
Multi-contact statistics distinguish models of chromosome
organization

Janni Harju1, Joris J.B. Messelink2, and Chase P. Broedersz1,2,*

1Department of Physics and Astronomy, Vrije Universiteit Amsterdam, 1081 HV Amsterdam, The Netherlands
2Arnold Sommerfeld Center for Theoretical Physics and Center for NanoScience, Department of Physics,

Ludwig-Maximilian-University Munich, Theresienstr. 37, D-80333 Munich, Germany
*Corresponding author c.p.broedersz@vu.nl

May 17, 2022

Abstract

Whereas pairwise Hi-C methods have taught us much about chromosome organization, new multi-
contact methods, such as single-cell Hi-C, hold promise for identifying higher-order loop structures.
The presence of such high-order structure may be revealed by comparing multi-contact data with a
theoretical prediction based on pairwise contact information. Here, we develop and compare three
polymer-based prediction schemes for chromosomal three-point contact frequencies, based on a non-
interacting polymer, a polymer with independent cross-linking, and a polymer with weak pairwise
interactions between monomers. First, we test these predictions for two distinct simulation models of
bacterial chromosome organization: a data-driven model inferred from a Hi-C map and bottom-up
simulations of loop-extruding proteins. We find that the most predictive approximation is indicative
of how contacts are primarily formed in a model. We then apply our prediction schemes to previously
published super-resolution chromatin tracing data for human IMR90 cells. Strikingly, we find that
the best prediction is given by the independent cross-linking approximation. This result is consistent
with chromosomal contacts being dominantly caused by weakly interacting loop-extruders. Our work
could have implications for developing models of chromosome organization from multi-contact data,
and for better identifying higher-order loop structures.

1 Introduction

Over the last two decades, chromosomal capture experiments, such as Hi-C, have provided insight into how both
eukaryotic and prokaryotic chromosomes are organized [1, 2, 3]. However, since traditional Hi-C methods provide only
population-averaged pairwise contact frequency data, new methods must be used to assess to what extent chromosomal
contacts are correlated. Patterns of contact correlations could be evidence for higher-order loop structures – structures
with frequencies not encoded in pairwise contact data – potentially caused by factors such as transcription factories [4],
super-enhancers [5], and interacting loop-extruding SMC complexes [6, 7].

To identify higher-order loop structures, several experimental protocols that track multiple contacts within individual
cells have been implemented, yielding so-called "multi-contact data". The most general of these methods are single-cell
experiments, where methods based on imaging [8, 9], single-cell Hi-C [10, 11], or single-cell SPRITE [12] are used to
track contacts within individual cells. Others have adapted chromosomal capture methods to study the frequency of
simultaneous contacts between three or more sites [13, 14, 15, 16, 17, 18]. Whereas these new experimental methods
allow us to start the search for contact correlations, we still lack statistical tools to use these data to identify and interpret
potential higher-order loop structures.

How can it be shown that the observed frequency of a given set of simultaneous contacts – a contact conformation –
implies the presence of a higher-order loop structure? To address this question, the contact conformation frequency
should be compared to a prediction based on pairwise contact frequencies. If the observed frequency is different from
expected, the contacts in the conformation are presumed to be correlated. After such a contact correlation has been
identified, it remains to be shown whether it is caused by higher-order collective effects, or by other factors, such as
temporal correlations between loops (e.g. chromosome conformation changes during the cell cycle). Recent studies
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have proposed a range of statistical approaches to predict contact conformation frequencies based on pairwise contact
frequencies [14, 18, 8, 19]. However, these prediction schemes still lack theoretical motivation, and their performance
has not been thoroughly compared or tested. Thus, it remains a challenge to develop a reliable method to identify and
interpret higher-order structure in multi-contact data.

