke et al., 2007). In practice, to use our framework to model
the evo-devo dynamics, it may often be simpler to compute the developmental dynamics of the phenotype and the
evolutionary dynamics of the genotype (as in Fig. 5), rather than the evolutionary dynamics of the geno-phenotype
or geno-envo-phenotype. When this is the case, after solving for the evo-devo dynamics, one can then compute
the matrices composing the evolutionary dynamics of the geno-phenotype and geno-envo-phenotype to gain further
understanding of the evolutionary factors at play, including the evolution of the H-matrix (as in Fig. 6).

By allowing development to be social, our framework allows for a mechanistic description of extra-genetic in-
heritance and indirect genetic effects. Extra-genetic inheritance can be described since the phenotype at a given age
can be an identical or modified copy of the geno-phenotype of social partners. Thus, social development allows for
the modelling of social learning (Sutton and Barto, 2018; Paenke et al., 2007) and epigenetic inheritance (Jablonka
et al., 1992; Slatkin, 2009; Day and Bonduriansky, 2011). However, in our framework extra-genetic inheritance is
insufficient to yield phenotypic evolution that is independent of both genetic evolution and exogenous plastic change
(e.g., in the framework, there cannot be cultural evolution without genetic evolution or exogenous environmental
change). This is seen by setting mutational covariation and exogenous environmental change to zero (i.e., Hy = 0
and 0e/dt = 0), which eliminates evolutionary change (i.e., dm/dr = 0). The reason is that although there is extra-
genetic inheritance in our framework, there is no extra-genetic variation because both development is deterministic
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and we use adaptive dynamics assumptions: without mutation, every SDS resident develops the same phenotype as
every other resident. Extensions to consider stochastic development might enable extra-genetic variation and possibly
phenotypic evolution that is independent of genetic and exogenously plastic evolution. Yet, we have only considered
social interactions among non-relatives, so our framework at present only allows for social learning or epigenetic
inheritance from non-relatives.

Our framework can mechanistically describe indirect genetic effects via social development because the developed
phenotype can be mechanistically influenced by the genotype or phenotype of social partners. Indirect genetic effects
mean that a phenotype may be partly or completely caused by genes located in another individual (Moore et al., 1997).
Indirect genetic effect approaches model the phenotype considering a linear regression of individual’s phenotype on
social partner’s phenotype (Kirkpatrick and Lande, 1989; Moore et al., 1997; Townley and Ezard, 2013), whereas
our approach constructs individual’s phenotype from development depending on social partners’ genotype and phe-
notypes. We found that social development generates social feedback (described by sx/sxT|y-y, Eq. Layer 5, Eq. 1),
which closely though not entirely corresponds to social feedback found in the indirect genetic effects literature (Moore
et al., 1997, Eq. 19b and subsequent text). The social feedback we obtain depends on total social developmental bias
from the phenotype (dx/dXT|y-y, Eq. Layer 4, Eq. 5); analogously, social feedback in the indirect genetic effects liter-
ature depends on the matrix of interaction coefficients (W) which contains the regression coefficients of phenotype on
social partner’s phenotype. Social development leads to a generalization of mechanistic additive genetic covariance
matrices H = cov[b, b] into mechanistic additive socio-genetic cross-covariance matrices L. = cov[b®, b]; similarly,
indirect genetic effects involve a generalization of the G-matrix, which includes C,x = cov[a, x], namely the cross-
covariance matrix between multivariate breeding value and phenotype (Kirkpatrick and Lande, 1989; Moore et al.,
1997; Townley and Ezard, 2013). However, there are differences between our results and those in the indirect genetic
effects literature. First, social feedback (in the sense of inverse matrices involving ¥) appears twice in the evolution-
ary dynamics under indirect genetic effects (see Eqs. 20 and 21 of Moore et al. 1997) while it only appears once in
our evolutionary dynamics equations through sx/sxT|y—; (Eq. Layer 6, Eq. 10). This difference may stem from the
assumption in the indirect genetic effects literature that social interactions are reciprocal, while we assume that they
are asymmetric in the sense that, since mutants are rare, mutant’s development depends on residents but resident’s
development does not depend on mutants (we thank J. W. McGlothlin for pointing this out). Second, our L. matrices
make the evolutionary dynamics equations depend on total social developmental bias from the genotype (dx/dy7|y-y,
Eq. Layer 5, Eq. 2a) in a non-feedback manner (specifically, not in an inverse matrix) but this type of dependence
does not occur in the evolutionary dynamics under indirect genetic effects (Eqs. 20 and 21 of Moore et al. 1997). This
difference might stem from the absence of explicit tracking of allele frequency in the indirect genetic effects litera-
ture in keeping with the tradition of quantitative genetics, whereas we explicitly track the genotype. Third, “social
selection” (i.e., dw/0Z) plays no role in our results consistently with our assumption of a well-mixed population, but
social selection plays an important role in the indirect genetic effects literature even if relatedness is zero (McGlothlin
et al., 2010, e.g., setting r = O in their Eq. 10 still leaves an effect of social selection on selection response due to
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“phenotypic” kin selection).

Our framework offers formalizations to the notions of developmental constraints and developmental bias. The two
notions have been often interpreted as equivalents (e.g., Brakefield, 2006), or with a distinction such that constraints
entail a negative, prohibiting effect while bias entails a positive, directive effect of development on the generation of
phenotypic variation (Uller et al., 2018; Salazar-Ciudad, 2021). We defined developmental constraint as the condition
that the phenotype at a given age is a function of the individual’s condition at their immediately previous age, which
both prohibits certain values of the phenotype and has a “directive” effect on the generation of phenotypic variation.
We offered quantification of developmental bias in terms of the slope of the phenotype with respect to itself at subse-
quent ages. No bias would lead to zero slopes thus to identity matrices (e.g., X7 /9x|y—y = I and dx7/dx|y—y = I) and
deviations from the identity matrix would constitute bias.

Our results clarify the role of several developmental factors previously suggested to be evolutionarily important.
We have arranged the evo-devo process in a layered structure, where a given layer is formed by components of
layers below (Fig. 4). This layered structure helps see that several developmental factors previously suggested to
have important evolutionary effects (Laland et al., 2014) but with little clear connection (Welch, 2017) can be viewed
as basic elements of the evolutionary process. Direct-effect matrices (Layer 2) are basic in that they form all the
components of the evolutionary dynamics (Layer 7) except mutational covariation and exogenous environmental
change. Direct-effect matrices quantify direct (i) directional selection, (ii) developmental bias, (iii) niche construction,
(iv) social developmental bias (e.g., extra-genetic inheritance and indirect genetic effects; Moore et al. 1997), (v) social
niche construction, (vi) environmental sensitivity of selection (Chevin et al., 2010), and (vii) phenotypic plasticity.
These factors variously affect selection and development, thus affecting evolutionary equilibria and the admissible
evolutionary trajectory.

Our approach uses discrete rather than continuous age, which substantially simplifies the mathematics. This treat-
ment allows for the derivation of closed-form expressions for what can otherwise be a difficult mathematical challenge
if age is continuous (Kirkpatrick and Heckman, 1989; Dieckmann et al., 2006; Parvinen et al., 2013; Metz et al., 2016;
Avila et al., 2021). For instance, costate variables are key in dynamic optimization as used in life-history models
(Gadgil and Bossert, 1970; Leén, 1976; Schaffer, 1983; Stearns, 1992; Roff, 1992; Koztowski and Teriokhin, 1999;
Sydsater et al., 2008), but general closed-form formulas for costate variables were previously unavailable and their
calculation often limits the analysis of such models. In Appendix K, we show that our results recover the key elements
of Pontryagin’s maximum principle, which is the central tool of optimal control theory to solve dynamic optimization
problems (Sydseter et al., 2008). Under the assumption that there are no environmental traits (hence, no exogenous
plastic response), in Appendix K, we show that an admissible locally stable evolutionary equilibrium solves a local,
dynamic optimization problem of finding a genotype that both “totally” maximises a mutant’s lifetime reproductive
success Ry and “directly” maximises the Hamiltonian of Pontryagin’s maximum principle. We show that this Hamilto-
nian depends on costate variables that are proportional to the total selection gradient of the phenotype at evolutionary
equilibrium (Eq. K3), and that the costate variables satisfy the costate equations of Pontryagin’s maximum principle.
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Thus, our approach offers an alternative method to optimal control theory to find admissible evolutionary equilibria
for the broad class of models considered here. By exploiting the discretization of age, we have obtained various for-
mulas that can be computed directly for the total selection gradient of the phenotype (Layer 4, Eq. 21), so for costate
variables, and of their relationship to total genotypic selection (fifth line of Layer 4, Eq. 22), thus facilitating analytic
and numerical treatment of life-history models with dynamic constraints. Although discretization of age may induce
numerical imprecision relative to continuous age (Kirkpatrick and Heckman, 1989), numerical and empirical treat-
ment of continuous age typically involves discretization at one point or another, with continuous curves often achieved
by interpolation (e.g., Kirkpatrick et al., 1990). Numerical precision with discrete age may be increased by reducing
the age bin size (e.g., to represent months or days rather than years; Caswell, 2001), potentially at a computational
cost.

By simplifying the mathematics, our approach yields insight that may be otherwise challenging to gain. Life-
history models with dynamic constraints generally find that costate variables are non-zero under optimal controls
(Gadgil and Bossert, 1970; Taylor et al., 1974; Le6n, 1976; Schaffer, 1983; Houston et al., 1988; Houston and McNa-
mara, 1999; Sydszater et al., 2008). This means that there is persistent total selection on the phenotype at evolutionary
equilibrium. Our findings show that this is to be expected for various reasons including absolute mutational constraints
(i.e., active path constraints so controls remain between zero and one, as in the Example), the occurrence of direct
genotypic selection, and there being more state variables than control variables (in which case 6xT/dy is singular as
it has more rows than columns, even after removing initial states and final controls from the analysis; Eq. C10) (fifth
line of Layer 4, Eq. 22). Thus, zero total genotypic selection at equilibrium may involve persistent total phenotypic
selection. Moreover, life-history models with explicit developmental constraints have found that their predictions can
be substantially different from those found without explicit developmental constraints. In particular, without develop-
mental constraints, the outcome of parent-offspring conflict over sex allocation has been found to be an intermediate
between the outcomes preferred by mother and offspring (Reuter and Keller, 2001), whereas with developmental con-
straints, the outcome has been found to be that preferred by the mother (Avila et al., 2019). Our results show that
changing the particular form of the developmental map may induce substantial changes in predictions by influencing
total genotypic selection and the admissible evolutionary equilibria. In other words, the developmental map used
alters the evolutionary outcome because it modulates absolute socio-genetic constraints (i.e., the H or L matrices in
geno-phenotype space).

We have obtained a term that we refer to as exogenous plastic response, which is the plastic response to exogenous
environmental change over an evolutionary time step (Layer 7, Eq. 3). An analogous term occurs in previous equations
(Eq. A3 of Chevin et al. 2010). Additionally, our framework considers endogenous plastic response due to niche
construction (i.e., endogenous environmental change), which affects both the selection response and the exogenous
plastic response. Exogenous plastic response affects the evolutionary dynamics even though it is not ultimately caused
by change in the resident genotype (or in gene frequency), but by exogenous environmental change. In particular,
exogenous plastic response allows for a straightforward form of “plasticity-first” evolution (Waddington, 1942, 1961;
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West-Eberhard, 2003) as follows. At an evolutionary equilibrium where exogenous plastic response is absent, the
introduction of exogenous plastic response generally changes socio-genetic covariation or directional selection at a
subsequent evolutionary time, thereby inducing selection response. This constitutes a simple form of plasticity-first
evolution, whereby plastic change precedes genetic change, although the plastic change may not be adaptive and the
induced genetic change may have a different direction to that of the plastic change.

Empirical estimation of the developmental map may be facilitated by it defining a dynamic equation. Whereas the
developmental map defines a dynamic equation to construct the phenotype, the genotype-phenotype map corresponds
to the solution of such dynamic equation. It is often impractical or impossible to write the solution of a dynamic
equation, even if the dynamic equation can be written in practice. Accordingly, it may often prove impractical to em-
pirically estimate the genotype-phenotype map, whereas it may be more tractable to empirically infer developmental
maps. Inference of developmental maps from empirical data can be pursued via the growing number of methods to
infer dynamic equations from data (Schmidt and Lipson, 2009; Brunton et al., 2016; Ghadami and Epureanu, 2022,
and papers in the special issue).

To conclude, we have formulated a framework that synthesizes developmental and evolutionary dynamics yielding
a theory of long-term phenotypic evolution on an adaptive topography by mechanistically describing the long-term
evolution of genetic covariation. This framework shows that development has major evolutionary effects by showing
that selection and development jointly define the evolutionary outcomes if mutation is not absolutely constrained and
exogenous plastic response is absent, rather than the outcomes being defined only by selection. Our results provide a

tool to chart major territory on how development affects evolution.
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Appendix A. Matrix calculus notation

Following Caswell (2019), for vectors a € R™! and b € R™!, we denote

bay dar
0b, by,
aa . . . nxm
| R
oa,, da,
0b, 0by,

s0 (0a/dbT)T = 9aT/db. The same notation applies with total derivatives.

Appendix B. Total selection gradient of the phenotype

Here we derive the total selection gradient of the phenotype dA/dx|y—y, which is part of and simpler to derive than

the total selection gradient of the genotype dA/dyly—y.

