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Abstract

We present a model that explicitly links the epidemiological Ross-Macdonald

model with a simple immunological model through a virus inoculation term

that depends on the abundance of infected mosquitoes. We explore the rela-

tionship between the reproductive numbers at the population (between-host)

and individual level (within-host), in particular the role that viral load and

viral clearance rate play in the coupled dynamics. Our model shows that un-

der certain conditions on the strength of the coupling and the immunological

response of the host, there can be sustained low viral load infections, with a

within-host reproduction number below one that still can trigger epidemic out-

breaks provided the between host reproduction number is greater than one. We

also describe a particular kind of transmission-clearance trade off for vector-host

systems with a simple structure.

Keywords: Vector-borne diseases; Multiple time scales; Between-host

dynamics; Within-host dynamics; Transmission-clearance trade-off.

1. Introduction1

Infectious disease dynamics integrates two key processes in the host-parasite

interaction. One is the epidemiological process associated with disease transmis-
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sion, and the other is the immunological process of infection at the individual

host level. The transmission of an infectious agent in a population involves var-

ious spatial and temporal scales. Specifically, these scales can be broken down

into two major groups of phenomena: those that occur at the population scale

(epidemic outbreaks) and those that occur within the host (pathogen-immune

system interaction). There are a multiplicity of papers of a theoretical nature

that have explored this interaction e.g., [1, 2, 3, 4, 5, 6, 7]. The vast majority

of these works focus their analysis on directly transmitted diseases based on

Kermack-McKendrick type models although there are some studies addressing

vector-borne diseases [8, 9]. At the immune system level, the most widely used

model, for theoretical purposes, is the one developed for HIV by, for example,

[10] that differentiates between target cells, infected target cells, and virions.

In particular [5, 6, 7] have looked at the problem of the interplay of between-

host, within-host dynamics in an environmentally driven disease framing the

equations at the population level as follows

S′ = µN − βSI − µS,

I ′ = βSI − µI, (1)

E′ = θIv(1− E)− δE

and for the within-host dynamics:

T ′ = λ− kvT −mT,

T ∗
′

= kvT − (m+ d)T ∗, (2)

v′ = pT ∗ − cv + g(E).

where S, I, and E denote the susceptible, infectious and polluted environmental2

compartments with µ, β(v), θ and δ being the birth and mortality rate, the in-3

fection rate, the shedding rate from infected host deposited in the environment,4

and δ the environmental degradation rate, respectively. For the within-host5

system, T , T ∗ and v represent the target cells, infected target cells and virions6

respectively; as for the parameters λ, k, m, d, p and c represent the cell recruit-7

ment rate, cell infection rates, cell death rate, virion induced cell death rate,8
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virion production rate and virion clearance rate, respectively. The function g9

represents the inoculum of virions coming from the contaminated environment10

E. In general, it is assumed that g(E) = ξ1E
ξ2 for ξi > 0 and ξ2 ≤ 1 [5, 7].11

Feng et al. [7], have generalized results regarding the evolution of virulence12

by introducing into the host infected class (Eq. 1) a disease-induced death rate.13

One of these results is that the evolution of virulence in the host population14

will favor a maximum level of virulence (at the between-host level) if virion15

production at the cellular level (within-host) is maximal (p in Eq. 2) or, alter-16

natively, will favor an intermediate level of virulence if the maximum rate of17

virion production is large.18

In this paper we are interested in exploring between-host, within-host trade-19

offs in the context of a vector-borne disease in a vertebrate host. The aim of20

this article is theoretical. We are interested in exploring the coupled dynamics21

of within- and between-host dynamics in vector-host transmission systems. As22

mentioned above, [5, 7] have studied the interaction of these in an infectious dis-23

ease that has an environmental component represented in Eq. 1. It is through24

this component that the virus, when interacting with the contaminated envi-25

ronment, is inoculated in the host, thus linking transmission at the population26

