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Abstract

Stochastic models of biomolecular reaction networks are commonly employed in systems and synthetic biology
to study the effects of stochastic fluctuations emanating from reactions involving species with low copy-numbers.
For such models, the Kolmogorov’s forward equation is called the chemical master equation (CME), and it is a
fundamental system of linear ordinary differential equations (ODEs) that describes the evolution of the probability
distribution of the random state-vector representing the copy-numbers of all the reacting species. The size of this
system is given by the number of states that are accessible by the chemical system, and for most examples of
interest this number is either very large or infinite. Moreover, approximations that reduce the size of the system
by retaining only a finite number of important chemical states (e.g. those with non-negligible probability) result
in high-dimensional ODE systems, even when the number of reacting species is small. Consequently, accurate
numerical solution of the CME is very challenging, despite the linear nature of the underlying ODEs. One often
resorts to estimating the solutions via computationally intensive stochastic simulations.

The goal of the present paper is to develop a novel deep-learning approach for solving high-dimensional CMEs
by reformulating the stochastic dynamics using Kolmogorov’s backward equation. The proposed method leverages
superior approximation properties of Deep Neural Networks (DNNs) and is algorithmically based on reinforcement
learning. It only requires a moderate number of stochastic simulations (in comparison to typical simulation-based
approaches) to train the “policy function”. This allows not just the numerical approximation of the CME solution
but also of its sensitivities to all the reaction network parameters (e.g. rate constants). We provide four examples
to illustrate our methodology and provide several directions for future research.

Keywords: stochastic reaction networks; Chemical Master Equation; Deep Learning; Neural Networks, Kolmogorov’s
backward equation
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1 Introduction

Stochastic modelling in systems and synthetic biology has become an indispensable tool to quantitatively understand
the intrinsically noisy dynamics within living cells [1]. Intracellular reaction networks typically involve low copy-
number species in reactions that fire intermittently at random time, as opposed to continuously. Hence, deterministic
models of such networks based on Ordinary Differential Equations (ODEs) fail to capture the essential properties of
the system, and stochastic models become necessary [2].
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Among the most widely used stochastic models are continuous-time Markov chains (CTMCs) whose states repre-
sent the copy-numbers of all species involved in the Chemical Reaction Network (CRN) [3]. If the number of species
in the CRN is n, the Markov chain evolves over a discrete, possibly infinite, state-space X ⊂ Nn0 comprising all
accessible states. In most applications, the key object of interest is the probability distribution p(t) of the random
state X(t) ∈ X at time t. This probability distribution evolves in time t according to Kolmogorov’s forward equation
that is more famously known in the chemical literature as the Chemical Master Equation (CME) (see, e.g., [4], and
(2.7)). The CME is a system of coupled, deterministic ODEs describing the rates of inflow and outflow of probability
at each state in the state-space X. For even very small examples of CRNs, X can be very large or infinite, and hence
the CME cannot be solved directly despite the linear nature of its constituent ODEs. Hence, one typically estimates
CME solutions numerically either by simulating the CTMC trajectories with numerical methods like the Stochastic
Simulation Algorithm (SSA) [5] or the Next Reaction Method [6], or one models (parts of) the CME asymptotically
in various parameter regimes, such as the large copy-number limit, or the large systems limit (see, e.g., [3, 7] and
the references therein). Then, Fokker-Planck PDEs govern the evolution of the limiting densities. Solutions of these
PDEs are known to admit DNN approximations which are free from the “Curse of Dimensionality” (CoD), see e.g.
[8] and the references there.

The main drawback of simulation-based solvers is that obtaining statistically precise estimates of the CME
solution can be very cumbersome, due to the high cost of CTMC trajectory simulation. This led to the development
of the Finite State Projection (FSP) method [9] that approximately solves the CME by truncating the state-space
to a finite, tractable size. The FSP has been successfully used in many important biological studies with stochastic
reaction network models. Over time, numerous algorithmic improvements to the original FSP method have been
made, using advanced techniques such as Krylov Subspace approximations [10] or Tensor-Train representations [11].
Despite these advances, the scope of FSP’s applicability is still fairly limited because of the CoD inherent to the
CME for complex CRNs: the dimension of the copy-number space of a large number of species involved in the
CRN can be potentially prohibitive. With the algorithmic complexity of deterministic solution methods of the CME
scaling exponentially with the number of species n, the CoD obviates the efficient numerical treatment of the CME
for complex CRNs. In spite of these drawbacks, the SSA combined with FSP and its variants have emerged as
the methodology of choice during the past decades for the computational exploration of complex CRNs in systems
biology. This is mainly due to the lack of computational schemes that can effectively deal with CoD.

In the past decade, with the ubiquitous emergence of possibly massive, noisy data from natural biological CRNs,
and the possibility of engineering synthetic biological CRNs, the question of efficient numerical simulation of CRNs
has become pivotal. Indeed several tasks in computational biology strongly depend on the availability of scalable,
efficient computational tools to analyse large CRNs. These include structure and parameter identification in large
CRNs, assimilation of observable data into CRN models, Bayesian estimation of non-observable quantities of interest
conditional on CRNs, among many others.

Recently, in the context of high-dimensional partial differential equations (PDEs), deep-learning based numerical
approaches have been found highly effective in dealing with the CoD in these settings and appear efficient in numerical
approximation of PDE solutions with high dimensional state and parameter spaces [12, 13, 14]. We refer to the survey
[8] and the references therein. Importantly, several types of PDEs considered in these studies also arise from various
asymptotic scalings (large copy-numbers, large systems limits) of large CRNs. (E.g. [15, 4, 16, 7]). Furthermore,
DNNs have been shown to be at least as expressive as certain tensor-structured formats from numerical multi-linear
algebra which for the CME were developed in [11], see [17].

Motivated by these advances and observations, in this paper we develop and explore corresponding deep-learning
approaches for the efficient numerical solution of CMEs and for the related tasks of parameter estimation, and
inference.

Before detailing our approach, we remark that leveraging Machine Learning (ML) based approaches for the
numerical treatment of complex CRNs is, in our view, natural and critical: CRNs being themselves networks, any
viable computational approach should, in some sense, mimic this structure in order to accommodate the complexity
of CRNs. This is in line with our previous work on tensor network based computational methods (e.g. [11, 18]).
On the other hand, ML-based computational methodologies for data assimilation and quantitative prediction of
complex systems is currently undergoing intense development. We therefore expect that corresponding advances in
computational ML, such as progress in interpretability and training methods for DNNs, will entail corresponding
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methodological advances in the exploration of large, complex CRNs in biological systems engineering.

Next we briefly describe our ML approach to solving the CME. Instead of estimating the probability p(t, x) for
each state x ∈ X, one is often interested in learning the expectation of suitable real-valued functions g, referred to as
the output function, under this probability distribution. Therefore, one is interested in the input-output map that
associates an initial density {p(0, x0) : x0 ∈ X} to1

E(g(X(t))) =
∑
x∈X

g(x)p(t, x). (1.1)

For example, if g(x1, . . . , xn) = xmi , for some m ∈ N0 and i ∈ {1, . . . , n}, then the output to be estimated is the m-th
moment of the random copy-number of the i-th species at time t, i.e.

E(g(X(t))) = E(Xm
i (t)).

Another relevant example is when g(x) = 1lA(x), the indicator function for some subset A ⊂ X defined as

1lA(x) =

{
1 if x ∈ A
0 otherwise.

Then the output is the probability of the state X(t) being in set A at time t

E(g(X(t))) = P(X(t) ∈ A).

One method of choice to numerically approximate the map p(0, ·) 7→ E(g(X(t))) is by the SSA and its variants
(e.g. [5, 19, 20, 21] and the references there) combined with ensemble averaging. Generally, this approach mandates
a large number of sample paths, to achieve Monte-Carlo convergence to reasonable accuracy for E(g(X(t))) at fixed
t > 0. In the present paper, we propose DeepCME, a deep neural network based methodology to emulate the
above-mentioned map. Also in the present approach path simulation is required, during the DNN training phase.
However, we find that the number of paths to achieve DNN training generally is lower than by direct use of Monte-
Carlo estimator combined with SSA; accuracy is achieved through the generalization properties of DNNs rather than
through approximation admissible sets of initial densities.

As is by now well-known in ML, an essential ingredient in DNN based approaches to emulate high-dimensional
maps is the mathematical setup of suitable loss-functions which determine the training process. In DeepCME, we
propose a particular loss function which is inspired by other, recent approaches in computational finance (e.g. [12] and
the references therein). Specifically, using Kolmogorov’s backward equation, Kurtz’s random time change formulation
[22] and Ito’s formula for jump processes, we identify an equation that the output quantity of interest E(g(X(t)))
along with some “policy map” V(t,X(t)) must uniquely satisfy for each stochastic trajectory (X(t))t≥0 almost surely.
Minimising a “loss” function that measures the error in this equation, allows us to train a deep neural network to
learn the policy map and the quantity of interest E(g(X(t))) in a reinforcement learning framework. Remarkably, this
approach also yields the sensitivities of the quantity of interest E(g(X(t))) w.r.t. all model parameters. Estimating
these parametric sensitivities is important for many applications, but it is considered a difficult problem towards
which a lot of research effort has recently been directed [23, 24, 25, 26, 27, 28, 29, 30, 31].

This paper is organised as follows. In Section 2 we provide some background on the CTMC model of a reaction
network. In Section 3 we present our main results that allow us to cast the problem of solving a CME into the
reinforcement learning framework. In Section 4 we describe our deep-learning approach and its implementation in
TensorFlow. In Section 5 we illustrate this approach with four examples. Finally, in Section 6 we conclude and
present directions for future research.

1In the case #(X) = ∞ this sum is formal for now. We later will indicate some sufficient conditions for this sum to be well-defined.
Applying state-space truncation schemes e.g. [9], we may assume that #(X) <∞ holds with a small error in the estimated expectation,
which renders the summation finite.
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2 Preliminaries

2.1 The stochastic model

We start by describing the continuous-time Markov chain (CTMC) model of a reaction network. Consider a network
with n species, denoted by X1, . . . ,Xn, that participate in K reactions of the form

n∑
i=1

νkiXi −→
n∑
i=1

ν′kiXi , k = 1, ...,K, (2.1)

where νki (resp. ν′ki) is the number of molecules of species Xi consumed (resp. produced) by reaction k. The system’s
state x = (x1, . . . , xn) ∈ Nn0 at any time is the vectors of copy-numbers of the n species. As time advances, this
state gets displaced by the stoichiometric vector ζk = (ν′k1− νk1, . . . , ν′kn− νkn) when reaction k fires, and this event
occurs at rate λk(x) where λk : Nn0 → [0,∞) is the propensity function for reaction k. Commonly λk is given by
mass-action kinetics [3])

λk(x1, . . . , xn) = ck

n∏
i=1

(
xi
νki

)
, (2.2)

with ck > 0 being the associated rate constant.