Appendix B.1. Total selection gradient of the phenotype in terms of direct fitness effects

We start by considering the total selection gradient of the i-th phenotype at age a. By this, we mean the total
selection gradient of a perturbation of x;, taken as initial condition of the recurrence equation (1) when applied at the
ages {a, ...,n}. Consequently, a perturbation in a phenotype at a given age does not affect phenotypes at earlier ages,
in short, due to the arrow of developmental time. By letting £ in Eq. (S19) be x;,, we have
N

dw ;
,=Zdj::

y=y j=1

da

dx ia

_dw

y=y dxig

(B

y=¥
Note that the total derivatives of a mutant’s relative fitness at age j in Eq. (B1) are with respect to the individ-
ual’s phenotype at possibly another age a. From Eq. (S17), we have that a mutant’s relative fitness at age j,
wj(zj,hj(z;,Z,7),m), depends on the individual’s phenotype at the current age (recall z; = (x;;y;)), but from the
developmental constraint (1) the phenotype at a given age depends on the phenotype at previous ages. We must then
calculate the total derivatives of fitness in Eq. (B1) in terms of direct (i.e., partial) derivatives, thus separating the
effects of phenotypes at the current age from those of phenotypes at other ages.

To do this, we start by applying the chain rule, and since we assume that genotypic traits are developmentally
independent (hence, they do not depend on the phenotype, so dy;/dx;, = 0 forall i € {1,...,Ny} and all a,j €

{1,...,N,}), we obtain

de

dx ia

y=y

_ i %dxkj + i Ne (9wj 6e,j dxkj
- Oxyjdxiq = 0€j Oxij dxig _
Applying matrix calculus notation (Appendix A), this is
N,
_ (&) ow; Ly €] ow; dx
dxiq 0X; £ Oxi; O€; dxiq

de

dxi | .
aly=y
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Applying matrix calculus notation again yields

dw;| (dx} ow;  dx] O€] ow;
dx;, =5 dxi, 0x;  dxjq OX; O€;
Factorizing, we have
| a2
dia|y_g  [dxia \ OX;  OX; O€;

Eq. (B2) now contains only partial derivatives of age-specific fitness.

We now write Eq. (B2) in terms of partial derivatives of lifetime fitness. Consider the direct selection gradient of

the phenotype at age j defined as

ow
an

y=y

=(6_W ow )T
h lej""’ax,vpj

y=y

|

y

=y

c RNPXI.

(B2)

Such selection gradient of the phenotype at age j forms the selection gradient of the phenotype at all ages

(Layer 2, Eq. 1). Similarly, the direct selection gradient of the environment at age j is

ow
0€ j

_ (9w ow \T
B 6611"”.’(961\16]'

y=y y=y

and the matrix of direct effects of a mutant’s phenotype at age j on her environment at age j is

6€1j 86]\]6.]'
T Bxlj (9)61]
aej : . : NpxN,
x| | R € RN,
X .
J |y=v T
y=y . .
861/ . 86Nc]
6pr.,- 6prj -

y=y

From Eq. (S18), w only depends directly on x;, y;, and €; through w;. So,

e RNcXI’

ow;  ow
an 6Xj
6Wj _ ow
6yj Byj
6Wj _ ow
361‘ Bej’
which substituted in Eq. (B2) yields
dw; dx} (ow O] gy
' = ' _ —
dx,-a y=3 dx,'a BXJ' BXJ' ij _—
_ (9 ow
dxi, 0x; )|
M ly=y
where the total immediate selection gradient of the phenotype at age j is
T
owl (0w O aw)  _paa
(SXj' y=y an an an .
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Consider now the total immediate selection gradient of the phenotype at all ages. The block column vector of fotal

immediate effects of a mutant’s phenotype on fitness is

oWl (OO g
Oxly=y  \oxi”  Toxy, /|y )
Using Layer 2, Eq. 2d, we have that
T 3
O€T dw Z © Ow 6w (B6)
Ox de 0x; der ax J de; |

is a block column vector whose j-th entry equals the rightmost term in Eq. (B5). Thus, from (BS), Layer 2, Eq. 1, and
(B6), it follows that the total immediate selection gradient of the phenotype is given by Layer 3, Eq. 1.

Now, we write the total selection gradient of x;, in terms of the total immediate selection gradient of the phenotype.

Substituting Eq. (B4) in Eq. (B1) yields
(de 6w)
dx;, 0x =y

i(dx 6w)
= dx;, 0X;

dxlél

where we use the block row vector

dxT ( dx{ de

RlxNaNp
dxia )

dx ia dx ia

Therefore, the total selection gradient of all phenotypes across all ages is

| _ (4T ow
5\ dx ox y=

aw € RVMox1
ax B7)
where the total immediate selection gradient of the phenotype is given by Layer 3, Eq. 1 and the block matrix of fotal

effects of a mutant’s phenotype on her phenotype is

T T
dx] dx,
axT dX1 axl
X . .
= = : . . € RNaNpXNaly
dx |y= ) ) )
= dxT dxT
1 .. Na
dXN,d dXNa y=y

Using Layer 3, Eq. 1, expression (B7) is now in terms of partial derivatives of fitness, partial derivatives of the
environment, and total effects of a mutant’s phenotype on her phenotype, dxT/dx, which we now proceed to write in

terms of partial derivatives only.

Appendix B.2. Matrix of total effects of a mutant’s phenotype on her phenotype
From the developmental constraint (1) for the k-th phenotype at age j € {2,...,N,} we have that x;; =
8k,j-1(Z;j-1,hj_1(zj_1,Z,7),Z), so using the chain rule and since genotypic traits are developmentally independent we

obtain

dxkj

NP
_ ( 08k j-1 dxgj-1
=7 4 Oxg 51 dxig

dx ia
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Np

Ne
N Z 08k, j—1 061 dxl,j—l)

Oej_1 Ox1 -1 dxig

Y=y

~

=1 r=1

Applying matrix calculus notation (Appendix A), this is

dxkj

T N, T
_ [dle 08k, j-1 + b O€j ) dgiji dxl,fl)

dx,»a dxia an_l = Oxl,j_l 6ej_1 dx,-u

y=y

Applying matrix calculus notation again yields

dxkj

dx ia

3 X} 9gy. i1 . dx_; D€} gy ;-
y=§ dx,-a C()Xj,l dx,-a an,l 66j,1

Factorizing, we have

dxg| dxT; (9gy i1 N O€]_, dgy.j1
dx;, y=y B dx;, an_l an_l 66j_1
Rewriting g ;-1 as xi; yields
dxkj _ dX};l axkj 66}!1 Bxkj
dx,-a y=y - dxia 6Xj_1 6Xj_1 361'_1 _
Hence,
T T T T T
ﬁ _ dxjf1 8xj . GGH (’9xj
dx,-a _ dxl-a an_l an_l 6ej_1 _ ’
= y=¥

where we use the matrix of direct effects of a mutant’s phenotype at age j on her phenotype at age j + 1

01,41 Oxn, j+1
(9XT Bxlj Bxlj
J+1 NpXN,
Tx = e R™%,
X ;
J -
Y=Y | Oxy Oxy, j+1
Bprj aXij y=¢

and the matrix of direct effects of a mutant’s environment at age j on her phenotype at age j + 1

0x1 j+1 Oxy, j+1
(')XT (361] (361]
j+1 . )
J = : : € RNXNp.
8ej i,
YV 0xy OXN,j+1
e, j den.j Jlyg
We can write Eq. (B8) more succinctly as
T
X!
dx;

dx ia

T T
_ dxj_1 6xj

_ dxia 0xj_1)|

= y=y
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1774 where we use the matrix of total immediate effects of a mutant’s phenotype at age j on her phenotype at age j + 1

6ij.+1 ~ 8ij.+1 36} 8XJT.+1 N
= — € R ™%, (B10)
ox; | 0x;  0x; O€;
7 ly=y : .
1775 The block matrix of toral immediate effects a mutant’s phenotype on her phenotype is
oxT _ 5).(1 6).(1
OX lyoy
6XNu (SXNu y=y
oxJ
2 0 0
(5X1
0 I 0 0
S FE R (B11)
ox;
0 0 -1 Na
OXN,-1
o 0 --- 0 I )
y=¥

€ RNaNpXNaNp

w776 The equality (B11) follows because total immediate effects of a mutant’s phenotype on her phenotype are only non-
1777 zero at the next age (from the developmental constraint in Eq. 1) or when a variable is differentiated with respect to

778 itself. Using Layer 2, Eq. 2d and Layer 2, Eq. 2¢, we have that

N, T oxT o€l aX]T fi 1
T §xT 2 Jel OX; — orj=a+
€T OxT _ T i 2| ox, de, ) (B12)
0x Oe = 0x, O0€;

forj#a+1

1779 which equals the rightmost term in Eq. (B10) for j = a + 1. Thus, from (B10), Layer 2, Eq. 2a, (B11), and (B12), it
170 follows that the block matrix of total immediate effects of a mutant’s phenotype on her phenotype satisfies Layer 3,
7s1 Eq. 3.

1782 Eq. (B9) gives the matrix of total effects of the i-th phenotype of a mutant at age a on her phenotype at age j.

17s Then, it follows that the matrix of total effects of all the phenotypes of a mutant at age a on her phenotype at age j is

T T T
dxj _ dxj_1 (5xj (B13)
dx,| _ dx, ox j-1 -

y=y y=¥
17sa  Eq. (B13) is a recurrence equation for deT. /dx, over age j € {2,..., N,}. Because of the arrow of developmental time

7es  (due to the developmental constraint (1)), perturbations in an individual’s late phenotype do not affect the individual’s

e early phenotype (i.e., dx]T /dx, = 0for j<aand j€({l,...,N, — 1})'. Additionally, from the arrow of developmental

"More specifically, we take the derivative deT. /dxi, as referring to the effect on x/T. of a perturbation of the initial condition x, of the difference

equation (1) applied at the ages {a, ..., n}. Hence, if j < a, x7 is unmodified by a change in the initial condition of (1) applied at the ages {a,. .., n}.
J
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time (Eq. 1), a perturbation in an individual’s phenotype at a given age does not affect any other of the individual’s
phenotypes at the same age (i.e., dx] /dx, = I where I is the identity matrix). Hence, expanding the recurrence in

Eq. (B13), we obtain for j € {1,..., N,} that

dxT 6x' ox’
o et T for j>a
dx, ox, X1 )|
dxT -
J = dx]
dx, for j=a
y=y dxa y=§
0 for j<a
ox’ oxT
___:Zi;L e J fk)r Li >a
6Xa 6Xj_1 3
= B14
I forj=a (Bl
0 for j < a.
Thus, the block matrix of total effects of a mutant’s phenotype on her phenotype is
&
dX] dX]
dxT B . .
dx yzy - . .
dX]\]a ClXNZI y=§
dX.Zr dXLa—l dXLa
dx,  dx o dxg
0 dxy dx}\l,
1 M
dX2 dXz
= : : .. N . (}3 1 fs)
dxT
0 0 N
dxp,-1
o o - 0 I )

NaNpxN, N,
e RMaYp affp

which is block upper triangular and its aj-th block entry is given by Layer 4, Eq. 2. Eq. (B15) and Layer 4, Eq. 2 write
the matrix of total effects of a mutant’s phenotype on her phenotype in terms of partial derivatives, given Eq. (B10),
as we sought.

From Eq. (B15), it follows that the matrix of total effects of a mutant’s phenotype on her phenotype dxT/dx|y—y is

invertible. Indeed, since dxT/dx|,—y is square and block upper triangular, then its determinant is

dxT dxT dx!
det(i )zdet(—1 ]-~-det N
d y=y dX] y= dX}\]a vy

X
(Horn and Johnson, 2013, p. 32). Since dx}/dxalyzy = 1, then det(dx}/dxulyzy) = 1foralla € {1,...,N,}. Hence,

det(dxT/dxly—y) # 0, so dxT/dx],—y is invertible.
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1798 ‘We now obtain a more compact expression for the matrix of total effects of a mutant’s phenotype on her phenotype

1799 in terms of partial derivatives. From Eq. (B11), it follows that

6%
— 0 0
6X1
o o0 --- 0 0
oxT . . . .
e . 1 T : ) (B16)
0% =y ox!
Na
0 o0
OXN,—1
0 0 -0 o0 |

y=¥
100 Which is block 1-superdiagonal (i.e., only the entries in its first block super diagonal are non-zero). By definition of

1801 Mmatrix power, we have that (6xT/0x — I)O = I. Now, from Eq. (B16), we have that

6x;
oxT I 6X' ifj=a+1
ox a

0 otherwise

102 Using Eq. (B16), taking the second power yields

T 2 T T
o V(BT g\ (2T
0X 0X [6).4

oxT . oxT

L ifj=a+2
= 6Xa 6Xa+1 s

0 otherwise

13 Which is block 2-superdiagonal. This suggests the inductive hypothesis that

J-1 5XT
i S .
oxT — ifj=a+i
(_X _1) S i (B17)
oxX k=a
0 otherwise

10« holds for some i € {0, 1, ...}, which is a block i-superdiagonal matrix. If this is the case, then we have that

oxT i+l oxT oxT
— -1 =— -I||— -1
(6X ) (6x ) (5x )

N
a+i—1 T T
5X ox;
[ L itj=a+i+]
= (1 iea OXp O0Xgqi
0 otherwise
N
j—1 6 T
X
e fi=a+i+]
= k=a Xk
0 otherwise
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This proves by induction that Eq. (B17) holds for every i € {0, 1, ...}, which together with Layer 4, Eq. 2 proves that

dij.
; Fi—a+i
oxT _ Il =12 dx, nr=art
0X
0 otherwise
holds for all i € {0, 1, ..., N,}. Evaluating this result at various i, note that
. dij
if j = I ifj=
(E‘I): ax, T /o
ox 0 otherwise 0 otherwise

is a block matrix of zeros except in its block main diagonal which coincides with the block main diagonal of Eq. (B15).