Here we formulate prediction schemes for contact conformation frequencies based on several simplified physical models
for chromosome organization, including a non-interacting polymer and a polymer with independent cross-linking
events, and discuss how they are related to previously used heuristic schemes [8, 14]. In addition, we develop a
novel prediction scheme for frequencies of contact conformations on a polymer with short-range pairwise interactions
between monomers, motivated by the maximum entropy (MaxEnt) model for a bacterial chromosome [20]. We test these
predictions against three-point contact data sampled from the MaxEnt model, and from simulations of loop-extruders
on a bacterial chromosome [7]. We find that the best performing prediction scheme corresponds to the dominant
mechanism of contact formation in a model. Finally, we compare the performance of all three schemes for previously
published data from single-cell experiments on human IMR90 cells [8]. Remarkably, we find that three-point contact
frequencies are best predicted by a model where contacts between loci form independently of each other, as expected
for a weakly interacting loop-extruder model. We hence offer guidelines for how chromosomal multi-contact data can
be used to identify higher-order contact structures, and to gain insight into dominant mechanisms of chromosomal
contact formation.

2 Results

Currently, three-point contact frequencies are the most prevalent type of multi-contact data [13, 14, 15, 16, 17, 18]. To
investigate how to identify higher-order structure from such data, we start by introducing three prediction schemes
for three-point contact statistics from pairwise contact probabilities, and briefly discuss how these predictions can be
adapted for other contact conformations.

2.1 Independent loop scheme

As a simple starting point, we consider contact conformations on a non-interacting polymer in a cell, equivalent to a
confined random walk. The contact probability P0(i, j) between any two sites i, j on the polymer is determined by
the genomic length |i− j| between them. In this case, the probabilities of contact conformations can be calculated by
considering the effective genomic length of a given loop after the formation of another [21]. For three sites i < j < k,
the effective genomic lengths of the two smallest loops (i, j) and (j, k) are independent of each other, and these two
loops are equivalent to a three-point contact (i, j, k) (Figure 1A). Hence in this non-interacting limit, the three-point
contact probability is given by

P0(i, j, k) = P0(i, j)P0(j, k). (1)

By replacing the non-interacting pairwise contact probabilities P0(i, j) with those found experimentally for a chromo-
some, P (i, j), this formula provides an approximation scheme for three-point contacts that aims to take into account
some of the chromosome structure present in vivo, such as variations in effective stiffness along the chromosome, and
possible affinities between the pairs (i, j) and (j, k). This prediction scheme can also be adapted to describe other
contact conformations by considering which loops have the shortest combined genomic length, and by presuming that
these loops form independently [21]. We will hence refer to this approximation as the independent loop formula.

When a three-point contact is defined as the contacts (i, j) and (j, k) occurring simultaneously, the independent loop
formula is equivalent to P ((j, k)|(i, j)) = P (j, k). This corresponds to the hypothesis used by Bintu et.al. to test for
"cooperative, higher-order chromatin interactions" [8]. However, we note that this approximation does not take into
account any possible pairwise interactions between i and k.

2.2 Independent link scheme

Next, we consider the limit where polymer contacts occur independently of each other. This limit could be approached,
for example, if chromosomal contacts were dominantly caused by non-interacting passive cross-linking agents or active
loop-extruders. Let P̃ (i, j) be the probability that the loci i and j are linked. The probability that there are at least two
independent links between the sites i, j, k, resulting in a linked three-point contact, is then given by (Figure 1B)

P̃ (i, j, k) = P̃ (i, j)P̃ (j, k) + P̃ (i, k)P̃ (k, j) + P̃ (j, i)P̃ (i, k)− 2P̃ (i, j)P̃ (j, k)P̃ (k, i). (2)

The last term ensures that the case when all three sites are linked is not over-counted. When most chromosomal contacts
are caused by independent linking events, this formula can be used to approximate three-point contact probabilities
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Figure 1: Visualisation of approximation schemes for three-point contact frequencies. A. When neglecting
interactions, the probability of forming the three-point contact (i, j, k) is set by the genomic frequencies of the two
smallest loops (i, j) and (j, k). B. When the genomic length has a small effect on linking probabilities, the three-point
contact probability can be estimated as the probability that at least two links are present. The higher-order term can
often be neglected. C. In the MaxEnt model or a pairwise interacting polymer, after a contact (i, j) has formed, the
three-point contact (i, j, k) is equivalent to a contact (k, (i, j)), with an effective length |j−k| and interactions between
the neighbourhood of k and the other two points.

