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3

1Institute for Theoretical Biology, Charité and4
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The intestinal epithelium is one of the fastest renewing tissues in mammals with

an average turnover time of only a few days. It shows a remarkable degree of stability

towards external perturbations such as physical injuries or radiation damage. Tissue

renewal is driven by intestinal stem cells, and differentiated cells can de-differentiate if

the stem cell niche is lost after tissue damage. However, self-renewal and regeneration

require a tightly regulated balance to uphold tissue homoeostasis, and failure can lead

to tissue extinction or to unbounded growth and cancerous lesions. Here, we present

a mathematical model of intestinal epithelium population dynamics that is based on

the current mechanistic understanding of the underlying biological processes. We

derive conditions for stability and thereby identify mechanisms that may lead to loss

of homoeostasis. A key results is the existence of specific thresholds in feedbacks after

which unbounded growth occurs, and a subsequent convergence of the system to a

stable ratio of stem to non-stem cells. A biologically interesting property of the model

is that the number of differentiated cells at the steady-state can become invariant

to changes in their apoptosis rate. Moreover, we compare alternative mechanisms

for homeostasis with respect to their recovery dynamics after perturbation from

steady-state. Finally, we show that de-differentiation enables the system to recover

more gracefully after certain external perturbations, which however makes the system

more prone to loosing homoeostasis.
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I. INTRODUCTION9

A tissue is said to be hierarchically organised if it consists of different cell types constituting10

a characteristic hierarchical structure. Generally, two classes of cells can be distinguished:11

Adult stem cells have an unlimited capacity of indefinite self-renewal, but also differentiate12

and thus directly or indirectly give rise to differentiated cells which perform the designated13

function of the tissue [1]. Additionally in cases of tissue damage and regeneration the14

dedifferentiation of differentiated cells back into cycling stem cells has been observed, for15

instance in case of the intestinal epithelium [2, 3], the airway epithelium [4], and the kidney16

epithelium [5]. In order to uphold the homoeostasis of such a tissue in the face of external17

perturbations, a tight regulation of the stem cell compartment is required. In case of tissue18

damage, stem cells need to increase proliferation according to tissue requirements; however19

over-proliferation of the stem cell compartment must be avoided in order to prevent unlimited20

growth [6]. Such a tight control seems to be maintained through specific feedback loops21

exerted by differentiated cells onto the stem cell compartment regulating the size of the22

latter [7]. In contrast, control of the dedifferentiation of differentiated cells seems to be23

exerted by the stem cell compartment (see Tata et al. [4], and Beumer and Clevers [8]24

as well as the references therein). Escaping one or multiple of these stability-conferring25

control mechanisms may cause the tissue to loose homoeostasis and subsequently switch to a26

behaviour of unbounded, malignant growth.27

28

The intestinal epithelium and the colon epithelium are prime examples of such hierarchically29

organised tissues. Despite its single-layered, simple epithelial structure it is able to withstand30

continuous mechanical, chemical and biological insults due to its specific tissue architecture31

in combination with a high rate of cellular turnover [9]: Stem cells residing at the bottom32

of the intestinal crypts cycle continuously approximately once per day and give rise to new33

cells. These cells then mature while migrating upwards, until they terminally differentiate34

and become part of the villi, eventually committing apoptosis and being shed off into the35

intestinal lumen [10]. Control of the intestinal and the colon stem cell compartment is36

realised via differentiated epithelial cells releasing Indian Hedgehog (Ihh), which stimulates37

mesenchymal cells to release Bone Morphogentic Proteins (BMPs). These, in turn, interfere38

with intracellular effects of WNT signalling and thus stimulate stem cell differentiation [11–15].39
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40

Previous theoretical research on hierarchically organised tissues has often focussed on the41

abstract case of arbitrary tissues: Rodriguez-Brenes et al. [16] considered arbitrary hierar-42

chically organised tissues consisting of two compartments: a compartment of cycling and43

differentiating stem cells, and a compartment of non-cycling differentiated cells committing44

apoptosis at a fixed rate. They assumed that the differentiated cell compartment may exert45

feedback onto the stem cells by both decreasing their rate of proliferation and by reducing46

the probability of a stem cell division resulting in two daughter stem cells compared to the47

probability of a division yielding two differentiated cells. They then studied the order in48

which mutations in these feedbacks need to arise in a single new clone to enjoy a selective49

advantage and spread throughout the system. Limiting their model to sigmoidal Hill -like50

feedback functions, they then also fitted their model to a number of time-course data of the51

overall population size of growing tissue from the literature. The same model was used in52

Rodriguez-Brenes et al. [17] in order to reveal that during recovery from an injury significant53

damped oscillations in the path back to the steady-state may occur, and that this oscillatory54

behaviour is more pronounced when the stem cell load represents only a small fraction of the55

entire cell population. Nonetheless, oscillations may still be avoided, however at the price of56

slowing down the speed at which the system is able to recover after an injury. The same57

model topology has also been studied by Sun and Komarova [18] using the framework of a58

two-dimensional Markov process in order to obtain analytical solutions for the mean and59

variance of the cell compartment sizes. Recently, Wodarz [19] has extended the model by also60

taking into account the possibility of differentiated cells dedifferentiating into cycling stem61

cells again. Assuming sigmoidal Hill -like feedback onto stem cell cycling rate and self-renewal62

probability, he studied the effect of a linear and a sigmoidal dedifferentiation term, showing63

how unbounded, cancerous tissue growth may arise as a consequence of escaping this feedback.64

By means of numerical simulations, he also demonstrated how dedifferentiation may allow65

for speedier regeneration dynamics after perturbations.66

67

More concrete theoretical studies have for example been carried out on the hematopoietic sys-68

tem [20–24], the mammalian olfactory epithelium [25, 26], or on the development, treatment69

and recurrence of breast cancer [27]. In contrast, however, theoretical examinations on the70

homoeostasis and dynamics of the intestinal and colon epithelium have been rare. A note-71

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted June 11, 2021. ; https://doi.org/10.1101/2021.06.11.448040doi: bioRxiv preprint 

https://doi.org/10.1101/2021.06.11.448040


4

worthy exception is Johnston et al. [28], who have derived and studied a three-compartment72

ODE model consisting of stem, transit-amplifying and terminally differentiated cells. They73

assumed that the first two of these three compartments limit themself either via a negative74

quadratic term (reminiscent of classical single-species population dynamic models which75

assume logistic growth [29]) or via a negative saturating term. However, no mechanistic76

justification of these models has been presented in the paper, possible also owing to the fact77

that our mechanistic understanding of the biology of intestinal stem cells has been rather78

limited until very recently [9].79

80

In this work, we set out to derive a model of intestinal and colon epithelial population81

dynamics based on our current understanding of the involved underlying biological processes.82

