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André Gutiérrez Marty

March 1, 2023

Contents

1 Introduction 3

2 Methods 4

2.1 Fiber bundle model: constitutive behavior . . . . . . . . . . . . . . . . . . . 5

2.1.1 Bundle stress and strain . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.2 Mechanical behavior of an individual elastic-plastic fiber . . . . . . . 6

2.1.3 Assignment of material properties . . . . . . . . . . . . . . . . . . . . 8

2.1.4 Brittle model and the role of plasticity . . . . . . . . . . . . . . . . . 11

2.1.5 Model Outputs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Model cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Results 13

4 Discussion 17

A Appendix 22

A.1 Type of property distribution . . . . . . . . . . . . . . . . . . . . . . . . . . 22

A.2 Convergence analyses: dependence on algorithmic parameters . . . . . . . . 24

Bibliography 26

1

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 2, 2023. ; https://doi.org/10.1101/2023.03.01.530672doi: bioRxiv preprint 

https://doi.org/10.1101/2023.03.01.530672
http://creativecommons.org/licenses/by-nc-nd/4.0/


Abstract

This study aims to gain mechanistic understanding of how aging-related changes in the mi-
crostructure of cortical bone drive mechanical consequences at the macroscale. To that end,
cortical bone was modeled as a bundle of elastic-plastic, parallel fibers loaded in uniaxial
tension, which comprised osteons and interstitial tissue. Distinct material properties were as-
signed to each fiber in either the osteon or interstitial fiber “families.” Models representative
of mature (20-60 yrs.) bone, and elderly (60+) bone were created. Aging-related changes
were modeled along three independent dimensions: (i) increased porosity, (ii) increased ratio
of osteon fibers relative to interstitial fibers, and (iii) a change in fiber material properties.

The model captured decreases in modulus, yield stress, yield strain, ultimate stress,
ultimate strain, and toughness with age of 14%, 11%, 8%, 6%, 20%, and 30%, respectively.
In both mature and elderly bundles, rupture of the interstitial fibers drove the initial loss
of strength following the ultimate point. Plasticity and more gradual rupture of the osteons
drove the remainder of the response. Both the onset and completion of interstitial fiber
rupture occurred at lower strains in the elderly vs. mature case.

Changes along all three dimensions were required for the model to capture aging-
related decline in the strength, ductility, and toughness of cortical bone. These findings
point to the importance of studying microstructural changes beyond porosity, such as the
area fraction of osteons and the microconstituent material properties of osteon and interstitial
tissue, in order to further our understanding of aging-related changes in bone.

Keywords: Constitutive modeling, bone micromechanics, biomechanics, Haversian bone,
compact bone, inelastic behavior
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1 Introduction

Bone tissue is a multiscale living material that fulfills important biomechanical demands,
such as to support movement and protect vital organs. The highly dense type of bone tissue
that encases all bones, cortical bone, contributes to whole-bone stiffness and strength [1] and
is characterized by a complex hierarchical microstructure [2]. At times, cortical bone sustains
mechanical loads that strain the tissue beyond its elastic regime [3]. Evidence indicates that
aging impairs the ability of cortical bone to withstand these post-yield strains, and that
this impairment may contribute to the increased incidence of fracture with aging [4]. In
particular, degradation of mechanical properties such as strength and toughness is evident
with aging [5]. However, less is clear about how aging-related changes in the microstructure
of cortical bone [6] may be driving these changes in mechanical behavior at the macroscale.
Since cortical bone plays a key load-bearing role in the skeleton, studying how the inelastic
mechanical behavior of this tissue depends on its microstructure over the course of aging is
therefore critical to understanding how and when bones fail.

The microstructural constituents of cortical bone differ from one another in their
mechanical behavior, and both these behaviors and the relative amounts of these constituents
have been observed to change with aging [5–8]. Mature human cortical bone is characterized
by a Haversian structure that is made up of osteons encased in an interstitial bone matrix.
Osteons are structures of bone tissue composed of mineralized collagen fibers that are layered
parallel to each other into stacks of sheets (lamellae). These concentric lamellae are wrapped
around a central pore (Haversian canal) and are bordered by a cement line. Interstitial
bone tissue is the primary bone which has not yet remodeled into an osteon, as well as
the fragments of osteons that remain after portions of those osteons have been remodeled.
Interstitial bone tissue is more mineralized [9], stiffer by approximately 20% [6, 10–17], and
less resistant to fracture [18] than the bone tissue in intact osteons. Osteons from older bones
exhibit lower toughness [7], higher compressive strength [19], and similar stiffness [6, 12] and
tensile strength [8], compared to those from younger bones. However, comparisons across
broad age ranges are lacking due to experimental challenges pertaining to the difficulty
of isolating single osteons for testing. These challenges may also contribute to the high
variability in the reported data. Meanwhile, evidence suggests aging-related increases in the
strength, yield stress, and stiffness, along with a decrease in toughness, of interstitial tissue
[20]. The volume fraction of osteons has been shown to increase with aging [5, 21], while
that of interstitial bone tissue decreases [21].

