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Abstract 

Tissue stem cells maintain themselves through self-renewal while constantly supplying 

differentiating cells. As a mechanism of stem cell homeostasis, two distinct models were 

proposed: the classical model states that there are hierarchy among stem cells and master stem 

cells provide stem cells by asymmetric divisions, whereas the recent model states that stem cells 

are equipotent and neutrally competing each other. However, its mechanism is still controversial 

in several tissues and species. Here, we developed a mathematical model linking these two models. 

Our theoretical analysis showed that the model with the hierarchy and neutral competition, called 

the hierarchical neutral competition (hNC) model, exhibited bursts in clonal expansion, unlike 

existing models. Furthermore, the scaling law in clone size distribution, thought to be a unique 

characteristic of the recent model, was satisfied in the hNC model. Based on these findings, we 

proposed a criterion for distinguishing the three models by experiments.  
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Introduction 

All cells in our body are derived from stem cells, which maintain their population through self-

renewal while constantly producing differentiated cells to achieve homeostasis in any tissue. 

This property of tissue stem cells is vitally important for homeostasis in organisms, and defects 

in stem cell homeostasis cause various diseases such as cancer and infertility1–3. In the stem cell 

homeostasis, fate asymmetry is achieved, in which half of the daughter cells from the entire 

stem cell population is retained as stem cells and the other half is directed toward 

differentiation. To date, two distinct models have been suggested to explain the mechanism of 

stem cell homeostasis, i.e., how the fate asymmetry is achieved4,5: the hierarchical model and 

neutral competition (NC) model. However, the mechanism of stem cell homeostasis remains 

controversial in many species and tissues.  

 The hierarchical model has traditionally been accepted. In this model, there are two 

hierarchies of stem cells: master and non-master stem cells (Fig. 1a). Master stem cells are the 

most undifferentiated stem cell population consisting of a limited number of stem cells, while 

non-master stem cells are more differentiated and irreversibly directed toward differentiation. 

For stem cell homeostasis, one master stem cell generates one master stem cell and one non-

master stem cell through asymmetric division (Fig. 1b). This asymmetry at the single-cell level 

achieves fate asymmetry in the entire stem cell population, where loss of stem cells by their 

differentiation is compensated by asymmetric division of master stem cells, ensuring 

maintenance of the stem cell population. In Drosophila, stem cells in the germline and 

developing central nervous system have been shown to undergo invariant asymmetric cell 

divisions, giving rise to one stem cell and one differentiating cell4,6, strongly supporting the 

hierarchical model. This model has also been widely considered in mammalian stem cell 

homeostasis. In classical models of epidermal and spermatogenic stem cells, a limited number 

of stem cells are thought to maintain each tissue homeostasis7–9. 

 Another distinct model, known as the neutral drift model or stochastic model, has 

recently attracted attention10. We refer to this model as the NC model to focus on the clonal 

expansion process occurring through neutral cell-cell competition. In the NC model, all stem 

cells are equipotent without the hierarchy among stem cells assumed in the hierarchical model, 

we call all these stem cells “competitive stem cells” (Fig. 1c). This model assumes that the fate 

of each stem cell is not fixed: a stem cell generates two stem cells or two differentiating cells by 

symmetric division or one stem cell and one differentiating cell by asymmetric division (Fig. 

1d). Therefore, fate asymmetry is achieved at the cell population level rather than at the single-

cell level, and loss of one stem cell is compensated by the symmetric division of the other stem 

cell into two stem cells. Thus, stem cells neutrally compete with each other, leading to neutral 
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drift in clonal expansion. The NC model was originally suggested based on the observation of 

the random fate of stem cells11,12 and several inducible genetic labeling studies13,14. Recently, 

Klein and Simons performed mathematical analysis of the NC model and showed that stem cell 

clonal expansion follows the scaling law, in which the scaled probability distribution of the stem 

cell population size of each clone is universal over time5. Several experimental studies involving 

long-term lineage tracing of stem cell clones confirmed this scaling law in mouse epidermal, 

intestinal, and spermatogenic tissues, supporting the NC model as the mechanism of stem cell 

homeostasis15–17. Therefore, the NC model has recently been regarded as another candidate for 

the mechanism of stem cell homeostasis in mammalian tissues.  

However, a phenomenon that cannot be predicted by either existing model alone has been 

reported. A study using genetic barcoding of spermatogonial stem cells in mice reported that 

offspring were derived non-randomly from all clonal types of spermatogonial stem cells, and that 

offspring of specific clones were periodically observed, suggesting that the population size of 

each stem cell clone exhibited transient burst-like patterns repeatedly18. In the hierarchical model, 

the clone population size is stably maintained because each master stem cell compensates for the 

loss of stem cells without competition, whereas in the NC model, a few clones dominate the 

population and other clones end up in extinction owing to the neutral evolution of the stem cell 

clones. Because both the hierarchical model and the NC model are not able to explain burst-like 

dynamics of stem cell clones, there should be a missing factor for understanding stem cell 

homeostasis.  