There are many ways to formally specify the CTMC representing a reaction network. One way is through its
generator, which is an operator that captures the rate of change of the probability distribution of the process (see
Chapter 4 in [22]). It is given by

Af(x) =
K∑
k=1

λk(x) (f(x+ ζk)− f(x)) , (2.3)

for any f that is a bounded real-valued function on the state-space X ⊂ Nn0 of the Markov chain. The state-space X
is assumed to be nonempty and closed under the reaction dynamics, i.e. if x ∈ X and λk(x) > 0 then (x+ ζk) is also
in X.

Another way to specify the CTMC is via Kurtz’s random time change representation (see Chapter 6 in [22]).

X(t) = X(0) +
K∑
k=1

Rk(t)ζk, (2.4)

where Rk(t) is a counting process that counts the number of firings of reaction k in the time-period [0, t]. As is
customary in trajectory-simulation (e.g. [3, 19]) which will also be required by us for DNN training, we express it in
terms of an independent unit rate Poisson process Yk as e.g. [21].

Rk(t) = Yk

(∫ t

0

λk(X(s))ds

)
. (2.5)

With this representation in place, we consider the CTMC (X(t))t≥0 on the canonical probability space generated by
the independent unit Poisson processes Y1, . . . , YK .

2.2 Kolmogorov’s forward and backward equations

Let (X(t))t≥0 be the CTMC representing reaction dynamics with some initial state X(0) ∈ X. For any state
x ∈ X ⊂ Nn0 , let

p(t, x) = P (X(t) = x) (2.6)
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be the probability that the CTMC is in state x at time t. These probabilities evolve deterministically in time
according to Kolmogorov’s forward equation, more widely known as the Chemical Master Equation (CME) [3, 4].
The CME is the following system of deterministic linear ODEs

dp(t, x)

dt
=

K∑
k=1

p(t, x− ζk)λk(x− ζk)− p(t, x)
K∑
k=1

λk(x), (2.7)

for each x ∈ X. Note that the number of ODEs in this CME system is equal to #(X), the number of elements in X,
which is typically exorbitantly large or even infinite.

Consider an output function g : X→ R such that

E(|g(X(T ))|) <∞ (2.8)

for some finite time horizon T > 0. The Kolmogorov’s backward equation [32] describes the evolution of the
martingale (w.r.t. the filtration generated by (X(t))t≥0)

Vg(t, x) = E(g(X(T ))|X(t) = x) (2.9)

in the time interval [0, T ], and it is given by

∂

∂t
Vg(t, x) = −AVg(t, x) = −

K∑
k=1

λk(x)(Vg(t, x+ ζk)− Vg(t, x)), (2.10)

with the terminal condition Vg(T, x) = g(x), x ∈ X. The backward equation (2.9) will play a key role in our
development of a deep learning approach for estimating quantities of the form E(g(X(T ))).

In the case where the state-space X is finite, i.e. #(X) = m < ∞, we can enumerate it as X = {x(1), . . . , x(m)}.
Then the CTMC generator A in (2.10) can be expressed as the m×m transition rate matrix Q = [Qij ] given by2

Qij =

 −
∑K
k=1 λk(x(i)) if i = j
λk(xi) if x(j) = x(i) + ζk for some k

0 otherwise.

Viewing p(t) as the vector p(t) = (p(t, x(1)), . . . , p(t, x(m))) ∈ [0, 1]#(X), we can express the CME (2.7) as

dp

dt
= Q>p(t), t ≥ 0 . (2.11)

Here, Q>ij := Qji, i, j ∈ 1 : m. CME (2.11) admits the closed-form solution

p(t) = exp(tQ>)p(0) for any t ≥ 0. (2.12)

Similarly, viewing Vg(t) as the vector (Vg(t, x
(1)), . . . , Vg(t, x

(m))) ∈ R#(X), the backward equation (2.10) can be
solved as

Vg(t) = exp(−Q(T − t))g for any t ∈ [0, T ] (2.13)

where g denotes the vector g = (g(x(1)), . . . , g(x(m))) ∈ R#X. We are interested in networks where m = #(X) is
extremely large or infinite. Then, numerically computing matrix exponentials in (2.12) or in (2.13) is not an option.

2.3 Parametric sensitivity analysis

Now consider the situation where the propensity functions depend on a scalar parameter θ (like reaction rate constant
for mass-action kinetics, temperature etc.). Denoting the θ-dependent CTMC as (Xθ(t))t≥0, it is often of interest to
compute the parametric sensitivity

Sθ(g, T ) =
∂

∂θ
E (g(Xθ(T ))) , (2.14)

2We assume for convenience that all stoichiometry vectors (ζk-s) are distinct.
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of the observed output E (g(Xθ(T ))) at time T . Such sensitivity values are important for many applications and their
direct calculation is generally impossible but a number of simulation-based approaches have recently been developed
to provide efficient numerical estimation of these sensitivity values; we mention only [23, 24, 25, 26, 27, 28, 29, 30, 31].

Theorem 3.3 in [29] proves that

Sθ(g, T ) =
K∑
k=1

E

(∫ T

0

∂λk(Xθ(t), θ)

∂θ
(Vg(t,Xθ(t) + ζk)− Vg(t,Xθ(t))) dt

)
, (2.15)

where Vg(t, x) is defined by (2.9) with X(·) replaced by Xθ(·). The main difficulty in using this formula for computing
sensitivities is that the function

∆kVg(t, x) := Vg(t, x+ ζk)− Vg(t, x) (2.16)

is unknown and hence it must be estimated “on the fly” by numerically generating auxiliary paths [29]. In the
method we develop in this paper we shall “learn” (i.e., emulate by ML techniques) this function using deep neural
networks. This would provide a simple direct way to estimate the parameter sensitivity via formula (2.15). This
approach would in fact yield sensitivities w.r.t. to all model parameters in one shot, unlike what is afforded by
existing sensitivity estimation approaches.

3 Main Results

In this section we state and prove the key result which our deep learning approach depends on. Recall that our
goal is to estimate E(g(X(t))) (see (1.1)) which is same as Vg(0, x0) (see (2.9)) if the initial state of the CTMC
is X(0) = x0. Also recall the random time-change representation (2.4) and the definition of the reaction counting
process Rk from (2.5). Henceforth we shall denote the centred version of this process as

R̃k(t) := Yk

(∫ t

0

λk(X(s))ds

)
−
∫ t

0

λk(X(s))ds , k = 1, . . . ,K. (3.1)

This centred process is a local martingale w.r.t. the filtration FX(t) generated by (X(t))t≥0 (see Chapter 1 in [33]).

We now state an assumption that we require for our approach.

Assumption 3.1 (Non-explosivity of the CTMC) Let (X(t))t≥0 be the CTMC given by (2.4) with determinis-
tic initial condition X(0) = x0. Let X ⊂ Nn0 denote the state-space of this CTMC and let FX(t) be the filtration it
generates. If τM is the FX(t)-stopping time defined by

τM = inf{t ≥ 0 : ‖X(t)‖ ≥M},
then τM →∞ almost surely as M →∞.

Remark 3.2 There are a number of works in the literature that provide sufficient conditions for this non-explosivity
condition to hold, subject to the form of the propensity functions (see for example in [34, 35, 36] and the references
therein). Under the no-explosion assumption a probability distribution p(t) satisfying the CME exists uniquely (see
e.g. Lemma 1.23 in [33]).

We next present the main result on which our deep learning approach is based.

Theorem 3.3 (Expected output and policy map characterization) Suppose Assumption 3.1 holds for the CTMC
(X(t))t≥0 and the output function g : X→ R satisfies (2.8). Let Y be a real number and let V(t, x) = (V1(t, x), . . . ,VK(t, x))
be a measurable RK-valued function on [0, T ]× X such that the following relation holds almost surely

g(X(T )) = Y +
K∑
k=1

∫ T

0

Vk(t,X(t))dR̃k(t). (3.2)
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Then Y and V(t, x) exist uniquely and they can be identified as

Y = E(g(X(T ))) and V(t, x) = (∆1Vg(t, x), . . . ,∆kVg(t, x)) (3.3)

where Vg(t, x) is given by (2.9) and the difference operator ∆k is as in (2.16).

Remark 3.4 (Connection to our deep learning approach) Before we prove this theorem, we briefly describe
how this result translates into our deep learning approach whose details will be provided in Section 4. Using the mod-
ified next reaction method [6], one can easily generate trajectories of the CTMC (X(t))t≥0 along with the associated

centred reaction counting processes (R̃1(t), . . . , R̃K(t))t≥0. For each such trajectory, relation (3.2) can be interpreted
in terms of known and unknown quantities as

g(X(T ))︸ ︷︷ ︸
known

= Y︸︷︷︸
unknown

+
K∑
k=1

∫ T

0

Vk(t,X(t))︸ ︷︷ ︸
unknown

dR̃k(t)︸ ︷︷ ︸
known

. (3.4)

We represent the unknown map (t, x) 7→ V(t, x) by a deep neural network (DNN) and consider unknown Y as an
optimisation variable. Then by minimising a “loss” function L(Y,V) that measures the discrepancy in relation (3.4)
we try to recover the optimal values of Y and V that are given by (3.3). This allows us to estimate the quantity of
interest E(g(X(T ))) (as Y) and also its parametric sensitivities by substituting Vk(t, x) for ∆kVg(t, x) in (2.15).

Proof.[Proof of Theorem 3.3] We prove this result in two steps. We first show that Y and V(t, x) given by (3.3)

satisfy (3.2) almost surely. Then, we prove that if another such pair (Ŷ, V̂(t, x)) satisfying (3.2) exists we must

necessarily have Ŷ = Y and V̂(t, x) = V(t, x).

Applying Ito’s formula for jump Markov processes to Vg(t,X(t)) we obtain

Vg(T,X(T )) = Vg(0, x0) +

∫ T

0

∂

∂t
Vg(t,X(t))dt+

K∑
k=1

∫ T

0

∆kVg(t,X(t))dRk(t).

