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Appendix B. Supplementary Methods

Appendix B.1. LD groups across populations

Figure B1 illustrates the process by which we obtain LD-groups across populations, from
LD-groups obtained on each population separately using adjacency-constrained hierarchical
clustering (see Section 2.2.1)

Fig. B1. Choice of shared LD-groups choice after adjacency-constrained hierarchical clustering for
each population

Appendix B.2. Multitask group lasso

Figure B2 illustrates the architecture of the multitask group Lasso described in Section 2.3.
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Fig. B2. Multitask group Lasso architecture

Appendix B.3. Gap safe screening rules

Let X ∈ Rn×d be a design matrix and y ∈ Rn the corresponding vector of outcomes, which
can be binary or real-valued. We consider the following optimization problem:

β̂
(λ)
∈ arg min

β∈Rd
Pλ(β) :=

n∑
i=1

fi

(
X>i. β

)
+ λΩ(β), (B.1)

where all fi : R→ R are convex and differentiable functions with 1/γ−Lipschitz gradient, and
Ω : Rd → R+ is a norm that is group-decomposable, i.e., the set of d features is partitioned in
G groups of sizes d1, d2, . . . , dG, and

Ω(β) =

G∑
g=1

Ωg

(
β(g)

)
,

where each Ωg is a norm on Rdg and, as previously, β(g) corresponds to the coefficients of β
restricted to the features in group g. As before, the λ parameter is a non-negative constant
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controlling the trade-off between the data fitting term and the regularization term.

Equation (2) is a special case of Equation (B.1) because the squared loss and the logistic
loss are convex and differentiable.

Safe screening rules make it possible to solve such problems more efficiently by discarding
features whose coefficients are guaranteed to be zero at the optimum, prior to using a solver.
They usual rely on the dual formulation of Equation (B.1):

θ̂
(λ)

= arg max
θ∈∆X

Dλ(θ) := −
n∑
i=1

f∗i (−λθi), (B.2)

where f∗i : R→ R is the Fenchel-Legendre transform of fi, defined by f∗i (u) = supz∈R〈z, u〉−fi(z)
and ∆X ⊂ Rn is defined by ∆X =

{
θ ∈ Rn : ∀g = 1, . . . , G,ΩD

g (X(g)>θ) ≤ 1
}
, where ΩD

g : Rpg → R
is the conjugate norm of Ωg, defined by ΩD

g (u) = maxzinRpg :Ωg(z)≤1〈z,u〉, and X(g) ∈ Rn×pg is
the design matrix X restricted to the features/columns in group g.

In our setting,

• ΩD
g (u) =

∥∥∥β(g)
∥∥∥

2
and ΩD(u) = maxg=1,...,G

1
wg

∥∥u(g)
∥∥

2
.

• If one uses the squared loss, that is to say, fi(z) = 1
2(yi− z)2, then f∗i (z) = 1

2z
2 + yiz and

the Lipschitz constant is γ = 1.

• If one uses the logistic loss, that is to say, y ∈ {0, 1}n and fi(z) = −yiz+ log(1 + exp(z)),

then

f∗i (z) =

{
(z + yi) log(z + yi) + (1− (z + yi)) log(1− (z + yi)) if 0 ≤ (z + yi) ≤ 1

+∞ otherwise,

and the Lipschitz constant is γ = 4.

The general idea of safe screening rules, introduced by [EGVR10], is to find a region R ⊂ Rn

such that if θ̂
(λ)
∈ R, for any g ∈ {1, . . . , G},

ΩD
g

(
X(g)>θ̂

(λ)
)
< 1⇒ β̂

(λ)
= 0.

Gap safe screening rules [N+17] exploit the duality gap (Pλ(β)−Dλ(θ)) to obtain the radius
of the safe region R. More specifically, Ndiaye et al. show that ∀β ∈ Rp, ∀θ ∈ ∆X ,∥∥∥θ̂(λ)

− θ
∥∥∥

2
≤

√
2(Pλ(β)−Dλ(θ))

γλ2
,

which leads them to define, for any β ∈ Rp and θ ∈ ∆X , the ball centered in θ and of radius√
2Pλ(β)−Dλ(θ)

γλ2 as a safe region, that is to say a region that is guaranteed to contain θ̂
(λ)
.

Appendix B.4. Measuring selection stability
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To measure the stability of a feature selection property, we use the sample’s Pearson
coefficient [NB16]. This stability index is closely related to that proposed by Kuncheva [Kun08]
and is appropriate for the comparison of feature sets of different sizes. This index relies on
repeating the feature selection procedure M time (in this work, M = 10) and evaluating the
overlap if the M resulting feature sets.

Each of the M sets of selected features can be represented by an indicator vector s ∈ {0, 1}p,
where sj = 1 if feature j is selected and 0 otherwise. The stability index between two feature
sets S and S ′, represented by their indicator vectors s and s′, is computed as the Pearsons’s
correlation between these two vectors:

φ(S,S ′) =

∑p
j=1(sj − s̄)(s′j − s̄′)√∑p

j=1(sj − s̄)2
√∑p

j=1(s′j − s̄′)2
, (B.3)

where s̄ = 1
p

∑p
j=1 sj and s̄′ = 1

p

∑p
j=1 s

′
j.