To address this missing factor and the controversy in the mechanism of mammalian 

stem cell homeostasis, we focused on the fact that two existing models are not necessarily 

conflicting. In fact, both models have been supported by data from different experimental 

systems, leading to different results. Thus, the same phenomenon has been possibly observed 

from the different aspects. Based on this idea, in this study, we presented a new and 

comprehensive mathematical model that seamlessly links two existing models. In addition, this 

mathematical model can represent the intermediate model we named hierarchical neutral 

competition (hNC) model, in which both the supply of stem cells by master stem cells and 

competition between stem cell clones are compatible. Through numerical simulation and 

mathematical analysis, we revealed that the hNC model exhibited burst-like patterns in the clone 

dynamics of stem cells. Furthermore, we showed that the scaling law in clone size distribution, 

which was proposed as the indicator of the NC model, was satisfied not only in the NC model 

but also in the hNC model. Based on these findings, we proposed a possible criterion for 

distinguishing these three conditions experimentally. 
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Results  

General model for stem cell homeostasis 

To examine the effect of the presence of master stem cells and/or neutral competition among 

stem cells on clonal dynamics in stem cell homeostasis, we developed a mathematical model 

that comprehensively represents the hierarchical, NC, and their intermediate model named as 

the hNC models (Fig. 1a–f). The hNC model has two hierarchies of stem cells as in the hierarchical 

model: master stem cells in the closed layer and competitive stem cells in the open layer, while it 

also has neutral competition among competitive stem cells as in the NC model (Fig. 1e). In the 

closed layer, master stem cells supply competitive stem cells to the open layer while undergoing 

self-renewal via invariant asymmetric divisions. In the open layer, competitive stem cells 

compete with each other while producing differentiating cells; when a competitive stem cell is 

lost through differentiation or apoptosis, it is compensated either through the supply from 

master stem cells or symmetric division of other competitive stem cells at rates of 𝜀 and 𝜆, 

respectively (Fig. 1f).  

In the simulation of our model, at each step, one competitive stem cell was randomly 

selected for differentiation and excluded from the open layer. Next, a master stem cell or 

competitive stem cell was selected with a weighted probability defined by the parameters 𝜀 and 

𝜆, which supplies one competitive stem cell to maintain the total number of stem cells. From a 

theoretical perspective, this model was extended from the Moran process19, which generally 

describes the evolutionary population dynamics of two species, by introducing multiple species 

and an external supply from master populations outside of competition.  

This mathematical model can represent three biological models by changing parameters 

𝜀 and 𝜆 (Fig. 1g). The condition under which competitive stem cells do not proliferate (𝜆 =

0), indicating the absence of neutral competition, corresponds to the hierarchical model. In 

contrast, the condition under which master stem cells do not supply competitive stem cells (𝜀 =

0), indicating the absence of master stem cells, corresponds to the NC model. Additionally, the 

mathematical model represents the intermediate condition between the hierarchical and NC 

models named as the hNC model, that is 𝜆 > 0 and 𝜀 > 0.  

 

Clonal bursts were generated in the hNC model 

To investigate the dynamics of the three different biological models (hierarchical, NC, and hNC 

models) for explaining stem cell homeostasis, we performed numerical simulations of our 

mathematical model using different values for the proliferation rate of master stem cells 𝜀 and 

that of competitive stem cells 𝜆. In the hierarchical model (𝜀 > 0, 𝜆 = 0), no clone dominated 
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the open layer, and the populations of all clones fluctuated around the averages because master 

stem cells continuously compensated for the loss of stem cells from the closed layer (Fig. 2a). 

In contrast, in the NC model (𝜀 = 0, 𝜆 > 0), only one clone dominated the open layer, and all 

other clones were extinguished through neutral, random drift of clonal populations (Fig. 2b). 

Interestingly, in the hNC model (0 < 𝜀 ≤ 𝜆), each clone population showed intermittent and 

repeated expansion and contraction, like the bursts (Fig. 2c). These clonal bursts were generated 

by the mechanism that each clone headed to domination or extinction by neutral drift, but these 

two extreme results were not eventually achieved because of the infrequent supply from master 

stem cells, whose proliferation rate was lower than that of competitive stem cells.  

 As another characteristic of clonal expansion, we examined monoclonal conversion, a 

phenomenon in which only one clone dominates the stem cell population. Using simulation, we 

quantified the probability of monoclonal conversion in the three models (Fig. 2d). Monoclonal 

conversion did not occur in the hierarchical model, whereas in the NC model, monoclonal 

conversion occurred; that is, the probability of monoclonal conversion increased over time and 

eventually converged to one in the NC model. In contrast, in the hNC model, the probability of 

monoclonal conversion increased over time and eventually reached and fluctuated around 

certain constants, approaching a larger value with a lower proliferation rate of master stem cells 

𝜀.  