P (i, j, k), by substituting all P̃ ’s by the respective pairwise contact probabilities. However, this approximation assumes
that contact probabilities are independent of the effective genomic length between monomers. This assumption leads to
an error that is especially relevant for the last higher-order term in Equation 2, since the loop (i, k) has an effective
length of zero once the other two contacts have formed. The formula can be extended to other contact conformations by
considering all possible combinations of independent links that would explain the contact conformation. We will hence
refer to Equation 2, and its extensions for other contact conformations, as the independent link formula.

The independent link formula is related to the algorithm used by Olivares-Chauvet et.al. [14] for sampling three-point
contacts. In the SI, we show that this algorithm assigns a three-point contact the relative weight

P (i, j, k) ∝ P (j|i)P (i|k) + P (i|j)P (j|k) + P (i|k)P (j|k). (3)

This approximation differs from Equation 2 in two ways: firstly, the higher-order term of Equation 2 is neglected;
secondly, Equation 3 uses relative contact probabilities and gives a prediction up to a constant. The second consideration
means that the prediction can be calculated using relative contact counts from Hi-C experiments. We note that when
relative contact counts are used, the higher-order term from Equation 2 cannot be included, since it scales as P 3 rather
than P 2.

We hence expect that when pairwise interactions between monomers are strong, as might be expected on a chromosome,
the independent link formula should give better predictions for contact conformation frequencies than the independent
loop formula. However, since the independent link formula assumes that linking probabilities are independent of the
genomic distance between sites, it is not clear whether this is a good prediction scheme for chromosomal multi-contact
data.

2.3 MaxEnt model and the pairwise interaction scheme

Given the simplifications made by the independent loop and independent link approximations, we next consider a
data-driven alternative motivated by information theory. The first models that explicitly applied maximum entropy
principles to Hi-C data assumed that the chromosome can be represented as a polymer at thermal equilibrium, and
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data was used to constrain the number of contacts between predefined loop sites, and between loci of given chromatin
types and at different genomic distances [22]. Later, our group developed a fully data-driven maximum entropy model
for an entire bacterial chromosome (the MaxEnt model) [20], making no further assumptions than that the model
should reproduce the normalized pairwise contact map. Previously, a model with similar effective interactions has been
developed for sections of eukaryotic chromosomes [23]. The MaxEnt model can be used to sample full chromosome
configurations, and hence also to predict contact conformation frequencies. However, since a MaxEnt model can be
computationally demanding to train and sample, we here develop a simple approximation for its contact conformation
frequencies. Such an approximation could be used to efficiently predict contact conformation frequencies from pairwise
contact frequencies for systems with no MaxEnt model, providing an alternative to the easily computable independent
loop and independent link formulae.

The maximum entropy distribution for chromosomes can be shown to assign a polymer configuration {xi}i∈{1,2,...N}
with N monomers a probability

P ({xi}i) ∝ e−E({xi}i), (4)

where E({xi}i) is the effective energy of the polymer. The form of this energy function is determined by experimental
constraints imposed on the model. When we constrain the pairwise contact frequencies of the monomers, and choose a
lattice polymer representation, each contact (n,m) has an effective energy ϵn,m, so that

E({xi}i) =
∑
(n,m)

ϵn,mδ3(xn − xm). (5)

Here the sum runs over pairs of monomers n < m, and δ3(xn − xm) is the discrete delta-function, equal to one if the
monomers (n,m) occupy the same lattice site, and zero otherwise. To train a model, an inverse learning algorithm
iteratively adjusts the effective contact energies ϵn,m until the model quantitatively reproduces the experimentally
measured Hi-C map.

To circumvent the training of a full MaxEnt model, we wish to predict how often three-point contacts in the model
form, given that we have access to the pairwise contact probabilities P (i, j), but not the effective contact energies ϵi,j
(Figure 1C). Here we provide an intuitive overview of our approximation scheme and refer the reader to the SI for a
detailed derivation.