Using Kolmogorov’s backward equation (2.10) and simplifying we get

Vg(T,X(T )) = Vg(0, X(0)) +

K∑
k=1

∫ T

0

∆kVg(t,X(t))dR̃k(t). (3.5)

Noting that Vg(T,X(T )) = g(X(T )) and Vg(0, X(0)) = E(g(X(T ))) we see that (3.2) holds with Y and V(t, x) given
by (3.3).

Now let (Ŷ, V̂(t, x)) be another pair satisfying (3.2), i.e.

g(X(T )) = Ŷ +
K∑
k=1

∫ T

0

V̂k(t,X(t))dR̃k(t).

We subtract (3.5) from this equation to obtain

∆Ŷ +
K∑
k=1

∫ T

0

∆V̂k(t,X(t))dR̃k(t) = 0 (3.6)

where

∆Ŷ = Ŷ − E(g(X(T ))) and ∆V̂k(t,X(t)) = V̂k(t,X(t))−∆kVg(t,X(t)).

Note that

m(t) = ∆Ŷ +
K∑
k=1

∫ t

0

∆V̂k(s,X(s))dR̃k(s)
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is a local martingale and if τM is the stopping time defined in Assumption 3.1, then the stopped process m(t∧ τM ) is
a martingale, where a ∧ b := min {a, b}. Applying Doob’s maximal inequality [22] on the submartingale |m(t ∧ τM )|
we obtain

E

[(
sup

0≤t≤T∧τM
|m(t)|

)2
]
≤ 4E(m(T ∧ τM )2). (3.7)

Note that terms on both sides of the inequality are monotonically increasing in M . This monotonicity is obvious for
the term on the l.h.s. . For the term on the r.h.s. it follows from the conditional Jensen’s inequality and from the
martingale property

E(m(T ∧ τM+1)2) = E
[
E
(
m(T ∧ τM+1)2|FX(T ∧ τM )

)]
≥ E

[
(E (m(T ∧ τM+1)|FX(T ∧ τM )))

2
]

= E(m(T ∧ τM )2).

Letting M →∞ and using the monotone convergence theorem on both sides of (3.7) we obtain

E

[(
sup

0≤t≤T
|m(t)|

)2
]
≤ 4E(m(T )2)

where we have used the fact that τM → ∞ as M → ∞ due to Assumption 3.1. Relation (3.6) informs us that
m(T ) = 0 almost surely and hence

E

[(
sup

0≤t≤T
|m(t)|

)2
]

= 0.

This is sufficient to conclude that ∆Ŷ = 0 and ∆V̂k(t,X(t)) for any t ∈ [0, T ].

As this holds for any CTMC trajectory (X(t))t≥0, we must have ∆V̂k(t, x) = 0 for any (t, x) ∈ [0, T ] × X. This
completes the proof of this theorem. �

4 DeepCME: Deep Learning Formulation for CME

In this section we detail our deep learning method for solving CME, referred to as DeepCME. We have computationally
implemented this method using the machine learning library TensorFlow [37].

As outlined in Remark 3.4, our approach is based on the almost sure relationship established in Theorem 3.3.
Even though this result was presented for a single output function g(x), it can be easily extended for a vector-
valued function g(x) = (g1(x), . . . , gR(x)) by considering the unknown variable Y as a R-dimensional vector and the
unknown map V(t, x) as taking values in the space of R ×K matrices. Such an extension is useful because in most
applications one is interested in estimating multiple statistical properties (like means, variances, covariances etc.) of
the CME solution p(T ).

We now define the “loss” function L(Y,V) that measures the discrepancies in the R almost sure relations given
by (3.4). Let L : RR → [0,∞) be the following continuously differentiable function

L(x1, . . . , xR) =
R∑
i=1

φ

(
xi
∆i

)
where ∆ = (∆1, . . . ,∆R) is a vector of positive threshold values and

φ(x) =

{
x2 if |x| < 1

2|x| − 1 otherwise.
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We define the loss function as

L(Y,V) = E

[
L

(
g(X(T ))− Y −

K∑
k=1

∫ T

0

Vk(t,X(t))dR̃k(t)

)]
, (4.1)

where the expectation is estimated by computing the sample mean over a finite batch of “training” trajectories.
During the training process this loss function is minimised in order to learn the optimal Y, which estimates our
quantities of interest

E(g(X(T ))) = (E(g1(X(T ))), . . . ,E(gR(X(T )))),

and the optimal matrix-valued map V(t, x), commonly called the “policy” map in the parlance of reinforcement
learning. This policy map will enable us to estimate sensitivities of the quantities of interest w.r.t. all the model
parameters as discussed in Section 2.3. The threshold values ∆ = (∆1, . . . ,∆R) help in neutralising the disparities in
the relative magnitudes of the estimated quantities and the discrepancies in the corresponding almost sure relations.
The loss function minimisation is performed with stochastic gradient descent (SGD) algorithm that makes use of the
automatic differentiation routines that are built in TensorFlow. Differentiability properties of the function L which
defines the loss function are important for convergence of the SGD iterations.

Next we discuss the structure of the deep neural network (DNN) which encodes the matrix-valued policy map
(t, x) 7→ V(t, x). Recall from Section 2.2 that if the state-space is finite then Vg(t, x) can in principle be found
by exponentiating the transition rate matrix Q multiplied with (T − t) (see (2.13)). Hence, if λ = λ1 + iλ2 is an
eigenvalue of Q, then on the associated eigenspace we would expect that the dependence of Vg(t, x) on time t is
given by eλ(T−t) = eλ1(T−t)(cos(λ2(T − t)) + i sin(λ2(T − t))). Motivated by this rationale, rather than passing the
time-values t directly as inputs to the DNN that encodes V(t, x), we shall pass temporal features of the form

T (t) = (eλ11(T−t), . . . , eλr1(T−t), sin(λ12(T − t) + ψ1), . . . , sin(λr2(T − t) + ψr)), (4.2)

where λ11, . . . , λr1, λ12, . . . , λr2 are 2r trainable variables that represent the r dominant eigenvalues of the generator
of the CTMC. Additionally, r trainable variables ψ1, . . . , ψr are included to represent ‘phase shifts’. Problem-specific
temporal features, like the ones we consider, have been successfully employed in existing deep learning methods for
ODE-based reaction network models (see, e.g., [38] and the references therein). Note that the mapping between time
t and the temporal features T (t) is one-to-one and hence no information is lost by substituting time inputs with
temporal features.

We encode the policy map (t, x) 7→ V(t, x) as fully connected feedforward neural network whose architecture is
schematically shown in Figure 1.

A feedforward deep neural network (DNN for short) consists of an input layer, L hidden layers and an output
layer. Mathematically, DNNs Φ considered here are determined by a tuple

Φ = ((T1, ρ1), ..., (TL+1, ρL+1)) , (4.3)

affine transformations T` : RN`−1 → RN` , ie., T`(x) = W`x+b`, ` = 1, ..., L+1, with weight matrices W` ∈ RN`×N`−1 ,
and bias vectors b` ∈ RN` . As mentioned, in the presently considered DNNs, the input layer takes the temporal
features T (t) and the state vector x = (x1, . . . , xn).

The nonlinearities ρ` : RN` → RN` in (4.3) act on vectors in RN` component-wise, with possibly different
activations at each layer. The number L + 1 denotes the number of layers (sometimes referred to as depth) of the
DNN Φ, and L denotes the number of hidden layers of DNN Φ.

With the DNN Φ, we associate a realization, i.e., a map

R(Φ) : RN0 → RNL+1 , where R(Φ) := ρL+1 ◦ TL+1 ◦ .... ◦ ρ1 ◦ T1 .

The relation between Φ and its realisation R(Φ) as a map is not one-to-one.

The goal of DNN approximations is to provide a parsimonious surrogate map for many-parametric, input-output
maps.
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Figure 1: Architecture of the neural network: DNN architecture to encode the matrix-valued map (t, x) 7→
V(t, x). The inputs (t, x) are passed to an input layer, which leaves the state values x unchanged but activates a
dictionary of temporal features (4.2). The resulting output is propagated through a DNN with L fully connected
hidden layers, and an additional output layer with each layer having NH nodes. For simplicity, we assume no sparsity
in the weight matrices and the bias vectors of these layers. In the final step, the output from the output layer is cast
into the policy-map matrix V(t, x) corresponding to inputs (t, x).

The input layer transforms the time-value t into temporal features (4.2) but leaves the state vector x = (x1, . . . , xn)
unchanged. For the layers, we assume fixed width, i.e., that each layer consists of NH nodes (including the output
layer). We also assume that no activation is applied at the output layer, i.e. ρL+1 is the identity function,

and all activations in the hidden layers are equal, i.e. for ` = 1, ..., L and for i = 1, . . . , NH , % = (ρ`)i : R→ R. In
the ensuing numerical examples, we employ the so-called ReLU-activation for the hidden layers, which is given by

%(x) := ReLU(x) = max{x, 0}, x ∈ R . (4.4)

Remark 4.1 More generally, for k ∈ N, we may choose the activations %k(x), observing that increasing the value
of k increases differentiability of realizations of the DNN Φ. This may be of relevance in cases where the diffusion
limits for large copy number counts of particular species imply higher smoothness of the map x 7→ p(t, x).

To numerically evaluate the loss function, we require simulated trajectories of the form (X(t), R̃(t))t≥0 where

X denotes the CTMC and each R̃ = (R̃1, . . . , R̃K) is the vector of centred reaction counting processes defined by
(3.1). Such trajectories can be easily generated with Anderson’s modified next reaction method [6]. We discretise
the time-interval [0, T ] as

0 = t0 < t1 < · · · < tJ = T

and for each simulated trajectory we compute Yj iteratively as

Yj = Yj−1 + V(tj−1, X(tj−1))(R̃(tj)− R̃(tj−1)) for j = 1, . . . , J,

with Y0 = Y. Here each Yj is a R × 1 vector, V(tj−1, X(tj−1)) is a R ×K matrix and (R̃(tj)− R̃(tj−1) is a K × 1

vector. Following this scheme we can compute Y(q)
J for the q-th simulated trajectory (X(q)(t), R̃(q)(t))t≥0. With M

i.i.d such trajectories, the loss function (4.1) can be estimated as

L̂(Y,V) :=
1

M

M∑
q=1

L
(
g(X(q)(T ))− Y(q)

J

)
. (4.5)

Here, we made use of (3.6).
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Remark 4.2 In the loss function (4.1) and its MC estimate (4.5), one could add a sparsity-promoting regularization
term, in which case (4.1) would become

L̂(Y,V) :=
1

M

M∑
q=1

L
(
g(X(q)(T ))− Y(q)

J

)
+ µP(Φ) . (4.6)

Here, µ ≥ 0 is a penalty parameter and P(Φ) promotes sparsity in weights W` and biases b` comprising Φ. In the
numerical experiments to be reported, we did not use this device.