 

Clonal bursts were caused by low proliferation of master stem cells  

We mathematically analyzed how clonal bursts were generated as shown in Fig. 2 based on the 

theory of stochastic processes. We first derived the stationary probability distribution of the 

clone size (see Methods). We found that a smaller proliferation rate of master stem cells 𝜀 was 

associated with a higher probability of a large clone size (Fig. 3a), implying the existence of 

higher clonal bursts. Next, we directly analyzed the properties of clonal bursts. We defined a 

clonal burst (Fig. 3b) and derived the probability that a clonal burst of a certain height is 

generated and the expected duration of a clonal burst at a certain height (see Methods). By this 

theoretical analysis, we found that a lower proliferation rate of master stem cells increased and 

decreased the probabilities of larger and smaller bursts, respectively (Fig. 3c and simulation 

results in Supplementary Fig. 1). In addition, we found that a lower proliferation rate of master 

stem cells increased and decreased the durations of larger and smaller bursts, respectively (Fig. 

3d and simulation results in Supplementary Fig. 1). These mathematical analyses were 

validated by confirming that the analytical solutions were reproduced in numerical simulations 

(Fig. 3a, c, d). Taken together, the proliferation rate of master stem cells relative to that of 

competitive stem cells dominantly determines the height and duration of stem cell clonal bursts.  
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Scaling law is satisfied in both the NC and hNC models 

The existence of clonal bursts should be the indicator of the hNC model, consisting of hierarchy 

and neutral competition among stem cells, because the existing hierarchical and NC models 

cannot generate a clonal burst. On the other hand, Klein and Simons theoretically suggested that 

the NC model can be distinguished from the hierarchical model using the scaling law of the 

clone size distribution, in which the probability distribution of the stem cell population size of 

each clone, 𝑃𝑛(𝑡), time-independently obeys the universal scaled distribution 5:   

𝑃𝑛(𝑡) =
1

〈𝑛(𝑡)〉
𝐹 (

𝑛(𝑡)

〈𝑛(𝑡)〉
) , (1) 

where 𝑛(𝑡) and 〈𝑛(𝑡)〉 denote the clone size and its average at time 𝑡, respectively, and 𝐹(𝑥) 

indicates the time-independent universal function, which was determined from the spatial 

dimension of the tissue of interest. In our situation in the NC model, 𝐹(𝑥) was expected to 

obey an exponential distribution20–22. In fact, the dynamics of clonal expansion was 

experimentally monitored using lineage tracing of stem cells, which showed that the distribution 

of the clone size followed the scaling law in several tissues in mice15,16,21. Notably, the scaling 

law holds only in the early phase of clonal expansion and not in the late phase, during which all 

stem cell populations converge to almost monoclonal.  

 To investigate whether the clone size distribution satisfies the scaling law in the hNC 

model, we simulated our mathematical model with random labeling of one of the master and 

competitive stem cells. In the hierarchical model, the clone size distribution did not follow the 

scaling law (Fig. 4a). In contrast, the NC model obeyed a time-independent exponential 

distribution which followed the scaling law (Fig. 4b). These observations are consistent with 

previous findings. Furthermore, we observed scaling law of clone size distribution in the hNC 

model when the proliferation rate of the master stem cells was lower than or equal to that of the 

competitive stem cells (Fig. 4c, d), including the condition in which clonal bursts were 

generated, as shown in Fig. 2c and Supplementary Fig. 1. Similarly, the clone size distribution 

followed scaling law not in the hierarchical model, but in the NC and hNC models when one of 

master stem cells or one of competitive stem cells was randomly labeled (Supplementary Fig. 

2, 3). Furthermore, when the proliferation rate of master stem cells was much higher than that of 

competitive stem cells, which is probably not consistent with physiological conditions, the 

scaling behavior collapsed (Supplementary Fig. 4).  

 Taken together, these results indicate that the scaling law of the clone size distribution 

can rule out the hierarchical model and be used as an indicator of neutral competition in clonal 

expansion, as in the NC and hNC models. However, the scaling law does not distinguish 
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between the NC and hNC models; therefore, it is not possible to reject the presence of master 

stem cells by the scaling law of the clone size distribution.  

 

Experimentally distinguishing the three models 

Finally, we proposed a criterion for determining the mechanism of stem cell homeostasis in each 

tissue, that is, a criterion to distinguish the hierarchical, NC, and hNC models using 

experimental data (Fig. 5a). First, to distinguish the hierarchical model from the other two 

models, one needs to examine whether the scaling law of clone size distribution holds using 

lineage tracing techniques because we showed that the scaling law was an indicator of neutral 

competition, as included in the NC and hNC models (Fig. 4). Next, to distinguish between the 

NC and hNC models, one needs to examine whether clonal bursts are observed during long-

term lineage tracing, as we showed that the clonal burst is unique to the hNC model (Fig. 2).  