Similarly,
dx’
1 B R |
(@ _1) =] dx, n/=a
0x )
0 otherwise

is a block matrix of zeros except in its first block super diagonal which coincides with the first block super diagonal

of Eq. (B15). Indeed,

X! .
. ari g .
S5xT i — ifj=a+i
-1l = dx
0 otherwise

is a block matrix of zeros except in its i-th block super diagonal which coincides with the i-th block super diagonal of
Eq. (B15) foralli € {1,..., N, — 1}. Therefore, since any non-zero entry of the matrix (6x7/6x — I corresponds to a
zero entry for the matrix (6x7/0x — I)j forany i # jwith i, j € {0,..., N, — 1}, it follows that
No—1 i
dxT O [ OXT
— = —-I). B18
dx ; ( o0x ) (BI8)

From the geometric series of matrices we have that

S5 =G (5]
_ (21_ _)1. (B19)

The last equality follows because 6xT/0x — I is strictly block triangular with block dimension N, and so §x7/dx — I is
nilpotent with index smaller than or equal to N,, which implies that (6xT/6x — I)™ = 0. From Eq. (B11), the matrix
21 — 6xT /ox is block upper triangular with only identity matrices in its block main diagonal, so all the eigenvalues of
2I-6xT /ox equal one and the matrix is invertible; thus, the inverse matrix in Eq. (B19) exists. Finally, using Eq. (B19)
in (B18) yields Layer 4, Eq. 1, which is a compact expression for the matrix of total effects of a mutant’s phenotype
on her phenotype in terms of partial derivatives only, once Layer 3, Eq. 3 is used.
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Appendix B.3. Conclusion
Appendix B.3.1. Form I
Using Eqgs. (B7) and (Layer 3, Eq. 1) for { = x, we have that the total selection gradient of the phenotype is

dw
dx

B dxT (ow N O€T Ow
Ox O0x O€

y=y dX y=y

Thus, using Layer 4, Eq. 10 yields the first line of Layer 4, Eq. 21.

Appendix B.3.2. Form 2

Using Eq. (B7), the total selection gradient of the phenotype is given by the second line of Layer 4, Eq. 21.

Appendix B.3.3. Form 3
Using Egs. (B7), Layer 3, Eq. 1 for { = z, and Layer 4, Eq. 7, we have that the total selection gradient of the

phenotype is given by the third line of Layer 4, Eq. 21, where the total immediate selection gradient of the geno-

phenotype is
ow
owl o _[X | g, (B20)
0z ly=y ow
oy y=y

Appendix B.3.4. Form 4

Finally, using the first line of Layer 4, Eq. 21 and Layer 4, Eq. 14, we obtain the fourth line of Layer 4, Eq. 21.

Appendix C. Total selection gradient of the genotype

Appendix C.1. Total selection gradient of the genotype in terms of direct fitness effects

Here we derive the total selection gradient of the genotype following an analogous procedure to the one used in
Appendix B for the total selection gradient of the phenotype. The i-th genotypic trait value at age a is yj,, S0 letting £
in Eq. (S19) be y;,, we have

da
dy ia

_dw
y=y¥ dyia

(ChH

y=y j=1 dyia

The total derivatives of a mutant’s relative fitness at age j in Eq. (C1) are with respect to the individual’s genotypic
trait at possibly another age a. We now seek to express such selection gradient entry in terms of partial derivatives
only.

From Eq. (S17), we have w;(z;,h;(z;,Z,7), m) with z; = (x;;y;), so applying the chain rule, we obtain
yoy  \ Ox dyia 4 Oy dyia

79
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i Z ow; Oe,j dxy;
=1 erj anj dyia

i j Oerj dyk,-)
86] 0}’1(] dym

k=

Applying matrix calculus notation (Appendix A), this is

de

dy ia

_ dxT o dy” aw; i €] aw; dxy;
y=y dyia 6X/ dym ay/ axkj 661 dyza

Applying matrix calculus notation again yields

Factorizing, we have

We now write Eq. (C2) in terms of partial derivatives of lifetime fitness. Consider the direct selection gradient of

the genotype at age j

and the matrix of direct effects of a mutant’s genotype at age j on her environment at age j

dw; dX Hw] dy]T. ow; dXT 5€T 6w,
dyia y= dyta (9x/ dyia aYJ dyta 6Xj 66/
dy;r an (9WJ)
dyiu 6y/ 66/ y=y
] N R C N
dyia y=y dyia an an 6ej
dYJT aw, 3€T (9w] ]'
dyi. 0y, ‘93'1 €

ow

3 (ﬁw ow )T
y=§ 3)’1]".“’5)’1@]'

e RNEXI,
6yj

y=y

6elj aENej
oy oy
oe’ y ! y !
| - ' € RN,
Yil .
I ly=y e ae&j
Oy j Oyngi Nyoy

Using Eqgs. (B3) and (BS) in Eq. (C2) yields

de
dyia y=y

_ deT. w N BGJT. ow
dyis | 0x;  0X; O€;

dy] (8w N O] Bw)”
dyia \ 9y;  dy; O¢; 7
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dxT
- [ i ow , (C3)

dy] sw
dyia 6Xj

dyia 6YJ y=y

where we use the rotal immediate selection gradient of the genotype at age j or, equivalently, the total immediate

effects of a mutant’s genotype at age j on fitness

€]
o [a_w + 1 6w] e RVX1, (C4)
0Y,ly-y dy; 0y, O€;
Consider now the fotal immediate selection gradient of the genotype for all ages
ow (5W 5_W) € RMNeX1|
0y ly=y  \oy1 OYN, /ly—5
Using Layer 2, Eq. 2d, we have that
0€T 0 10 8
€T ow Z w w ©5)
dy o€ dy; ey 6y f e j

is a block column vector whose j-th entry is the rightmost term in Eq. (C4). Thus, from (C4), Layer 2, Eq. 1, and
(C5), it follows that the total immediate selection gradient of the genotype satisfies Layer 3, Eq. 1.
Now, we write the total selection gradient of y;, in terms of the total immediate selection gradient of the genotype.

Substituting Eq. (C3) in Eq. (C1) yields

dw 3 i dX]T' ow dy]T- ow
dyialy-y 4 (dvia 0% dyia O 4=
_(dxT 6w dyT ow
~ \dyi X dyla 6y
where we use the block row vectors
T
dxT _ dx} dxy, c RIXNN,
dyia dyia,.”’ dyia
T
dyT = ﬂ dyNa R]XNQN
dyia dyia ’ ’ dyia
Therefore, the total selection gradient of the genotype for all genotypic traits across all ages is
d_W = (diT&_W + dLTé_W) € RNNox1 (C6)
dy ly—y dy 6x dy oy =3

where we use the block matrix of total effects of a mutant’s genotype on her phenotype

; dyi ay
di = . : c RNI.NEXN‘,,N[,
dy . - . . >
y=y dX-]r dX;,a
dyNu dyNa y=y
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and the block matrix of tozal effects of a mutant’s genotype on her genotype

L
; dyi Iy
dL = : .. : € RNaNeXNaNg
dy - .T ; .T
_dy1 DY yNa
dYNa dYNa y=y

Expression (C6) is now in terms of partial derivatives of fitness, partial derivatives of the environment, total effects
of a mutant’s genotype on her phenotype, dxT/dy, and total effects of a mutant’s genotype on her genotype, dyT/dy,

once Layer 3, Eq. 1 is used. We now proceed to write dxT/dy and dyT/dy in terms of partial derivatives only.

Appendix C.2. Matrix of total effects of a mutant’s genotype on her phenotype and her genotype

From the developmental constraint (1) for the k-th phenotype at age j € {2,...,N,} we have that x;

8k,j-1(zj-1,hj_1(zj_1,Z,7),Z), so using the chain rule we obtain

(Zagkjldxljl Zagkjldyljl
Oxj-1 dyia i1 dyia
IVP

Ne
N Z gk j-1 O€rj1 dxpj 1
(’)e,,j_l 6x[,j_1 dyw

dxkj
dyiu

y=y

=1 r=1

Zagk] 1 061 dyyj-1 )
aerj 1 6}’1, 1 dym

y=y
Applying matrix calculus notation (Appendix A), this is
dxg| (dx}-—l 08k, j-1 . dy}_; dgi ;-1
dyia |y dyi, 0xj.1  dyi, Oyj
Z ‘%Tl 0gr,j-1 dxzj1
0x; j—1 36;—1 dyia
Z a‘ _1 08k j—1 dyrj1 )
aylj 1 66/ 1 dyia y=§

Applying matrix calculus notation again yields

dxg| (deT'l Ogi-1 9Yi1 dgrjo
dyia |y_g dyie 0Xj_4 dyia 0yj-1
dx} | O€] | dgp
dyia 0X;-1 O€;-
dij'—l 66;‘—1 08k, j-1 )
dyia Oyj1 O€j1 ]y
Factorizing, we have
dxg| [dX]T'—l 08k, j-1 . O€]_| dgy -1
dyia y_g dyi, | 0xj.1 0x;1 O€j g
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dyj i (O | O€1 dgejo }
dvia { Oyj-1 Oy O€j )|
1870 Rewriting gi ;1 as xi; yields
dxkj _ [dx}-_l axkj (96}-_1 axkj
dyiq y=y - dyiq aX];l BXJ;I 661;1
dy'}-_l 6xkj 66}-_1 6xkj ]
dyia \yj-1  Oyj-10€j1 ) ||
171 Hence,
a7l ki, (0x]  de, 0%
dyia| dy;a an—l 3Xj,1 Je -1
y=y
dyl, (ox]  O€l, ox] } o
dvia \Oyj-1  Oyj-1 O€j1 ) ||,y

1872

where we use the matrix of direct effects of a mutant’s genotypic trait values at age j on her phenotype at age j + 1

0Xx1,j+1 Oxn, j+1
oy oy
3XT+1 ylj ylj
= = : € RNexM,
ay; |
Y 0xy e OxN,, j+1
Oyn,j N, yg
173 We can write Eq. (C7) more succinctly as
T T T T T
dxj _ dxj_1 6xj dyj._1 (ij €8)
dyia| dyie 6Xj.1  dyie Oyj-1 )|
y=y y=y

1874

where we use the matrix of total immediate effects of a mutant’s genotypic trait values at age j on her phenotype at

w5 age j+ 1
T T T 5¢T
6xj " B (’)xj o (9ej [)Xj ol N
= — € R ™, (C9)
8y, ay;  Oy; O€; )|

1876

1877 of a mutant’s genotype on her phenotype is

oxT

oy y=y

We also define the corresponding matrix across all ages. Specifically, the block matrix of toral immediate effects

5}’1 6)’1
ox] 5X1Tvu
6yNa 6yN,l y=y
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oxJ
2 0
oy
0 0 - 0 0
Sl (€10
X!
0 0 N
OYN,-1
0 0 -0 o0 J
y=¥
€ RVaNexNaNp

The equality (C10) follows because the total immediate effects of a mutant’s genotypic trait values on her phenotype
are only non-zero at the next age (from the developmental constraint in Eq. 1). Using Layer 2, Eq. 2d and Layer 2,
Eq. 2c, we have that

T
(962; axj

T oxT for j = 1
aiTaxT Z aek X; dy. O, orj=a-+ 1)
ady Oe ay, 6ek

forj#a+1

which equals the rightmost term in Eq. (C9) for j = a + 1. Thus, from Egs. (C9)—(C11), it follows that the block
matrix of total immediate effects of a mutant’s genotype on her phenotype satisfies Layer 3, Eq. 3.

Eq. (C8) gives the matrix of total effects of a mutant’s i-th genotypic trait value at age a on her phenotype at age
Jj- Then, it follows that the matrix of total effects of a mutant’s genotypic traits for all genotypic traits at age a on her

phenotype at age j is

T T T T
dxj de ! 6xj . dyjf1 6xj )
dy, v dy, ox;-1  dy, Oy,

Eq. (C12) is a recurrence equation for deT /dy, over age j € {2,...,N,}. Since a given entry of the operator d/dy takes

the total derivative with respect to a given y;, while keeping all the other genotypic traits constant and genotypic traits
are developmentally independent, a perturbation of an individual’s genotypic trait value t a given age does not affect
any other of the individual’s genotypic trait value at the same or other ages (i.e., dy, /dy, = I and dy; /dy, = 0 for

J # a). Thus, the matrix of total effects of a mutant’s genotype on her genotype is

ayT ayl, I 0 --- 00
., O gl o1 o000
dy™ d?,l . dyl _
(137 - . - 1. .
dyf &y oo ... 1 0
dyn, dyn, 0 0 I
= I € RNalNexNae (C13)

Moreover, because of the arrow of developmental time (due to the developmental constraint in Eq. 1), perturbations
in an individual’s late genotypic trait values do not affect the individual’s early phenotype (i.e., dij. /dy, = 0 for

84

1878

1879

1880

1881

1882

1883

1884

1885

1886

1887

1888

1889

1890

1891

1892


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

183 j <aandje{l,...,N, — )2 Additionally, from the arrow of developmental time (Eq. 1), a perturbation in an
18« individual’s genotypic trait values at a given age does not affect any of the individual’s phenotypes at the same age

1o (i.e., deT./dya = 0 for j = a). Consequently, Eq. (C12) for j € {1, ..., N,} reduces to

T
dxj
dy.|
y=y
dxT  oxT dyT  &xT
djl . I ! forj—1>a
Ya OXj-1 dy, 0dyj-1
N——
0, from (C13) y=y
d}i{]T,_l ox] dijA_1 X}
= : + forj—1=a
dy, 0Xj- dy, 0yj-1 /
0, from (1) I, from (C13) y=y
dxT . oxT dyT ox"
/! . ! ! forj—1<a.
dy, 0xj dy, 0y
0, from (1) 0, from (C13) y=y
1ses That is,
dx}_] x]
for j—1>
ave x| or j a
; =
dx; _ 6ij
dy, forj—1=a
Yalyy 0yj-1| _ /
y=y
0 forj—1<a.
17 Expanding this recurrence yields
dxT . oxT ox!
[ a+1 a+2 ) forj—l >a
T dYa 6Xa+l 6Xj—1
'l I PR C14)
dy, 6“ forj—1=a
y= Ya |y=5
0 forj—1<a.
1s9s  Evaluating Eq. (C14) at j = a + 1 yields
dX;er — 6X;1r+1
dya y=y 0Ya y=y

2 Again, we take the derivative dXIT- /dyi, as referring to the effect on ij of a perturbation of the initial condition y, of the difference equation (1)

applied at the ages {a, ...,n}. Hence, if j < a, X! is unmodified by a change in the initial condition of (1) applied at the ages {a, ..., n}.