Remark 4.3 When the time-interval [0, T ] is large, instead of using a single DNN to approximate the policy map
(t, x) 7→ V(t, x), it may beneficial to employ multiple temporal DNNs that are uniformly distributed in the time-
interval [0, T ]. All these DNNs have the same structure, as shown in Figure 1. If NT such DNNs are employed, then
we use the m-th DNN to represent the policy map (t, x) 7→ V(t, x) for t ∈ [(m − 1)δ,mδ) where m = 1, . . . , NT and
δ = T/NT . Distributing DNNs across time would reduce the complexity of the policy map (as a function of time t)
that needs to be learned. This is helpful in scenarios where the stochastic dynamics has intricate temporal features,
such as oscillations.

5 Examples

We now present four examples to illustrate our DeepCME method. All these examples are reaction networks with
n species, denoted by X1, . . . ,Xn, and 2n reactions. By varying n, we shall investigate how the DeepCME method
performs as the network gets larger and compare its performance with simulation based methods.

In all the examples, we assume that all the species have zero copy-numbers initially, and we consider two output
functions g1(x) = xn and g2(x) = x2n whose expectation is to be estimated under the probability distribution given
by the CME solution at time T = 1. In other words, we shall use DeepCME to estimate the first two moments of
the copy-number of species Xn at time T , viz.

E(g1(X(T ))) = E(Xn(T )) and E(g2(X(T ))) = E(X2
n(T )). (5.1)

We shall compare these estimates to those obtained by simulating 1000 CTMC trajectories with SSA [5]. Our method
DeepCME also yields estimates of the sensitivities of the estimated moments (5.1) w.r.t. all model parameters. We
plot these estimates and compare them with the estimates obtained via the simulation-based Bernoulli Path Algorithm
(BPA) [29]. These latter estimates are based on a sample of size 1000 and for each sample BPA requires generation
of a certain number of auxiliary paths (see Section 2.3) which we set to be 10 in our examples.

In all the examples, we encode the policy map (t, x) 7→ V(t, x) as a DNN with L = 2 hidden layers and NH = 4
nodes per layer (see Figure 1), irrespective of the number of species n. The activation function for all hidden layer
nodes is ReLU(x) (see (4.4)) and we choose r = 1 for the temporal features (4.2) to transform the time-values. For
loss function computation, we partition the time-interval [0, T ] into J = 50 equal size time-increments.

The neural network is trained with a training batch of 100 trajectories generated a priori with the modified next
reaction method [6] (see Section 4), and another such batch of 100 trajectories is used for validation. We display the
loss function for the validation trajectories to track the training process. For facilitate comparison across network
sizes, we normalise all the loss function trajectories to be one at the start of training. Finally, note that the definition
of our loss function (4.1) depends on certain threshold values ∆ = (∆1,∆2). We choose these values as

∆j = 1 + |µ̂j |+ 2σ̂j

where µ̂j (resp. σ̂j) denotes the sample mean (resp. standard deviation) of the values of the output function gj for
the trajectories in the training batch.
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5.1 Independent birth death network

As our first example (see Figure 2(A)), we consider a network of n species that are all undergoing independent
birth-death reactions

∅ k−→ Xj
γ−→ ∅ for j = 1, . . . , n.

We set k = 10 and γ = 1. The propensity functions obey mass-action kinetics and are hence affine functions of the
state variable x.

For n = 5, 10, 20 many species, we apply DeepCME to this reaction network by training the neural network for
10′000 SGD iterations. Based on the trained neural network, we compute estimates of the first two moments (5.1)
and their sensitivities to both the model parameters k and γ. We also estimate these quantities with simulation-based
methods (SSA and BPA) with 1000 samples, and since the propensity functions are linear we can compute these
quantities exactly as well. In plots shown in Figure 2(D-F), we compare the estimates from all these approaches for
various values of n. Observe that DeepCME is in general quite accurate in estimating both the moments and their
parametric sensitivities, but there a few cases where the error is significant (e.g. sensitivity w.r.t. γ for E(X2

n(T ))).
These errors can in principle be reduced by employing a larger neural network to encode the policy map. In our
experience, these errors were also reduced in some cases by including a sparsity promoting term in the loss function
(see Remark 4.2) but the result was highly sensitive to the relative weight (i.e. parameter µ in (4.6)) of this term
(data not shown).

The central processing unit (CPU) time required by DeepCME and simulation-based methods for obtaining
moment and sensitivity estimates are plotted in Figure 2(B). Note that the CPU time for simulation-based methods
grows linearly with the network size n, but for DeepCME this growth is sub-linear owing to the fixed structure of the
underlying neural network. Despite this fixed structure, the loss function trajectories for DeepCME are similar for
all n (see Figure 2(C)), indicating that the training process has low dependence on the number of species, probably
because the species are evolving independently.

5.2 Linear signalling cascade

Our second example is a linear cascade with n-species (see Figure 3(A)), where species Xi catalyses the production
of species Xi+1. The 2n reactions are given by

∅ β0−→ X1, Xi
k−→ Xi+1 for i = 1, . . . , n− 1 and Xj

γ−→ ∅ for j = 1, . . . , n.

We set β0 = 10, k = 5 and γ = 1. As in the previous example, all the propensity functions obey mass-action kinetics
and are hence affine functions of the state.

For number of species n = 2, 5, 10, we apply DeepCME to this reaction network by training the neural network
for 10′000 SGD iterations. Then we compute the moment estimates (5.1) and their sensitivities to all the model
parameters. These quantities are also estimated with simulation-based methods (SSA and BPA) with 1000 samples,
and as with the previous example, the linearity of the propensity functions enables us to compute these quantities
exactly as well. In the plots shown in Figure 3(D-F), we compare the estimates from all these approaches for various
values of n. Observe that DeepCME is accurate in estimating the moments but some of the parameter sensitivity
estimates are not very accurate (e.g. sensitivity w.r.t. k for E(X2

n(T ))) and n = 20. This is probably because the
neural network we use is not sufficiently “deep” for large n and the training process is less successful, as indicated
by the loss function trajectories shown in Figure 3(C). The CPU times for DeepCME and simulation-based methods
are plotted in Figure 3(B), and as expected they show sub-linear growth w.r.t. n for the former but linear growth
for the latter.
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<latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit>
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103
<latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit>

102
<latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit>

# species
5

<latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit>

10
<latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit>

20
<latexit sha1_base64="ZCWqJgNZ/Exzu9SsPNiD9NAWFMk=">AAACGnicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsSo0RTabSbt0dxN2J9YS+g+86slf4028evHfuKk9qPXBwuPNzM68F6aCG/S8T6c0N7+wuLS8Ul5dW9/YrFS3rk2SaQZtlohE34bUgOAK2shRwG2qgcpQwE04OC3qN/egDU/UFY5S6EraUzzmjKKVLhveXaXm1b0J3FniT0mNTHF+V3VKQZSwTIJCJqgxHUFVZBi1n+dUI2cCxuUgM5BSNqA96FiqqATTzSf3jt09q0RunGj7FLoT9edETqUxIxnaTkmxb/7WCvG/WifD+Kibc5VmCIp9L4oz4WLiFubdiGtgKEaWUKa5vdVlfaopQxtROVAwZImU1k4etMZ5UCwIw7w1tn4QHnDII+wf+x5XNjX/b0az5LpR9726f3FQa55M81smO2SX7BOfHJImOSPnpE0YickjeSLPzovz6rw579+tJWc6s01+wfn4Av4toFo=</latexit><latexit sha1_base64="ZCWqJgNZ/Exzu9SsPNiD9NAWFMk=">AAACGnicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsSo0RTabSbt0dxN2J9YS+g+86slf4028evHfuKk9qPXBwuPNzM68F6aCG/S8T6c0N7+wuLS8Ul5dW9/YrFS3rk2SaQZtlohE34bUgOAK2shRwG2qgcpQwE04OC3qN/egDU/UFY5S6EraUzzmjKKVLhveXaXm1b0J3FniT0mNTHF+V3VKQZSwTIJCJqgxHUFVZBi1n+dUI2cCxuUgM5BSNqA96FiqqATTzSf3jt09q0RunGj7FLoT9edETqUxIxnaTkmxb/7WCvG/WifD+Kibc5VmCIp9L4oz4WLiFubdiGtgKEaWUKa5vdVlfaopQxtROVAwZImU1k4etMZ5UCwIw7w1tn4QHnDII+wf+x5XNjX/b0az5LpR9726f3FQa55M81smO2SX7BOfHJImOSPnpE0YickjeSLPzovz6rw579+tJWc6s01+wfn4Av4toFo=</latexit><latexit sha1_base64="ZCWqJgNZ/Exzu9SsPNiD9NAWFMk=">AAACGnicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsSo0RTabSbt0dxN2J9YS+g+86slf4028evHfuKk9qPXBwuPNzM68F6aCG/S8T6c0N7+wuLS8Ul5dW9/YrFS3rk2SaQZtlohE34bUgOAK2shRwG2qgcpQwE04OC3qN/egDU/UFY5S6EraUzzmjKKVLhveXaXm1b0J3FniT0mNTHF+V3VKQZSwTIJCJqgxHUFVZBi1n+dUI2cCxuUgM5BSNqA96FiqqATTzSf3jt09q0RunGj7FLoT9edETqUxIxnaTkmxb/7WCvG/WifD+Kibc5VmCIp9L4oz4WLiFubdiGtgKEaWUKa5vdVlfaopQxtROVAwZImU1k4etMZ5UCwIw7w1tn4QHnDII+wf+x5XNjX/b0az5LpR9726f3FQa55M81smO2SX7BOfHJImOSPnpE0YickjeSLPzovz6rw579+tJWc6s01+wfn4Av4toFo=</latexit><latexit sha1_base64="ZCWqJgNZ/Exzu9SsPNiD9NAWFMk=">AAACGnicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsSo0RTabSbt0dxN2J9YS+g+86slf4028evHfuKk9qPXBwuPNzM68F6aCG/S8T6c0N7+wuLS8Ul5dW9/YrFS3rk2SaQZtlohE34bUgOAK2shRwG2qgcpQwE04OC3qN/egDU/UFY5S6EraUzzmjKKVLhveXaXm1b0J3FniT0mNTHF+V3VKQZSwTIJCJqgxHUFVZBi1n+dUI2cCxuUgM5BSNqA96FiqqATTzSf3jt09q0RunGj7FLoT9edETqUxIxnaTkmxb/7WCvG/WifD+Kibc5VmCIp9L4oz4WLiFubdiGtgKEaWUKa5vdVlfaopQxtROVAwZImU1k4etMZ5UCwIw7w1tn4QHnDII+wf+x5XNjX/b0az5LpR9726f3FQa55M81smO2SX7BOfHJImOSPnpE0YickjeSLPzovz6rw579+tJWc6s01+wfn4Av4toFo=</latexit>

Parameter Sensitivities Parameter Sensitivities

Function Estimates

Figure 2: Independent birth death network: (A) Depicts the network with n species and 2n reactions with
mass-action kinetics. (B) The CPU times are shown for training the DNN for different values of n (denoted as #
species), and for comparison the time needed to generate 1000 SSA trajectories is also indicated. (C) Plots the loss
function w.r.t. training steps for various n values. Panels (D-F) show estimates for the function values (E(Xn(T ))
and E(X2

n(T ))) and the parameter sensitivities. The estimates with simulation based methods (SSA for function
estimates and BPA for parameter sensitivities) are shown as 95% confidence intervals with 1000 samples.