How aging-related differences in the microscale constituents of cortical bone influ-
ence the failure behavior at the macroscale is not well understood [6]. Porosity increases
with aging and is strongly correlated with loss of stiffness, strength, and toughness [5, 6, 12,
21–25], but can only account for about 75% of the variation in strength and 60% in that of
toughness [5, 6, 26, 27]. Evidence of aging-related changes in mineral content, which cor-
relates with stiffness, is mixed, with some reports of increasing ash content [27] and others
suggesting no change in ash content[5, 28], calcium content [5, 28, 29], or mineral-to-matrix
ratio [6]. Furthermore, stiffness and strength have been shown to correlate with morpho-
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logical changes in the microstructure [28], such as increasing number of osteons [5, 21, 30],
decreasing area fraction of osteons [25], and increasing Haversian canal area [25, 30]. Taken
together, these studies lend credence to the idea that multiple aging-related changes in mor-
phology of the microstructure, rather than just porosity, may be important determinants of
bone mechanical properties. Studies have also shown that changes in the interstitial fracture
toughness [31] and mechanical integrity of the collagen network, rather than porosity [28, 32,
33], may play an important role in the toughness of cortical bone. Mechanistic interpretation
of how these various morphological, compositional, and mechanical factors at the microscale,
alone and in combination, affect the mechanical behavior at the macroscale is still lacking.

This study aims to understand how aging-related changes in the microstructure of
cortical bone may drive mechanical consequences at the macroscale. Given the difficulty
in using an experimental approach to isolate individual, aging-related changes, we used a
mechanical model. With this model, we explored the effects of aging-related changes in
material properties, the relative volume fraction of osteons and interstitial bone tissue, and
porosity on the mechanical behavior of cortical bone.

2 Methods

We consider the mechanical behavior of cortical bone loaded in the longitudinal direction. We
model cortical bone as a heterogeneous bundle of straight, longitudinally oriented, elasto-
plastic fibers. Damage is modeled by the progressive rupture of individual fibers in the
bundle. This type of one-dimensional (1D) damage model [34] of cortical bone has been
used previously to analyze the nonlinearity in the tensile response of cortical bone [35,
36]. We extend that model here to incorporate plasticity as well as two fiber families,
one representing osteons and the other interstitial tissue. Each fiber family has its own
distributions of modulus, yield stress, and rupture stress, as depicted in Figure 1. Thus,
the model represents heterogeneity on two scales. At the scale of the fiber bundle, the
difference in mechanical behavior between the two types of microstructural constituents
(osteons, interstitial tissue) is considered by varying the material properties and volume
fraction of each fiber family. At the scale of individual fibers, the mechanical heterogeneity
within each type of microconstituent is considered by sampling from a distribution for each
fiber family.

Microstructural changes apparent with aging are represented in two different ways.
First, the volume fraction of each fiber family is assigned to represent the aging-related
changes in the makeup of, and porosity in, cortical bone. Second, the property distributions
of the fiber families are selected to also represent aging-related changes in the material
properties of each microconstituent. We assume the bone to be disease-free, and therefore
assign material properties that correspond to healthy cortical bone. In this way, observed
aging-related changes in the intrinsic material properties and morphology of bone tissue can
be modeled through the properties of the fiber families, and the outputs of the model, the
bundle’s mechanical properties, represent the macroscale mechanical behavior of cortical
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bone.

Figure 1: Cortical bone is modeled in a one-dimensional setup consisting of a bundle of
parallel fibers loaded in strain-control. Each fiber is represented as a primary elastic spring
(E) connected in series with a plastic element comprising a secondary spring (K) mounted
in parallel with a Coulomb block that undergoes permanent deformation when its yield
stress (σy) is exceeded. Distinct material properties, sampled from normal distributions, are
assigned to each fiber within each osteon (red) and interstitial (blue) fiber “family”.