level with infection at the individual level. Here we explore the same type of27

problem but replace the passive interaction between contaminated environment28

and host with an insect vector that actively seeks and infects the host. We29

restrict ourselves only to infection in the mammalian host and do not consider30

within-vector dynamics.31

Vector-borne diseases are a group of diseases of great human importance32

with nearly half of the world’s population infected with at least one type of33

vector-borne pathogen [11]. Diseases such as malaria, African trypanosomiasis,34

Chagas disease and Dengue fever, to mention just a few examples, are serious35

public health problems in many regions of the world, generating high levels of36

mortality and morbidity in at-risk populations, which are generally those with37

the least economic resources and with the least access to adequate public health38

systems [12]. On the other hand, arthropod-borne diseases are abundant in39
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vertebrates such as horses, cattle and other mammals. Climate change has a40

direct impact on arthropod vectors (abundance, geographical distribution, and41

vectorial capacity) [13, 14] producing a reemergence of many infectious diseases42

both in humans and animals of direct economic importance.43

What we seek is to explore the fundamental relationship between reproduc-44

tive numbers at the population level, at the individual level and, in particular,45

the role of the within- and between-host system in the epidemic dynamics. As46

stated above, we postulate a model that explicitly links the epidemiological47

and immunological dynamics through an inoculation term that depends on the48

abundance of infected mosquitoes. This approach is based on the idea of sep-49

arating biological time scales: a fast time scale associated with the within-host50

dynamics and a slow time scale associated with the epidemiological process.51

One of the advantages of this approach is that the explicit linkage between the52

two processes can be established through infected mosquitoes: a bite from an53

infected mosquito inoculates into the host an extra viral load that connects,54

within our approach, the population dynamics with the within host dynamics55

of the disease.56

2. Model setup57

We couple the classical Ross-Macdonald model for a vector-host system cou-58

pled with the standard within-host model 2. Hosts are general vertebrate species59

and the vector is, in general, a mosquito. In the epidemiological model I repre-60

sents the number of infected vertebrate individuals and Y represents the number61

of infected mosquitoes. The variables T and T ∗ correspond to the immunolog-62

ical dynamics and represent uninfected and infected target cells, respectively,63

and v represents the virus concentration in plasma of an average infected ver-64

tebrate host; µ and δ represent mortality rates for the vertebrate and mosquito65

hosts and γ is the cure rate of vertebrate hosts. The parameters α = α(x) and66

β = β(x′) represent the effective contact rates from mosquito to animal and67

animal to mosquitoes and are assumed to depend, in general, on some measure68
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of infectiveness either in the mosquito or vertebrate host, respectively. The69

most common assumption for these functions [15, 16] is that for x, x′ ∈ [0,∞)70

they satisfy α(x), β(x′) ≥ 0, α′(x), β′(x′) > 0, and α′′(x), β′′(x′) ≤ 0. In our71

model (Eq. 3 below), β(x′) is the biting rate that transmit the disease from an72

infected host with infectiousness x′ to a susceptible mosquito. A hypothesis of73

our model is that the biting rate from the infected mosquito to a susceptible74

host, α(x) will be proportional to β(x′). Some evidence supporting this hypoth-75

esis is in the work of Tesla et al. [17] who report that, for Zika, increasing viral76

dose in the blood-meal significantly increases the probability of mosquitoes be-77

coming infected and becoming infectious. This hypothesis simplifies our model78

because then we do not have to follow the fate of the viral load in the mosquito.79