5.3 Nonlinear signalling cascade

We now consider a variant of the network in Example 2 where the catalytic production of species Xi+1 by species
Xi is non-linear (see Figure 4(A)) and is given by a activating Hill propensity with a basal rate

H(x) = b+
kmx

H
i

k0 + xHi
(5.2)

where b = 1, km = 100, k0 = 10 and H = 1. Other reactions have mass-action kinetics as in Example 2, with the
same rate constants β0 = 10 and γ = 1.

For number of species n = 2, 5, 10, we apply DeepCME to this reaction network by training the neural network
for 10′000 SGD iterations. Then we compute the moment estimates (5.1) and their sensitivities to all the model
parameters. These quantities are also estimated with simulation-based methods (SSA and BPA) with 1000 samples,
and unlike previous examples we cannot compute these quantities exactly due to nonlinear propensities. In the plots
shown in Figure 4(D-F), we compare the estimates from DeepCME and simulation-based approaches for various values
of n. Observe that DeepCME is reasonably accurate in estimating the moments and their parametric sensitivities
for all values of n. The success of the training process is shown by the loss function profiles shown in Figure 4(C).
Note that these loss functions increase monotonically with n and this is consistent with the observation that errors in
DeepCME-estimated quantities increases with n (see Figure 4(D-F)). The CPU times for DeepCME and simulation-
based methods are displayed in Figure 4(B), and as in previous examples they show sub-linear growth w.r.t. n for
the former but linear growth for the latter.
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<latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit><latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit><latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit><latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit>
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;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

k
<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>

k
<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>

�
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<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>
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<latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit>

10
<latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit>2

<latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit><latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit><latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit><latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit>

C
PU

 T
im

e 
(s

ec
on

ds
)

B

102
<latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit>

103
<latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit>

Figure 3: Linear signalling cascade: (A) Depicts the network with n species and 2n reactions with mass-action
kinetics. (B) The CPU times are shown for training the DNN for different values of n (denoted as # species), and
for comparison the time needed to generate 1000 SSA trajectories is also indicated. (C) Plots the loss function w.r.t.
training steps for various n values. Panels (D-F) show estimates for the function values (E(Xn(T )) and E(X2

n(T )))
and the parameter sensitivities. The estimates with simulation based methods (SSA for function estimates and BPA
for parameter sensitivities) are shown as 95% confidence intervals with 1000 samples.

5.4 Linear signalling cascade with feedback

Lastly we consider another variant of the network in Example 2 where there is negative feedback to the production
of X1 from species Xn (see Figure 5(A)) which is given by a repressing Hill function with a basal rate

H(x) = b+
km

k0 + xHn
, (5.3)

where b = 1, km = 100, k0 = 10 and H = 1. Other reactions have mass-action kinetics as in Example 2, with the
same rate constants k = 5 and γ = 1. Due to the presence of feedback, oscillations can arise in the dynamics and to
better represent this temporal dependence of the policy map we encode it with NT = 5 identical DNNs (see Remark
4.3).

For number of species n = 2, 5, 10, we apply DeepCME to this reaction network by training the neural network
for 10′000 SGD iterations. Then we compute the moment estimates (5.1) and their sensitivities to all the model
parameters, and we also estimate these quantities with simulation-based methods (SSA and BPA) using 1000 samples.
In the plots shown in Figure 5(D-F), we compare the estimates from both these approaches for various values of n.
Observe that DeepCME is quite accurate in estimating the moments for n = 2, 5 and the parametric sensitivities
for only n = 2. For n = 5, 10 only the sensitivities for E(Xn(T )) are accurate but the sensitivities for E(Xn(T ))
are not accurate with our neural network architecture. The loss function trajectories are shown in Figure 5(C). The
CPU times for DeepCME and simulation-based methods are plotted in Figure 5(B), and they show a similar growth
pattern as our earlier examples.
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<latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit><latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit><latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit><latexit sha1_base64="lrWTmAiA759ceKCRd2TITs1N5fY=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJUykMuu63s7G5tb2zW9mr7h8cHh3XTk67Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98LpXeH3nrg2IlGPOEt5ENOxEpFgFK3k+zHFSRjl/fnQG9bqbsNdgKwTryR1KNEe1r78UcKymCtkkhoz8NwUg5xqFEzyedXPDE8pm9IxH1iqaMxNkC8yz8mlVUYkSrR9CslC/b2R09iYWRzaySKjWfUK8T9vkGHUDHKh0gy5YstDUSYJJqQogIyE5gzlzBLKtLBZCZtQTRnamqq2BG/1y+uke93w3Ib3cFNvNcs6KnAOF3AFHtxCC+6hDR1gkMIzvMKbkzkvzrvzsRzdcMqdM/gD5/MH9m+Rlg==</latexit>

X2
<latexit sha1_base64="UCK47IkAHVMz9hKGKasQNQevyYg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFsMuCG5cV7AOaUCbTSTt0MgkzN0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFKvh9TnIRR3p8PG8Nqza27S5BN4hWkBgXaw+qXP0pYFnOFTFJjBp6bYpBTjYJJPq/4meEpZVM65gNLFY25CfJl5jm5ssqIRIm2TyFZqr83chobM4tDO7nIaNa9hfifN8gwaga5UGmGXLHVoSiTBBOyKICMhOYM5cwSyrSwWQmbUE0Z2poqtgRv/cubpNuoe27de7iptZpFHWW4gEu4Bg9uoQX30IYOMEjhGV7hzcmcF+fd+ViNlpxi5xz+wPn8AffzkZc=</latexit><latexit sha1_base64="UCK47IkAHVMz9hKGKasQNQevyYg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFsMuCG5cV7AOaUCbTSTt0MgkzN0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFKvh9TnIRR3p8PG8Nqza27S5BN4hWkBgXaw+qXP0pYFnOFTFJjBp6bYpBTjYJJPq/4meEpZVM65gNLFY25CfJl5jm5ssqIRIm2TyFZqr83chobM4tDO7nIaNa9hfifN8gwaga5UGmGXLHVoSiTBBOyKICMhOYM5cwSyrSwWQmbUE0Z2poqtgRv/cubpNuoe27de7iptZpFHWW4gEu4Bg9uoQX30IYOMEjhGV7hzcmcF+fd+ViNlpxi5xz+wPn8AffzkZc=</latexit><latexit sha1_base64="UCK47IkAHVMz9hKGKasQNQevyYg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFsMuCG5cV7AOaUCbTSTt0MgkzN0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFKvh9TnIRR3p8PG8Nqza27S5BN4hWkBgXaw+qXP0pYFnOFTFJjBp6bYpBTjYJJPq/4meEpZVM65gNLFY25CfJl5jm5ssqIRIm2TyFZqr83chobM4tDO7nIaNa9hfifN8gwaga5UGmGXLHVoSiTBBOyKICMhOYM5cwSyrSwWQmbUE0Z2poqtgRv/cubpNuoe27de7iptZpFHWW4gEu4Bg9uoQX30IYOMEjhGV7hzcmcF+fd+ViNlpxi5xz+wPn8AffzkZc=</latexit><latexit sha1_base64="UCK47IkAHVMz9hKGKasQNQevyYg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRFsMuCG5cV7AOaUCbTSTt0MgkzN0IJ/Q03LhRx68+482+ctllo64GBwzn3cs+cMJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWNUmmGe+wRCa6H1LDpVC8gwIl76ea0ziUvBdO7xZ+74lrIxL1iLOUBzEdKxEJRtFKvh9TnIRR3p8PG8Nqza27S5BN4hWkBgXaw+qXP0pYFnOFTFJjBp6bYpBTjYJJPq/4meEpZVM65gNLFY25CfJl5jm5ssqIRIm2TyFZqr83chobM4tDO7nIaNa9hfifN8gwaga5UGmGXLHVoSiTBBOyKICMhOYM5cwSyrSwWQmbUE0Z2poqtgRv/cubpNuoe27de7iptZpFHWW4gEu4Bg9uoQX30IYOMEjhGV7hzcmcF+fd+ViNlpxi5xz+wPn8AffzkZc=</latexit>