J
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which substituted back in the top line of Eq. (C14) yields

dxT

dya| _
y=y

a+2

;
N o, O]
0Ya 0Xgr1  OXjg

T
6Xa+ 1

0Ya

y=y

0

forj—1>a
forj—1=a
forj—1<a.

Hence, the block matrix of total effects of a mutant’s genotype on her phenotype is

whose a j-th block entry is given by

of
dy, dy;
o9,
dYNa dme y=y
0 ﬁ dX1Tvrl dszva
dy; dy; dy,
dxT dxT
0 0 Nu_l Na
B dy> dy>
dxT’
0 o 0 l
dyn,-1
0 0 0 0 )
y=y
€ RNNeXNN,
ox’ dxT
A —al_ ] forj>a
= 6ya dxu+l
0 forj<a
i-1
§X3+I r 5XII+1 fOI‘j >a
=< dyq fma] OXy
0 forj<a
ox'. . ox' ox!
a+1 a+2.“ J forj>a
=) 0Ya OXgp1  OXj )
0 for j<a,

where we use Layer 4, Eq. 2 and adopt the empty-product convention that

m
T a
dxa+1 _
X,
Xart 2
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(C15)

(C16)

(C17)

1899
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1901
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Egs. (C16) and (C17) write the matrix of total effects of a mutant’s genotype on her phenotype in terms of partial
derivatives, given Eq. (C9), as we sought.

We now obtain a more compact expression for the matrix of total effects of a mutant’s genotype on her phenotype
in terms of partial derivatives. To do this, we note a relationship between the matrix of total effects of a mutant’s
genotype on her phenotype with the matrix of total effects of a mutant’s phenotype on her phenotype. Note that the
a j-th block entry of (0xT/0y)(dxT/dx) is

(5XT de) Ny ox; dXJT-

oy dx aj B — 0y, dx
6X;zr+1 dX}-
6Ya dxa+1
dij

T dy,

where we use Eq. (C10) in the second equality and Eq. (C17) in the third equality, noting that dij./dxaH = 0 and
deT. /dy, = 0 for j < a. Hence, Layer 4, Eq. 3 follows, which is a compact expression for the matrix of total effects of
a mutant’s genotype on her phenotype in terms of partial derivatives only, once Layer 4, Eq. 1 and Layer 3, Eq. 3 are

used.

Appendix C.3. Conclusion
Appendix C.3.1. Form 1
Using Egs. (C6), (C13), and Layer 3, Eq. 1 for { € {x,y}, we have that the total selection gradient of the genotype
is
dw
dy

y=y¥

dxT (ow N 0€T Ow N ow N 0€T Ow
dy \ox 0x Oe dy 0y Oe

y=y

Thus, using Layer 4, Eq. 11 yields the first line of Layer 4, Eq. 22.

Appendix C.3.2. Form 2
Using Egs. (C6) and (C13), the total selection gradient of the genotype is given by the second line of Layer 4,
Eq. 22.

Appendix C.3.3. Form 3
Using Egs. (C6), (B20), and Layer 4, Eq. 8, we have that the total selection gradient of the genotype is given by
the third line of Layer 4, Eq. 22.

Appendix C.3.4. Form 4
Using the first line of Layer 4, Eq. 22 and Layer 4, Eq. 15, we obtain the fourth line of Layer 4, Eq. 22.
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Appendix C.3.5. Form 5

Finally, we can rearrange total genotypic selection (Layer 4, Eq. 22) in terms of total selection on the phenotype.

Using Layer 4, Eq. 3 in the second line of Layer 4, Eq. 22, and then using the second line of Layer 4, Eq. 21, we have

that the total selection gradient of the genotype is given by the fifth line of Layer 4, Eq. 22.

Appendix D. Total selection gradient of the environment

Here proceed analogously to derive the total selection gradient of the environment, which allows us to write an

equation describing the evolutionary dynamics of the geno-envo-phenotype.

Appendix D.l. Total selection gradient of the environment in terms of direct fitness effects

As before, we start by considering the total selection gradient entry for the i-th environmental trait at age a. By this,

we mean the total selection gradient of a perturbation of ¢;, taken as initial condition of the developmental constraint

(1) when applied at the ages {a, ..., n}. Consequently, an environmental perturbation at a given age does not affect the

phenotype at earlier ages due to the arrow of developmental time. By letting ¢ in Eq. (S19) be €, we have

da
deia

dw
y=y dey

_ i dw;

Y=y =1 deiq

y=y

(D1)

The total derivatives of a mutant’s relative fitness at age j in Eq. (D1) are with respect to the individual’s environmental

traits at possibly another age a. We now seek to express such selection gradient in terms of partial derivatives only.

From Eq. (S17), we have w;(z;, €;,m) with z; = (x;;y;), so applying the chain rule and, since we assume that

genotypic traits are developmentally independent (hence, genotypic trait values do not depend on the environment, so

dy,/de, =0 forallie{l,...,Ny}and all @, j € {1,..., N,}), we obtain
~ Z Ow; dxy; Z owj de;
- 6xkj dei, 66/(] dei, )

I o T L
de,-a 8Xj dE,'a 66(,’

de

deig |
taly=y

In the last equality we applied matrix calculus notation (Appendix A). Using Eq. (B3) we have

dw;| [dX} ow  de; Bw)
y=y

dEm

+
dfiu an d(-','a (kj

Substituting Eq. (D2) in (D1) yields

dw
dfia

-3 [d"}@_w . dffT‘é‘_W]
= d(:',‘a an dE,'a an y=§

_[(dxT ow . deT ow

“ \de, 0x - de, e

y=y
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1935

1936

1937

1938
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1945

dw
de ly-

o

1946

dx]
de,
dxT I
de ly—s ’
= dx]
dia

1947

de]

de;
deT | -
de b=y def

de N,

1948

dxT ow N
de Ox

Therefore, the total selection gradient of all environmental traits across all ages is

c RNaNeXl,

deT (9w) (D3)

de de

where we use the block matrix of rotal effects of a mutant’s environment on her phenotype

T
dx N,

661

. € RNeNoXNaNe
T
dx N,

dENa y=y

and the block matrix of toral effects of a mutant’s environment on her environment

T
de N

661

€ RNaNexNaNe

T
de N,

de N, y=§

Expression (D3) is now in terms of partial derivatives of fitness, total effects of a mutant’s environment on her phe-

149 notype, dx7/de, and total effects of a mutant’s environment on her environment, de™/de. We now proceed to write

10 dXT/de and deT /de in terms of partial derivatives only.

15t Appendix D.2. Matrix of total effects of a mutant’s environment on her environment

1952 From the environmental constraint (2) for the k-th environmental trait at age j € {1,...,N,} we have that g; =

1053 My j(2,Z,7), so using the chain rule since genotypic traits are developmentally independent yields

Bhkj dxlj
for j >
Z 0x;j deig ory=>a
dEkj
deia |, Oct; forj=a
y=y dey, .
0 for j<a
dx aEk
j .
fi >
[dem 0x; orj=>a
y=
= 66](/’
: for i =
Je, o or j=a
0 for j < a.

195« In the last equality we used matrix calculus notation and rewrote /;; as €;. Since we assume that environmental traits

155 are mutually independent, we have that de;,/d€;,, = 1 if i = k or dei,/d€;, = 0 otherwise; however, we leave the partial

&9
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derivatives Ode,/J€;, unevaluated as it is conceptually useful. Hence,

deT

dEia -
y=y

Then, the matrix of total effects of a mutant’s environment at age a on her environment at age j is

dij. o”'ejT.
_J for i
de %, ] or j>a
' y=y
66}-
for j =

deal orj=a
0 for j < a.

1956

1957

deT. aeJT.
— for j >
dfa an . orJ>a
; -
o (D4)
de, ) de.| for j=a
y=¥
0 for j < a.
Hence, the block matrix of total effects of a mutant’s environment on her environment is 1958
dEl d€1
deT I .
de lyy | -
df/\/a dim y=§
oe; de; de, de;
(962 d62 d62
=| : SR : : (D5)
o€ de],
0 0 No-1 Na
dey,-1  dey,
o€l
0 0 0 N
Jex, y=y
€ RNaNexNaNe.
Note that the a j-th block entry of (dxT/d€)(0€T /0x) for j > a is 1959

dxT O€eT & dxT O] dx] O]
(Ea_x)a,- T Lde, o de, o,
where we use Layer 2, Eq. 2d in the second equality. Note also that since environmental traits are mutually inde- 10
pendent, (96}/(9@ = 0 for j # a from the environmental constraint (2). Finally, note that because of the arrow of s
developmental time, 6XJT. /0€, = 0 for j < a due to the developmental constraint (1). Hence, Layer 4, Eq. 13 follows, 12
which is a compact expression for the matrix of total effects of a mutant’s environment on itself in terms of partial 1ses
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164 derivatives and the total effects of a mutant’s environment on her phenotype, which we now write in terms of partial

165 derivatives only.

1we6  Appendix D.3. Matrix of total effects of a mutant’s environment on her phenotype

1967 From the developmental constraint (1) for the k-th phenotype at age j € {2,...,N,} we have that x;; =
198 gk j-1(Zj-1,€j_1,Z), s0 using the chain rule and since genotypic traits are developmentally independent yields

Ne

N
[ <5 98k -1 dx i N Z 0gr,j-1 deg j—1
= 6xl,j_1 d€,‘a = 661’]‘_1 dEia

dxkj

d€,‘a

y=y

_ dx;fl (9)6](]' df};l axkj
dfiu an_l dG,’u ﬁej_l

y=y

160 In the last equality we used matrix calculus notation and rewrote gx ;_; as xi;. Hence,

T T T T T

de ~ dxjf1 axj dejf1 8xj
d€,’a _ d€,’a (9x~,~_ 1 dEia 0€ j-1 _
y=y y=y

1o Then, the matrix of total effects of a mutant’s environment at age a on her phenotype at age j is

T T T T T
dxj _ dxj_1 6xj dtsj_1 6xj
dEa _ dEa an_l dfa afj_l
y=y
1971 Using Eq. (D4) yields
dxT
] =
de, |
y=y
T T T T T
dxjf1 6xj dxjf1 36}.71 6Xj forj—1>a
dEa OX‘/‘_l dfa 6Xj_1 66.]‘_1
dxT Ox' o€t OxT
ﬁ a+1 i a+1 forj— 1=a
de, 0x, 0€e, O€,
N——
0, from (1) y=y
dxT | oxT
. L forj—1>a
déa an—l
——
0, from (1) y=
dxT  ( oxT  O€' , OxT
Jj-1 J J-1 J .
for j—1>
[ dfa (@Xj_l an—l 661‘_1 ]” 3 J a
= (o€l Ox]
a £ i_ 1=
(6@, 0€;_; ) orJ a
y=y
0 forj—1>a.
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Using Eq. (B10), this reduces to 1972
dx}_] 6ij
dé o forj—1>a
dxT ¢ TVl
J = 0 T aXT
de, | (if) forj—1=a
=y a Y€ [ly=y
0 forj—1>a.

Expanding this recurrence yields 1973

dxT , 6xT ox!
a+1 a+2 J .
forj—1>
[ dfa 6Xa+1 5Xj_1 3 orJ a
T =
dxj = ae;ll' (9XZ+1 .
de, | e e forj—1=a
y=y a a y:y
0 for j— 1> a,
which using Layer 4, Eq. 2 yields 1974
o€’ oxT | dxT
(%—6?1 _dle forj—1>a
dXT a a a+ -
Ll =1 (€] Ox]
de, (;a 8“1) forj—1=a (D6)
Y=y Ea ea y=y
0 for j— 1> a.

It will be useful to denote the matrix of total immediate effects of a mutant’s environment at age j on her phenotype 197

at age jfor j > 0as 1976

oxT’
J

0€ i—1
iye

T T
(9ej_1 6xj

_ € RNXM D7
7 (')ej_l 6€j_1 ( )

The matrix of direct effects of a mutant’s environment on itself is given by Layer 2, Eq. 3. In turn, the block matrix of 1977

total immediate effects of a mutant’s environment on her phenotype is 1978
561 561
oxT . . .
66 yzy - . .
T
56]\/a (561\]a y=y
T
o 0
561
o o --- 0 0
ox!
N,
0 o -
O€n,1
0 o0 0 0 )
y=y
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e RNaNeXNaNp, (D8)

179 so Layer 3, Eq. 4 follows from Egs. (D7), Layer 2, Eq. 3, and Layer 2, Eq. 2c.
1980 Using Eq. (D7), Eq. (D6) becomes

ox’ dxT
a+1 J .
—_— f -1>
[ 6Ea dxa+1 - o .
dxT T =y
! = 6Xa+l f i—1
de, . Se, ) or j =a
0 for j—1>a.
1981 Note that the aj-th entry of (6x7/5€)(dxT/dx) is

N, T T T
(5XT) ﬁ dx; ~ oxT, , dx; ~ dx; 09

_ _J _ a+1 —
O€ Z o€, dx; o€, dx,. de;’

aj k=1
12 wWhere we use Eq. (D8) in the second equality. Hence, Layer 4, Eq. 4 follows, where the block matrix of fotal effects

183 of a mutant’s environment on her phenotype is

dEl d€1
dxT B . .
de vy | -
dE]\/ﬂ di€l y=§
d)(.zr dXITVa _1 dXITVa
d_el de; de
dxy, dx)\l,
0 0 e (Y
d€2 d62
- ; (D10)
dxT
0 0 M
dey,—
0 0 0 0 B

€ RVNexNuN,

ws¢  Layer 4, Eq. 4, (D8), and Layer 4, Eq. 1 write the matrix of total effects of a mutant’s environment on her phenotype
1es  in terms of partial derivatives. This is a compact expression for the matrix of total effects of a mutant’s environment

1ss  on her phenotype in terms of partial derivatives only.