This criterion can distinguish between the three models but does not provide more 

detailed information on the hNC model. As shown in Fig. 2 and 3, the proliferation rate of 

master stem cells, 𝜀, governs burst-like dynamics and thus largely affects stem cell homeostasis 

in each tissue. Therefore, it is important to quantify 𝜀 in the hNC model. Here, we propose two 

methods for estimating the proliferation rate of master stem cells, 𝜀,  in the hNC model from 

experimental data. The first method was based on the Shannon index 𝐻, which is used in 

ecology to measure species diversity23:  

𝐻 = − ∑ 𝑃𝑛ln𝑃𝑛

𝑁

𝑛=1

, (2) 

where 𝑛 and 𝑁 indicate the index of labeled clones and number of introduced labels, 

respectively, and 𝑃𝑛 indicates the fraction of 𝑛-th labeled clonal stem cells. 𝑃𝑛 can be 

measured by lineage tracing of multiple stem cells. Note that it is not necessary to label all stem 

cell clones if the total number of competitive stem cells is determined in other experiments. By 

simulation of our mathematical model, we showed how the Shannon index depends on 𝜀 (Fig. 

5b). Based on this result, 𝜀 can be estimated using the Shannon index, which can be 

experimentally quantified by equation (2). The second method is based on the average duration 

of all bursts observed during lineage tracing. The average duration of all bursts of all heights 

increased with 𝜀 (Fig. 5c), indicating that 𝜀 can be estimated experimentally. When using this 

method, frequent and long-term lineage tracing is necessary.  
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Discussion 

How is stem cell homeostasis achieved in each tissue? To date, it has been controversial 

whether there are hierarchies among stem cells and master stem cells provide stem cells by 

asymmetric divisions (the hierarchical model), or whether equipotent stem cells neutrally 

compete with each other (the NC model) to maintain the total number of stem cells. We 

addressed this question by developing a mathematical model that links two existing models and 

represents an intermediate model named as the hNC model. Through simulation and 

mathematical analysis, we found unique clonal dynamics in the hNC model but not in the two 

existing models; the clone size repeatedly exhibited transient bursts. We also showed that the 

clone size distribution in the hNC model followed the scaling law, proposed as the indicator of 

the NC model. Based on these distinct characteristics, we proposed a criterion for discriminating 

the three models using experimental data.  

 

Experimental report supporting the hNC model 

There is experimental evidence that suggests the hNC model in mammalian spermatogenesis. 

Kanatsu-Shinohara et al. examined the dynamics of mouse germline transmission by 

transplantation of spermatogonial stem cells with genetic labeling18. By analyzing genetic labels 

in offspring, they found that offspring were derived non-randomly from all labeled clonal types 

of spermatogonial stem cells, and periodically observed offspring derived from specific clones. 

This result suggests that the population size of each stem cell clone increased and decreased 

repeatedly, showing transient burst-like dynamics. In addition, they showed that the most 

undifferentiated stem cell population, that is, undifferentiated spermatogonia, was actively 

cycling without mitotic quiescence, whereas a more differentiated stem cell population of 

differentiating spermatogonia partially underwent apoptosis during differentiation.  

Considering the interpretation of these findings based on the hNC model, 

undifferentiated spermatogonia might correspond to master stem cells that are equally cycling. 

In contrast, differentiating spermatogonia might correspond to competitive stem cells, because 

they partially undergo apoptosis, implying the presence of cell competition. Thus, in mouse 

spermatogenesis, it was suggested that master stem cells constantly supply competitive stem 

cells and competitive stem cells compete with each other, which can lead to burst-like dynamics 

as observed in the hNC model. Therefore, these experimental results support the hNC model, 

although the lineage of labeled stem cells should be directly observed to verify this model.  

 

Reconsideration of the hierarchical and NC model. 
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The hNC model enabled us to reconsider the hierarchical and NC models. In the hierarchical 

model, there is a hierarchy among stem cells, reflected by master stem cells and non-master 

stem cells. In the NC model, there is no hierarchy among stem cells, which are under neutral 

competition. Both hierarchy and neutral competition among stem cells exist in the hNC model. 

Thus, even if a hierarchy is observed among stem cells and master stem cells are identified, the 

hNC model may be applied if cells differentiated from master stem cells compete neutrally. 

Similarly, even if neutral competition is observed among stem cells, the hNC model may be 

applied if master stem cells are present. Therefore, we may have overlooked the possibility of 

the hNC model by only using data from current experimental techniques. 