We start by noting that the distribution of chromosome conformations in the MaxEnt model is mathematically equivalent
to a pairwise interacting polymer in equilibrium, with Equation 4 assigning each configuration an effective Boltzmann
weight. This equivalence allows us to use tools from statistical physics, and furthermore, any results we derive for the
MaxEnt model will also hold for the associated equilibrium system. Using the terminology of statistical physics, the
probability of any contact conformation is determined by its effective energetic and entropic cost. A combination with a
higher energy will have a lower statistical weight, as seen from Equation 4, and in the limit of low energies, entropy can
be seen as a measure of the number of possible polymer configurations with the contact conformation.

We first assume that the energetic costs of contacts in a three-point contact add, or that the energy corresponding to
the three-point contact (i, j, k) is approximately the sum of the energies of (i, j), (j, k) and (i, k) [24]. In reality, this
may result in over-counting energetic contributions when two points in the three-point contact are near each other.
In the limit of a MaxEnt model with low contact energies, we can also find an approximation for the entropic cost
of a three-point contact. On the non-interacting polymer, the probability of a three-point contact is given by the
independent loop formula, and the entropic cost of the three-point contact is hence the sum of the entropic costs of the
two independent loops. When contact energies in the MaxEnt model are sufficiently small, we therefore expect that a
three-point contact’s entropic cost approaches the entropic cost of its two smallest loops. Similarly, the entropic cost
of the largest loop also approaches its entropic cost on the non-interacting polymer. These considerations lead to the
following (low energy) pairwise interaction approximation:

P (i, j, k) ≈ P (i, k)

P0(i, k)
P (i, j)P (j, k). (6)

The terms P (i, j) and P (j, k) add the energetic and entropic costs of the two independent loops in the three-point
contact, whereas the term P (i,k)

P0(i,k)
adds an approximation for the energetic cost of the contact (i, k). The formula can be

extended for other contact conformations by multiplying the independent loop approximation with a factor of P/P0 for
every contact not already included as a factor. However, the error is expected to grow as more energies are estimated
via P/P0. Nevertheless, the pairwise interaction formula takes into account both the energetic cost of the largest loop,
unlike the independent loop formula, and changes in effective genomic length, unlike the independent link formula.
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Figure 2: MaxEnt and loop extruder simulations. A. A Hi-C map for C. crescentus [3] is used to infer the effective
contact energies ϵi,j for the MaxEnt model. The effective energies define a distribution of chromosome configurations
that is sampled via a Monte Carlo algorithm. B. Loop-extruder simulations [27, 7] are conducted by updating the
locations of moving condensins on a polymer, and letting the polymer configuration relax given the constraints. Contacts
are defined as loci within a predefined range. C, D. Plots show P3(s) curves for data sampled from the MaxEnt model
[20] for C. crescentus or from loop-extruder simulations, and predictions calculated using pairwise contact frequencies.
The parameters used for the loop-extruder simulations are described in the Methods section.

2.4 Best prediction scheme reflects dominant mechanism for contact formation

We have introduced three formulae as prediction schemes for multi-contact statistics. To benchmark these methods, we
next compare our predictions to simulated three-point contact data. We expect that the best matching prediction will
reflect the dominant contact formation mechanism in a model. If this is the case, multi-contact data could be used to
discriminate between models of chromosome organization. To test this idea, we examine simulated three-point contact
data from the full MaxEnt model constrained by Hi-C experiments [20] (Figure 2A); and a model of loop-extruding
condensins on a bacterial chromosome [7] (Figure 2B). We expect alternative simulation schemes for loop-extrusion
[25, 26] to yield similar results, as long as loop-extruders interact weakly and/or rarely. We base both simulations
on the chromosome of Caulobacter crescentus, a well-studied model organism with one circular chromosome over
4 Mb in length. This bacterium’s Hi-C map is marked by an off-diagonal line of contacts emanating from the origin
of replication (0 kb), as well as by rectangular regions of increased contacts around the primary diagonal, called
chromosomal interaction domains (CIDs) [3]. The fully data-driven MaxEnt model reproduces all structure in the
measured Hi-C map within experimental error, whereas the bottom-up loop-extruder model captures basic features of
the Hi-C map such as the off-diagonal. These two models differ in their philosophies and the way in which contact
formation is modelled, allowing us to test whether three-point contact statistics can be used to discriminate between
them.