We use this model in order to answer some fundamental questions about maintaining and83

losing the homoeostatic stability of this system: Both for the case without dedifferentiation84

and for the case with dedifferentiation, we derive all possible ways the system can loose85

stability and exhibit unbounded malignant growth. We prove analytically how allowing for86

dedifferentiation opens up an additional way of losing stability and switching to unbounded87

growth. For all cases of unbounded growth, we prove that – under the biologically reasonable88

assumption of saturating rate functions – after some period of transient behaviour the system89

will always converge to a stable ratio of cell types which we can calculate analytically. A90

special focus is given to the study of the transient behaviour of the system while recovering91

from different kinds of external perturbations. We examine how the shape of the feedback92

functions shapes the system behaviour during recovery, and will compare how graceful and93

efficient the colon model is able to recover from different kinds of external perturbations94

compared to other imaginable model topologies throughout the entire model parameter95

space. Finally, we show analytically and illustrate with numerical simulations how adding96

dedifferentiation can tremendously speed up recovery and reduce frequency and duration of97

oscillations, which especially applies to the case of perturbations of the stem cell compartment.98
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II. MATERIALS AND METHODS99

A. Colon epithelium model100

Our main model consists of two cell compartments S and D, denoting stem cells, and101

differentiated cells, respectively, following earlier approaches such as Rodriguez-Brenes et al.102

[16]. Stem cells cycle at a constant rate β > 0, whereas differentiated cells are cell-cycle103

arrested, but die with an apoptosis rate ω > 0. Finally, stem cells differentiate with a rate104

δ(D) that is a function of the size of the differentiated cell compartment. Overall, the model105

is described by the following set of two coupled ordinary differential equations:106

dS(t)

dt
= βS(t)− δ(D)S(t)

dD(t)

dt
= δ(D)S(t)− ωD(t),

(1)

where β, ω ∈ R+ and δ is a continuously differentiable and monotonically increasing function107

R+ → R+. A sketch of the model is shown in Figure 1a. Note that at this model does not108

include the possibility of dedifferentiation, and we will extend this later.109

110

At this point, the structural similarity between our model and the classical Lotka-Volterra111

model of predator-prey dynamics [30, 31] may also be pointed out. In particular, if δ is a112

linear function with an intercept of zero, i.e. if the basal stem cell differentiation rate in113

the absence of differentiated cells is zero, then the models are mathematically identical. As114

remarked by Peschel and Mende [32], however, even such minor qualitative changes to the115

Lotka-Volterra model will affect its qualitative behaviour and cause the loss of its typical116

harmonic oscillations and for instance the emergence of a limit cycle or a stable steady-state117

instead.118

B. Comparison of different model topologies119

Next, we generalise the previous model to the family of all models containing exactly one120

explicit feedback loop from one compartment onto one rate parameter. Since we have121

two compartments which could potentially be able to exert a feedback (stem cells S, and122

differentiated cells D), and three rates which could potentially be affected by such a feedback123
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(stem cell proliferation, stem cell differentiation, and apoptosis of differentiated cells), we get124

a family of six possible models. It may be noted that this enumeration does not include any125

additional implicit feedback loops which may for instance arise as a consequence of enzyme126

sequestration [33]. We will compare these six models with each other with respect to their127

relaxation dynamics after perturbations.128

C. Numerical simulations129

Numerical simulations have been implemented in the Python programming language [34],130

version 3.7.3. All computations have been carried out on a 64-bit personal computer with an131

Intel Core i5-3350P quad-core processor running Manjaro Linux, kernel version 5.6.11-1.132

133

We provide the complete commented source code of our numerical examinations in the form134

of an iPython juypter notebook in the following github repository: https://github.com/135

Matthias-M-Fischer/Epithelium.136

D. Colon epithelium model with dedifferentiation137

Finally, we extend the model by a dedifferentiation process of differentiated cells into stem138

cells. We model the rate of such a dedifferentiation to be determined by the size of the stem139

cell compartment, where a higher number of stem cells reduces dedifferentiation. Introducing140

an differentiable and monotonically decreasing function % : R+ → R+ describing the rate of141

dedifferentiation, the model reads:142

dS(t)

dt
= βS(t)− δ(D)S(t) + %(S)D

dD(t)

dt
= δ(D)S(t)− %(S)D − ωD(t).

(2)

A sketch of the model is shown in Figure 4a.143
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III. RESULTS144

A. A population dynamics model of the colon epithelium145

We developed a model of the intestinal epithelial population dynamics (see Fig. 1a for a146

schematic overview, and Materials and Methods). The model distinguishes between two147

compartments: Stem cells that cycle at a rate β and differentiate at a rate δ(D), and148

differentiated cells that commit apoptosis and leave the system at a rate ω. We model the149

differentiation rate as a positive function of the size of the differentiated cell compartment150

D.This reflects the results of experimental studies demonstrating that differentiated cells151

release Indian Hedgehog (Ihh) that leads to an increased mesenchymal release of Bone152

Morphogenic Protein (BMP), which in turn stimulates the differentiation of intestinal stem153

cells [11, 12].154

155

1. Stability can be lost via two routes156

First we study the steady-states of system (1). For now, we will not use any specific function157

δ and only demand that δ is a positive, monotonic and continuously differentiable function.158

We also assume dδ/dD ≥ 0, since differentiated cells stimulate stem cell differentiation.159

160

By solving dS(t)/dt = dD(t)/dt = 0 we find two steady-states: A trivial steady-state161

(S̄ = 0, D̄ = 0) that exists under all parameter values. Under some conditions, also a162

non-trivial steady-state exists at S̄ = ωD̄/β and D̄ = δ−1(β). Here, δ−1 denotes the inverse163

function of δ. This non-trivial steady-state exists if the function δ can reach the value of β.164

Thus, this second steady-state is only present if the maximal differentiation rate is higher165

than the proliferation rate. It is interesting to see that the steady-state does not depend166

on the apoptosis rate ω. This is a biologically interesting property which we will return to later.167

168

To address the stability of the steady-states, we investigate the Jacobian [35] of the system:169

J =

β − δ(D) −Sδ′(D)

δ(D) Sδ′(D)− ω

 ,

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted June 11, 2021. ; https://doi.org/10.1101/2021.06.11.448040doi: bioRxiv preprint 

https://doi.org/10.1101/2021.06.11.448040


8

which at the trivial steady-state has the eigenvalues λ1 = β − δ(0), λ2 = −ω < 0. Hence,170

the trivial steady-state is only stable, if the proliferation rate β is smaller than the basal171

differentiation rate δ(0).172

173

At any non-trivial steady-state, the Jacobian is given by174

Js−s =

0 −Sδ′(D̄)

β Sδ′(D̄)− ω

 .