1987 Appendix D.4. Conclusion

188 Appendix D.4.1. Form I

1989 Eq. (D3) gives the total selection gradient of the environment as in the first line of Layer 4, Eq. 23.
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Appendix D.4.2. Form 2
Using Eq. (D3) and Layer 4, Eq. 13 yields

d_w
de

y=y

de ox 0€ de 0x | de

y=¥
Collecting for dxT/de and using Layer 3, Eq. 1 for { = x as well as Layer 3, Eq. 2, we have that the total selection

gradient of the environment is given by the second line of Layer 4, Eq. 23.

Appendix D.4.3. Form 3
Using the first line of Layer 4, Eq. 23 and Layer 4, Eq. 16, we obtain the third line of Layer 4, Eq. 23.

Appendix D.4.4. Form 4
Finally, we can rearrange total selection on the environment in terms of total selection on the phenotype. Using
Layer 4, Eq. 4 in the second line of Layer 4, Eq. 23, and then using the second line of Layer 4, Eq. 21, we have that

the total selection gradient of the environment is given by the fourth line of Layer 4, Eq. 23.

Appendix E. Total selection gradient of the geno-phenotype

We have that the mutant geno-phenotype is z = (x;y). We first define the (direct), total immediate, and total
selection gradients of the geno-phenotype and write the total selection gradient of the geno-phenotype in terms of
the total immediate selection gradient of the geno-phenotype and of the partial selection gradient of the geno-envo-

phenotype.

Appendix E.1. Total selection gradient of the geno-phenotype in terms of direct fitness effects
We have the selection gradient of the geno-phenotype

ow
0z

_ (aw_ aw)
y=y B ax’ ay y=§y

the total immediate selection gradient of the geno-phenotype

e RNH(NP+N3)><1’

ow
oz

ow ow

= (_ _) e RNH(NP+NE)X1
y=y ox 6y y=§

and the total selection gradient of the geno-phenotype

dw
dz

3 (dw. dw)
y=y  \dx’ dy

Now, we write the total immediate selection gradient of the geno-phenotype as a linear combination of the selection

€ RNu(Np+Ng)><1 .

y=y

gradients of the geno-phenotype and environment. Using Layer 3, Eq. 1 for { € {x, y}, we have that the total immediate
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selection gradient of the geno-phenotype is

ow| | ox _|ox  ox Oe
Gy~ w7 aw  seTiw
0y Ny—y dy Oy el
ox 0x Oe€
- aw]+ JeT ow E1
[\ dy dy e/l
Using Layer 2, Eq. 7, we have that
o€t o€T ow
O€T ow || ox ow _ | Ox o€
o G, || oer |G| | oeron
dy y=y dy Oe y=y

Therefore, Eq. (E1) becomes Layer 3, Eq. 1 for { = z.

Appendix E.1.1. Form 2

Now we bring together the total selection gradients of the phenotype and genotype to write the total selection

gradient of the geno-phenotype as a linear transformation of the total immediate selection gradient of the geno-

phenotype.
Using the third lines of Layer 4, Eq. 21 and Layer 4, Eq. 22, we have

dw dzT ow
aw || |xex
Eyzf dw ~ | dzT 6w
dy /ly—y dy 6z /lyy
dzT
B dx | ow _ [dzT ow
o 5] - (&%),
A dy y=y

which is the second line of Layer 4, Eq. 24.

Appendix E.1.2. Form 3

Now we use the expressions of the total selection gradients of the phenotype and genotype as linear transformations

of the geno-envo-phenotype to write the total selection gradient of the geno-phenotype. Using the fourth lines of Layer

4, Eq. 21 and Layer 4, Eq. 22, we have

dw dmT Jow
dw _ dx dx om
dzlyey ~ dw| T [ dmT ow

dy /ly—y dy om/ly_g
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dmT
dx | ow dmT ow
~ || dm™ | m - ( dz c’)_m)lyz_’
dy y=¥
which is the third line of Layer 4, Eq. 24. 2024
Appendix E.1.3. Form I 2025

Now, we obtain the total selection gradient of the geno-phenotype as a linear combination of selection gradients 206

of the geno-phenotype and environment. Using Layer 3, Eq. 1 for { = z, the second line of Layer 4, Eq. 24 becomes 207

b [ (s )
dz |y—y dz \dz oz del| _;
We define the block matrix of total effects of a mutant’s geno-phenotype on her environment as 2028
deT
de? = dx € RN Np+NXNNe
dz ly—y | deT ’
dy /Jly—y
which using Layer 4, Eq. 10 and Layer 4, Eq. 11 yields 2029
dzT OeT dz7
deT | dx oz _ || dx | O0eT
dz ly—y | dzT 9T || dzT | 9z
dy oz Jlyg dy y=y
B (dzT 65T)
dz o0z -

which is Layer 4, Eq. 12, where in the second equality we factorized and in the third equality we used Layer 4, Eq. 9. 2030
Using this in Eq. (E2), the first line of Layer 4, Eq. 24 follows. 2031

Appendix E.2. Matrix of total effects of a mutant’s geno-phenotype on her geno-phenotype 2082

Here we obtain a compact expression for dzT/dz|,—y. Before doing so, let us obtain the block matrix of total s

immediate effects of a mutant’s geno-phenotype on her geno-phenotype 2034
oxT  oyT oxT 0
oz7 _ ox ox _ ox (E3)

oz oxT  oyT oxT
oy oy oy

e RNH(NP+Ng)xNa(NP+Ng)’

where the equality follows from the assumption that genotypic traits are developmentally independent. Using Layer 2035

2, Eq. 6, Layer 2, Eq. 7, and Layer 2, Eq. 9 we have that 2036
oxT 0 O€T
oz7 N O€T 927 | Ox N 0x (axT 0)
dz 0z e | oxT Je™ |\ ge
il | =
dy dy
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oxT O0€T OxT
— 0 —— 0
| ox . ox Oe
Tl oxT 1 O€T OxT
ay dy Oe
oxT N 0€T OxT
| ox  dx Je
| oxT OeT OxT ’
— +—— 1
ay ady Oe
207 Which equals the right-hand side of Eq. (E3) so Layer 3, Eq. 5 holds.
2038 Now, motivated by Layer 4, Eq. 1 and the equation for total effects in path analysis (Greene, 1977), suppose that
dzT
— =(I-Ey)7',
iz ( 2)
2030 for some matrix E, to be determined. Then,
-1
T
E,=1- (di) . (E4)
dz
240 Using Layer 4, Eq. 9 and a formula for the inverse of a 2 X 2 block matrix (Horn and Johnson, 2013, Eq. 0.7.3.1), we
2040 have
dxT\™!
» @ 0
dzT) dx
dz | | dx7 [dxT\"! '
Cdy (5)

242 Using Layer 4, Eq. 3 yields

dxT\™'
(dzT )_l B (g) 0
oy dx \ dx
203 Simplifying and using Layer 4, Eq. 1 yields

_ I-— 0
A ox
dz oxT
oy
2004 Substituting in Eq. (E4) and simplifying yields
oxT oxT oxT
-2 0] [-1+2= o) (5= 0
X X X
E, =1- oxT | osxT T oxT -L
oy oy oy
2045 HCIICC,
EZ = % -4
0Z

26 and so Layer 4, Eq. 9 holds.
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Appendix F. Total selection gradient of the geno-envo-phenotype 2047

We have that the mutant geno-envo-phenotype is m = (x;y; €). We now define the direct, total immediate, and 2048

total selection gradients of the geno-envo-phenotype and write the total selection gradient of the geno-envo-phenotype 2049

in terms of the partial selection gradient of the geno-envo-phenotype. 2050
We have the selection gradient of the geno-envo-phenotype 2051
C()_W = (a_w a_W 8_w) € RNaWNp+Ng+Ne)x1
om|y—y ox dy 0Oe | _;
the total immediate selection gradient of the geno-envo-phenotype 2052
ow _ (5_W ow, 5_W) € RNp+Ng+Nox1
om|y—y 0X 0y o€ vy
and the total selection gradient of the geno-envo-phenotype 2053
wl (d_W. dw. d_W) € RN+ NyrNox1
dmy_y dx dy de v=§

Now we use the expressions of the total selection gradients of the phenotype, genotype, and environment as linear  zoss

transformations of the geno-envo-phenotype to write the total selection gradient of the geno-envo-phenotype. Using 2055

the fourth lines of Layer 4, Eq. 21 and Layer 4, Eq. 22 and the third line of Layer 4, Eq. 23, we have 2056
dw dmT ow
dx “dx dm
dw _|dw _ | dmT ow
dm y=y B E - dy om
dw dmT ow
E y=y ¥5; y=y
dmT
dx
_ || dmT | ow _ (dmT éw
B dy om B ( dm 6_m) vy
dmT
de )y

which is Layer 4, Eq. 25.

To see that dmT /dmly_y is non-singular, we factorize it as follows. We define the block matrix

I 0
IIlT
4 =lo 1
ym ly_y
0

o€t
x
OeT
Ay
0€eT

i)é‘ y=y

c RN;.(NP+NE+NC)xNﬂ(Np+Ng+Ne),
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20ss  which is non-singular since it is square, block upper triangular, and de7/de = I (Layer 2, Eq. 3). We also define the

2000 block matrix of

dxT
— 0 0
dx
pmTl &y
Am |y_g dy
T
di 0 I
df y:y

c ]RNa(Np+Ng-¢—Ne)><N€,(N]D +Ng+Ne) ,

2061 Which is non-singular since it is square, block lower triangular, and dxT /dx is non-singular (Eq. B15). Note that

[ dxT O€T
— 0 0o} 0 —
dx ox
mT ymT T T
(ﬁ_)/_) = di I ollo 1 ai
pm ym J| o dy y
dxT O€eT
— 0 IJl0 0 —
L d€ 66 y=y
dxT 0 dxT JeT
dx dx oOx
dxT dxT JeT  OeT
= | — 1 - 4+ —
dy dy ox 0y
dx7T dxT JeT  OeT
- 0 -+ —
de de Ox 0€ /ly=y
d T T
dxT o deT
dx dx
_|dxT I deT
dy dy || -
dxT deT

= 0 =
de de /ly=y

2002 Where the last equality follows from Layer 4, Eq. 10, Layer 4, Eq. 11, and Layer 4, Eq. 13. Using Layer 4, Eq. 18, we
2063 thus have that

dmT

dm |y-y

y=y

_ (BmT ym®
_(ﬁm Vm)

=e« Hence, dmT/dmly_y is non-singular since SmT/fm|,_y and ymT/ym|y_y are square and non-singular.

265  Appendix G. Evolutionary dynamics of the phenotype

2066 Here we derive an equation describing the evolutionary dynamics of the resident phenotype.

2067 From Egs. (S10) and (S19), we have that the evolutionary dynamics of the resident genotype satisfy the canonical

208 €quAation

— ~H, — s (G1)
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whereas the developmental dynamics of the resident phenotype satisfy the developmental constraint 2089
Xa+1 = gZ9

forae{l,...,N,— 1}. 2070

Let Z(7) be the resident geno-phenotype at evolutionary time 7, specifically at the point where the socio-devo 271

stable resident is at carrying capacity, marked in Fig. 3. The i-th mutant phenotype at age j + 1 at such evolutionary 207

time 7 is x; j+1 = &ij(z;(7),h;(z;(7),Z(7),7),Z(7)). Then, evolutionary change in the i-th resident phenotype at age 207

a€{2,...,N,}is 2074
AXj, 1

Ar A—T[gi,a1(la1(7+ A7),

h, 1(Zo_1 (T + AT), Z(T + A1), T + AT),

(T + A‘r))

= 8ia-1 (2a-1(7), Duo1 (24-1(7), 2(7), 7), (7)) }

y=¥
Taking the limit as At — 0, this becomes 2075
dXig _ dgia-1(2a-1(7), ho1(24-1(7), 2(7), 7), Z(7))
dr dr y=§
Applying the chain rule, we obtain 2076
dxia _
e
(Z 0gia-1 dxja 1 Z 08ia-1 dy]a 1
BXJ"a,1 B}Ua 1
N, N,
. ZP]Z 08ia-1 O€a-1 dxja L, Zi 08ia-1 0€ra-1 4Yja-1
= 0er,a—1 a)Cja 1 == 66,0_1 6)1]‘,,1_1 dr
N, Np
6g1a 1 6Era 1 dx]k
+
ZZZ 0€41 Bxk dr
k=1 j=1 r=1 ’
N, Ne Ne
4 Z Z Zgz a—1 02'0 1 dé)jk + ggi,a—l 66(;,:1—]
=1 j=1r €ra-1 Y jk T —1 €ra-1 T
Ny & ag dx < dgiaet Ay
ia—1 jk i,a—l Jk )
+ — —_—
Applying matrix calculus notation (Appendix A), this is 2077
dXi,
dr

(agi,a—l dx, N 0gia-1 dya-1
oxI | dr dyl , dr
100
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N,

N
N 08ia-1 €4 dXja +Z 08ia-1 0€4_1 a1
= 06;_] ijya_l dr 06;_] Byj,a_l dr

N, N -
L3 Z 08ia-1 0€q-1 d%jx
T 7.
= = 6€a—1 axjk dr

J=1

.\ o i Bg,-,Ta_l 66_5,,1 dyjx agi,Ta—l 0€,
i oe] Oy dr - el | Ot
.\ i Bg,laTA dx; N i 3&;?1 dyx )
o 0% dr Ay dr )l