In summary, the rationale of this assumption is that a high viral load in the80

vertebrate host will generate a high viral load infection in the mosquito that,81

in turn, will produce a high effective biting rate of infected mosquitoes to the82

vertebrate host. For the within-host system, λ represents the recruitment rate83

of healthy target cells, m the natural mortality rate of target cells, k the cell-84

infection rate, d the virus-induced cell death, p the virus proliferation rate per85

infected cell, c the viral clearance rate and g = g(y) is an inoculation term that86

depends on the abundance of infected mosquitoes y. Let α(x) = ab(x) where87

a is the biting rate and b(x) is the probability of vertebrate infection per bite;88

likewise, β(x′) = aφ(x′) where φ(x′) is the probability of mosquito infection per89

bite. The equations for the between-host system are a variant of the so-called90

Ross-Macdonald equations:91

I ′ = α(x)
(N − I

N

)
Y − (µ+ γ)I,

Y ′ = β(x′)(M − Y )
I

N
− δY, (3)

The equations for the within-host dynamics are now:

T ′ = λ− kvT −mT,

T ∗
′

= kvT − (m+ d)T ∗, (4)

v′ = pT ∗ − cv + g(y),

5
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where N and M stand for the total constant populations of vertebrate host and92

mosquito, respectively. Normalizing Eq. (3) by defining i = I/N and y = Y/M ,93

and defining q = M/N we can rewrite them as94

i′ = α(x)q(1− i)y − (µ+ γ)i,

y′ = β(x′)(1− y)i− δy, (5)

This is the epidemiological model that will be studied below. In order to link the95

abundance of infected mosquitoes with the infection process at the individual96

level, we assume that infected mosquitoes directly correlate with within-host97

level of infected target cells. This biological consideration suggest that the98

function g should have the following properties: g(y) ≥ 0, g(0) = 0, g′(y) > 099

and g′′(y) ≤ 0.100

In general, as in [5], we must take g(y) = rys with r, s > 0. In the next101

section we restrict our analysis to the case s = 1 as our aim is to illustrate102

the framework of linking within- and between-host dynamics for viral load-103

dependent contact rates. The inclusion of the inoculation rate g(y) is key for104

linking the within-host dynamics to the between-host dynamics and replaces105

the environmental inoculum described in [5, 6, 7].106

3. Model analysis107

An important biological feature of this coupled system is that the within-108

host dynamics occurs on a faster time scale than the dynamics of the between-109

host and the environment. This multiple time-scale allows us to study the110

mathematical properties of the model by analyzing the fast- and slow-systems111

determined by the two time scales. As evidence that supports this analysis112

we can cite [18] who reports on the duration of DEN-1 viremia in a clinical113

study. According to this author, the duration of viremia ranged from 1 to 7114

days (mean, 4.5 days; median, 5 days) with viremias of primary infection lasted115

more compared to secondary infections: the mean duration of viremia for all116

patients experiencing a primary dengue virus infection was of 5.1 days versus117
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4.4 days for those with a secondary dengue virus infection. In contrast Dengue118

outbreaks last several months or, in endemic situations, transmission takes place119

over the years as reported in [19] or the statistics provided by PAHO, among120

many other sources. We would like to decouple model (3, 4) with respect to121

time. As done in [5, 6, 7] we would like to separate slow and fast subsystems122

corresponding to either of the between-host (epidemiological) or the within-host123

(immunological) models.124

3.1. Summary of results for the fast subsystem125

The fast system has been analyzed by [5, 7] for the case of an environmentally-

driven infectious disease. Their results have immediate applicability to our case.

In this subsection we briefly summarize them. The within-host dynamics (4)

can be considered the fast system where the variable y can be treated as a

constant (i.e. it is not changing with time on the fast time scale). In our case

(Eq. 4) when g(y) = 0, the system always has the infection-free equilibrium

E0 = (T0, T
∗
0 , v0) where T0 = λ

m , T ∗0 = 0, v0 = 0. Let Rv(y) denote the

within-host reproduction number, which is a function of the density of infected

mosquitoes, and define R0v = Rv(0) given by

R0v =
λkp

mc(m+ d)

as the basic reproduction number of the uncoupled fast (within-host) system.