The steady-state is stable if detJs−s > 0 and trJs−s < 0 (Routh–Hurwitz criterion, see175

Strogatz [36]) , which leads to 0 < δ′(D̄) < δ(D̄)/D̄.176

177

These results reveal two routes of how the intestinal epithelium can lose homoeostasis and178

show altered qualitative behaviour (Fig. 1b): First, the tissue might show unbounded growth,179

which could be interpreted as the emergence of a cancerous lesion (Fig. 1b, second column).180

This occurs once the proliferation rate β exceeds the maximum differentiation rate δmax181

(either by increased proliferation or decreased maximal differentiation). In this case, only the182

(unstable) steady-state (0, 0) remains, and any positive perturbation of S away from it will183

lead to unbounded growth184

185

Second, the steady-state D̄ = δ−1(β) can get unstable if δ′(D̄) < δ(D̄)/D̄. In other words, at186

the steady-state the slope of the feedback function might exceed δ(D̄)/D̄. When this happens,187

the behaviour of the system depends on the feedback function. This can be illustrated with188

the following two examples:189

190

First, consider a linear function of the form δ(D) = δ0 + δslopeD. For instability, we require191

that δ′(D̄) > β/D̄, hence the system will only be stable for a strictly positive intercept192

δ0. This is biologically plausible, since the intercept denotes the basal differentiation rate193

of stem cells in the absence of any external stimuli, which can be expected to exceed194

zero. If, however, the intercept is zero then the fix point will not be stable. This case195

is equivalent to the classical Lotka-Volterra model of predator-prey population dynamics,196

exhibiting undampened oscillations. As second example, consider a sigmoid function of197

the form δ(D) = δ0 + δmaxD
p/(Dp

min + Dp). For instability, we require that δ′(D̄) > β/D̄.198
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Hence, at p > 4β/δmax the steady-state loses its stability, and the system will show sustained199

oscillations.200

2. Exponential growth and convergence to a stable cell type ratio after escaping control201

Next, we want to analyse the behaviour of system (1) when no non-trivial steady-state202

exists and the system shows unbounded growth. This case corresponds to a tissue that has203

escaped homoeostatic control and has degenerated into a cancerous lesion. In our model,204

this occurs when β exceeds the maximum of δ. This implies that the feedback funtion δ205

has a maximum value δmax < β. Such saturation of the differentiation rate could arise from206

saturated signalling or thermodynamical constraints.207

208

Interestingly, during such unbounded growth the system will always converge to a stable209

ratio of stem cells and differentiated cells (S(t)/D(t) = const for t→∞). The dynamics of210

the system is then governed by the following differential equations:211

dS(t)

dt
= (β − δmax)S(t)

dD(t)

dt
= δmaxS(t)− ωD(t).

We are able to directly solve such a linear system analytically by first solving S(t), yielding212

a simple exponential function, and subsequently solving D(t). Overall, we get:213

S(t) = S0e
(β−δmax)t

D(t) = D0e
−ωt + S0δmaxe

−ωt
∫ s=t

s=0

e(β−δmax+ω)sds .

Because the second term of D(t) grows without bounds, we may for sufficiently big values of214

t neglect the decaying first term of D(t). Calculating the integral then yields215

D(t) =
S0δmax

β − δmax + ω
e(β−δmax)t .

This allows us to take the following limit216

lim
t→∞

S(t)

D(t)
=
β + ω

δmax
− 1 ,
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which denotes the ratio of stem to differentiated cells the system will converge to during217

explosive growth after some transient period.218

219

Additionally, one may easily see that after the transient period, the overall growth of the220

system amounts to221

S(t) +D(t) = S0
β + ω

β + ω − δmax
e(β−δmax)t,

which implies an exponential growth at a constant rate β − δmax, which is also the dominant222

eigenvalue of the linear system. Figure 1c provides an exemplary numerical simulation of223

the system with a piecewise linear feedback function δ(D) = min{0.9 + 10−4D, 1.0}, and224

parameters β = 1.1 and ω = 0.1. Observe the convergence of the ratio S(t)/D(t) to a stable225

ratio of −1 + (β + ω)/δmax ≈ 0.2, which is in agreement with our theoretical analysis.226

3. Bifurcation analysis for the case of piecewise linear δ227

Now, we want to further analyse the influence of system parameters on the qualitative and228

quantitative behaviour of system 1. To this end, we now chose a concrete differentiation229

rate function δ. For simplicity, we chose a piecewise linear function with a positive intercept230

δ0 > 0, denoting the basal differentiation rate of stem cells in the absence of any external231

cues. We assume that δ grows linearly in D with a slope of δslope > 0, until it reaches an232

upper bound δmax, at which point it stops increasing. Hence, we have233

δ(D) =

δ0 + δslopeD δ0 + δslopeD ≤ δmax

δmax else
, (3)

where δ0, δslope, δmax > 0.234

235

The non-trivial steady-state resides at S̄ = ωD̄/β, D̄ = (β − δ0)/δslope and can only exist236

if β < δmax. The steady-state is only biologically feasible (S̄, D̄ > 0) if δ0 < β. Then, the237

Jacobian at the steady-state is given by238

Jeq =

0 − (β−δ0)ω
β

β (β−δ0)ω
β
− ω

 ,
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which has the eigenvalues239

λ1,2 =
−δ0ω ±

√
−4β3ω + 4β2δ0ω + δ2

0ω
2

2β
.

If240

β − δ0 <
δ2

0ω

4β2

the radicand is positive. Then, due to δ0 < β both eigenvalues will be negative and real,241

hence the steady-state is a stable node. If, however, the radicand is negative, oscillations242

occur and the real part of the eigenvalues is always negative due to δ0 > 0, making the243

steady-state a stable focus. In any case, any biologically feasible steady-state of this system244

will always be stable.245

246

Biologically, it is interesting that no other constraints on δ0 and δslope are required except247

for, δ0 < β, which we require for a feasible steady-state, and β < δmax. Particularly,248

δ0 > 0, δslope > 0 can be arbitrarily small, yet the system remains stable. Similarly, changes249

in ω ≥ 0 will not affect the stability of the system. Figure 1d illustrates these findings and250

shows bifurcation plots of the system for varying parameters β, ω, δ0, δslope.251

252

4. The feedback loop can cause oscillatory behaviour in cell numbers253

Next, we investigated the behaviour when the system shows dampened oscillations around254

the steady-state. For any given steady-state S̄, D̄ it holds that δ0 = β− δslopeD̄. This permits255

to express the eigenvalues λ1,2, and thus the amplitude decay and the angular frequency of256

the dampened oscillations in terms of δslope instead of δ0. We find that the amplitude of the257

oscillations will decay with258

∼ e

δslopeD̄ω − βω
2β

t
.

Note that at any equilibrium the exponent is always negative because from D̄ = (β−δ0)/δslope259

it follows that δslopeD̄ − β = −δ0 < 0. The angular frequency of oscillations reads260
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ω0 =
√
δslopeD̄(4β2ω + ω2)− βω2/2β.