2073 Applying matrix calculus notation again yields
d)_Cm
o =
(3gi,a1 dx, N 08ia-1dya-1
oxI | dr dy! , dr
08ia-1 0€,-1 AXy-1 | 08ia-1 0€4_1 dYa—1
de! | ox | dr de! | oyl | dr

agi,a—l aea—l dx 6gi,a—1 afa—l d)_’ agi,a—l aea—l

—+ +
de!  OXT dr  Oe! | OyT dr  Jde! | Ot
L 08ia1 A% Ogia dy )
OXT dr oyt dr )| _.
y=y
2079 Factorizing, we have
d)_cia
dr
agi,a—l + agi,a—l aeu—l dxa—l
oxI , oel | oxT | dr
08ia-1 + 08ia-1 0€4-1 | dya-1
dy! ,  Oel_, dy! ) dr
+ 8gila—1 + agi,u—l 66:1—1 d_i
OXT de! | OxT |dr
08ia-1 + 08ia-10€4_1 @ + 08ia-1 0€4_1
oyT 66;_1 oyT | dr 662_1 or =7

2080 Rewriting g;,-1 as x;, yields

dr
6xiu axiu 6€u—1) dxa—l
+
oxT | del_  oxI || dr
+( axia + axia C{)eul)dyal
oyl , o€l oyl || dr
+ axia + 6~xia 660—] d_i
oxT " g€, oxT | dr
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( axia 6xia aea—l
+

d_)_’ + axi(/z aea—l
oyt el | OyT

dr = Je] , or

y=y

Hence, for all resident phenotypes at age a € {2,...,N,}, we have

8Xu 6€a_1

dx, 0x,
dr ~

+
ox" €’ | Ox"
a—1 a-1 a—1

dxu -1
dr

+( 0%, .
ay;_,

+

axT " G€T | 0T
0x, 0x, 0€, |
"oy " Ger | oy

axa afal) dya—l
o€;_, 0y |
(ﬁxa 0x, O€,_

dx
dr

dy 0x, O€,
Jar i o

dr
(G2)

dr = g€l | or

1 y=y

Here we used the following series of definitions. The matrix of direct effects of social partner’s phenotype at age

a on the mutant’s phenotype at age j is

apr]

0X14

6x NP j

6x1_,-
0x
oxT la
J _ :
ox,|
y=y 0xy;
0xn,a

Oxma )l

and the block matrix of direct effects of social partners’ phenotype on a mutant’s phenotype is given by Layer 2, Eq. 4

with £ = X. The matrix 0x, /6% is the a-th block column of 9xT /0%.

Similarly, the matrix of direct effects of social partners’ genotypic trait values at age a on a mutant’s phenotype

6Xij

ayla

e }I%iplQ)(j\GD,

6prj

at age jis
0x1j
ox] ) a)_fla
0alys dxy;
OVN,a

a)_)Nga y=y

and the block matrix of direct effects of social partners’ genotype on a mutant’s phenotype is given by

Eq. (Layer 2, Eq. 4) with £ = y. The matrix dx] /dy is the a-th block column of 6xT/6y.

In turn, the matrix of direct effects of social partners’ phenotype at age a on a mutant’s environment at age j is

86]\]6]'
0X14

86ch

6€|j
0x
T la
€ .
ol |7
0% |
“ly=y 6€1j
63_5Npa

a)_CNpa

and the block matrix of direct effects of social partners’ phenotype on a mutant’s environment is given by Layer 2,

Eq. 5 with £ = X. The matrix d€] /9% is the a-th block column of J€T /Ix.

2081

2082

2083

2084

2085

2086

2087

2088

2089

2090

2091
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2003 Similarly, the matrix of direct effects of social partners’ genotypic trait values at age a on a mutant’s environment

2004 at age jis

(361 j 06]\]6‘]'
s . (’j—_
66}- )fla )fla
v = : . : € RNxNe
Ya y=y 861} aENej
OVN,a ONallyog

2005 and the block matrix of direct effects of social partners’ genotype on a mutant’s environment is given by Layer 2,
206 Eq. 5 with £ = §. The matrix d€) /95 is the a-th block column of J€T /dy.

2097 Having made these definitions explicit, we now write Eq. (G2) as

dx, [ ox, dx, . 0x, dy,1

dr \oxT, dr oyl dr
0x, dX  O0x,dy  Ox, O€, )

. (G3)

+— = 4
oxTdr  oyTdr b€l | Ot

)

y=§
2008 Where we used the transpose of the total immediate effects of a mutant’s phenotype and genotype on her phenotype
20s  (Eqs. B10 and C9), and the the matrix of total immediate effects of social partners’ phenotype or genotype at age a

2100 On a mutant’s phenotype at age j

for j> 1
y=y (G4)

= 10 for j=1,

oxT
j

:
(8ij o7, o] ]
o

—_— + —
a{a 6{(1 aej*I

20 for { € {X,§¥) since the initial phenotype X, is constant by assumption. We also define the corresponding matrix of

202 total immediate effects of social partners’ phenotype on a mutant’s phenotype as

ox ] (SX,T\,a
oxT _ &;l . 6.&
oC | |
y=y 6x1T 6X11\l/a
OCN, 6w, /y—y
0 ox] 5X,Tva
8, 8¢,
o X
= 641 74 , (G5)
0 6x] 5X,Tva
6ZNa 6ZN;, y=y

20 for £ € {X,§). The matrix 6x] /6 is the a-th block column of 6xT/6Z. Using Layer 2, Eq. 2c and since the initial
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phenotype x; is constant by assumption, we have that

N €, Ox]
aiai = Z aek aﬁ = HZ 661‘_1
8Z Je B - 0Za aEk -

for j > 1

forj=1

(G6)

for £ € {X, y}, which equals the rightmost term in Eq. (G4). Thus, from Eqs. (G4), (G5), and (G6), it follows that the

block matrix of total immediate effects of social partners’ phenotype or genotype on a mutant’s phenotype satisfies

Layer 3, Eq. 3.

Noting that 6x,/0ZT = (0X,/6XT,0X,/6¥T) and that evaluation of dz,/dt and d€, /0t aty = ¥ is dZ,/d7 and 0€, /0t

respectively, Eq. (G3) can be written as

1

dr ox! | dr sy, dr
0x,dz 6%, O0€,; )
+

— +
6zT dr b€l | Ot

dx, _( Xy ARt 0% d¥a

y=

y

>

which is a recursion for dX,/dr over a. Expanding this recursion two steps yields

dr ox' | oxT
a—1 a—2

dxa _ 6Xa 6Xa—l 6Xa—2 dia—S + 6Xa—2 dya—3
- ox! . dr oyl , dr

5Xa_2 dz 6Xa_2 aéu_3)

577 dr  G€T

or

6Xa— 1 aéa—2

6Xa—1 dya—Z 6xa—1 dz
+ + ——
oyl | dr 0z7 dr

0x, dy,; N ox, dz ox, 0€,_

— +
oyl , dr  ézTdr e,

Collecting the derivatives with respect to 7 yields

dx,

dr

[( 5Xa 5Xa 15Xa z)d)_(a_3
a 2 6 a-3 dr

5xa 6Xa léxa Z)dya 3

6xa ) 6y dr

+

6xa 0X,-1\dy,—2 0%, d¥,—
ox!_ oyl ) dr &yl | dr

+

ox’ , O€! or
5Xa 5Xa ])afa 2 6Xa 6@,,_1

gr o€l Ot

+

6x 66

T
o€, ,

or

0X, O0X,_ léxa ) 0X, 0X,.1 OX,
ox!  ox!, ozT  6x] | 02T 07T

+

e
o
( 6xa 6Xa 1(5xa 2)6&; 3
|
(&

104

5 o

|

dz
dr

or

|

y=y
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2112 Inspection shows that by expanding the recursion completely and since we assume that initial phenotype does not

2113 evolve (i.e., dX;/dr = 0), the resulting expression can be succinctly written as
')
dx, _ «“! ﬁ OXpr1 OXjy1 @
ox] 6ij dr

dr j=1 k=j+1

2
a-1 a-1

N 1—[ X1 01 O€;
ox] (56}- or

j=1 k=j+1
2
a-1 a-1

OXpr1 OXjr1 dZ
+ —_—
2 S &

J=1 k=j y=y
2na where the « denotes left multiplication. Note that the products over k are the transpose of the total effects of a

2115 mutant’s phenotype at age j + 1 on her phenotype at age a (Layer 4, Eq. 2). Hence,

— a-1 = a—1 —
an (Z an 5Xj+1 dyj Z dXU 5X,'+] 6e,~
+ ! .

dr = dxj,, dy] dr = dx],, de] ot

a-1 -
dx, 0xj,1d
s d—z) (G7)
= dxj+1 T drl_;
2116 Before simplifying Eq. (G7), we introduce a series of matrices that are analogous to those already provided, based

a7 on Eq. (C17). The matrix of fotal effects of social partners’ phenotype or genotypic traits at age a on a mutant’s

2118 phenotype at age jis

for j > 1
y=y (G8)

dxT
J

N (6XIT dXJT»)
az,

52, dx;

=1

v o forj=1,

ae for £ € {%,¥). The block matrix of total effects of social partners’ phenotype or genotype on a mutant’s phenotype is

2120 thus

L
dxT d?‘ . dél
dZ . = . .
N A

dgNa dgNa y=y

ddy ddy

0 dx] deTV

= dé, dé, , (G9)
d{Na d{Na y=y
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for Z € {X,¥}. Then, from Eq. (G8), the block matrix in Eq. (G9) satisfies Layer 4, Eq. 5.
Using Egs. (C17) and (D9) and given the property of transpose of a product (i.e., (AB)T = BTAT), Eq.

be written more succinctly as

-1 -1 _
dxa 3 ( dy] Z dx, 0€;

j=1

a—1 dxa (5Xj+1 dZ)
+

T 6zT dr)| .
,1d j+1 y=y

Note that from Eq. (C16), we have that dx, /dyJT = 0 for j > a, from Eq. (D10), we have that dx,/ dejT

de’ ar
=1 ")

(G7) can

=0for j > q,

and from Eq. (B15), we have that dx,/ d}i(]T,+l = 0 for j + 1 > a. Hence, the same expression holds extending the upper

bounds of the sums to the last possible age:

Ny— =
Z dx, 0X;y1 dz

T, 6z7 dr | _.
Jj= Xj+1 y=y

Changing the sum index for the rightmost sum yields

— N, = N, —
dx, N dx, dyj Y dx, O€;
dr _(Z:ld Tdr +;deITE

Using the transpose of the matrix in Eq. (G8) in the two rightmost terms, noting that 6x;/6%] =

j =1 (from Eq. GS), yields

- N, - N N -
dx, Y dx, dy; Y dx, O€; 4 dx, 0x; d

- E‘X yf+§jx_f+§:XTJ_Z
dr dy dr P dejT. ot = deT. 8zT dr

y=y

Expanding the matrix calculus notation for the entries of Z in the rightmost sum yields

— N, = N, -
dx, 45 dx, dy; 4 dx, O€;

- }‘ ﬂ+§‘ Xa O€]
dr = dij dr = dij or

N Z dx, 0%; d% Z dx, 8%; dy
i dxT 6XT dr & dxT oyT d7)| _,
Jj=2 J j=2 J y=y

Expanding again the matrix calculus notation for the entries of X and ¥ in the two rightmost sums yields

- N, = N, -
dx, 4 dx, dy; 45 dx, O€;
Fe e D

N. N, N, N,
o dx, OXx; d N o dx, 0x; d

+ z: xT ‘{'dX]+zlz‘ XT '{'dYZ) '
o5 dx; 0% dr H S dx; oy, ATl

j=1

N, N, _
dx, dx, Y dx, dy;)

+ E + E —

[:] dx/ dr - dy/ dr -

N, . _
dxa x, dy; dy, a dx, O€;
(Z Tdr z; de} ot
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Applying matrix calculus notation to each term yields

dyTdr  deTdr | dxTdr | dyTdr

dr

s

dx, (dxa dy dx, 06 dx,dx dx, dy)

y=y

fora € {2,...,N,}. Since dX;/dr = 0, it follows that

& (G10)

= + +——
dyTdr deTor dxTdr dyTdr)| _.

B (e, e, o o)
y=y

which contains our desired dX/dr on both sides of the equation.

The matrix premultiplying dX/d7 on the right-hand side of Eq. (G10) is dx/dXT|y_y, which is square. We now
make use of our assumption that the absolute value of all the eigenvalues of dx/dXT|y-y is strictly less than one, which
guarantees that the resident geno-phenotype is socio-devo stable (Eq. S3 and following text). Given this property of
dx/dXT|y—y, then I — dx/dXT|y-y is invertible. Hence, we can define the transpose of the matrix of stabilized effects of
a focal individual’s phenotype on a social partners’ phenotype (second equality of Layer 5, Eq. 1). Thus, solving for

dx/dr in Eq. (G10), we finally obtain an equation describing the evolutionary dynamics of the phenotype

sXT

dyT " dyT

dr sXT deT Jr

dx | sx dx+dx dy sx dx Je
dr

y=y

Let us momentarily write x = g(y, ¥) for some differentiable function g to highlight the dependence of a mutant’s
phenotype x on her genotype y and on the genotype y of resident social partners. Consider the resident phenotype that
develops in the context of the mutant genotype, denoted by X = g(y, y). Hence,

dx
dyT

_dx

_ dEG.y) _ dx
dyT

- dyT

y=y

_ d&y.y)
- dyT

y=y

(G11)

b
y=y y=y

where the second equality follows by exchanging dummy variables. Then, the transpose of the matrix of total social

effects of a mutant’s genotype on her and a partner’s phenotypes is
B ( dx . dx )
vy \dyT o dyT
[ dx . dx
~ \dyT  dyT

Similarly, let us momentarily write x = &(x, ) for some differentiable function § to highlight the dependence of a

dx + Xx)
dyT

y=y

€ RNaNpxNalVe (G12)

y=y

mutant’s phenotype x on her (developmentally earlier) phenotype x and on the phenotype X of resident social partners.