Note that, because
∑p

j=1 sj = |S| ,
∑p

j=1 sjs
′
j = |S ∩ S ′| , and s2

j = sj , we can rewrite Equa-
tion (B.3) as

φ(S,S ′) =
|S ∩ S ′| − 1

p |S| |S
′|√

|S|
(

1− |S|p
)√
|S ′|

(
1− |S

′|
p

) ,

hence interpreting this index as the size of the intersection of the two sets, corrected by
chance, that is to say, ensuring that the expected value of the index is 0 when the two selections
are random.

The stability index between M sets of selected features is computed as the average pairwise
stability index between all possible pairs of sets of selected features:

φ(S1,S2, . . . ,SM ) =
M(M − 1)

2

M∑
k=1

M∑
l=k+1

φ(Sk,Sl). (B.4)

Appendix C. Supplementary Results

Appendix C.1. PCA of the genotypes

Figure C1 shows the genotypes of the simulated data (Figure C1a) and the DRIVE data
(Figure C1b) projected on the two first principal components of the data.

Appendix C.2. Runtimes

Figure C2 shows the runtimes of the different Lasso methods on simulated data.
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Fig. C1. PCA for simulated and real datasets
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Fig. C2. Runtimes of the different Lasso approaches.
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Appendix C.3. Breast cancer risk loci detected by MuGLasso on DRIVE

On the DRIVE dataset, MuGLasso selected 1 357 SNPs, forming 62 LD groups. Those
SNPs include all the 306 SNPs that are significant in the adjusted GWAS approach. We used
FUMA [WTVBP17] to analyze the remaining 1 051 SNPs, and found that 57% of these SNPs
are within 10kb of protein coding genes. Hence MuGLasso identifies a total of 32 genes (listed
in in Table C1), in addition to the 9 genes (ITPR1, MRPS30, MAP3K1, SETD9, MIER3,
EBF1, FGFR2, TOX3 and MKL1 ) identified by the adjusted GWAS.

Out of these 32 genes, 17 were previously identified in breast cancer meta-analyses which
data include our 28 281 samples from the General Research Use dataset of the DRIVE Breast
Cancer OncoArray Genotypes (see Table C1). More specifically, these studies respectively
used 10 707 ER-negative breast cancer cases 76 649 controls [GC+13] 45 290 cases and 41 880
controls of European ancestry [M+13], 62 623 breast cancer cases and 61 696 controls [M+15],
122 977 cases and 105 974 controls of European ancestry together with 14 068 cases and 13 104
controls of East Asian ancestry [M+17a], and 210 088 controls (9 494 of which are BRCA1
mutation carriers) and 30 882 cases (21 468 ER-negative cases and 9 414 BRCA1 mutation
carriers), all of European origin [M+17].

This suggests that MuGLasso was able to rescue loci that are significant in a better-
powered study (that is to say, a study with a larger number of samples).

In addition, we were able to find in the literature prior evidence of relationship with breast
cancer risk or tumor growth for 7 additional genes, suggesting biological relevance of the
MuGLasso findings.

Further analyses would be required to really get to the biological interpretation of these
results. In particular, we restricted ourselves to mapping SNPs to genes based on a 10kb win-
dow, where other authors rather use 50kb, and FUMA provides many additional possibilities
using known eQTLs and chromatin interactions across all tissues or for relevant tissues. In
addition, pathway enrichment analyses could also be very relevant. One could also compare
the selected SNPs to those significant in large meta-analyses such as [M+17,M+17a] in a more
systematic manner to investigate how much power is gained by using MuGLasso on a subset
of these GWAS data sets. Finally, we have analyzed jointly all selected SNPs and have not
distinguished between those that are specific to one of the two populations and those that are
common to both.
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Table C1. The 32 potential breast cancer risk genes within 10kb of loci identified by Mu-
GLasso and not the adjusted GWAS, together with information as to their biological relevance.

Genes found in meta-GWAS including the samples used in this work
Gene symbols Evidence
ASTN2 M+17a
CCDC170 GC+13,M+13,M+15,M+17a,M+17
CDYL2 M+13,M+15,M+17a
DIRC3 M+13,M+15,M+17a,M+17
ELL M+13,M+15,M+17a,M+17
ESR1 GC+13,M+15,M+17a,M+17
FTO GC+13,M+13,M+15,M+17a,M+17
GRHL1 M+17a
KCNU1 M+15,M+17a
NEK10 M+13,M+15,M+17a,M+17
PAX9 M+13,M+15,M+17a
PTHLH GC+13,M+13,M+15,M+17a,M+17
SSBP4 M+17a
TGFBR2 M+13,M+15,M+17a
TNRC6B M+17a
ZMIZ1 M+13,M+15,M+17a
ZNF365 M+17a,M+17

Genes found to be associated with breast cancer risk or tumor growth in the literature
Gene symbols Evidence
ADSL oncogenic driver in triple negative breast cancer [Z+19]
CACNA1I underexpressed in breast cancer [P+17]
CCDC91 likely target gene of breast cancer risk variants [F+19]
NUP205 forms a complex with NUP93 which regulates breast tumor growth [B+20]
POP1 expression correlates with prognosis in breast cancer [L+21]
PPFIBP1 promotes cell motility and migration in breast cancer [C+16]
SGSM3 associated with breast cancer in a Chinese population [TZS17]

Other genes
C7orf73, CCSER1, CD2AP, HK1, HRSP12, LUC7L3, MED21, REP15
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