Hence, a higher slope of the feedback function δ will result in a slower decrease in the261

amplitude of oscillations, as well as cycle with a higher frequency. We provide a set of262

numerical simulations of the system with a piecewise linear function δ as defined before and263

varying values of δslope in Panel (e) of Figure 1 in order to illustrate our finding.264

265

The relationship between function slope and oscillatory behaviour of the system is a bio-266

logically interesting result, as it suggests that in order to keep the occurring oscillations in267

check, a smaller slope of the feedback function might be desirable. For very small slopes, the268

difference between β and δ0 needs to become sufficiently small as well, if the position of the269

steady-state (S̄, D̄) should remain constant. Then, the oscillations will complete vanish, and270

the steady-state becomes a stable node, as shown previously.271

272

B. Comparison of different model topologies273

In the previous section, we have shown that the colon epithelium model can cause homeostasis274

through a feedback from differentiated cells to stem cell differentiation. In the following, we275

explore how alternative feedback topologies in our two-compartment colon model might alter276

tissue homeostasis, and compare the properties of these models. We therefore generated all277

six one-looped topologies.278

279

1. Controlling stem cells is required for stability280

First, we consider those two topologies where the apoptosis rate ω is regulated by either the281

size of the stem cell compartment S or the size of the compartment of differentiated cells282

D, respectively. Both topologies are not able to show homoeostasis: If both the stem cell283

proliferation rate β and differentiation rate δ are unregulated and hence constant, we have284

dS(t)/dt = βS − δS, which for any non-trivial steady-state requires β = δ. This, in turn,285

implies that dS(t)/dt = 0 at all points of time, hence after any perturbation of S, S will not286
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(a)

(b)

(c)

(d)

(e)

FIG. 1. The basic colon epithelium model. (a) Schematic sketch of the model. Stem cells S cycle at a rate β and differentiate

at a rate δ(D) which is a positive function of the size of the differentiated cell compartment D. Differentiated cells commit

apoptosis and leave the system at a rate ω. (b) The feedback function δ (upper row) determines the qualitative behaviour of

the model (lower row). First column: Stable steady-state. Second column: the function δ has been altered to not map onto

β any more, causing the destruction of the non-trivial steady-state and a switch to unbounded growth. Third column: at the

steady-state, the function δ has a slope δ′(D̄) > β/D̄, causing the steady-state to become unstable and the system to exhibit

undampened, sustained oscillations. (c) In case of explosive growth, the system always converges to a stable ratio of stem to

differentiated cells. Exemplary numerical integration. (d) Bifurcation diagram of the system with linear feedback function δ.

Standard parametrisation: β = 1.0, ω = 0.1, δ0 = 0.9, δslope = 10−4, δmax = 2.0. Note the switch from a stable steady-state

to unbounded growth in the upper-left panel for β > δmax. Also note the invariance of the steady-state D̄ to changes in

apoptosis rate ω, shown in the upper-right panel. Both properties hold regardless of how we chose δ. Finally, notice that

δ0 > 0, δslope > 0 can be made arbitrarily small without ever losing stability and switching to unbounded growth; however, if

δ0 exceeds β, the non-trivial steady-state becomes unfeasible and unstable, and the system will always converge to the trivial

extinction steady-state (lower two panels). (e) A steeper feedback functions causes stronger and longer oscillations. Shown

here is a set of exemplary numerical simulations of the system with linear function δ for varying values of δslope, with the

steady-state fixed at S̄ = 100, D̄ = 1000.

be able to return to its pre-perturbation state. Accordingly, these models are biologically287
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not realistic, and we will not consider them in the rest of this paper.288

289

2. Indirect regulation of the stem cell compartment decouples the steady-state number of290

differentiated cells from their apoptosis rate291

Next, we generalise our previous finding that in the colon epithelium model the steady-state292

D̄ of differentiated cells is invariant to changes in ω to other model topologies. In fact, all293

models in which proliferation and differentiation of the stem cell compartment is exclusively294

regulated by the size of the differentiated cell compartment D following arbitrary continuously295

differentiable functions β(D), δ(D) enjoy this property: Let dS(t)/dt = β(D)S − δ(D)S. At296

any non-trivial steady-state (S̄, D̄), from dS(t)/dt = 0 we get that β(D̄) = δ(D̄). Define297

α(D) := β(D) − δ(D), then D̄ = α−1(0), which does indeed not depend on our choice of298

ω. This is biologically interesting since it is desirable from a physiological point of view to299

keep the number of differentiated cells as constant as possible, because differentiated cells300

are responsible for carrying out the primary function of a tissue. In contrast, S̄ = ωD̄/β(D̄)301

depend linearly on ω. Also note that for the opposite case of a stem cell compartment which302

is only regulated by its own size, S̄ is invariant to changes in ω, but D̄ depends linearly on it.303

304

3. Saturating feedback functions β and δ cause convergence to a stable cell type ratio during305

unbounded growth306

Finally, it may also be briefly noted that all systems in which proliferation and differentiation307

rates of the stem cell compartment are functions saturating to βmin and δmax for sufficiently big308

D respectively, will in case of unbounded growth converge to a stable ratio S(t)/D(t) = const309

for t→∞, given as:310

lim
t→∞

S(t)

D(t)
=
βmin + ω

δmax
− 1.

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted June 11, 2021. ; https://doi.org/10.1101/2021.06.11.448040doi: bioRxiv preprint 

https://doi.org/10.1101/2021.06.11.448040


15

4. Differences in relaxation dynamics of different model topologies after perturbations311

In this section, we compare the relaxation dynamics of the four remaining model topologies312

after applying external perturbations from steady-state, again using simple piecewise linear313

feedback functions to keep the analyses traceable. We will examine three different kinds of314

perturbations, which are: first, removing all differentiated cells; second, removing all but one315

stem cell; and third, both of these perturbations at the same time. Because of bilinear terms316

in the equations, we cannot in all cases obtain exact analytical solutions of the occurring317

dynamics, but use approximations of the dynamics based on a linearisation of the systems318

around their respective non-trivial steady-state (see Appendix A for details).319

320

The Jacobian matrices and their eigensystems for the remaining four models are shown321

in Figure 2, along with schematic model sketches and exemplary numerical simulations,322

illustrating typical solutions.323

324

Physiologically, it is important that the number of differentiated cells recovers quickly, as these325

are the cells responsible for carrying out the function of the respective tissue – for instance,326

the secretory and absorptive cells of the colon epithelium are all terminally differentiated327

cells. We hence compare the models based on their ’defect’ χ of differentiated cells after328

perturbation – see Panel (a) of Figure 3 for an illustration. We define the defect as the total329

area between D(t) after a perturbation at t = 0 and D̄, i.e.330

χ :=

∞∫
t=0
D(t)<D̄

D̄ −D(t) dt

.331

The defect integrates only those time intervals in which D(t) < D̄, as this defines the lack in332

functionality.333

334

For all four models and the three types of perturbations, we derived either an analytical335

expression for the defect, or – if these are expressions too complicated for a meaningful336

analysis and interpretation – an approximate solution (see Appendix A). Three relations337

simplify their analysis: First, for all models we obtain ω = βS̄/D̄. Second, the slope338
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FIG. 2. All four one-looped model topologies that can show homoeostasis. First column: schematic

sketches; second column: exemplary numerical simulations; third column: model equations, as well

as Jacobian at the non-trivial steady-state and its eigensystem for the case of a linear feedback

function β(x) = β0 + βslopex or δ(x) = δ0 + δslopex, respectively.