Consider the resident phenotype that develops in the context of the mutant phenotype, denoted by X = &(%, x). Hence,

dx

dx
_ T dxT
y=y d

dxT

_ dg(x,x)
vy dxT

_dg(x, %)

. dxT
y=¥

: (G13)
y=y

where the second equality follows by exchanging dummy variables. Then, the transpose of the matrix of total social

effects of a mutant’s phenotype on her and a partner’s phenotypes is

[ dx . dx
y=§ h dxT dxT

107

d(x + X)
dxT

y=y
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:(d_x

dxT

. dx
dxT

y=y

€ RNaNpXNN,

(G14)

Thus, from Eq. (G13) and the second equality of Layer 5, Eq. 1, the transpose of the matrix of stabilized effects of a

focal individual’s phenotype on social partners’ phenotype may also be written as

_ (1 _
y=y
i( dx )9"
= dxT

where the last equality follows from the geometric series of matrices. This equation is the first and third equalities of

SX

SxT

Layer 5, Eq. 1.

dx
dxT

)

-1

N,NpxN,N,
€ RVNoxNoby

y=y

Therefore, using Layer 5, Eq. 2 and Layer 5, Eq. 2b, the evolutionary dynamics of the phenotype are given by

dx (sx dx+X)dy sx dx O€
dr ~ \sxT dyT dr sxT7 deT or
sx _ dw  sx Je

M ay Tserar
sy y s€Tor)l,
d O€
- LLXy—W + g_f
dy seTar)|_;

y=

(G15)

where the second line follows by using Eq. (G1) in the limit A7 — 0, and the third line follows from Layer 6, Eq. 13.

The first line of Eq. G15 describing evolutionary change of the phenotype in terms of evolutionary change of the

genotype is a generalization of previous equations describing the evolution of a multivariate phenotype in terms of

allele frequency change (e.g., the first equation on p. 49 of Engen and S@ther 2021). Eq. (G15) is Layer 7, Eq. 5 for

¢ = x. Using the third line of Layer 4, Eq. 22 and Layer 6, Eq. 11 yields Layer 7, Eq. 4 for { = x, whereas using the

fourth line of Layer 4, Eq. 22 and Layer 6, Eq. 12 yields Layer 7, Eq. 1a for { = x.

Appendix H. Evolutionary dynamics of the geno-phenotype

Appendix H.l. In terms of total genotypic selection

Here we obtain an equation describing the evolutionary dynamics of the resident geno-phenotype, that is, dz/dr.

In this section, we write such an equation in terms of the total genotypic selection. Since dz/dr = (dx/dr;dy/dr1),

from Egs. (G15) and (S10a), we can write the evolutionary dynamics of the resident geno-phenotype Z as

dz ny dw
huPo hid
dr H, dy
Using Layer 6, Eq. 13 and Layer 5, Eq. 3, this is
¢
g ~ |t T H d_w +
dr sy Ydy
syT

SX
SET

SX

SET

SET

6_&
or

O€
or

(HI)
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Using Layer 5, Eq. 4, this reduces to

~ |t—

—_— JRE— + —_—
dr syT Ydy = seT ot

dz sz __dw sz 6@)
y=¥

Using Layer 6, Eq. 13 yields Layer 7, Eq. 5 for { = z. Using the third line of Layer 4, Eq. 22 and Layer 6, Eq. 11
yields Layer 7, Eq. 4 for { = z, whereas using the fourth line of Layer 4, Eq. 22 and Layer 6, Eq. 12 yields Layer 7,
Eq. lafor { = z.

In contrast to other arrangements, the premultiplying matrix L,y is non-singular if Hy is non-singular. Indeed, if

SZ

— r=0
syT y=y

for some vector r, then from Layer 5, Eq. 4a and Layer 5, Eq. 3b we have

SX
syT r=0.
)
y=¥
Doing the multiplication yields
sX
—| r
SYTh=y |=0,
r

which implies that r = 0, so sz/syT|y—y is non-singular. Thus, L,y is non-singular if Hy is non-singular.

Appendix H.2. In terms of total selection on the geno-phenotype

Here we write the evolutionary dynamics of the geno-phenotype in terms of the total selection gradient of the
geno-phenotype.
First, using Layer 6, Eq. 2, we define the mechanistic additive genetic covariance matrix of the unperturbed
geno-phenotype Z = (X;y) as
dz __ dzT
Hi = COV[bi,bi] = (@ yd—y)

y=y
€ RNaWp+NJXNo(Np +N)

By definition of Z, we have

dx
dyT dxT dyT
H; = vl -
dy [ Tldy dy
dyT -

y=y

From Eq. (S10c), the resident phenotype is independent of mutant genotype, so

0
H; = Hy (0 I)
I ]
y=y
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Doing the matrix multiplication yields

0 0 0
Ho= || |(o B = . (H2)
I 0 H,

y=y
The matrix H; is singular because the unperturbed geno-phenotype includes the genotype (i.e., dZT/dyly—y has fewer
rows than columns). For this reason, the matrix H; would still be singular even if the zero block entries in Eq. (H2)
were non-zero (i.e., if dX7/dyly—y # 0).

Now, we write an alternative factorization of L, in terms of H;. Using Layer 4, Eq. 9 and Layer 5, Eq. 5, consider

dzT
sz z )lys

SX SX dxT

the matrix

sxt syT |0 0] dx
)
o 1 Jlo =&

dy y=y
Doing the matrix multiplication yields
SX  sX 0 0
(S_Zerili) b | |
Sz Z Jly=y T Hy@ Hy
: y=¥
sx __ dxT  sx
_ sy Vdy syt
a dxT
oy
y y=y
Using Layer 5, Eq. 3b, we have
sx __ dxT sx __ dyT
SZ H dzT syt Ydy syt Y dy
szT * dz . | sy, dxT sy - dyT
syT dy syT Y dy

Notice that the matrix on the right-hand side is

= z-

y=y

SZ dzT
—Hy—
syT ° dy
Hence, we obtain an alternative factorization for L, as
SZ dz7
L,=(—H;,—
’ (szT “dz )

Thus, we can write the selection response of the geno-phenotype (in the form of Layer 7, Eq. 4) as

;
_, (iHidié_W)
y=y szT "~ dz oz

110

y=y
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L,
¢ 0z

y=y

2183

2184

2185

2186

2187

2188

2189

2190

2191

2192

2193


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

2194

2195

2196

2197

2198

2199

2200

2201

2202

2203

2204

2205

2206

2207

2208

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in
perpetuity. It is made available under aCC-BY-NC 4.0 International license.

Using the relationship between the total and total immediate selection gradients of the geno-phenotype (second line

of Layer 4, Eq. 24), this becomes

We can further simplify this equation by noticing the following. Using Layer 6, Eq. 10 and 2 = (X;y), we have

that the mechanistic additive socio-genetic cross-covariance matrix of the geno-phenotype and the unperturbed geno-

phenotype is
[ sz dzT Na(Np+Ng)XNa(Np+Ng)
L, = S_THyd_ eR e e, (H3)
y Y ly=y
Expanding, we have
SX
syT d)_(T dyT
L,;= Y\ v dv
Sy |y dy
syT y=y

Using Layer 5, Eq. 3b and since the resident phenotype does not depend on mutant genotype, then

sX
La= || By (0 1)
I ]
y=y
Doing the matrix multiplication yields
x sx
T T Y
L= || %Y (0 Hy) =|
I 0 Hy
y=y y=y
Notice that the last matrix equals
szT y=y

We can then write the evolutionary dynamics of the resident geno-phenotype Z in terms of the total selection

gradient of the geno-phenotype as

dz (Lin d_w . SZ é)e) (H4)

ar dz €Tt

The cross-covariance matrix Lg; is singular because dZT/dyly—y has fewer rows than columns since the unperturbed
geno-phenotype includes the genotype. For this reason, L,; would still be singular even if the zero block entries in
Eq. (H3) were non-zero (i.e., if dX7/dyly—y # 0). Then, evolutionary equilibria of the geno-phenotype do not imply

absence of total selection on the geno-phenotype, even if exogenous plastic response is absent.
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Appendix I. Evolutionary dynamics of the environment

Appendix 1.1. In terms of endogenous and exogenous environmental change

Here we derive an equation describing the evolutionary dynamics of the environment. Let Z(7) be the resident
geno-phenotype at evolutionary time 7, specifically at the point where the socio-devo stable resident is at carrying
capacity, marked in Fig. 3. From the environmental constraint (2), the i-th environmental trait experienced by a mutant
of age a at such evolutionary time 7 is €, = h;,(2,(7), Z(7), 7)). Then, evolutionary change in the i-th environmental

trait experienced by residents at age a € {1,...,N,} is

A_ia l _
Ga _ | iy (24( + AT), 4T + AT), T + AT)
AT AT

_'hai(za(T)’z(T)7T)

y=y

Taking the limit as At — 0, this becomes

d&q _ dhia(za(7), %(7), T)

dr dr

y=y

Applying the chain rule, we obtain

ey _ (5 O 4 é%dw‘a +i2%d—

dr P Oxj, dr = O0yjq dr =S Oxj dr
i Z Ohia 45 ah,-a)

—i O . dr o or =y

Applying matrix calculus notation, this is

deiy _ (Ohig A%, Ohis Ay & Ay A%y
dr  \ox] dr = dgyj dr & o%] dr

N, —
. ahia dyk ahia
+Z ay; dr s )yy

Applying matrix calculus notation again yields

dew  (Ohiadx, Ohgdy, Ohig dX Ol d§
ar (axg ar dyr dr Texrar ayT dr
+ 3hm)

or

Rewriting h;, as €,, we obtain

dé, _ (afia dx, N O€q dy, N deq dX N deiq dy
dr ox} dr gy} dr  O0xTdr 9yt dr
N c'?eiu)

or
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Hence, for all environmental traits at age a, we have

de, (6ea dx, Oe,dy, Oe, dx Oe, dy 6ea)

+ + + +
ox] dr 9y} dr  oxTdr dyrdr It

dr

Note that evaluation of dz,/dr and Je€,/dt aty = ¥ is dZ,/d7 and 0€,/dt, respectively. Using Layer 2, Eq. 2d and
Layer 2, Eq. 2d yields

o€, dx i de, d%; _ Oe, dx,
oxTdr L ox] dr - ox] dr

de, dy i de, dy; _ Oe, dy,
dyrdr Loyl dr gy dr

Then, we have

+ + + +
oxTdr dyTdr O0xTdr 9dyTdr Ot

dé, (6ea dx  Je, dy  Oe, dx  Je, dy 6750)
dr

Now note that J€,/0zT = (J€,/0XT, d€,/IyT), so
de, (Ode, dz . 0€, dz N OE,
0zTdr 0zTdr Ot

dr y=y
Hence, for all environmental traits over all ages, we have
de 6ed2+aedi+aé
dr  \ozrdr  o0zTdr ot v=7
_|[ o€ N 0€ \ dz N O€
" N\ozr  0zT)dr ot y= ’

where we use Layer 2, Eq. 7 and the block matrix of direct effects of social partners’ geno-phenotype on a mutant’s
environment (Layer 2, Eq. 8; see also Layer 2, Eq. 5).

Let us momentarily write € = h(z, z) for some differentiable function h to highlight the dependence of a mu-
tant’s environment € on her geno-phenotype z and on the geno-phenotype Z of resident social partners. Consider the
environment a resident experiences when she is in the context of mutants, denoted by & = B(Z, z). Hence,

€| ohz,2)|  oh(z,z)| e
027 lyy  OzT A

. an)

Y=y

y=y
where the second equality follows by exchanging dummy variables. Then, the transpose of the matrix of direct social

effects of a mutant’s geno-phenotype on her and a partner’s environment is

0(€ + €) _ [ Oe N 0€ _ [ Oe N 0€
0z7 lyy  \OzT  0z7)| . \ozm  azT)|
y=y y=y
c RNANCXN;\(NﬁNg). (12)

Similarly, the transpose of the matrix of direct social effects of a mutant’s phenotype on her and a partner’s environ-

_ [ o€ N 0€
o \oxT o ORT

ment is

0(€ + &)
oxT

y=y

_ [ o€ N O0€
T loxT o oxT

113


https://doi.org/10.1101/2021.05.17.444499
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2021.05.17.444499; this version posted September 7, 2022. The copyright holder for this
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in

perpetuity. It is made available under aCC-BY-NC 4.0 International license.

NyNeXN,N,
€ IEi alVe a p’

a3)

and the transpose of the matrix of direct social effects of a mutant’s genotype on her and a partner’s environment is

O(€ + &)
ayT

0€

=+
y=y (6yT

e IRN;.NEXNQNg

Consequently, the evolutionary dynamics of the environment are given by Layer 7, Eq. 10.

Appendix 1.2. In terms of total genotypic selection

Using the expression for the evolutionary dynamics of the geno-phenotype (Layer 7, Eq. 5 for { = z) in that for

the environment (Layer 7, Eq. 10) yields
de [6(6 +é (

dr oz7

Using Layer 6, Eq. 13 for { = z yields

de
dr =

oz7

Collecting for de/dt and using Layer 5, Eq. 6 yields

dé~ SE
dr =

dw

L ZYE-'-

o€e+é( sz __ dw
t—Hy— + ——
syT “dy s€Tor

dw

O&
ayT

Y=y

sz J€

|

SZ 66)

SET O1

N S€ O€
6 g oW, e o€
syT Ydy seTar

0€ N
oyt = oyT

N O0€
or

L Oe
or

y=y

a4

Using Layer 6, Eq. 13 yields Layer 7, Eq. 5 for { = €. Using the third line of Layer 4, Eq. 22 and Layer 6, Eq. 11

yields Layer 7, Eq. 4 for { = €, whereas using the fourth line of Layer 4, Eq. 22 and Layer 6, Eq. 12 yields Layer 7,

Eq. lafor{ = €.