Xn
<latexit sha1_base64="iu10XNIX9S8ovST36oItKZYG6M8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkZ5fz6Uw1rdbbgLkHXilaQOJdrD2pc/SlgWozRMUK0HnpuaIKfKcCZwXvUzjSllUzrGgaWSxqiDfJF5Ti6tMiJRouyThizU3xs5jbWexaGdLDLqVa8Q//MGmYmaQc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvW54bsN7uKm3mmUdFTiHC7gCD26hBffQhg4wSOEZXuHNyZwX5935WI5uOOXOGfyB8/kDUvKR0w==</latexit><latexit sha1_base64="iu10XNIX9S8ovST36oItKZYG6M8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkZ5fz6Uw1rdbbgLkHXilaQOJdrD2pc/SlgWozRMUK0HnpuaIKfKcCZwXvUzjSllUzrGgaWSxqiDfJF5Ti6tMiJRouyThizU3xs5jbWexaGdLDLqVa8Q//MGmYmaQc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvW54bsN7uKm3mmUdFTiHC7gCD26hBffQhg4wSOEZXuHNyZwX5935WI5uOOXOGfyB8/kDUvKR0w==</latexit><latexit sha1_base64="iu10XNIX9S8ovST36oItKZYG6M8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkZ5fz6Uw1rdbbgLkHXilaQOJdrD2pc/SlgWozRMUK0HnpuaIKfKcCZwXvUzjSllUzrGgaWSxqiDfJF5Ti6tMiJRouyThizU3xs5jbWexaGdLDLqVa8Q//MGmYmaQc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvW54bsN7uKm3mmUdFTiHC7gCD26hBffQhg4wSOEZXuHNyZwX5935WI5uOOXOGfyB8/kDUvKR0w==</latexit><latexit sha1_base64="iu10XNIX9S8ovST36oItKZYG6M8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUQEuyy4cVnBPqAJZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU8G1cd1vZ2Nza3tnt7JX3T84PDqunZx2dZIphh2WiET1Q6pRcIkdw43AfqqQxqHAXji9K/zeEyrNE/loZikGMR1LHnFGjZV8P6ZmEkZ5fz6Uw1rdbbgLkHXilaQOJdrD2pc/SlgWozRMUK0HnpuaIKfKcCZwXvUzjSllUzrGgaWSxqiDfJF5Ti6tMiJRouyThizU3xs5jbWexaGdLDLqVa8Q//MGmYmaQc5lmhmUbHkoygQxCSkKICOukBkxs4QyxW1WwiZUUWZsTVVbgrf65XXSvW54bsN7uKm3mmUdFTiHC7gCD26hBffQhg4wSOEZXuHNyZwX5935WI5uOOXOGfyB8/kDUvKR0w==</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

�
<latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit>

�
<latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit>
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H(x1)
<latexit sha1_base64="s2/pgjv6TLGeCpe/1FXOOhM2dK4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURwS4LbrqsYB/QhjCZTtqhk0mYmRRL6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3u92ZUKhaLRz1PqBfhsWAhI1gbybftYYT1hGCetRa1J9+99u2qU3eWQJvELUgVCrR9+2s4ikkaUaEJx0oNXCfRXoalZoTTRWWYKppgMsVjOjBU4IgqL1smX6Aro4xQGEvzhEZL9fdGhiOl5lFgJvOcat3Lxf+8QarDhpcxkaSaCrI6FKYc6RjlNaARk5RoPjcEE8lMVkQmWGKiTVkVU4K7/uVN0r2pu07dfbitNhtFHWW4gEuogQt30IQWtKEDBGbwDK/wZmXWi/VufaxGS1axcw5/YH3+AM0FkxA=</latexit><latexit sha1_base64="s2/pgjv6TLGeCpe/1FXOOhM2dK4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURwS4LbrqsYB/QhjCZTtqhk0mYmRRL6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3u92ZUKhaLRz1PqBfhsWAhI1gbybftYYT1hGCetRa1J9+99u2qU3eWQJvELUgVCrR9+2s4ikkaUaEJx0oNXCfRXoalZoTTRWWYKppgMsVjOjBU4IgqL1smX6Aro4xQGEvzhEZL9fdGhiOl5lFgJvOcat3Lxf+8QarDhpcxkaSaCrI6FKYc6RjlNaARk5RoPjcEE8lMVkQmWGKiTVkVU4K7/uVN0r2pu07dfbitNhtFHWW4gEuogQt30IQWtKEDBGbwDK/wZmXWi/VufaxGS1axcw5/YH3+AM0FkxA=</latexit><latexit sha1_base64="s2/pgjv6TLGeCpe/1FXOOhM2dK4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURwS4LbrqsYB/QhjCZTtqhk0mYmRRL6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3u92ZUKhaLRz1PqBfhsWAhI1gbybftYYT1hGCetRa1J9+99u2qU3eWQJvELUgVCrR9+2s4ikkaUaEJx0oNXCfRXoalZoTTRWWYKppgMsVjOjBU4IgqL1smX6Aro4xQGEvzhEZL9fdGhiOl5lFgJvOcat3Lxf+8QarDhpcxkaSaCrI6FKYc6RjlNaARk5RoPjcEE8lMVkQmWGKiTVkVU4K7/uVN0r2pu07dfbitNhtFHWW4gEuogQt30IQWtKEDBGbwDK/wZmXWi/VufaxGS1axcw5/YH3+AM0FkxA=</latexit><latexit sha1_base64="s2/pgjv6TLGeCpe/1FXOOhM2dK4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURwS4LbrqsYB/QhjCZTtqhk0mYmRRL6J+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3u92ZUKhaLRz1PqBfhsWAhI1gbybftYYT1hGCetRa1J9+99u2qU3eWQJvELUgVCrR9+2s4ikkaUaEJx0oNXCfRXoalZoTTRWWYKppgMsVjOjBU4IgqL1smX6Aro4xQGEvzhEZL9fdGhiOl5lFgJvOcat3Lxf+8QarDhpcxkaSaCrI6FKYc6RjlNaARk5RoPjcEE8lMVkQmWGKiTVkVU4K7/uVN0r2pu07dfbitNhtFHWW4gEuogQt30IQWtKEDBGbwDK/wZmXWi/VufaxGS1axcw5/YH3+AM0FkxA=</latexit>

H(x2)
<latexit sha1_base64="1cQOZfvY2VkB/ErZx1IN6RWDwG0=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZSkCPZY8NJjBdsKbQib7aZdutmE3U2xhP4TLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tb2zu1ferxwcHh2f2KdnPRWnktAuiXksHwOsKGeCdjXTnD4mkuIo4LQfTO9yvz+jUrFYPOh5Qr0IjwULGcHaSL5tDyOsJwTzrL2oPfmNa9+uOnVnCbRJ3IJUoUDHt7+Go5ikERWacKzUwHUS7WVYakY4XVSGqaIJJlM8pgNDBY6o8rJl8gW6MsoIhbE0T2i0VH9vZDhSah4FZjLPqda9XPzPG6Q6bHoZE0mqqSCrQ2HKkY5RXgMaMUmJ5nNDMJHMZEVkgiUm2pRVMSW461/eJL1G3XXq7v1NtdUs6ijDBVxCDVy4hRa0oQNdIDCDZ3iFNyuzXqx362M1WrKKnXP4A+vzB86KkxE=</latexit><latexit sha1_base64="1cQOZfvY2VkB/ErZx1IN6RWDwG0=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZSkCPZY8NJjBdsKbQib7aZdutmE3U2xhP4TLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tb2zu1ferxwcHh2f2KdnPRWnktAuiXksHwOsKGeCdjXTnD4mkuIo4LQfTO9yvz+jUrFYPOh5Qr0IjwULGcHaSL5tDyOsJwTzrL2oPfmNa9+uOnVnCbRJ3IJUoUDHt7+Go5ikERWacKzUwHUS7WVYakY4XVSGqaIJJlM8pgNDBY6o8rJl8gW6MsoIhbE0T2i0VH9vZDhSah4FZjLPqda9XPzPG6Q6bHoZE0mqqSCrQ2HKkY5RXgMaMUmJ5nNDMJHMZEVkgiUm2pRVMSW461/eJL1G3XXq7v1NtdUs6ijDBVxCDVy4hRa0oQNdIDCDZ3iFNyuzXqx362M1WrKKnXP4A+vzB86KkxE=</latexit><latexit sha1_base64="1cQOZfvY2VkB/ErZx1IN6RWDwG0=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZSkCPZY8NJjBdsKbQib7aZdutmE3U2xhP4TLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tb2zu1ferxwcHh2f2KdnPRWnktAuiXksHwOsKGeCdjXTnD4mkuIo4LQfTO9yvz+jUrFYPOh5Qr0IjwULGcHaSL5tDyOsJwTzrL2oPfmNa9+uOnVnCbRJ3IJUoUDHt7+Go5ikERWacKzUwHUS7WVYakY4XVSGqaIJJlM8pgNDBY6o8rJl8gW6MsoIhbE0T2i0VH9vZDhSah4FZjLPqda9XPzPG6Q6bHoZE0mqqSCrQ2HKkY5RXgMaMUmJ5nNDMJHMZEVkgiUm2pRVMSW461/eJL1G3XXq7v1NtdUs6ijDBVxCDVy4hRa0oQNdIDCDZ3iFNyuzXqx362M1WrKKnXP4A+vzB86KkxE=</latexit><latexit sha1_base64="1cQOZfvY2VkB/ErZx1IN6RWDwG0=">AAAB+XicbVBNS8NAFHypX7V+RT16WSxCvZSkCPZY8NJjBdsKbQib7aZdutmE3U2xhP4TLx4U8eo/8ea/cdPmoK0DC8PMe7zZCRLOlHacb6u0tb2zu1ferxwcHh2f2KdnPRWnktAuiXksHwOsKGeCdjXTnD4mkuIo4LQfTO9yvz+jUrFYPOh5Qr0IjwULGcHaSL5tDyOsJwTzrL2oPfmNa9+uOnVnCbRJ3IJUoUDHt7+Go5ikERWacKzUwHUS7WVYakY4XVSGqaIJJlM8pgNDBY6o8rJl8gW6MsoIhbE0T2i0VH9vZDhSah4FZjLPqda9XPzPG6Q6bHoZE0mqqSCrQ2HKkY5RXgMaMUmJ5nNDMJHMZEVkgiUm2pRVMSW461/eJL1G3XXq7v1NtdUs6ijDBVxCDVy4hRa0oQNdIDCDZ3iFNyuzXqx362M1WrKKnXP4A+vzB86KkxE=</latexit>