To easily visualise how well our three-point contact frequency prediction schemes perform, we adapt P (s) curves
for pair-wise contacts to describe three-point contacts. We define P3(s) as the average probability of three-point
contacts where the largest loop is of genomic length s (Materials and Methods). We find that s is more indicative of
prediction scheme performance than the size of either smaller loop in a three-point contact (Supplementary Information,
Supplementary Figure 1). In addition, to avoid averaging over genomic location, we follow [13, 14, 17] and visualize
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Figure 3: Three-point contact predictions applied to simulated data for bacterial chromosomes. Comparison of
the MaxEnt/loop-extrusion simulation data used in Figure 2 C,D to the independent link, independent loop, and pairwise
interaction formula. Top-left: p-values calculated by presuming the three-point contact data is binomially distributed
with a probability given by the independent link, independent loop, or pairwise interaction prediction. Bottom-right:
Z-values calculated for the three-point contact map compared to predictions. All plots are constructed for the bait point
corresponding to 3000 kb.

three-point contact probabilities for a given bait point k as heatmaps where the intensity at point (i, j) reflects the
frequency of three-point contacts (i, j, k).

As expected, the P3(s) curve (Figure 2C) of the MaxEnt model is best predicted by the pairwise interaction formula.
The three-point contact map (Figure 3, first row) shows that the data mostly differs from the pairwise interaction
prediction where three-point contact counts are very low, and the energy estimator has a larger error (Supplementary
Figure 2). The results are similar for different bait points (Supplementary Figure 3), and when multiple hypothesis
testing is accounted for, most deviations from the pairwise interaction formula do not appear significant (Supplementary
Figure 4). By contrast, the independent loop formula gives significant under- and overestimates. The sign of the error
is determined by whether the largest loop – neglected by the formula – has an attractive or repulsive effective energy.
Finally, the independent link formula gives a persistent overestimate, mostly because it presumes a three-point contact
can occur in four, rather than one, different ways. We hence conclude that the pairwise interaction scheme gives the
best prediction of our MaxEnt model data, consistent with the model mapping chromosomal interactions into effective
pairwise interactions

The three-point contact frequencies of the loop-extrusion simulations, on the other hand, are best predicted by the
independent link scheme (Figure 3, second row). This scheme predicts only a slight over-estimate for loops of all sizes
(Figure 2D), and after correcting for multiple hypothesis testing, few p-values are significant (Supplementary Figure 4).
The independent loop formula, by contrast, fails to predict some of the lines on the three-point contact map (Figure 3).
These missing lines correspond to contact triplets where the largest loop – again ignored by the formula – lies on the
condensin trajectory. The pairwise interaction formula also gives an inaccurate prediction, partially because it presumes
simultaneous interactions between all three points. We conclude that the simulated loop-extruder data is most accurately
described by the independent link scheme, reflecting that the model’s contact formation is driven by the localisation of
weakly interacting loop-extruders.

So far, we have used absolute contact frequencies to predict three-point contact statistics. However, Hi-C experiments
only provide relative contact counts, and hence all above formulae give predictions up to a constant prefactor. Previously,
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Figure 4: Three-point contact predictions applied to experimental data on human chromosomes from Bintu
et.al.. A. Three-point contact probabilities. The arbitrary bait point is located at 29.1 Mb on chromosome 21. B. Similar
to Figure 2C,D. Blue line describes the experimentally found contact triplet probability for chromosome 21 of 1574
IMR90 cells in the G1, G2 or S phase. The predicted curves were calculated using the experimentally found pairwise
contact probabilities. Contacts were defined as spatial separations of < 150 nm between the centers of labelled 30
kb regions. C. Comparison of the p-value averaged over three-point contacts for data divided by cell cycle phase or
combined together. Dashed lines indicate the p-values for the combined data. 288 samples were used to calculate all
p-values, to ensure that results are comparable. D. P-value and z-score plots for the independent link, independent loop,
and pairwise interaction formula, constructed as in Figure 3.