 

Comparison between the NC and hNC models 

 Klein and Simons theoretically suggested that the scaling law of clone size distribution can 

indicate the NC model5, and the scaling law has been confirmed by pulse-labeling of stem cells 

in several tissues such as the intestine21, epidermis15, and testis24 in mice. Although we found 

that the scaling law ruled out the hierarchical model, it was not able to distinguish between the 

NC and hNC models, because the scaling law was observed in simulation of the hNC model 

when master stem cells and/or competitive stem cells were pulse-labeled (Fig. 4; 

Supplementary Fig. 2, 3). Intuitively, the NC and hNC models show almost the same behavior 

in the early phase after pulse-labeling because of the small population and low proliferation of 

master stem cells. Thus, the scaling law of clone size distribution cannot indicate the absence of 

master stem cells, and it is possible that previous studies have overlooked the potential of the 

hNC model. 

 

Our criterion to distinguish the three models and stem cell markers  

When studying stem cell homeostasis, it is challenging to identify distinctive characteristics of 

stem cells, making it difficult to define these cells in their natural context within tissues. In fact, 

it is difficult to determine which stem cell populations, such as master stem cells and 

competitive stem cells, were actually observed by a widely-used gene marker of stem cells. In 

this study, we proposed a criterion for distinguishing the three models by examining the 

presence or absence of scaling law of clone size distribution and bursts in stem cell clonal 

dynamics. Notably, this criterion does not depend on the strict definition of stem cells. To detect 

the scaling law and bursts, a minimum requirement is labeling the most undifferentiated stem 

cell population, which is master stem cells in the hNC and hierarchical models and competitive 

stem cells in the NC model. In other words, a gene marker that defines the cell population, 

including the most undifferentiated stem cells, is sufficient to distinguish between the three 

models, which means we do not need to find a gene marker specific to the most undifferentiated 
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stem cells. It is likely to be easier to identify this population because some tissue stem cells, 

such as intestinal, epithelial, and spermatogenic stem cells, show distinct anatomical features. In 

these tissues, stem cells and differentiated cells change their physical positions in one direction 

during differentiation. This distinctive characteristic may enable identification of stem cell 

populations including the most undifferentiated cells.   

 

Methods 

Mathematical Model of stem cell clone dynamics 

To examine stem cell clonal dynamics, we developed a mathematical model that 

comprehensively represents the hierarchical, NC, and hNC models. The mathematical model is 

based on the Moran process, which is a simple stochastic process describing population 

dynamics. The model is comprised of two types of stem cells: master stem cells in the closed 

layer and competitive stem cells in the open layer (Fig. 1a, c, e). The closed layer contains 𝐾 

master stem cells, which are stably maintained and not subject to competition, and provide 

differentiated cells named as competitive stem cells to the open layer with a proliferation rate 

defined as 𝜀. The open layer contains 𝑁 competitive stem cells , which are lost by their 

differentiation or apoptosis, and each loss is compensated by proliferation of other competitive 

stem cells in the open layer or master stem cells from the closed layer.  

 We simulated the population dynamics of distinct 𝐾 clones of competitive stem cells. 

Each elementary step of the simulation involved a loss event and compensation event. For loss, 

one of the 𝑁 competitive stem cells is chosen at random. The selection probability of the 𝑘th 

clone is 𝑝𝑘 = 𝑛𝑘 𝑁⁄ , where 𝑛𝑘 indicates the population of the 𝑘-th clone in the open layer. 

For compensation, one stem cell is chosen from the closed and open layers at random based on 

proliferation rate of each clone; the selection probability of the 𝑘-th clone is 𝑞𝑘 =

(𝑛𝑘𝜆 + 𝜀) (𝜆𝑁 + 𝜀𝐾)⁄ . The total populations in the closed and open layers, that is, 𝐾 and 𝑁, 

are constant.  

 To ensure time-scale consistency among the mathematical models with different 

parameters, the time scale was calibrated based on the average time taken per step as 𝑡 =

𝑚 (𝜆𝑁 + 𝜀𝐾)⁄ , where 𝑚 indicates the number of steps in the simulation.  