H(xn�1)
<latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="7hVLrQQU/V2gfPgJ005seFERAUs=">AAAB8nicbVBNS8NAFHypX7VWjeLNy2IR6sGS9KJHwUuPFewHtCFstpt26WYTdjdiDcG/4sWDIv4Yb/4bN20P2jqwMMy8x5udIOFMacf5tkobm1vbO+Xdyl51/+DQPqp2VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMbwu/90ClYrG417OEehEeCxYygrWRfPtkGGE9IZhnrbz+6Gfi0s0vfLvmNJw50Dpxl6QGS7R9+2s4ikkaUaEJx0oNXCfRXoalZoTTvDJMFU0wmeIxHRgqcESVl83T5+jcKCMUxtI8odFc/b2R4UipWRSYySKrWvUK8T9vkOrw2suYSFJNBVkcClOOdIyKKtCISUo0nxmCiWQmKyITLDHRprCKKcFd/fI66TYbrtNw7xwowymcQR1cuIIbaEEbOkDgCV7gDd6tZ+vV+ljUVbKWvR3DH1ifP3uFk20=</latexit><latexit sha1_base64="7hVLrQQU/V2gfPgJ005seFERAUs=">AAAB8nicbVBNS8NAFHypX7VWjeLNy2IR6sGS9KJHwUuPFewHtCFstpt26WYTdjdiDcG/4sWDIv4Yb/4bN20P2jqwMMy8x5udIOFMacf5tkobm1vbO+Xdyl51/+DQPqp2VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMbwu/90ClYrG417OEehEeCxYygrWRfPtkGGE9IZhnrbz+6Gfi0s0vfLvmNJw50Dpxl6QGS7R9+2s4ikkaUaEJx0oNXCfRXoalZoTTvDJMFU0wmeIxHRgqcESVl83T5+jcKCMUxtI8odFc/b2R4UipWRSYySKrWvUK8T9vkOrw2suYSFJNBVkcClOOdIyKKtCISUo0nxmCiWQmKyITLDHRprCKKcFd/fI66TYbrtNw7xwowymcQR1cuIIbaEEbOkDgCV7gDd6tZ+vV+ljUVbKWvR3DH1ifP3uFk20=</latexit><latexit sha1_base64="flHXE2cxwifBBuCo5LBKazoLVvs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCXVgSN3ZZcNNlBfuANoTJdNIOnUzCzESsIfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOX7MqFS2/W2U1tY3NrfK25Wd3b39A/PwqCujRGDSwRGLRN9HkjDKSUdRxUg/FgSFPiM9f3qT+717IiSN+J2axcQN0ZjTgGKktOSZJ8MQqQlGLG1ltQcv5ZdOduGZVbtuz2GtEqcgVSjQ9syv4SjCSUi4wgxJOXDsWLkpEopiRrLKMJEkRniKxmSgKUchkW46T59Z51oZWUEk9OPKmqu/N1IUSjkLfT2ZZ5XLXi7+5w0SFTTclPI4UYTjxaEgYZaKrLwKa0QFwYrNNEFYUJ3VwhMkEFa6sIouwVn+8irpXtUdu+7c2tVmo6ijDKdwBjVw4Bqa0II2dADDIzzDK7wZT8aL8W58LEZLRrFzDH9gfP4A3naUxw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit><latexit sha1_base64="bar9Oj/s+wspRfBfF9vi1lkaDFU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWoC0sigl0W3HRZwT6gDWEynbRDJ5MwMxFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7nJ/e49EZJG/E5NY+KGaMRpQDFSWvLM40GI1Bgjljaz6oOX8gsnO/fMil2zZ7CWiVOQChRoeebXYBjhJCRcYYak7Dt2rNwUCUUxI1l5kEgSIzxBI9LXlKOQSDedpc+sM60MrSAS+nFlzdTfGykKpZyGvp7Ms8pFLxf/8/qJCupuSnmcKMLx/FCQMEtFVl6FNaSCYMWmmiAsqM5q4TESCCtdWFmX4Cx+eZl0LmuOXXNuryqNelFHCU7gFKrgwDU0oAktaAOGR3iGV3gznowX4934mI+uGMXOEfyB8fkD37aUyw==</latexit>

Parameter Sensitivities

D FE# species = 2 # species = 5 # species = 10

Function Estimates Function Estimates Function Estimates

Parameter Sensitivities Parameter Sensitivities

CPU times

C
PU

 T
im

e 
(s

ec
on

ds
)

B

102
<latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit>

103
<latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit>

# species
5

<latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit>

10
<latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit>2

<latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit><latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit><latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit><latexit sha1_base64="PLCPGvpoLdChb1y/DLYm6CtfIjQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNeh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AeR+MrA==</latexit>

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

Fu
nc

tio
n

E
st

im
at

e

E(Xn)

DeepCME
SSA

0

50

100

150

200

250

300

350

E(X2
n)

DeepCME
SSA

km H �
Parameter

�15

�10

�5

0

5

10

15

P
ar

am
et

er
S

en
si

tiv
ity

E
st

im
at

e

E(Xn)

DeepCME
BPA

km H �
Parameter

�800

�600

�400

�200

0

200

400

600

E(X2
n)

DeepCME
BPA

0

5

10

15

20

25

Fu
nc

tio
n

E
st

im
at

e

E(Xn)

DeepCME
SSA

0

200

400

600

800

E(X2
n)

DeepCME
SSA

km H �
Parameter

�40

�20

0

20

40

P
ar

am
et

er
S

en
si

tiv
ity

E
st

im
at

e

E(Xn)

DeepCME
BPA

km H �
Parameter

�2000

�1000

0

1000

2000

3000

E(X2
n)

DeepCME
BPA

0

5

10

15

20

25

Fu
nc

tio
n

E
st

im
at

e

E(Xn)

DeepCME
SSA

0

100

200

300

400

500

600

E(X2
n)

DeepCME
SSA

km H �
Parameter

�40

�20

0

20

40

P
ar

am
et

er
S

en
si

tiv
ity

E
st

im
at

e

E(Xn)

DeepCME
BPA

km H �
Parameter

�2000

�1000

0

1000

2000

E(X2
n)

DeepCME
BPA

Figure 4: Nonlinear signalling cascade: (A) Depicts the network with n species and 2n reactions. The reactions
shown with red dashed-arrow have propensities given by a nonlinear activating Hill function (5.2). Other reactions
have mass-action kinetics. (B) The CPU times are shown for training the DNN for different values of n (denoted as
# species), and for comparison the time needed to generate 1000 SSA trajectories is also indicated. (C) Plots the loss
function w.r.t. training steps for various n values. Panels (D-F) show estimates for the function values (E(Xn(T ))
and E(X2

n(T ))) and the parameter sensitivities (only the significant sensitivities are shown). The estimates with
simulation based methods (SSA for function estimates and BPA for parameter sensitivities) are shown as 95%
confidence intervals with 1000 samples.

6 Conclusion

Over the past couple of decades, stochastic reaction network models have become increasingly popular as a modelling
paradigm for noisy intracellular processes. Many consequential biological studies have experimentally highlighted the
random dynamical fluctuations within living cells, and have employed such stochastic models to quantify the effects
of this randomness in shaping the phenotype at both the population and the single-cell levels [39]. As experimental
technologies continue to improve at a rapid pace, it is urgent to develop computational tools that are able to bring
larger and more realistic systems within the scope of stochastic modelling and analysis.

The central object of interest in stochastic reaction network models is a high-dimensional system of linear ODEs,
called the Chemical Master Equation (CME). Numerical solutions to the CME are difficult to obtain and commonly
used simulation-based schemes to estimate the solutions often require an inordinate amount of computational time,
even for moderately-sized networks. Inspired by the recent success of machine learning approaches in solving high-
dimensional PDEs [13], our goal in this paper is to devise a similar strategy, based on deep reinforcement learning
to numerically solve CMEs. We develop such a method, called DeepCME, and we illustrate it with a number of
examples. The neural network we train in DeepCME not only provides estimates for the CME solution but also
its sensitivities w.r.t. all model parameters without any extra effort. Such parametric sensitivities are important for
many applications, such as evaluating a network’s robustness properties [40] or identifying its critical components
[41], but they are even more difficult to estimate than solutions to the CME [23, 24, 25, 26, 27, 28, 29, 30, 31].

Our work opens up several directions for future research. The machine-learning based computational frame-
work and the mathematical formulation which we provide allows to deploy and transfer strong ML methodologies
to the quantitative analysis and to data assimilation into complex CRNs. The present, basic approach can be
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<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

;
<latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit><latexit sha1_base64="83reZSKZfQjnNLfK5KYWUQsb4FE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2k3bpbhJ2J0II/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVHNo8lrHuBcyAFBG0UaCEXqKBqUBCN5jezv3uE2gj4ugBswR8xcaRCAVnaKXHAagEMwM4rNbcursAXSdeQWqkQGtY/RqMYp4qiJBLZkzfcxP0c6ZRcAmzyiA1kDA+ZWPoWxoxBcbPFwfP6IVVRjSMta0I6UL9PZEzZUymAtupGE7MqjcX//P6KYYNPxdRkiJEfLkoTCXFmM6/pyOhgaPMLGFcC3sr5ROmGUebUcWG4K2+vE46V3XPrXv317Vmo4ijTM7IObkkHrkhTXJHWqRNOFHkmbySN0c7L86787FsLTnFzCn5A+fzBzXbkKE=</latexit>