this prefactor has been set so that the expected total number of three-point contacts matches observations [14, 18]. We
find that such a scaling can significantly improve three-point contact frequency predictions (Supplementary Figure 5),
even if the formula does not reflect the underlying contact formation mechanisms of the system. Furthermore, scaling
affects where three-point contacts appear to deviate from prediction, and hence potentially leads to misinterpretation
of where contact correlations occur. We hence find that when absolute contact frequencies are used, the pairwise
interaction and the independent link formula are able to predict background levels of three-point contacts of the MaxEnt
and loop-extruder models, respectively. This is expected based on the underlying contact formation mechanisms of the
two models. This supports the idea that the prediction scheme that best describes multi-contact data can indicate the
most appropriate physical model for the system.

2.5 Experimental multi-contact data on human chromosomes are well described by independent link
prediction

Having shown that simulated multi-contact data are best described by predictions that reflect the underlying contact
formation mechanisms, we next explore which prediction scheme is most accurate for experimental multi-contact data.
As three-point contact frequencies for C. crescentus or other bacterial systems are not yet available, we chose to analyse
the super-resolution chromatin tracing data published by Bintu et.al. [8] (Materials and methods). These single-cell
imaging data can be used to find the absolute frequencies of pairwise contacts and three-point contacts, avoiding the
need for scaling predictions, which we found to distort predictions for simulated data. For simplicity, we first focus on
cell-cycle averaged data. Although the data represent a small part of a human chromosome (Figure 4B), their analysis
in terms of multi-contact statistics serves as an illustrative example. We hence extract pairwise contact frequencies from
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the data, apply our formulae for the three physical scenarios to make predictions for the three-point contact frequencies,
and then compare these predictions to actual three-point contact frequencies also extracted from the data.

Strikingly, the independent link formula describes the experimental data the best, and at an accuracy comparable to our
results for loop-extruder simulations. Both the P3(s) curve and the averaged z-score plots show that the independent
link formula tends to give slight overestimates for three-point contact frequencies, but the difference is smaller than for
loop-extrusion simulation data (Figure 4A,D, Supplementary Figure 6). Since the independent loop formula always
yields a lower prediction than the independent link formula, it here gives a persistent underestimate of the three-point
contact frequencies. The pairwise interaction formula gives persistent overestimates for three-point contacts within
TADs (Supplementary Figure 7). This could be a similar error as seen for the simulated loop-extruder data (Figure 3); if
a three-point contact within a TAD occurs due to two cohesins that collide, there is no "attractive force" associated with
the third contact, as presumed by the pairwise interaction formula. However, for three-point contacts across TADs,
the pairwise interaction formula performs significantly better than the independent loop formula. When controlling
for multiple hypothesis testing, hardly any deviations from the independent link formula can be considered significant
(Supplementary Figure 6). We thus conclude that the three-point contact data would be consistent with a model where
contacts are dominantly caused by weakly interacting cross-linkers, such as loop-extruders capable of bypassing one
another.

To test whether the change of the pairwise contact probabilities throughout the cell cycle has an impact on the quality
of our prediction schemes, we repeated the analysis for contact data separated by cell cycle stage. This separation of
data does not noticeably improve the mean p-value for our predictions (Figure 4C), and we hence conclude that at this
sample size contact correlations due to contacts being enhanced during the same cell cycle stage are not prominent.

3 Discussion

Experimental multi-contact data hold great potential for identifying higher-order chromosomal structure. However,
to test the null hypothesis that observed multi-contact statistics are merely a result of pairwise chromosomal contact
frequencies, prediction schemes for higher-order contact structures are needed. We discussed how three such schemes –
the independent link, the independent loop, and the low-energy pairwise interaction formula – can be physically moti-
vated. Since each formula corresponds to a different simplified picture of chromosomal organization, we hypothesized
that the best prediction scheme for given multi-contact data could be reflective of dominant mechanisms of contact
formation in the studied system.