Appendix J. Evolutionary dynamics of the geno-envo-phenotype

Appendix J.1. In terms of total genotypic selection

Here we obtain an equation describing the evolutionary dynamics of the resident geno-envo-phenotype, that

is, dm/dr. In this section, we write such an equation in terms of total genotypic selection.

Since dm/dr =

(dx/dt; dy/dt; de/dr), from (G15), (S10a), and Layer 7, Eq. 5 for { = €, we can write the evolutionary dynamics

of the resident geno-envo-phenotype m as

Lyy
dm
@ T
Ley
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Using Layer 6, Eq. 10 and Layer 5, Eq. 3, this is

Using Layer 5, Eq. 7, this reduces to

SX 3¢
syT seT
dm S d O€
dm | 1S | dw ] sy | e
dr syT dy SeT | Ot
S€E SE
sy’ seT y=y
dm sm__ dw N sm J€
—_— = |l— J— _
dr syT Ydy seTar -

Using Layer 6, Eq. 13 yields Layer 7, Eq. 5 for { = m.. Using the third line of Layer 4, Eq. 22 and Layer 6, Eq. 11

yields Layer 7, Eq. 4 for { = m, whereas using the fourth line of Layer 4, Eq. 22 and Layer 6, Eq. 12 yields Layer 7,

Eq. lafor { = m.

In contrast to other arrangements, the premultiplying matrix Lpy is non-singular if Hy is non-singular. Indeed, if

SYT ly=y

sm
r=0

for some vector r, then from Layer 5, Eq. 7a and Layer 5, Eq. 3b we have

Doing the multiplication yields

SX

syT

syT /s

syT

syT

I r=0.
SE

SX

y=y
r =0,

SE
r

y=y

which implies that r = 0, so sm/syT|y—y is non-singular. Thus, Ly, is non-singular if Hy is non-singular.

Appendix J.2. In terms of total selection on the geno-envo-phenotype

Here we write the evolutionary dynamics of the geno-envo-phenotype in terms of the total selection gradient of

the geno-envo-phenotype.

First, using Layer 6, Eq. 2, we define the mechanistic additive genetic covariance matrix of the unperturbed

geno-envo-phenotype = (X;y; €) as

Hy = covibg

d

,bm]=(

dym Y dy

dm7 )

y=y

1= RNQ(NI&NE+Ne)><Na(Np+Ng+Ne)'
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By definition of m, we have 2266
[ dx

dyT

dy dxT dyT deT

H. = || = |0 [— =

" | dyT y( dy dy dY)
de
[\ dyT 1o_s

y=y

From Egs. (S10c) and (S10d), the resident phenotype and environment are independent of the mutant genotype, so 2267

0
Hy = || I|Hy (0 I 0)
0 ]
y=y
Doing the matrix multiplication yields 2268
0 0 0 O
Hp = || I (0 H, 0) =10 Hy O0f. J2)
0 0 0 0

y=y
The matrix Hy, is singular because the unperturbed geno-envo-phenotype includes the genotype (i.e., dmT /dyly—y has 2z

fewer rows than columns). For this reason, the matrix Hy, would still be singular even if the zero block entries in 2z

Eq. (J2) were non-zero (i.e., if dX7/dyly-y # 0 and d€T /dyly-y # 0). 2271
Now, we write an alternative factorization of Ly, in terms of Hy,. Using Layer 4, Eq. 18 and Layer 5, Eq. 8, we 27
have 2273
SX SX  sX
sxT syT seT|{0 0 O
sm dmT B 0 H 0
e I 0 y
=y se se  se€llog o0 o
SXT  syT seT
dxT deT
it deT
dx dx
dxT I deT
dy dy
dxT deT
dxT ) deT
de df y=y
Doing the matrix multiplication yields 2274
dmT
()
sm m /| _.
SX  SX  sX 0 0 0
SXT  syT  seT d deT
X €
= H— H, H,—
0 1 0 Yy dy Yy Y dy
SE  SE  SE
SXxT  syT seT 0 0 0 y=y
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SX dxT  sx SX deT

syT Y dy syT ¥ syT Ydy
dxT deT

= Y 3o Hy Y 3o

dy dy

SE dxT  se SE deT

syT" Ydy syT Y syT Vdy y=¢

2275 Using Layer 5, Eq. 3b, this is
m dmT
0z
sm m /| _o

sx _dxT  sx__dyT sx__ deT
X g X S AT s deT
syt " dy syT “dy syT " dy

sy .. dxT sy _ dyT sy __ deT
—Hy— —Hy—— —H—
syT dy syT dy syT °dy

s€ _ dxT se _ dyT se __ deT
—Hy— —Hy—— —H—
syT dy syT dy syT °dy v

y=§
2276 Notice that the matrix on the right-hand side is
sm__ dmT
—H,— =Lpn.
syT ¥ dy
y=y
277 Hence, we obtain an alternative factorization for L, as
sm dmT
Lm = (—THﬁl d_)
sm m /| _o
2278 We can now write the selection response of the geno-envo-phenotype (in the form of Layer 7, Eq. 1a) as
ow sm dmT ow
Ly — =t|—Hs——
om|y-y smT dm om)| __

y=¥
2279 Using the relationship between the total and partial selection gradients of the geno-envo-phenotype (Layer 4, Eq. 25),
280 this becomes

ow

L. 2%
‘“‘am

sm dw
=¢t|—H,;;, —
_— smT " dm

2281 We can further simplify this equation by noticing the following. Using Layer 6, Eq. 10 and th = (X;y; €), we have

y=y

282 that the mechanistic additive socio-genetic cross-covariance matrix of the geno-envo-phenotype and the unperturbed

283 geno-envo-phenotype is

sm dlilT) 73)

syT ¥ dy

Lum = (
y=y
€ RNaWNp+Ne+NXN Ny +Ng+Ne)

28« BExpanding, we have
SX
syT
sy H dxT dLT diT
syT dy dy dy
S€
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Using Layer 5, Eq. 3b and since the resident phenotype and environment do not depend on the mutant genotype, then

sX
syT
L = || 1 Hy(o I 0)
S€
syT y=y
Doing the matrix multiplication yields
sX
syT
Ly = || 1 (0 H, 0)
s€
syT y=y
0 2H, 0
syT
=10 Hy, 0
0 XH, 0
syT y=y
Notice that the last matrix equals
( sm Hm)
smT y=y

Thus,

sm
Lo, = (—Hm)
smT

y=y
We can then write the evolutionary dynamics of the resident geno-envo-phenotype m in terms of the total selection
gradient of the geno-envo-phenotype as

dm (LL dw sm Be) a4

— ~ L
dr "Mdm  seT ot

y=y

The cross-covariance matrix Ly is singular because dmT/dyl,—y has fewer rows than columns since the unperturbed
geno-envo-phenotype includes the genotype. For this reason, L,z would still be singular even if the zero block entries
in Eq. (J3) were non-zero (i.e., if dXT/dyly—y # 0 and d€T /dy|y—y # 0). Then, evolutionary equilibria of the geno-envo-
phenotype do not imply absence of total selection on the geno-envo-phenotype, even if exogenous plastic response is

absent.

Appendix K. Connection to dynamic optimization

Life-history models often consider genetically controlled traits (controls) that depend on an underlying variable
(e.g., age) together with traits (states) constructed via dynamic (e.g., developmental) constraints over the underlying
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variable. When such a model is simple enough, analytical solution (i.e., identification of evolutionarily stable strate-
gies) is possible using optimal control or dynamic programming methods (Sydsater et al., 2008). A key tool from
optimal control theory that enables finding such analytical solutions (i.e., optimal controls) is Pontryagin’s maximum
principle. The maximum principle is a theorem that essentially transforms the dynamic optimization problem into a
simpler problem of maximizing a function called the Hamiltonian, which depends on control, state, and costate (or ad-
joint) variables. The problem is then to maximize the Hamiltonian with respect to the controls, while state and costate
variables can be found from associated dynamic equations. We now show that our results imply the key elements of
Pontryagin’s maximum principle for a standard life-history problem.

First, we state the optimization problem. Let y and x respectively denote the control and state variables over age,
and assume that there are no environmental traits. Let survivorship be a state variable, denoted by x,, = ¢, so it
satisfies the developmental constraint X, 441 = 8¢a(Z4,Z) = X¢apa(Z4,Z) Wwith initial condition x;; = X1 = 1. Thus,
using Eq. 8, we can write the expected lifetime number of offspring of a mutant with pair z = (x;y) in the context of
a resident with pair Z = (X;§) as

N,

Ro(#,2) = ) Xafu(2a,2). (Kla)

a=1

Consider the optimization problem of finding an optimal pair z* = (x*; y*) such that

y* € argmax Ry(z,z"), (K1b)
y
subject to the dynamic constraint
Xa+1 = 8a(Za, 7), (Klc)
fora € {1,...,N,}, with X; = X; given and Xy, free. Hence, z* is a best response to itself under the best response

function Ry, where y* is an optimal control and x* is its associated optimal state. The optimization problem in (K1) is a
standard life-history problem generalized to include social interactions. From Layer 7, Eq. 5 for { = z and Eq. (S22b),
it follows that since there is no exogenous environmental change, an admissible locally stable evolutionary equilibrium
z" locally solves the problem (K1).

Second, we define the costate variables and show that they are proportional to the total selection gradient of states
evaluated at an admissible locally stable evolutionary equilibrium. The costate variable of the i-th state variable at age
a for problem (K1) is defined as

_ AR

Xia =
dx,‘a

(K2)

(section 9.6 of Sydseter et al. 2008). Hence, from Eq. (S22b), we have that the costate for the i-th state variable at

age a is

ke, =T

(K3)

dxm
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That is, costate variables are proportional to the total selection gradient of state variables at an admissible locally
stable evolutionary equilibrium z*. The total selection gradient of states thus generalizes the costate notion to the
situation where controls and states are outside of evolutionary equilibrium for the life-history problem of Ry max-
imization. We have obtained various equations (Layer 4, Eq. 21) that enable direct calculation of such generalized
costates in age structured models with Ry maximization. Moreover, we have obtained an equation that relates such
generalized costates to the evolutionary dynamics (fifth line of Layer 4, Eq. 22). Since we are assuming that there are
no environmental traits, total immediate effect matrices reduce to direct effect matrices. Thus, the fifth line of Layer
4, Eq. 22 shows that such generalized costates affect the evolutionary dynamics indirectly by being transformed by
the direct effects of controls on states, 0xT/dy.

Third, we show that total maximization of Ry is equivalent to direct maximization of the Hamiltonian, which is
the central feature of Pontryagin’s maximum principle. We have that the total selection gradient of controls can be
written in terms of the total selection gradients of states (fifth line of Layer 4, Eq. 22), so for the controls at age a we
have

dw
dy,

(e )
y=y GYa dX GYa

where we substituted total immediate derivatives for partial derivatives because we are assuming that there are no

bl

y=y

environmental traits. Using Eqgs. (S22) yields

dRy
dy,

y=y

oxT @ + HRO
dy, dx  dy,

y=y

From Egs. (C10) and (K1a) given that the partial derivative ignores the dynamic constraint (K1c), it follows that

dRo| (axlu dRy N a(xfafa))
dya y=y aYu dxa+1 6ya y=§
Using Egs. (K2) and (K1c) and evaluating at optimal controls yields
T
dRy _ (aga K., + a(xt’afa)) (K4)
dy{l y=y=y* aYa 6yd y=y=y*
This suggests to define
7_{0 = ggkx(,H + xé’afa, (KS)

which recovers the Hamiltonian of Pontryagin’s maximum principle in discrete time (section 12.5 of Sydsater et al.
2008) for the objective function (K1a). Then, the total derivative of the objective function with respect to the controls
at a given age equals the partial derivative of the Hamiltonian when both derivatives are evaluated at optimal controls:

dRo _ 0H,
dy, ~ dya

y=y=y* y=y=y*

This is the essence of Pontryagin’s maximum principle: the signs of the left-hand side derivatives are the same as the
signs of the derivatives on the right-hand side, which are simpler to compute (although one must then compute costate
variables).
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2348 Fourth, we show that the formulas we found for the costate variables (K2) imply the costate equations of Pontrya-

2ug  gin’s maximum principle for discrete time. Such costate equations are dynamic equations that allow one to calculate

2350

2351

2352

the costate variables. Using Layer 4, Eq. 21 and Egs. (S22), we have that

dRy
dx,

_ dxT (9RQ
~ \dx, ox

Expanding the matrix multiplication on the right-hand side, this is

dRy
dx,

an Ox j

& dx] 9R,

a
y=y ( j=1

(R,
] B [ i,)(a i =
:y -

y

& 0] o,

| an 0X‘ j

Yy

where we used Eq. (B15). Using the expression of the total effect of states on themselves as a product (Layer 4, Eq. 2)

2353 yields
d-RO — aRO + 8xa+| dX 6RQ
dx, ly—y ox, 4 0x, danrl x; j '
- y=y
2« Doing the sum over j yields
dRy _ aRQ X i dX aRQ
dXg ly—y axa dqu ax,
y=y
_ (PR, Oxz,1 dXT AR
0x, 0%, dXar1 OX J|. .

2355

2356

2357

2358

2359

2360

2361

2362

Using the second line of Layer 4, Eq. 21 and Eqgs. (S22) again yields

dRy
dxg ly=y

_ [9Ro N 0x;,, dRg
_ 0x, 0x, dx,q

|

y=y

y=y

(K6)

This equals the partial derivative of the Hamiltonian with respect to the states at age a. Indeed, using (K5) we have

oH,
5) S

_ (6X2+1 dRy R

ox, dx,.1 0%,

Substituting this in Eq. (K6) and evaluating at optimal controls yields

0=
0x,

y=y=y*

.,

This is the costate equation of Pontryagin’s maximum principle in discrete time (Eq. 4 in section 12.5 of Sydsater

et al. 2008).
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