 

Master equation of Moran process 

To analyze clonal expansion in the Moran process, we focused on one clone of 𝐾 clones in the 

open layer. The dynamics of a clone of interest can be described using the master equation (3) 

(Supplementary Fig. 5):  
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𝑃𝑛
𝑚+1 = 𝑟+(𝑛 − 1)𝑃𝑛−1

𝑚 + 𝑟−(𝑛 + 1)𝑃𝑛+1
𝑚 + (1 − 𝑟+(𝑛) − 𝑟−(𝑛))𝑃𝑛

𝑚, (3) 

where 𝑃𝑛
𝑚 denotes the probability that the size of clones of interest is 𝑛 in step 𝑚. In 

addition, 𝑟+(𝑛) and 𝑟−(𝑛) denote the transition probabilities that the clone size increases and 

decreases by one from 𝑛, respectively, as 

𝑟+(𝑛) =
𝜀 + 𝜆𝑛

𝜀𝐾 + 𝜆𝑁
× (1 −

𝑛

𝑁
) , (4) 

𝑟−(𝑛) = (1 −
𝜀 + 𝜆𝑛

𝜀𝐾 + 𝜆𝑁
) ×

𝑛

𝑁
. (5) 

 The stationary distribution of clone size 𝑃𝑛
∞

 was calculated from the following detailed 

balance: 

𝑟−(𝑛)𝑃𝑛
∞

= 𝑟+(𝑛 − 1)𝑃𝑛−1
∞

      𝑓𝑜𝑟 0 < 𝑛 ≤ 𝑁, 

which leads to 𝑃𝑛
∞

= {𝑟+(𝑛 − 1) 𝑟−(𝑛)⁄ }𝑃𝑛−1
∞

. Thus,  

𝑃𝑛
∞

= 𝑃0
∞

∏
𝑟+(𝑘 − 1)

𝑟−(𝑘)

𝑛

𝑘=1

. (6) 

Because ∑ 𝑃𝑛
∞

= 1𝑁
𝑛=0 , we obtained 

𝑃𝑛
∞ = ∏

𝑟+(𝑘 − 1)

𝑟−(𝑘)

𝑛

𝑘=1

(1 + ∑ ∏
𝑟+(𝑘 − 1)

𝑟−(𝑘)

𝑛

𝑘=1

𝑁

𝑛=1

)⁄ . (7) 

 

First-passage analysis of burst-like clonal expansion  

One of the distinct characteristics of the hNC model was burst-like clonal expansion (Fig. 2c 

and Supplementary Fig. 1). We analytically evaluated the generation probability and expected 

duration of a burst. A burst of height 𝐻 is defined as the dynamics during which the clone size 

changes from 0 to 𝐻 without returning to 0, and then returns to 0 without reaching 𝐻 + 1 

(Fig. 3b). Briefly, each burst generation can be separated into two processes: the forward 

process from 0 to 𝐻 and backward process from 𝐻 to 0. We evaluated this issue based on 

the splitting probability and first-passage time.  

 First, we calculated the probability of generating a burst of height 𝐻 by multiplying the 

probabilities of the forward and backward processes. The splitting probability in the forward 

process can be described as follows:  
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𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) =  
𝑟+(𝑛)

𝑟+(𝑛) + 𝑟−(𝑛)
𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛 + 1; 𝐻)

+
𝑟−(𝑛)

𝑟+(𝑛) + 𝑟−(𝑛)
𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛 − 1; 𝐻), (8)

 

where 𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) indicates the splitting probability that the clone size increases from 𝑛 

to 𝐻 without returning to 0. The boundary conditions are as follows:   

{
𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝐻; 𝐻) = 1 

𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(0; 𝐻) = 0.
(9) 

𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(1; 𝐻) was analytically solved as 

𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(1; 𝐻) =  (1 + ∑ ∏
𝑟−(𝑘)

𝑟+(𝑘)

𝑗

𝑘=1

𝐻−1

𝑗=1

)

−1

. (10) 

In the same manner, the splitting probability in the backward process can be described by 

𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) =  
𝑟+(𝑛)

𝑟+(𝑛) + 𝑟−(𝑛)
𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛 + 1; 𝐻)

+
𝑟−(𝑛)

𝑟+(𝑛) + 𝑟−(𝑛)
𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛 − 1; 𝐻), (11)

 

where 𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) indicates the splitting probability of the clone size decreasing from 𝑛 

to 0 without reaching 𝐻. The boundary conditions are as follows: 

{
𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻) = 0 

𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(0; 𝐻) = 1.
(12) 

𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻 + 1) was analytically solved as 

𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻 + 1) =  (1 + ∑ ∏
𝑟+(𝐻 − 𝑘)

𝑟−(𝐻 − 𝑘)

𝑗

𝑘=1

𝐻−1

𝑗=1

)

−1

. (13) 

Finally, the generation probability of a burst of height 𝐻, 𝑃𝑔𝑒𝑛(𝐻), was obtained using the 

following equation:  

𝑃𝑔𝑒𝑛(𝐻) = 𝑟+(0) × 𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(1; 𝐻) × 𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻 + 1). (14) 

Second, we calculated the expected duration of a burst of height 𝐻 by summing the 

expected durations of the forward and backward processes. The expected duration in the 

forward process is described by the following recurrence formula:   

𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) = 1 + (1 − 𝑟+(𝑛) − 𝑟−(𝑛))𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻)