As in Feng et al. [6], Rv(y) when y > 0 is given by

Rv(y) =
T0

Teq(y)
(6)

where we take the biological feasible solution to be (cf Feng et al. [6]):

Teq(y) =
1

2

(
a1 −

√
a21 − 4a2

)
(7)

with

a1 =
g(y)(m+ d)

pm
+ T0

(
1 +

1

R0v

)
, a2 =

T 2
0

R0v
. (8)

R0v, the within-host reproduction number does not depend on y but the repro-126

ductive function Rv(y) depends on the magnitude of R0v. Such a dependence is127
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Figure 1: Within-host reproduction number Rv(y) as functions of vector prevalence y. Pa-

rameters λ = 5000, m = 0.311, d = 0.01, p = 104, r = 10000, k = 4.08410−10.

illustrated in Fig 1. This figure plots the curves Rv(y) for different R0v values,128

where we have used a linear function for g(y) = ry with r constant. Following129

Feng et al. [6], we know that given R0v > 1, limy→0Rv(y) = R0v; otherwise if130

R0v < 1, then limy→0Rv(y) = 1 (see the upper right corner of Fig. 1). E0 is131

locally asymptotically stable if R0v < 1 and unstable if R0v > 1.132

In Appendix A, we present the global stability of the disease-free equilibrium133

point E0 with g(y) = 0 for the within-host dynamics.134

There exists a unique endemic equilibrium Ef = (i∗, y∗) with i∗ > 0, y∗ > 0 of135

the fast system if and only if R0v > 1. Following [5] the endemic equilibrium136

Ef is locally asymptotically stable whenever R0v > 1.137

3.2. The slow subsystem138

Let x′ = T ∗(t)/T0, the proportion of infected target cells at time t, a measure

of the infectiousness of the vertebrate host. Let

β(x′) = aφ(x′), φ(x′) = (x′)z

8
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with 0 < z and a > 0, the biting rate. In the case of vertebrate infections, these

depend on the infectiousness of the mosquito bite. Since we are not following

the within-mosquito dynamics, we will let b, the probability of infection form

mosquito to vertebrate host to be a free parameter. The basic reproduction

number is then

Rb(x
′) =

√
a2bqφ(x′)

(γ + µ)δ
. (9)

Note that if x′ = 1 then

Rb(1) =

√
a2qbφ(1)

(γ + µ)δ
,

is the maximum biologically feasible reproduction number as a function of host

infectiousness x′. When Rb(x
′) > 1 , the (between-host) endemic equilibrium

point can exists and be found explicitly:

i∗ =
δ(γ + µ)(R2

b(x
′)− 1)

aφ(x′)(qab+ γ + µ)
, y∗ =

δ(γ + µ)(R2
b(x
′)− 1)

qab(aφ(x′) + δ)
.

Both of these coordinates depend on x′ and will render the between-host endemic

equilibrium only when x′∗ = T̂ ∗/T0, the equilibrium infected target cell infection.

An alternative way of looking at the between-host endemic equilibrium is the

following. The endemic equilibrium point (slow subsystem) (i∗, y∗) is located on

the intersection of the zero isoclines of the between-host equations (for constant

within-host dynamics). Explicitly, these are

y =
aφ(x′)i

aφ(x′)i+ δ
, y =

i(γ + µ)

q(1− i)
ab (10)

The intersection exists with positive i whenever Rb(x
′) > 1 which is the stan-139

dard condition for the existence of an endemic equilibrium point in the Ross-140

Macdonald model. However, in this case, our equilibrium will be located on the141

line that describes this intersection as function of the parameter x′ (see Figure142