k
<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>

k
<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>

�
<latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit>

�
<latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit><latexit sha1_base64="V2j68dtu4Mv+rN4UyQDlkJm3NGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idzCZjZmaXmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSqzdEKbFfrvhVfwGyToKcVCBHo1/+6g0SmkmmLBVoTDfwUxtOUVtOBZuVeplhKdIxDlnXUYWSmXC6uHZGLpwyIHGiXSlLFurviSlKYyYycp0S7cisenPxP6+b2bgWTrlKM8sUXS6KM0FsQuavkwHXjFoxcQSp5u5WQkeokVoXUMmFEKy+vE5aV9XArwb315V6LY+jCGdwDpcQwA3U4Q4a0AQKj/AMr/DmJd6L9+59LFsLXj5zCn/gff4Ag+mPCw==</latexit>
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H(xn)
<latexit sha1_base64="m9uMrG1dkVvA173HkW3yWCI8hXY=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCmy4r2Ae0IUym03boZBJmJtIS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45QcyZ0o7zbW1t7+zu7ZcOyodHxyen9lmlq6JEEtohEY9kP8CKciZoRzPNaT+WFIcBp71gdp/7vScqFYvEo17E1AvxRLAxI1gbybcrwxDrKcE8bWW1uZ+K7Nq3q07dWQJtErcgVSjQ9u2v4SgiSUiFJhwrNXCdWHsplpoRTrPyMFE0xmSGJ3RgqMAhVV66zJ6hK6OM0DiS5gmNlurvjRSHSi3CwEzmSdW6l4v/eYNEjxteykScaCrI6tA44UhHKC8CjZikRPOFIZhIZrIiMsUSE23qKpsS3PUvb5LuTd116u7DbbXZKOoowQVcQg1cuIMmtKANHSAwh2d4hTcrs16sd+tjNbplFTvn8AfW5w/5PpRZ</latexit><latexit sha1_base64="m9uMrG1dkVvA173HkW3yWCI8hXY=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCmy4r2Ae0IUym03boZBJmJtIS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45QcyZ0o7zbW1t7+zu7ZcOyodHxyen9lmlq6JEEtohEY9kP8CKciZoRzPNaT+WFIcBp71gdp/7vScqFYvEo17E1AvxRLAxI1gbybcrwxDrKcE8bWW1uZ+K7Nq3q07dWQJtErcgVSjQ9u2v4SgiSUiFJhwrNXCdWHsplpoRTrPyMFE0xmSGJ3RgqMAhVV66zJ6hK6OM0DiS5gmNlurvjRSHSi3CwEzmSdW6l4v/eYNEjxteykScaCrI6tA44UhHKC8CjZikRPOFIZhIZrIiMsUSE23qKpsS3PUvb5LuTd116u7DbbXZKOoowQVcQg1cuIMmtKANHSAwh2d4hTcrs16sd+tjNbplFTvn8AfW5w/5PpRZ</latexit><latexit sha1_base64="m9uMrG1dkVvA173HkW3yWCI8hXY=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCmy4r2Ae0IUym03boZBJmJtIS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45QcyZ0o7zbW1t7+zu7ZcOyodHxyen9lmlq6JEEtohEY9kP8CKciZoRzPNaT+WFIcBp71gdp/7vScqFYvEo17E1AvxRLAxI1gbybcrwxDrKcE8bWW1uZ+K7Nq3q07dWQJtErcgVSjQ9u2v4SgiSUiFJhwrNXCdWHsplpoRTrPyMFE0xmSGJ3RgqMAhVV66zJ6hK6OM0DiS5gmNlurvjRSHSi3CwEzmSdW6l4v/eYNEjxteykScaCrI6tA44UhHKC8CjZikRPOFIZhIZrIiMsUSE23qKpsS3PUvb5LuTd116u7DbbXZKOoowQVcQg1cuIMmtKANHSAwh2d4hTcrs16sd+tjNbplFTvn8AfW5w/5PpRZ</latexit><latexit sha1_base64="m9uMrG1dkVvA173HkW3yWCI8hXY=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCmy4r2Ae0IUym03boZBJmJtIS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45QcyZ0o7zbW1t7+zu7ZcOyodHxyen9lmlq6JEEtohEY9kP8CKciZoRzPNaT+WFIcBp71gdp/7vScqFYvEo17E1AvxRLAxI1gbybcrwxDrKcE8bWW1uZ+K7Nq3q07dWQJtErcgVSjQ9u2v4SgiSUiFJhwrNXCdWHsplpoRTrPyMFE0xmSGJ3RgqMAhVV66zJ6hK6OM0DiS5gmNlurvjRSHSi3CwEzmSdW6l4v/eYNEjxteykScaCrI6tA44UhHKC8CjZikRPOFIZhIZrIiMsUSE23qKpsS3PUvb5LuTd116u7DbbXZKOoowQVcQg1cuIMmtKANHSAwh2d4hTcrs16sd+tjNbplFTvn8AfW5w/5PpRZ</latexit>

D FE# species = 2 # species = 5 # species = 10
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102
<latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit><latexit sha1_base64="CGXA87EsYrtTeh4+Fq+pUcb58EE=">AAACHHicbVBNS8NAEN3U7/rV6tFLsAieSlIEvQhFKXhUsCo0tWw203bp7ibsTqwl5C941ZO/xpt4Ffw3bmoPfj1YeLyZ2Zn3wkRwg5734ZTm5hcWl5ZXyqtr6xublerWlYlTzaDNYhHrm5AaEFxBGzkKuEk0UBkKuA5Hp0X9+g604bG6xEkCXUkHivc5o1hIvnfb6FVqXt2bwv1L/BmpkRnOe1WnFEQxSyUoZIIa0xFURYZR+31GNXImIC8HqYGEshEdQMdSRSWYbja9OHf3rBK5/Vjbp9Cdqt8nMiqNmcjQdkqKQ/O7Voj/1Top9o+6GVdJiqDY16J+KlyM3cK+G3ENDMXEEso0t7e6bEg1ZWhDKgcKxiyW0trJglaeBcWCMMxaufWDcI9jHuHw2Pe4sqn5vzP6S64add+r+xcHtebJLL9lskN2yT7xySFpkjNyTtqEkSF5II/kyXl2XpxX5+2rteTMZrbJDzjvnz21oP0=</latexit>

103
<latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit><latexit sha1_base64="T5g7GzDFkJOKGvdp83Zk/PgPLz8=">AAACHHicbVBNS8NAEN3Ur1q/Wj16CRbBU0lU0IsgiuBRwdZCU8tmM7WLu5uwO7GWkL/gVU/+Gm/iVfDfuGl78OvBwuPNzM68FyaCG/S8T6c0Mzs3v1BerCwtr6yuVWvrLROnmkGTxSLW7ZAaEFxBEzkKaCcaqAwFXId3p0X9+h604bG6wlECXUlvFe9zRrGQfO9mr1etew1vDPcv8aekTqa46NWcUhDFLJWgkAlqTEdQFRlG7fcZ1ciZgLwSpAYSyu7oLXQsVVSC6Wbji3N32yqR24+1fQrdsfp9IqPSmJEMbaekODC/a4X4X62TYv+wm3GVpAiKTRb1U+Fi7Bb23YhrYChGllCmub3VZQOqKUMbUiVQMGSxlNZOFpzlWVAsCMPsLLd+EB5wyCMcHPkeVzY1/3dGf0lrt+F7Df9yv358Ms2vTDbJFtkhPjkgx+ScXJAmYWRAHskTeXZenFfnzXmftJac6cwG+QHn4ws/aqD+</latexit>

# species
5

<latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit><latexit sha1_base64="o3XfLNM4LL5yTF1HC/fKs0AaM8w=">AAACGXicbVDJSgNBEO2JW4xbokcvg0HwFGZE0YsQlIDHBMwCmRB6eiqmsbtn6K4xhiFf4FVPfo038erJv7GzHNweNDxeVXXVe2EiuEHP+3RyS8srq2v59cLG5tb2TrG02zJxqhk0WSxi3QmpAcEVNJGjgE6igcpQQDu8u5rW2/egDY/VDY4T6El6q/iAM4pWapz2i2Wv4s3g/iX+gpTJAvV+yckFUcxSCQqZoMZ0BVWRYdT+nVGNnAmYFILUQELZHb2FrqWKSjC9bHbuxD20SuQOYm2fQnemfp/IqDRmLEPbKSkOze/aVPyv1k1xcN7LuEpSBMXmiwapcDF2p97diGtgKMaWUKa5vdVlQ6opQ5tQIVAwYrGU1k4W1CZZMF0QhlltYv0gPOCIRzi88D2ubGr+74z+ktZxxfcqfuOkXL1c5Jcn++SAHBGfnJEquSZ10iSMAHkkT+TZeXFenTfnfd6acxYze+QHnI8vjBWgIw==</latexit>

10
<latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit><latexit sha1_base64="3QOY9WQ8e3uBMFwoK967jqYNsxk=">AAACGnicbVDLSgNBEJyNrxif0aOXxSB4Crsi6EUISsBjFPOAbAizs71mcGZ2melVw5I/8Konv8abePXi3zh5HDRaMFBUd093VZgKbtDzvpzCwuLS8kpxtbS2vrG5tV3eaZkk0wyaLBGJ7oTUgOAKmshRQCfVQGUooB3eXYzr7XvQhifqBocp9CS9VTzmjKKVrn2vv13xqt4E7l/iz0iFzNDol51CECUsk6CQCWpMV1AVGUbt5znVyJmAUSnIDKSU3dFb6FqqqATTyyf3jtwDq0RunGj7FLoT9edETqUxQxnaTklxYOZrY/G/WjfD+LSXc5VmCIpNF8WZcDFxx+bdiGtgKIaWUKa5vdVlA6opQxtRKVDwwBIprZ08qI/yYLwgDPP6yPpBeMQHHuHgzPe4sqn58xn9Ja2jqu9V/avjSu18ll+R7JF9ckh8ckJq5JI0SJMwEpMn8kxenFfnzXl3PqatBWc2s0t+wfn8Bvx3oFk=</latexit>2
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Figure 5: Linear signalling cascade with feedback: (A) Depicts the network with n species and 2n reactions.
The reaction shown with red dashed-arrow has propensity given by a nonlinear repressing Hill function (5.3). All
other reactions have mass-action kinetics. (B) The CPU times are shown for training the DNN for different values
of n (denoted as # species), and for comparison the time needed to generate 1000 SSA trajectories is also indicated.
(C) Plots the loss function w.r.t. training steps for various n values. Panels (D-F) show estimates for the function
values (E(Xn(T )) and E(X2

n(T ))) and the parameter sensitivities (only the significant sensitivities are shown). The
estimates with simulation based methods (SSA for function estimates and BPA for parameter sensitivities) are shown
as 95% confidence intervals with 1000 samples.

improved/extended in a number of ways.

Firstly, it needs to be investigated how the architecture of the neural network can be optimally selected, for
improved convergence of the training process, based on the CRN model.

Secondly, our framework requires a few ‘exact’ stochastic simulations of the dynamics, which could still be
computationally infeasible for many large biological networks, especially if they are multiscale in nature [42, 43].
It might be possible to improve efficiency replacing exact simulations with τ -leaping simulations [20], multi-level
schemes [21] or with simulations based on reduced models for multiscale networks [16, 44, 42, 43]. Incorporating such
approaches for generating training trajectories would make our approach computationally feasible for much larger
networks than those considered here. In particular, multi-level schemes based on coupling techniques simulations
[21] would allow one to construct a lower variance estimator for the loss function (4.5) which would in turn benefit
the accuracy and the convergence of the training process. In the context of multiscale networks, identifying the
appropriate copy-number scalings that give rise to reduced models with simpler dynamics is a highly specialised task
requiring careful theoretical analysis [16]. However our approach can be extended to “learn” these scaling factors
during the training process by including them as trainable subnetworks into the ML feature space and employing
them to scale the state-vectors in the input layer of the DNNs (see Figure 1). It is quite possible that incorporating
these scaling factors would enhance the expressivity of the DNN.

Thirdly, the parameter sensitivities that we compute in our method could be employed in an ‘outer’ gradient
descent method with the purpose of inferring model parameters by matching the computed statistics of CME solution
with experimental data [45].

On the theoretical front, greater mathematical effort is required to understand how deep reinforcement-learning
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approaches can help in circumventing the curse of dimensionality inherent to CMEs.

Finally, the architecture of the DNNs may include feature spaces comprising parametric dictionaries of motifs,
which are adjusted during training to the reaction rates and to the kinetics of the CRN under consideration.
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