of the feedback function (βslope or δslope, respectively) is not required for describing the339

dynamics relative to the steady-state, as the slope is not part of the eigensystems of the340

steady-state Jacobians of the models. Third, we notice that the displacements of all models341

from steady-state of the first and second perturbation is linear in the initial displacement342

(∆D(0) or ∆S(0), respectively). This indicates that in both cases the choice of initial343

displacement will not affect the comparison of the model defects, and we can express all344

defects as multiples of initial displacement. In case of the third perturbation, however,345

displacements are linear in ∆D(0), and contain an additional expression linear in ∆S(0).346

However, because at the steady-state the ratio of stem to differentiated cells is fixed, these347

two terms directly depend on each other, and we can express the defect as multiples of the348
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initial displacement of differentiated cells. Overall, this means the complete parameter space349

we need to consider consists only of the ratio of stem to differentiated cells at steady-state350

and two additional free parameters (depending on the model β0, δ or β, δ0).351

352

a. Colon model vs. direct stimulation of stem cell differentiation We start by comparing353

our basic colon epithelium model, which is model 1 in our list, with model 2, where stem cell354

differentiation is not stimulated by the differentiated cell compartment, but instead by the355

stem cell compartment itself (see Panel (b) of Figure 3). Panel (c) of Figure 3 shows the dif-356

ference in model defects throughout the parameter space (see Figures 5 and 6, Appendix B for357

the raw values), where areas shaded in red indicate region where our colon epithelium model358

has a bigger defect than the alternative model. In case of removing differentiated cells (first359

row) or removing both differentiated and stem cells at the same time (third row), there always360

exist ample regions (shaded in blue) where the colon model recovers more efficiently – namely,361

whenever the basal differentiation rate δ0 of stem cells is close to the stem cell cycling rate362

β. This makes sense, because in case of the colon epithelium model removing differentiated363

cells will cause the stem cells to differentiate more slowly and thus grow in numbers quickly,364

thus being able to replenish the differentiated cell compartment more quickly. However, in365

case of removing only stem cells (second row), the colon epithelium model always performs366

worse than the alternative model, except for cases where the fraction of stem cells at the367

steady-state becomes sufficiently big (middle and right column). However, even then the dif-368

ference between δ0 and β still needs to be small for the colon model to recover more efficiently.369

370

b. Colon model vs. indirect inhibition of stem cell cycling rate Next, we compare the371

recovery dynamics of the colon epithelium model with alternative model 3, where the372

differentiated cell compartment instead of stimulating stem cell differentiation inhibits stem373

cell cycling. Because the two models have different system parameters (β, δ0 vs. β0, δ) we374

cannot directly compare them pointwise in parameter space like we did before. However,375

we can still compare the ranges of model defects for the three different perturbations and376

steady-state stem cell fractions (1%, 10%, and 25%) if we systematically vary the two other377

free parameters of the models within biologically plausible intervals. In all cases, the defects378

of the colon epithelium model (Figure 5, Appendix B) and the defects of the alternative379

model (Figure 7, Appendix B) fall in similar ranges. Hence, there does not seem to be380

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted June 11, 2021. ; https://doi.org/10.1101/2021.06.11.448040doi: bioRxiv preprint 

https://doi.org/10.1101/2021.06.11.448040


18

(a)

(c)

(b)
(1)

(2)

FIG. 3. (a) Illustration of our model comparison: After a perturbation at t = 0, the model relaxes to its steady-state

(continuous blue and orange lines, depicting differentiated and stem cells, respectively). We use a first-order approximation

(continuous red line) in order to not have to rely on costly numerical solutions of the system, and compute the ’defects’ χ of

the models we want to compare (shaded red area).(b)The two models we compare in this figure. Top: model 1, where stem

cell differentiation is stimulated by the differentiated cell compartment; bottom: model 2, where the stem cell compartment

stimulates its own differentiation. Note that model 1 is equivalent to our basic colon epithelium model derived earlier. (c)

Difference in defects of model 2 and 1 throughout the parameter space. Areas shaded in red depict regions where model 1

shows a bigger defect, i.e. where the colon model recovers less gracefully than the alternative model; blue areas indicate the

opposite. Columns represent different cases of stem cell fraction at steady-state (1, 10, and 25% respectively), rows represent

the three different kinds of perturbations (removing differentiated cells, removing stem cells, and removing both, respectively).
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any relevant difference between indirectly regulating stem cell differentiation vs. indirectly381

regulating stem cell cycling rate with respect to gracefully recovering from perturbations.382

383

c. Colon model vs. self-inhibition of stem cell cycling rate Finally, we compare the recovery384

dynamics of the colon epithelium model with the behaviour of the remaining model 4, where385

the stem cell compartment inhibits its own cycling rate. In case of this comparison, we face386

the same problem of the two models having some different system parameters (β, δ0 vs. β0, δ)387

like in the previous section. We hence follow the same approach as before and compare the388

ranges of defects occurring in different scenarios. First, notice how in case of the first and389

third perturbation model 3 performs worse by up to several orders of magnitude if its stem390

cell differentiation rate δ is small (Figure 8, Appendix B). The only exception to this is391

the case of a very large steady-state stem cell fraction of 25%. This makes sense, since a392

small differentiation rate will cause the system to take a longer time to replenish the pool of393

differentiated cells, even more so if only a small amount of stem cells is present in the first394

place. In contrast, if differentiated cells are removed from the colon epithelium model, the395

stem cell differentiation rate will decrease, causing the stem cell compartment to temporarily396

grow quickly, until the growing differentiated stem cell compartment stimulates differentiation397

again. This way, the colon epithelium model is able to recover more quickly after removing398

differentiated tissue. For the remaining case of the second perturbation (removing stem cells),399

the model defects fall into similar ranges, however the colon epithelium model shows its400

largest defect in case of a small basal differentiation rate δ0, whereas the alternative model401

performs the worst in case of a very small difference between basal stem cell proliferation402

rate β and differentiation rate δ. This does make sense, as in this case removing stem cells403

from model 1 will only cause a very small effective stem cell compartment growth rate of404

β − δ0, hence the model will take a long time to again completely replenish its stem cell405

compartment.406

C. Dedifferentiation improves recovery from perturbations, however offers an407

additional route of losing homoeostasis408

Previously, we have seen that in case of perturbations of the stem cell compartment, in a wide409

range of parameter values our colon epithelium model does not recover as gracefully as model410
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2, in which stem cell differentiation is stimulated directly by the stem cells themself (Figure411

3, medium row). This is caused by the fact that in our colon epithelium model removing412

stem cells will not alter the rate of stem cell differentiation, since this rate is determined413

by the number of differentiated cells. Hence, removing stem cells will lead to a significant414

loss of differentiated cells first, before differentiation rate drops enough for the stem cell415

compartment to replenish itself, and subsequently replenish the compartment of differentiated416

cells. This way, the transient behaviour after removing stem cells is characterised by large417

oscillations in the number of differentiated cells, causing a large model defect.418