2) and it will be determined when x′ = x′∗ implying that Rb(x
′∗) = R0b ≤ Rb(1),143

i.e., the between-host basic reproduction number is bounded by the maximum144

of the between-host reproduction function. We now proceed to characterize the145

within-host endemic equilibrium, particularly how its state variables depend on146

the (population level) mosquito abundance. In this, we follow Feng et al. [5].147
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The epidemiological and within-host subsystems are linked through the abun-148

dance of infected mosquitoes in terms of Rv(y) (Eq. 6). Assume Rv(y) > 1 and149

that the fast system is at its stable nontrivial equilibrium (Teq(y), T ∗eq(y), v∗(y))150

given by (6, 7 and 8), where v∗(y) = 1
c

[
g(y) + pλ

m+d

(
1− 1

Rv(y)

)]
, Rv(y) is151

indicated in Appendix B.152

Note that

v∗(0) = m(R0v − 1)/k > 0

when R0v > 1. The viral load at equilibrium depends now on y and to have

v∗(y) > 0, it is required that the within-host reproduction function Rv(y) =

2Q > 1 where

Q =
(
R0v + 1 +

kr

cm
y −
√

∆
)−1

and

∆ =

(
R0v + 1 +

kr

cm
y

)2

− 4

R0v
.

Biological feasibility dictates that ∆, Q > 0. This is satisfied if R0v > 1 since153

Rv(y) is an increasing function of y.154

4. Linking time scales155

The Jacobian of the whole coupled system is

JBW =



−c− µ− abqy ab(1− i)q 0 0 0

a(1− y)
(
T∗m
λ

)z
−ia

(
T∗m
λ

)z
− δ 0 aim(1− y)z

(T
∗m
λ )

z−1

λ 0

0 0 −kv −m 0 −kT

0 0 kv −d−m kT

0 r 0 p −c


At the disease-free equilibrium E0 = (0, 0, λ/m, 0, v∗(0)) the Jacobian is

JBWE0
=



−c− µ abq 0 0 0

0 −δ 0 0 0

0 0 −kv −m 0 −kT

0 0 kv −d−m kT

0 r 0 p −c


10

.CC-BY-NC 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted November 29, 2022. ; https://doi.org/10.1101/2022.11.28.518273doi: bioRxiv preprint 

https://doi.org/10.1101/2022.11.28.518273
http://creativecommons.org/licenses/by-nc/4.0/


Note from JBWE0
that the components of the between-host reproduction num-156

ber, namely the biting rates, play a role on the stability of E0 through the157

proportion of infected target cells T ∗m/λ once the within-host infections starts158

to grow when R0v > 1. Also, since this condition implies that limy→0 v(y) > 0159

then necessarily limy→0 T
∗(y) > 0 too.160

5. Conditions for a disease outbreak161

5.1. The epidemic system162

The existence of an epidemic outbreak depends on the strength of the infec-163

tion at the within-host level measured by the within-host reproduction number164

when R0v > 1. The between-host reproduction number Rb(x
′) will be greater165

than one only until enough infection has accumulated so as to sufficiently in-166

crease the ratio x′(t) = T ∗(t)m/λ. When 0 < Rb(x
′) < 1 the only between-host167

equilibrium point that exists is the disease-free equilibrium which is asymptot-168

ically stable. Rb(x
′) > 1 requires the average individual in the population to169

have an active (within-host) viral infection but the transmission efficacy will170

not be large enough so as to trigger an epidemic until Rb(x
′) = R0b. We can171

give a more detailed description of the dependence of the between-host equilib-172

rium state and the within-host dynamics. First, there exists a critical value of173

T ∗ = T̂∗ where Rb(T̂
∗) = 1. In Figure 2 we plot the intersection of Eq. (10) to174

show how the existence of an endemic equilibrium depends on T ∗ and i. As T ∗175

increases above T̂ ∗, the boundary between the two colored regions shown in the176

figure is the line that contains the feasible endemic equilibrium that is realized177

when T ∗ reaches its steady-state. A second important feature is associated with178

the contact rate β(x′) = aφ(x′), where φ(x′) = (x′)z. Figure 3 shows the inter-179

section of the two isoclines Eq (10) that give the feasible endemic equilibrium180

but as functions of x′ and z, the exponent of the probability of infection φ(x′).181