+𝑟+(𝑛)𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛 + 1; 𝐻) + 𝑟−(𝑛)𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛 − 1; 𝐻). (15)
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where 𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) indicates the expected duration in which clone size 𝑛 increases to 𝐻 

without returning to 0 and the first term 1 indicates a unit time increment for a transition. The 

boundary condition at 𝑛 = 𝐻 is 𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) = 0, whereas that at 𝑛 = 0 cannot be 

defined because of the absorbing boundary; therefore, this recurrence equation is intractable. To 

avoid this problem, we introduced the physical quantity 𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑 defined as   

𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) = 𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) × 𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻). (16) 

Then, the recurrence formula of 𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) is described by   

𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) = 𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻) + (1 − 𝑟+(𝑛) − 𝑟−(𝑛))𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻)

+𝑟+(𝑛)𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛 + 1; 𝐻) + 𝑟−(𝑛)𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛 − 1; 𝐻), (17)
 

where the first term represents an increment of 𝑋𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝑛; 𝐻), which occurs with the 

increment of the unit time. The boundary conditions are: 

{
𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝐻; 𝐻) × 𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(𝐻; 𝐻) = 0 

𝑃𝑓𝑜𝑟𝑤𝑎𝑟𝑑(0; 𝐻) × 𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(0; 𝐻) = 0.
(18) 

Similarly, we introduced 𝑋𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) = 𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) × 𝑇𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) in the 

backward process, where 𝑇𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) indicates the expected duration in which clone size 

𝑛 decreases 0 without returning to 𝐻. The recurrence formula of 𝑋𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) is 

described by:   

𝑋𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) = 𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻) + (1 − 𝑟+(𝑛) − 𝑟−(𝑛))𝑋𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛; 𝐻)

+𝑟+(𝑛)𝑋𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛 + 1; 𝐻) + 𝑟−(𝑛)𝑋𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝑛 − 1; 𝐻), (19)
 

with the following boundary conditions:  

{
𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻) × 𝑇𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻) = 0 

𝑃𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(0; 𝐻) × 𝑇𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(0; 𝐻) = 0.
(20) 

Finally, the expected duration of a burst of height 𝐻, 𝑇𝑔𝑒𝑛(𝐻), was obtained using  

𝑇𝑔𝑒𝑛(𝐻) =
1

𝑟+(0)
+ 𝑇𝑓𝑜𝑟𝑤𝑎𝑟𝑑(1; 𝐻)+𝑇𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑(𝐻; 𝐻 + 1). (21) 

 

Data availability 
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Figure legends 

 

Fig. 1 Three distinct biological models for stem cell homeostasis 

(a) The hierarchical model. Loss of stem cells is compensated by the asymmetric division of 

master stem cells (hexagon) in the closed layer. In the open layer, non-master stem cells 

(circles) do not compete with each other and are directed to differentiation. Each color indicates 
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each clone derived from the common master stem cell. (b) Diagram of patterns of stem cell 

divisions in the hierarchical model. (c) The NC model. Loss of stem cells is compensated by the 

proliferation of competitive stem cells (circles) in the open layer. Each color indicates each clone 

derived from the common competitive stem cell. (d) Diagram of patterns of stem cell divisions in 

the NC model. (e) The hierarchical neutral competition (hNC) model. Loss of stem cells is 

compensated by the asymmetric division of master stem cells (hexagon) in the closed layer and 

proliferation of competitive stem cells (circles) in the open layer. Each color indicates each clone 

derived from the common master stem cell. (f) Diagram of patterns of stem cell divisions in the 

hNC model. (g) Relationships between the three models. The mathematical model seamlessly 

represented all three biological models depending on two parameters, 𝜀 and 𝜆, which 

represent the proliferation rates of master stem cells and competitive stem cells, respectively. 
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Figure 2 Clonal expansion in the hierarchical, NC, and hNC model. 

(a–c) Time-series of clone sizes with different proliferation rates of master stem cells (𝜀) and 

competitive stem cells (𝜆). In the simulation, there were 10 types of clones in 100 competitive 

stem cells in the open layer, in which the clone size of every clone was initially uniform, i.e., 

𝑛𝑘 = 10 at 𝑡 = 0. Asterisks indicate representative bursts. In the top panels, fraction of each 

clone was displayed by different color. In the lower panels, the results of five representative 

clones within 10 clones are displayed. (d) The probability of monoclonal conversion in open 

layers over time. We repeated simulations 1000 times, and the probability that the open layer 

became monoclonal at each timepoint was displayed. 
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Figure 3 Clone size distribution and clonal bursts depending on the proliferation rate 

of master stem cells in the hNC model  

(a) Stationary probability distribution of clone size with different proliferation rates of master 

stem cells 𝜀. The solid line and dots indicate the probability distributions derived through 

mathematical analysis and numerical simulation, respectively. (b) Definition of clonal bursts. A 

burst of height 𝐻 is defined as the dynamics in which the clone size changes from 0 to 𝐻 

without returning to 0, and then returns to 0 without reaching 𝐻 + 1. (c) Probability of burst 

generation of each height 𝐻 starting at clone size 0 depending on the proliferation rates of 

master stem cells 𝜀. Solid lines indicate the analytical solution of the probability (equation (14)). 