419

We now study how allowing for the dedifferentiation of differentiated cells back into cycling420

stem cells affects these recovery dynamics of our colon epithelium model (see Panel (a) of421

Figure 4 for a schematic sketch of the updated colon epithelium model). We again assume422

for simplicity that the rate of stem cell differentiation is given by a linear function with423

intercept δ0 and slope δslope. We also again assume that the function saturates to a maximum424

value δmax after some value of D. Hence, we have δ(D) = min{δ0 + δslopeD, δmax}, where425

δ0, δslope, δmax > 0. Next, we also for now assume the same, but horizontally mirrored shape426

for %, giving %(S) = max{%0 + %slopeS, %min}, where %0 > 0, %slope < 0, %min ≥ 0.427

428

For brevity purposes, we present the exact calculations in Appendix C. Briefly, adding a linear429

dedifferentiation function always causes a faster decay of the oscillations after perturbations.430

Additionally, we can find a critical value %∗0, which, when exceeded by %0 will reduce the431

frequency of oscillations after perturbations. It is given by432

%∗0 = (β − δ0/2)4ω2/β2.

By means of a Taylor expansion around the steady-state, we can also generalise this finding433

to arbitrary decreasing differentiable functions %.434

435

Panel (b) of Figure 4 shows some exemplary numerical simulations of our colon epithe-436

lium model for the case of no dedifferentiation (first column), a linear dedifferentiation437

with %0 = 0.5, %slope = −0.01 (second column) and a faster linear dedifferentiation with438

%0 = 0.9, %slope = −0.01. (The other parameters are at their standard values of β = 1,439

ω = 0.1, δ0 = 0.9, δslope = −10−4.) Observe, how the transient period after removing stem440
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cells is characterised by smaller oscillation amplitudes and frequencies dedifferentiation is441

allowed.442

443

We also want to study the influence of dedifferentiation on the stability of the non-trivial444

steady-state of the system. Regardless of the concrete functions δ, %, we find that the non-445

trivial steady-state needs to satisfy β − δ(D̄) + (β/ω)%(S̄) = 0 and D̄ = βS̄/ω. Hence, a446

non-trivial steady-state exists, if and only if we can solve447

β − δ((β/ω)S̄) + (β/ω)%(S̄) = 0, S̄ > 0, (4)

which, importantly, shows that allowing for dedifferentiation enables the system to lose its448

non-trivial steady-state in another, new way, namely via a sufficient increase of the values of449

% (see Panel (c) of Figure 4 for an illustration).450

451

For the case of unbounded growth, it may also be pointed out that under the assumption of452

a saturating function % converging to %min for sufficiently big values of S, the system will453

again converge to a stable cell type composition for t→∞, given by454

lim
t→∞

S(t)

D(t)
=
a+ b+ w

2d
,

where a :=
√

4dr + (b+ w)2 (see Appendix D for details).455

IV. DISCUSSION456

In this work, we have derived and analysed a population dynamics model of the colon epithe-457

lium, taking into account the stimulating effect of differentiated cells onto the differentiation458

of stem cells [11–15]. We revealed a number of general properties that hold regardless of the459

concrete feedback function: In case of any stable steady-state, the number of differentiated460

cells is not affected by changes in their rate of apoptosis, which is a biologically useful property,461

since differentiated cells are the cells responsible for carrying out the primary function of a462

tissue [1, 10] and changes in apoptosis rate may regularly happen locally as a consequence of463

infections or mechanical wounding [9]. Additionally, we have seen that strong alterations in464

system parameters are required for the homoeostatic steady-state to be destroyed and un-465

bounded growth to occur – namely the stem cell proliferation rate needs to exceed all possible466
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(a)

(b)

(c)

FIG. 4. The colon epithelium model with dedifferentiation and its most important properties. (a): Schematic sketch of

the model. (b): Exemplary numerical simulations of the system with piecewise linear differentiation rate function δ and for

different dedifferentiation rate functions %. System parameters are β = 1, δ0 = 0.9, δslope = 10−4, ω = 0.1. Note how adding

dedifferentiation, as well as increasing the higher maximum dedifferentiation rate %0 makes the system recover more gracefully

after removing stem cells. (c): Adding dedifferentiation opens up a second way the system can lose homoeostatic stability.

First column shows the case of homoeostasis. Equilibrium stem cell pool size S̄ is given by solving β%(S̄)/ω − δ(βS̄/ω) = β.

Second column: Sufficient decrease of differentiation rate destroys the non-trivial steady-state and unbounded growth occurs.

Third column: Sufficient increase of dedifferentiation rate has the same consequence.
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values of the differentiation rate function. In contrast, any other single alteration, such as a467

moderate increase in cycling rate or a moderate suppression of dedifferentiation, is not able to468

cause unbounded growth, but will only change the position of the stable steady-state. This is469

equivalent to the case of a pre-cancerous lesion, where only a subset of ’canonical’ colorectal470

cancer mutations is yet present and which shows a higher number of cells, but requires further471

genetic alterations to switch to unbounded growth [37]. Hence, our model recapitulates the472

observation of colorectal tumorigenesis being a characteristic multi-step process in vivo [38],473

showcasing the intrinsic resilience of the system towards mutations affecting system properties.474

475

However, the advantages of an indirect feedback loop onto stem cell differentiation come476

with the drawback of possible oscillatory behaviour. Depending on the shape of the feedback477

function, more or – in case of a steeper function – less dampened oscillations around the478

steady-state may occur. This is reminiscent of e.g. the dampened oscillations observed in479

the healthy haematopoietic system [39]. In case of feedback functions with a high steepness480

around the steady-state, these oscillations can even become sustained and undampened. It is481

a well-known fact that systems with negative feedback loops may exhibit oscillations, even482

more so in the case of ultrasensitive feedback regulation (for example, see Kholodenko [40]).483

Hence the oscillatory behaviour of the colon epithelium model comes at no surprise from a484

mathematical point of view. However, such oscillations in cell numbers do not serve any im-485

mediately obvious biological purpose and indeed such oscillations may not be at all desirable486

for upholding tissue homoeostasis. This led us to the question whether this way of stabilis-487

ing the system may offer additional beneficial properties compared to other ways of regulation.488