Large values of z prevent the existence of an endemic between-host equilibrium182

point, whereas for z ≤ 1 the endemic equilibrium always exist. So concave prob-183

abilities of infection always generate an endemic state provided Rb0 > 1 while184
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Figure 2: 3D representation of the zero-isoclines for the between-host model as a function of

x′, the proportion of infected target cells. x-axis is i, y axis is T ∗ with z = 0.8. The blue

shaded region describes the dynamic transcritical bifurcation that appears after T ∗ reaches

the critical value such that Rb(T ∗) = 1.

convex ones do not. A third observation is that we can expect a time-delay of185

variable duration occurring between the crossing of the threshold Rb(T
∗) = 1186

and the time when the epidemic outbreak will occur and will send the between-187

host system to its endemic state, i.e., when Rb(T
∗) = R0. This delay appears188

because of the dynamic nature of our contact rate parameters that depend on189

the within-host dynamics.190

5.2. The full coupled system191

We look now at the role of virulence, measured by our variable x′, on the

dynamics of our system. First, we make the reasonable assumption that the

recovery rate γ is related to the viral clearance rate c in a very specific way. We

postulate that the recovery rate is not constant but satisfies

γ(x′) = c(1− x′),

implying that large virulence is associated with chronic disease with practically

no recovery, and low virulence makes the recovery rate γ approximately equal
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Figure 3: 3D representation of the zero-isoclines for the between-host model as a function of

x′, the proportion of infected target cells. x-axis is i, y axis is z. The blue shaded region

describes the transcritical bifurcation that appears after T ∗ reaches the critical value such

that Rb(T ∗) = 1.

to the clearance rate c. Recall that Rb(x
′) is given by Eq. (9). The endemic

equilibrium for the host population, on the other hand, has the formula

i∗ =
δ(c(1− x′) + µ)x′−z

a(aq + c(1− x′) + µ)
(R2

b(x
′)− 1).

We can easily prove that, as a function of x′, i∗(x′) is a monotonically increasing192

function, and that Rb(x
′) is concave, if z < 1 and convex is z > 1. Also i∗ is193

biologically feasible only for x > x′∗ where x′∗ is the proportion of infected target194

cells that results in Rb(x
′
∗) = 1. Moreover, for the same value of x′, transmission195

probabilities with z > 1 produce lower levels of endemicity than for z < 1. The196

temporal dynamics of the coupled system is depicted in (Table 1 top to bottom).197

In all these simulations, we are assuming that the recovery rate of infected198

individuals is of the form γ(x′) = c(1− x′) with x′ = T ∗/T0 and, also, we have199

set the baseline clearance rate to c = 0.14 or, equivalently, a duration of viremia200

lasting 7 days. Seven days is then, the shortest recovery time. Since we are using201

the same within-host parameters in all runs, the behavior of x′ in all cases is the202
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same as can be seen in Table 1b. The observed delay in the onset of the epidemic203

(Table 1a) at the between-host level is associated with the particular shape of the204

probability of infection φ(x′) = (x′)z (see Eq.9) from mosquito to host and the205

ratio of mosquito numbers to host numbers. The rows of Table 1 correspond206

to different values of the parameter z. Top and middle rows correspond to207

z < 1 and the bottom row to z = 1. We can see that for the same within-host208

dynamics, slowly growing transmission probabilities (Table 1 top row) provide209

a earlier outbreak than faster growing ones (Table 1 middle row). However,210

this effect can be modified by the magnitude of the product bq = bM/N the211

effective ratio of mosquito to host (Table 1 bottom row). Table 1c shows the212

relative magnitud of the within-host (constant) reproduction number and the213

between-host reproduction function as x′ changes. Finally, Table 1d shows that214