We tested the three prediction schemes against data simulated using a MaxEnt model with effective pairwise interactions
and a model of weakly interacting loop-extruders. As expected, the pairwise interaction formula described the MaxEnt
data most accurately, whereas the loop-extrusion data were best described by the independent link formula, despite that
the model features some condensin interactions upon collision. Our results hence illustrate that the three approximation
schemes can give predictions that differ significantly, and that an approximation can be accurate when applied to data
from an appropriate physical model.

By applying our prediction schemes to previously published experimental data for IMR90 chromosomes [8], we showed
that the independent link formula best described the data at the megabase scale. Our results are consistent with the
hypothesis that chromosomal contacts are dominantly caused by weakly interacting loop-extruders. We note that if
loop-extruders stalled upon collision for significant periods of time, three-point contacts should be stabilised, and
deviations from the independent link formula would be expected. This illustrates that testing multi-contact data against
different predictions can lead to insight on the nature of the mechanisms driving chromosomal contact formation.

We repeated our analysis for these experimental data using the three-point contact frequency prediction recently
proposed by Liu et al. [19]. Their method is based on inferring a set of spring constants from Hi-C data, and is
hence computationally more complex than the independent link or independent loop approximations, which calculate a
set of three-point contact frequencies with optimal N3 scaling. Nevertheless, for the Bintu et.al. data analysed, we
found the independent link formula performed slightly better than the Liu et.al. prediction (mean p-values 0.59 vs.
0.52; Supplementary Figure 8). Furthermore, unlike the independent link prediction, the Liu et.al. prediction had
to be scaled to match the observed number of three-point contacts. For simulated MaxEnt data, we found that such
scaling significantly improved predictions. The comparatively good performance of the independent link approximation
suggests that the simple prediction schemes we have described provide a useful benchmark when constructing more
complicated models for predicting multi-contact frequencies.

Our findings suggest that simple approximations based on pairwise contact data can be used to predict background
levels of three-point contact frequencies in different scenarios. However, to claim that deviations from such predictions
result from inherently higher-order loop structures, different predictions based on pairwise contact frequencies should
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be tested, appropriate methods for multiple hypothesis testing should be used, and ambiguities arising from the scaling
of predictions or the use of unsynchronized data should be addressed. Such practices could both offer insight into how a
system’s chromosomal contacts are best described, and improve the accuracy at which higher-order loop structures are
identified, potentially leading to the discovery of new mechanisms of chromosome organization.

4 Methods and Materials

4.1 The MaxEnt model

The MaxEnt model for bacterial chromosomes represents the least assuming model for chromosome organization
given a Hi-C map [20]. A converged model was used to sample full chromosome configurations and the scripts
are accessible at [28]. Contacts were defined as two monomers occupying the same lattice site, and three-point
contacts as three monomers occupying the same lattice site. The model was sampled using a Monte Carlo algorithm
(76800 samples), and contacts in each sample were saved. Raw data and a Julia script for analysis is available in
github.com/PLSysGitHub/chromosomal_multi_contact_data.

4.2 Loop-extruder simulations

The script used for [7], available at [29], was adapted to resemble the Hi-C map of C. crescentus. A single loop-extruder
loading site at 1 kb was used, and loop-extruders were assumed to move at equal speeds in both directions on the
chromosome (parameter "wind" set to zero in simulations). Raw configuration data and Julia scripts for analysis
are available in github.com/PLSysGitHub/chromosomal_multi_contact_data. Contacts were defined as a distance of
less than 5 simulation units between monomers, and three-point contacts as events where at least two contacts were
present between three monomers. We note that using this definition, the pairwise interaction scheme makes a further
approximation; it neglects the fact that two loci in a three-point contact can be more than a cross-linking radius apart,
which can change both the entropic and energetic cost of this secondary contact. Contact and three-point contact
frequencies were calculated by sampling 3000 polymer configurations.

4.3 Data from Bintu et.al.

We analysed super-resolution chromatin tracing data published by Bintu et.al. [8], available at
github.com/BogdanBintu/ChromatinImaging. The authors imaged 65 neighbouring 30 kb intervals of human
chromosome 21, and thus gathered data on their relative positions. The data files containing relative positions
of loci were used to calculate the frequencies of contacts (two loci separated by a distance less than 150 nm)
and three-point contacts (three loci with at least two contacts between them), using a Julia script available in
github.com/PLSysGitHub/chromosomal_multi_contact_data.