489

We thus generalised the derived model to a family of all six imaginable one-looped model490

topologies. Two of them, namely those where the apoptosis rate of differentiated cells is491

controlled, cannot exhibit homoeostasis, showing that a mechanism controlling cycling stem492

cells is required for stability, be it in the form of controlling their proliferation rate, their493

differentiation rate, or potentially both. We have shown that if all of these control mechanisms494

originate exclusively from the differentiated cell compartment, the steady-state size of the495

differentiated cell compartment will still not be affected by changes in apoptosis rate. In496

contrast, if the stem cell compartment is exclusively regulated by itself, the steady-state497

density of stem cells, but not of differentiated cells will be unaffected by changes in apoptosis498
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rate. Because the differentiated cells are responsible for carrying out the designated function499

of a tissue [1], keeping their density as constant as possible is biologically desirable and500

thus grants systems with indirectly regulated stem cell compartments an advantage – even501

more so in tissues like the intestinal and colon epithelium which are constantly exposed to502

mechanical, chemical and biological insults [9].503

504

We also revealed pronounced differences of the four stable model topologies regarding their505

ability to quickly return to their steady-state after external perturbations. We have shown506

the existence of ample regions in parameter space where the colon epithelium model recovers507

more gracefully from removing differentiated tissue compared to an alternative model,508

where stem cells stimulate their own differentiation. This makes sense because removing509

stem cells from the colon epithelium model cells will cause stem cells to differentiate more510

slowly. Hence the stem cell compartment can ’overshoot’, until the growing compartment of511

differentiated cells forces more and more stem cells to differentiate. Thus, the differentiated512

cell compartment can be replenished quickly. However in case of removing stem cells, the513

colon model very often performed significantly worse since removing stem cells will not514

affect stem cell cycling and stem cell differentiation rates in the colon epithelium model. If,515

however, the differentiated cell compartment does not stimulate stem cell differentiation,516

but instead inhibits stem cell cycling, the recovery dynamics of the system do not seem517

to significantly change. Finally, if, in contrast, stem cells inhibit their own proliferation,518

the system generally performs worse compared to the colon epithelium model, regardless519

of which perturbation is applied. All in all, the colon epithelium model seems to generally520

show a significantly better or at least similar recovery behaviour compared to other model521

topologies except for the case of removing stem cells.522

523

The inefficient relaxation dynamics of our colon model in case of stem cell removal prompted524

us to study the behaviour of our model if we additionally allow for dedifferentiation of525

differentiated cells back into cycling stem cells. We have shown both analytically and by526

exemplary numerical simulations how this enables the model to recover more gracefully from527

perturbations, especially those reducing the number of stem cells. Such a perturbations for528

instance represents the case of radiation-induced stem cell death [41]. However, adding the529

possibility of dedifferentiation to the system can also cause the destruction of the non-trivial530
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steady-state. This is biologically interesting, because it suggests that a sufficient increase in531

dedifferentiation rates may offer an alternative route of escaping homoeostatic control and532

entering a regime of unbounded, malignant growth of the tissue. Recent experimental data533

seems to indeed confirm this possibility of tumours arising from the differentiated intestinal534

epithelium as a consequence of inactivation of the differentiation-promoting transcription535

factor SMAD4 [42]. Interestingly, mutations in SMAD4 do indeed occur rather often in536

colorectal cancers [43, 44], suggesting that increased dedifferentiation might regularly con-537

tribute to colorectal tumorigenesis. Experimental data by Nakano et al. [45] points into the538

same direction, showing how dedifferentiation processes increase stemness in colorectal cancer.539

540

Obviously, the introduction of the dedifferentiation term affects the steady-state position of541

the system, and one may easily verify (by writing Equation 4 in terms of D̄) that its addition542

interferes with the invariance of the steady-state size of the differentiated cell compartment543

to changes in apoptosis rate. However, if the dedifferentiation rate around the steady-state544

is small and only becomes noticeable if a sizeable fraction of stem cells is removed (which545

seems to be suggested by the literature, see Tata et al. [4] and Beumer and Clevers [8]), then546

around the steady-state the dedifferentiation term becomes neglectable and the number of547

differentiated cells at steady-state stays invariant to changes in apoptosis rate.548

549

We have also revealed that in case of a tissue which has switched to exhibiting unbounded550

growth, after a period of transient behaviour we will – under the biological reasonable551

assumption of saturating feedback functions – observe the convergence to a stable ratio of552

cycling stem cells and noncycling differentiated cells. This happens both in case of the colon553

epithelium model, as well as in case of all other studied model topologies, and is not affected554

by whether dedifferentiation of differentiated cells is possible or not. From a biological555

point of view, this is interesting because it directly relates to the topic of intratumoural556

heterogeneity [46–48], and suggest that after acquiring mutations and switching to unbounded557

growth the colon epithelium can still be expected to recapitulate known cellular hierarchies558

and differentiation gradients. In case of breast cancer [49] and cancers of the haematopoietic559

system [50] this has already been observed experimentally.560

561

An interesting avenue for future research lies in the examination of healthy and tumoural562
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intestinal epithelial tissue on the single-cell level in order to answer the question, whether563

we are indeed able to identify similar cellular subpopulation and differentiation gradients564

in both of them. Very recent research seems to in fact suggest exactly this [51]. If this565

holds, tracking the numbers of different cell types over time during development and after566

perturbations would yield valuable data for validating and more accurately parametrising the567

model derived in this work. Additionally, comparing the quantitative behaviour of tissues in568

different stages of tumorigenesis could inform us at which of these stages which properties569

of the system are changed in which way compared to healthy tissue, and thus increase our570

mechanistic insight into the dynamics of tumour development. Such an increased mechanistic571

insight, in turn, might ultimately help to contribute to the development of novel approaches572

to limiting tumoural growth in vivo.573
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Appendix A: Model dynamics after perturbations712

Let (∆S(0),∆D(0)) denote a perturbation away from the steady-state (S̄, D̄) of a system at713

t = 0. Let ~q(t) = [∆S(t),∆D(t)]T denote the dynamics of the displacement after the perturba-714

tion. We can approximate to first order d~q(t)/dt ≈ Jeq~q(t), where Jeq denotes the Jacobian of715

the system at the steady-state. This linear system is then solved by ~q(t) = c1e
λ1t~u1 + c2e

λ2t~u2,716

where λ1,2 denote the eigenvalues of Jeq, ~u1,2 denote their corresponding eigenvectors, and717

c1,2 ∈ C are to be chosen to satisfy the initial condition ~q(0) = [S̄ + ∆S(0), D̄ + ∆D(0)]T .718

719

Because model 1 may show oscillations during its relaxation, an analytical calculation of720

its defects is theoretically possible, but leads to expressions too complicated to handle and721

meaningfully interpret. For this reason, we instead only derive the approximative relaxation722

dynamics of the model for the three perturbations and will calculate the corresponding model723

defects numerically. We get:724

∆D1(t) =


∆D(0)

cosh(rt)− (d/r) sinh(rt)

edt
First perturbation

∆S(0)β
sinh(rt)

redt
Second perturbation

∆D(0)
cosh(rt)− (d/r) sinh(rt)

edt
+ ∆S(0)β

sinh(rt)

redt
Third perturbation,

where d := δ0ω/(2β), and r :=
√
−4β3ω + 4β2δ0ω + δ2

0ω
2/(2β).725

726

Next, we calculate the defects χ2 of model 2 for the three perturbations. For the case of the727

first perturbation, the defect can be directly obtained by solving the system analytically for728

S(0) = S̄, D(0) = 0 and calculating the integral. The other two defects are obtained by using729

the first-order approximation of the dynamics derived earlier and analytically calculating730

their integrals after choosing the respective initial conditions. We get:731

χ2 =


∆D(0)

1

ω
First perturbation

∆S(0)
2β − δ0

β − δ0 − ω
(1/(δ0 − β) + 1/ω) Second perturbation

∆D(0)
1

ω
+ ∆S(0)

2β − δ0

β − δ0 − ω
(1/(δ0 − β) + 1/ω) Third perturbation.