when Rb(x
′) < R0v the mosquito infection at the population level, is slower215

than the infection of target cells (middle and bottom rows). If Rb(x
′) > R0v216

the above condition still holds but both time scales are then very similar.217

Finally, looking closer to the clearance rate c we can say that, in general218

0 < c∗ ≤ c ≤ c∗ where c∗ is the value of c for which R0v = 1. As c → 0219

the within-host reproduction number R0v tends to infinity but Rv(y) ceases to220

be a real number and the ODE system breaks down. In summary, the upper221

bound is determined solely by the within-host dynamics R0v, but a very large222

residence time 1/c is biologically unfeasible given the mathematical model we are223

proposing. Table 2 shows how R0v, v
∗(y) and Rv(y) depend on the parameter224

c. We have arbitrarily selected three regions in this curves. It is clear that large225

or intermediate values of c (as described in the figure caption) are biologically226

feasible giving a reasonable magnitude range for the within-host reproduction227

number (e.g., R0v < 4). A large c describes a short viremia period while a small228

c describes a long one. Our results thus indicate that, for the kind of interaction229

described by our model, short or intermediate viremia duration are biologically230

more feasible than long ones. On the other hand, very short viremias render231

R0v < 1 and the whole coupled system breaks down (mathematically, solution232

no longer exist).233
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Table 1: Dynamic behaviour of the full within-host, between-host model. Parameters for the

within-host system are as in Table 2. For the between-host system, a = 0.162, γ = c = 0.14

and δ = 0.05. Rows correspond to different values of z. Top, z = 0.2, middle z = 0.8

both with q = 1.5 mosquitos per host; and bottom z = 1 with q = 2.5 mosquitoes per host.

Columns show a) the prevalence of infected mosquitoes (brown) and vertebrate hosts (red); b)

in logarithmic scale the density of naive (black) and infected (blue) target cells, c) the within-

host reproduction number R0v (cyan), the between-host reproduction function Rb(x′) (green);

d) the proportion of infected target cells x′(blue) and the proportion of infected mosquitoes i

(red).
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Table 2: Key within-host functions and their dependence on c, the clearance rate. Parameters

are k = 4.08410−10, λ = 5000, m = 0.311, d = 0.01, p = 104, r = 10000. For these

particular parameters, c∗ ≈ 0.205847. The colored segments represent examples of clearance

rates of short duration (black), medium duration (blue) and long duration (red). To the left

of the blue region, the values of all of these functions are biologically unfeasible. (a) Within-

host reproduction number R0v ; (b) Approximate viral load function v∗(y); (c) Reproduction

function Rv(y), Eq.(6)

The within-host and between-host population processes are closely coupled234

as can be seen in the timing where equilibria for both subsystems is reached235

(Table 1 columns a, b and d). However, the between-host reproduction function236

approaches its limit Rb(T
∗) at different speeds depending on the magnitude of237

z. The epidemic outbreak will be triggered when the within-host system reaches238

its equilibrium state regardless of how large is the within-host infection while239

approaching it. So, our model indicates that transmission at the population240

level is feasible but cannot be realized until the average infection conditions of241

individuals reach their corresponding equilibrium. Therefore, the reproduction242

number of the between-host system is an indicator of an epidemic outbreak that243

will be occurring later in time, depending upon the magnitude of T ∗. This is244

one of the explicit links of the population level reproduction number and the245

dynamics of the within-host infection.246

6. Conclusion247

The dynamics of infections diseases is driven by two processes: the epi-248

demiological process occurring at the population level and the immunological249
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process within the host. Many existing models in the context of a vector-borne250

disease, approach these two process as decoupled systems. In this paper we251

have linked them using a simple model based on two classical well-known equa-252

tions: the Ross-Macdonald model and a basic virus-cell interaction model. We253

demonstrate our framework by using as a simplified model system for a general254

vector-borne disease in a vertebrate host. Naturally, in these diseases the vec-255