4.4 Non-interacting simulations

The pairwise interaction formula (Equation 6) requires the probabilities of contacts on a non-interacting, ideal polymer,
with the same length and confinement volume as the chromosome.

For the MaxEnt model, the simulations were run with the effective energies between all monomers set to zero. For
the loop-extrusion model, excluded volume interactions were set to zero, and no loop-extruders or plectonemes were
included in the simulations. The models were then sampled for contact probabilities as before.

For the experimental data from Bintu et.al., we required estimates for the shape and size of the confinement volume,
the monomer length, b, and the number of monomers each bin is mapped to, n. We chose to consider a spherical
volume of confinement, with a radius R given by one half of the mean maximal cross-section of the chromatin
region. For each data set, we calculated the distribution for the separation d between neighboring 30 kb regions,
and used

〈
d2
〉
= nb2 to set b. We found that the choice of n did not significantly affect our results (Supplementary

Figure 9). Unless otherwise stated, results are shown for n = 10. We simulated confined random walks, and
tracked how frequently every nth monomer was within a distance < 150 nm of each other. Code is available in
github.com/PLSysGitHub/chromosomal_multi_contact_data.

4.5 2D averaged three-point contact plots

Given a three-dimensional array M corresponding to three-point contact data, we defined 2D averaged plots A
(Supplementary Figure 1) as follows. For a three-point contact i < j < k, let x = max(j − i, k − j), y =
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min(j − i, k − j). Increment A [x, y] with M [i, j, k]. Divide each A [x, y] by the number of three-point contacts with
x = max(j − i, k − j) and y = min(j − i, k − j).

For a circular chromosome of length N , the algorithm must be adjusted. We calculated the minimum genomic distance
between each pair of points in the three-point contact, min(j − i,N − j + i). x and y were chosen as the two lowest
minimum genomic distances.

4.6 P3(s) curves

Given a three-point contact frequency array M , we calculated P3(s) curves as follows. For each three-point contact
i < j < k, add M [i, j, k] to P3 [k − i]. Divide each P3 [s] by the number of three-point contacts i < j < k with
k − i = s.

We note that for a circular chromosome of length N , the genomic length of the largest loop is given by either s = k − i
or s = N − k + i. For consistency with 2D averaged plots, we chose s equal to the sum of the two smaller loops in the
three-point contacts, so that lines of x+ y = s on the 2D averaged plots still correspond to single points on the P3(s)
curves. Using the minimum genomic length would map points with N/2 < s < 2N/3 to N − s. We hence display the
plots only for s < N/2. As long as the same definition is used for comparing predicted P3(s) curves, the comparison is
informative.

4.7 Statistical analysis

Z-scores and two-tailed p-values for three-point contact frequencies were calculated by presuming that the number k
of three-point contacts observed in n samples follows a binomial distribution k ∼ B(n, p), where p is the predicted
frequency of the three-point contact. Values were calculated using the HypothesisTests package for Julia [30].

The Benjamini-Hochberg procedure [31, 32] was used to analyse whether deviations were significant when the large
number of possible three-point contacts was taken into account. The Benjamini-Hochberg procedure controls the false
discovery rate (FDR), or the probability that we falsely reject the hypothesis for an individual three-point contact. If an
FDR of α is required, all hypotheses with an adjusted p-value smaller than α should be neglected. Adjusted p-values
were calculated using the MultipleTesting package for Julia [33].

4.8 Algorithm by Liu et.al. for Bintu et.al. data

The code available at github.com/leiliu2015/HLM-Nbody was used to analyse the Bintu et.al. data. The script for Tri-C
data was adapted to take in the Bintu et.al. data as input, and to calculate a prediction for three-point contacts around
every experimentally tracked locus. The results were combined into a 3D three-point contact probability array. The 3D
array was analysed in the same way as for the independent link, independent loop and pairwise interaction schemes,
after scaling the results for each viewpoint to match the experimentally observed three-point contact counts.
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