For model 3, we again only derive the relaxation dynamics after the three perturbations, and732

will examine them numerically. They are given by:733
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∆D3(t) =


∆D(0)

cosh(rt)− (d/r) sinh(rt)

edt
First perturbation

∆S(0)
δ sinh(rt)

redt
Second perturbation

∆D(0)
cosh(rt)− (d/r) sinh(rt)

edt
+ ∆S(0)

δ sinh(rt)

redt
Third perturbation,

where d := ω/2, and r :=
√
ω(−4β0 + 4δ + ω)/2.734

735

For model 4, we can analytically calculate the defects after the three perturbations. They736

are:737

χ4 =


∆D(0)

1

ω
First perturbation

∆S(0)
δ

(β0 − δ)ω
Second perturbation

∆D(0)
1

ω
+ ∆S(0)

δ

(β0 − δ)ω
Third perturbation.
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Appendix B: Model dynamics after perturbations738
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FIG. 5. The model defects χ1 of model 1, the colon epithelium model, throughout its parameter

space. Defects are given in multiples of initial perturbation size. Columns represent three different

scenarios with different steady-state stem cell fractions of 1%, 10%, and 25%, respectively.

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted June 11, 2021. ; https://doi.org/10.1101/2021.06.11.448040doi: bioRxiv preprint 

https://doi.org/10.1101/2021.06.11.448040


35

0 1 2
β0

0

1

2
δ

S̄/D̄ = 0.01

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.1

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.25

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.01

0 1 2
β0

0

1

2
δ

S̄/D̄ = 0.1

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.25

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.01

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.1

0 1 2
β0

0

1

2

δ

S̄/D̄ = 0.25

0

101

103

χ2
0

101

χ2
0

101

χ2

0

101

103

χ2
0

101

χ2
0

101

χ2

0

101

103

χ2
0

101

χ2
0

101

χ2

Defects after removing differentiated cells

Defects after removing stem cells

Defects after removing both

FIG. 6. The model defects χ2 of model 1, the colon epithelium model, throughout its parameter

space. Defects are given in multiples of initial perturbation size. Columns represent three different

scenarios with different steady-state stem cell fractions of 1%, 10%, and 25%, respectively.
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FIG. 7. The model defects χ3 of model 3, where stem cell cycling rate is controlled by the number

of differentiated cells, throughout its parameter space. Defects are given in multiples of initial

perturbation size. Columns represent three different scenarios with different steady-state stem cell

fractions of 1%, 10%, and 25%, respectively.
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FIG. 8. The model defects χ4 of model 4, where the stem cell compartment inhibits its own cycling

rate, throughout its parameter space. Defects are given in multiples of initial perturbation size.

Columns represent three different scenarios with different steady-state stem cell fractions of 1%,

10%, and 25%, respectively.
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Appendix C: Dedifferentiation can limit oscillatory behaviour739

The modified model permits exactly one non-trivial steady-state at740

S̄ = −(β − δ0)ω + %0β

β(%slope − δslope)
; D̄ = βS̄/ω,

and its Jacobian at this steady-state is given by741

Jeq =

 −%0β

ω
−(β − δ0)ω

β

β +−%0β

ω

(β − δ0)ω

β
− ω.


This matrix has eigenvalues742

λ1,2 =
−β2%0 − δ0ω

2 ±
√

(β2 − %0 + δ0ω2)2 − 4(β3%0ω2 + β3ω3 − β2δ0ω3)

2βω

If oscillations occur, we have complex eigenvalues, which we can split into a real and an743

imaginary part as follows:744

<(λ1,2) = −β%0

2ω
− δ0ω

2β
; =(λ1,2) =

√
(−β2 − %0 + δ0ω2)2 + 4(β3%0ω2 + β3ω3 − β2δ0ω3)

2βω
.

For the colon epithelium model without differentiation the real part of the complex eigen-745

values of the Jacobian at steady-state was given by −δ0ω/(2β). Accordingly, additionally746

allowing for dedifferentiation reduces the real part by β%0/(2ω) > 0, hence always causing a747

faster decay of the oscillations after perturbations.748

749

For the model without dedifferentiation we had an imaginary part of the eigenvalues of750 √
4β3ω − 4β2δ0ω − δ2

0ω
2/(2β). Hence, adding the dedifferentiation to the model changes the751

radicand of the imaginary part of the eigenvalues by752

∆ = β%0 −
β2%2

4ω2
− %0δ0

2
.

Thus, we can find a critical value %∗0, which, when exceeded by %0 will reduce the frequency753

of oscillations after perturbations. It is given by754

%∗0 = (β − δ0/2)4ω2/β2.
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In other words, adding a linear dedifferentiation function will speed up the amplitude755

decay of the oscillations after perturbations and can also, in case of a sufficiently big basal756

dedifferentiation rate, decrease the frequency of these oscillations.757

758

We can generalise this finding to arbitrary decreasing differentiable functions %. To this end, we759

construct a Taylor expansion of % around the steady-state of the form %(D) ≈ a+bD+O(D2)760

with a, b ∈ R. This way, in a sufficiently small neighbourhood around the steady-state,761

the system behaves as if % was linear; and because % by definition is always positive and762

monotonously decreasing, clearly b < 0 and accordingly a > 0. Hence, the argument for763

linear functions % we made previously also applies here when we simply replace %0 with a.764

765
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Appendix D: Convergence of the colon epithelium model with dedifferentiation to a766

stable cell type ratio767

For sufficiently high population sizes, the dynamics of the system are governed by the set of768

linear differential equations769

dS(t)

dt
= βS(t)− δmaxS(t) + %minD(t)

dD(t)

dt
= δmaxS(t)− %minD(t)− ωD(t).

For convenience, we define b := β − δmax, w := ω + %min, r := %min, d := δmax, giving770

dS(t)

dt
= bS(t) + rD(t)

dD(t)

dt
= dS(t)− wD(t).

This system has the general solution771

S(t) =
(a− b− w)S0 − 2rD0 + ((a+ b+ w)S0 + 2rD0)eat

2ae
a−b+w

2
t

D(t) =
−2dS0 + (a+ b+ w)D0 + (2dS0 + (a− b− w)D0)eat

2ae
a−b+w

2
t

,

where a :=
√

4dr + (b+ w)2. Taking the limit yields772

lim
t→∞

S(t)

D(t)
=
a+ b+ w

2d
.
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