tor plays a major and determinant role in transmission. This model produces256

a clearance-transmission trade-off where viral load is an increasing function of257

viremia duration. This results is contrary to the results on Dengue reported258

by [20], where short viremias have larger viral loads than long viremias. Due259

to the way the within-host dynamics is modelled and the resulting form that260

the within-host reproduction number takes, large c (short viremias) reduce the261

magnitude of the reproductive number and therefore, generate lower viremias262

than when c is small (long viremias). For Dengue disease, [20] use a more de-263

tailed model carefully adapted to Dengue viral dynamics that is able to capture264

dynamical characteristics that our simple model cannot achieve. Our simple265

model does not consider any specific mechanisms of activation of the innate and266

adaptive immune responses and thus our results cannot directly be compared267

to those in [20]. However, results on malaria [21] may seem to agree with the268

relation of clearance and pathogen load that our model produces. In this work269

it is clear that the length of pathogen clearance time is positively associated270

with higher concentrations of parasites. For Zika, [22] reports relatively long271

viremias in whole blood samples in human hosts, of more than 26 days, while272

in macaques [23], the highest viremia was reported for intermediate duration273

(in macaques the viremia length ranges form 2 to 7 days); for Chikungunya,274

[24], the higher frequency of high viremia in human hosts occurred also on the275

7 day of symptom onset (symptom onset occurs in the interval 1-20 in this276

study). The model we develop and analyze in this work integrates in a simple277

and direct manner, the interplay of epidemiological dynamics and within-host278

immune-virus interaction dynamics. The model focuses in a general, classical279

approach to approximating the dynamics of vector-borne diseases and immune280
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system dynamics on vertebrate hosts. The conclusions therefore, are also of a281

general nature and only describe broad patterns of interaction.282
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Appendix A290

Global stability of the disease-free equilibrium point E0 = (T0, T
∗
0 , v0) for the291

within-host dynamics (fast subsystem) given by system (4) with g(y) = 0.292

293

Let c(d + m) > kp( λm ), i.e. R0v < 1 and S0 = p
d+m , then the critical point294

E0 is globally asymptotically stable.295

In order to prove the asymptotic stability of E0, consider the Lyapunov

function

U(T, T ∗, v) = T0

(
T

T0
− ln

T

T0

)
+T ∗+

v

S0
= T −T0 ln(T )+T0 ln(T0)+T ∗+

v

S0
.
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Then from the last expression296

dU
dt

= T ′ − T

T0
T ′ + T ∗

′
+

1

S0
v′

= λ− kTv −mT − T0
T

(λ− kTv −mT ) + kTv − (d+m)T ∗ +

1

S0
(pT ∗ − cv)

= λ−mT − T0
T
λ+ kT0v +mT0 − (d+m)T ∗

− 1

S0
(cv) +

1

S0
pT ∗

= λ+mT0 −
T0
T
λ−mT + kT0v − (d+ δ2)T ∗

− 1

S0
(cv) +

1

S0
pT ∗

Substituting mT0 = λ in the second term, m = λ/T0 in the forth term and297

S0 = p/(d+m) in the last one we get298

dU
dt

= λ

(
2− T0

T
− T

T0

)
+ kT0v − (d+m)T ∗

− 1

S0
(cv) + (d+m)T ∗

= λ

(
2− T0

T
− T

T0

)
+ kT0v −

1

S0
(cv)

A further simplification yields299

dU
dt

= λ

(
2− T0

T
− T

T0

)
+

(
kT0 −

c

S0

)
v < 0

The last inequality follows from the hypothesis and the inequality of the geo-300

metric and arithmetic means.301

Appendix B302

Here we give the full expression of the within-host reproduction function303

Rv(y) that appears in expression v∗(y)304

Rv(y) =
2T0

T0 (R0v + 1) + (d+m)ry
mp −

√(
T0 (R0v + 1) + (d+m)ry

mp

)2
− 4T 2

0

R0v
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