Dots indicate the probability calculated by numerical simulation.  (d) Expected duration of a 

clonal burst of each height H starting at clone size 0 depending on the proliferation rates of 

master stem cells 𝜀. Solid lines indicate the analytical solution of the expected duration 

(equation (21)). Dots indicate the average duration calculated by the numerical simulation.   

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprintthis version posted March 23, 2022. ; https://doi.org/10.1101/2022.03.23.485259doi: bioRxiv preprint 

https://doi.org/10.1101/2022.03.23.485259


 

21 

 

 

Figure 4 Scaling law of clone size distribution in the NC and hNC models 

Probability distribution of clone size calculated by the simulation mimicking the pulse-labeling 

experiment. Simulations were performed 100,000 times using 10 master stem cells and 100 

competitive stem cells. Cells were randomly labeled from among the master and competitive 

stem cells. The clone size distributions of a labeled clone were plotted at different time points in 

the (a) hierarchical model, (b) NC model, and (c,d) hNC model with the two conditions. The 

upper and lower panels show the distributions before and after scaling by the average clone 

size at each time point, respectively, as equation (1).  
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Figure 5 Criterion to experimentally distinguish the hierarchical, NC, and hNC 

models.    

(a) Flow chart of criterion to distinguish the hierarchical, NC, and hNC models. Scaling law of 

clone size distribution can be used as the indicator to distinguish the hierarchical model and 

other two models. Clonal bursts can be used as the indicator to distinguish the NC model and 

hNC model. (b, c) Two types of experimentally-measurable variables depending on the 

proliferation rate of master stem cells, 𝜀. Shannon index representing clonal diversity (b) and 

average duration of all bursts (c) were plotted. 𝜀 can be estimated using Shannon index and/or 

the average duration of all bursts, both of which can be measured through lineage tracing 

experiments of multiple clones.   
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Supplementary figure 1: Time-series of clone sizes in the hNC model under various 

conditions. 

Time-series of clone sizes in the hNC model with different proliferation rates of master stem cells, 

𝜀. The simulation included 10 types of clones in 100 competitive stem cells in the open layer, in 

which the clone size was initially uniform, that is 𝑛𝑘 = 10.  
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Supplementary figure 2: Scaling law of clone size distribution in the NC and hNC 

models with labelling master stem cells. 

Probability distribution of the population size of pulse-labeled clones. Simulations were performed 

100,000 times using 10 master stem cells and 100 competitive stem cells. One of the master stem 

cells was randomly labeled. The labeled clonal size distributions were plotted at different time 

points in the (a) hierarchical model, (b) NC model, and (c, d) hNC model under the two conditions. 

The clone size distribution is not shown in the NC model, because the NC model has no master 

stem cells. The upper and lower panels show the distributions before and after scaling by the 

average clone size at each time point, respectively, as shown in equation (1).  
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Supplementary figure 3: Scaling law of clone size distribution in the NC and hNC 

models with labeling of stem cells in the open layer. 

Probability distribution of the population size of pulse-labeled clones. Simulations were performed 

100,000 times using 10 master stem cells and 100 competitive stem cells. One of the stem cells 

in the open layer was randomly labeled: non-master stem cells in the hierarchical model and 

competitive stem cells in the NC and hNC models. The labeled clonal size distributions were 

plotted at different time points in the (a) hierarchical model, (b) NC model, and (c, d) hNC model 

under the two conditions. Upper and lower panels show the distributions before and after scaling 

by the average clone size at each time point, respectively, as shown in equation (1).  
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Supplementary figure 4: Scaling law of clone size distribution in the hNC model with 

high-cycling master stem cells.  

Probability distribution of the population size of pulse-labeled clones under the condition where 

the proliferation of master stem cells is much larger than that of competitive stem cells. 

Simulations were performed 100,000 times using 10 master stem cells and 100 competitive stem 

cells. One of the master and competitive stem cells was randomly labeled. The labeled clonal size 

distributions were plotted at different time points in the hNC model, with master stem cells being 

much more active than competitive stem cells. Upper and lower panels show the distributions 

before and after scaling, respectively, as shown in equation (1).  
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Supplementary figure 5: State transition diagram of clonal expansion.  

Clonal size stochastically changes because of neutral competition and supply from a master stem 

cell. 𝑛 and 𝑁 indicates the size of a clone of interest and the total number of competitive stem 

cells, respectively. 𝑟+(𝑛)  and 𝑟−(𝑛)  denote the transition probabilities that the clone size 

increases and decreases by one from 𝑛, respectively.  
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