2.1 Fiber bundle model: constitutive behavior

2.1.1 Bundle stress and strain

The stress state of the entire fiber bundle (σ) can be determined in terms of the stress
(σfiber

i ) in each individual fiber i within the bundle. Assuming all fibers have the same cross-
sectional area (Afiber = constant), the bundle stress (σ) is given by the total force (FTOT )
and cross-sectional area (ATOT ):

σ =
FTOT

ATOT

=
1

ATOT

T∑
i

σfiber
i Afiber (1)
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Since all fibers have constant cross-sectional area, the volume fraction of each fiber family
(ϕOST , ϕINT ) can be determined by the number of fibers belonging to that family:

ϕOST =
NAfiber

ATOT

(2)

ϕINT =
MAfiber

ATOT

(3)

where N refers to the total number of fibers in the osteon (OST) fiber family and M the
total number of fibers in the interstitial (INT) family. The porosity, ϕPORE, is defined as
ϕPORE = 1− ϕOST − ϕINT . Hence, the bundle stress is now given by:

σ =
ϕOST

N

N∑
i=1

σOST
i +

ϕINT

M

M∑
i=1

σINT
i (4)

We assume the fibers to be loaded in parallel such that all fibers in the bundle are
strained uniformly. Therefore, the strain on each fiber (ϵfiberi ) is equal to the bundle strain
(ϵ). With this assumption in mind, the simulated loading in the model is strain-controlled.

2.1.2 Mechanical behavior of an individual elastic-plastic fiber

Each fiber is modeled as elastic-plastic with linear hardening prior to rupture. The fiber
stress is fully characterized by the fiber strain, accumulated plastic strain in the fiber, and
the following material properties, where the subscript i is omitted for clarity:

σfiber = F
(
ϵfiber, ϵfiberp ; Efiber, σfiber

y , Kfiber, σfiber
R

)
(5)

ϵfiber ≡ strain applied to the fiber

ϵfiberp ≡ accumulated plastic strain in the fiber

Efiber ≡ fiber Young’s modulus

σfiber
y ≡ fiber yield stress

Kfiber ≡ fiber plastic modulus

σfiber
R ≡ fiber rupture strength

We discretize the load history over time into load steps – assuming equilibrium
at each load step – (ϵ̇ = dϵ

dt
≈ ∆ϵ

∆t
), and assuming that the relevant state variables from

the prior load step are known, such that σn = σfiber, ϵn = ϵ, and ϵp,n = ϵfiberp . Variables
with the subscript n refer to the previous load step (known), while those with subscript of
n + 1 refer to values at the current load step (unknown). We drop the superscript “fiber”
for the variables below, since these all correspond to a single fiber. To determine the stress
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increment in a given fiber due to a prescribed strain step ∆ϵ, we use the trial stress σtrial
n+1 ,

which is the predicted stress for a given strain corresponding to the elastic modulus of the
fiber; i.e., the stress corresponding to an elastic step [37]:

ϵn+1 = ϵn +∆ϵ (6)

σtrial
n+1 = E(ϵn+1 − ϵp,n) (7)

A yield function f(σtrial
n+1 , σy, K, ϵp,n) is used to determine if the fiber has yielded. If so, then

plastic strain, ϵp, will be updated accordingly. Linear strain-hardening and tensile loading
are assumed, with |ϵp| as the hardening parameter[37]. The yield function is therefore:

f trial
n+1 = σtrial

n+1 − [σy +Kϵp,n] (8)

The deformation and stress in the fiber at the given strain increment can then be determined
by the sign of the resulting value for the yield function, where:

f ≤ 0 ⇐⇒ elastic step (9)

f > 0 ⇐⇒ plastic step (10)

Elastic step (f(σtrial
n+1 , σy, K, ϵp,n) ≤ 0)

In this case, the fiber stress is computed directly based on the elastic modulus of
the material, and only the elastic strain is considered:

σpredicted
n+1 = σtrial

n+1 = σn + E∆ϵn. (11)

Plastic step (f(σtrial
n+1 , σy, K, ϵp,n) > 0)

In this case, the fiber yields, and the stress is updated according to a return mapping
algorithm [37] in which the trial stress is projected onto, or mapped back (“returned”), to
the yield surface. The plastic strain is updated in terms of the plastic slip (∆γ):

ϵp,n+1 = ϵp,n +∆γ. (12)

The plastic slip is the increase in plastic strain due to the change in the yield surface due
to hardening:

∆γ =
fn+1

E +K
. (13)

Hence, the fiber stress can be predicted by

σpredicted
n+1 = σtrial

n+1 −∆γE. (14)

Check for rupture
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Regardless of yielding, the fiber will rupture if its predicted stress exceeds its rupture
strength (σR). First, the predicted fiber stress (σpredicted

n+1 ) is computed from Eq. 11 or 14,
and the corresponding value is used in Eq. 15 below:

σn+1 =

{
σpredicted
n+1 if σpredicted

n+1 < σfiber
R

0 if σpredicted
n+1 ≥ σfiber

R

. (15)

If σpredicted
n+1 ≥ σfiber

R , the fiber has ruptured and so its modulus is diminished accordingly,

Ef = 0. (16)

2.1.3 Assignment of material properties

The moduli and rupture strengths of each fiber family were assumed to follow normal dis-
tributions. The parameters characterizing each property’s distribution are listed in Table
1. The choices of their values are discussed below. The manner by which properties are
assigned and distributed has significant ramifications on the bundle behavior. Some of the
consequences surrounding the types of distributions and their types are presented in the
appendix. The properties of each individual fiber were randomly sampled from the assumed
distributions assigned to its fiber family (i.e., osteon, interstitial).

Data for osteon Young’s modulus were available from both nanoindentation studies
and tensile tests of individual osteons. Nanoindentation studies, in which a nanoindenter was
used to measure the elastic moduli within individual lamellae, reported values of 14-22 GPa
[10, 12, 14, 16, 38, 39] for the tissue modulus of hydrated, fully mineralized osteons sampled
from healthy human cortical bone. These values are in line with moduli reported from tensile
tests on whole osteons (6-22 GPa) [8]. Since interspecimen (osteon-to-osteon) coefficient of
variation was estimated to be approximately 10% on average based on nanoindentation tests
[39], and 50% at most based on tensile tests [8], we base our modulus values primarily on
nanoindentation data. Therefore, we assume osteon moduli fall into a normal distribution
centered at 18 GPa with coefficient of variation of ∼ 10%.

Data for osteon inelastic behavior were available from tensile tests of individual
osteons. Taking into account previously measured average dimensions of whole osteons and
their corresponding Haversian canals [25], the ultimate strengths reported from tensile tests
on osteons were adjusted to estimate the effective ultimate stress of the bone tissue within the
osteon alone (i.e., excluding the Haversian canal area). Those tensile experiments reported
osteon ultimate stress in the range of 88-135 MPa, and also reported that the proportional
limit (i.e., the transition to nonlinear mechanical behavior as measured on a representative
stress-strain curve) was approximately half of its ultimate stress. Accounting for the fraction
of osteons occupied by Haversian canals gives a tissue ultimate stress estimate in the range
93-144 MPa. Therefore, we assumed osteon rupture strengths fall into a normal distribution
centered at 115 MPa with coefficient of variation of 15%, and set αOST = σy/σR = 0.5. The
plastic modulus (βOST = K/E = 0.1) was obtained by computing the secant modulus of the
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plastic region of the stress-strain curve shown by Ascenzi et al. [8] of a fully mineralized, wet
osteon. These four properties, αOST , βOST , E, σR, fully determine the bilinear stress-strain
curve (Figure 2) modeling a given osteon fiber.

Data for interstitial Young’s modulus were available from nanoindentation studies
and tensile tests of primary bone tissue. Nanoindentation studies report moduli in the range
of 15-26 GPa [6, 12, 14, 16, 39] for samples of interstitial bone tissue. These values were
in line with values reported from tensile tests on primary bone tissue (about 20 GPa) [40].
Inter-specimen variability of interstitial tissue was found to be under 10% in those studies.
Therefore, we assume interstitial moduli fall into a normal distribution centered at 20 GPa
with a coefficient of variation of 10%.

The inelastic behavior of interstitial tissue was specified based on the tensile data
on primary bone tissue. Since no data directly analogous to the tensile tests of individual
osteons exists for interstitial bone tissue, we assumed that measurements of primary bone
mechanical properties [40] are representative of interstitial bone. Based on these data, we
assumed interstitial rupture strengths fall into a normal distribution centered at 160 MPa
with standard deviation of 15 MPa. Taking into account the highly mineralized nature of
interstitial bone tissue as compared to osteon tissue [41], which results in a lower resistance
to fracture than that for osteons [7, 18, 23], the yield stress was set to be only slightly
lower (10%) than the corresponding strength of each fiber (i.e., αINT = σy/σR = 0.9).
This assumption allows only minimal post-yield deformation. The plastic modulus was
estimated by assuming the toughness to be 20% lower than that of osteon tissue, resulting
in βINT = K/E = 0.1; see Figure 2.

Aging-related changes in each of the two microconstituent tissues are observed to be
different, and therefore modeled accordingly. The previously mentioned values for osteon and
interstitial elastic and inelastic parameters, summarized in Table 1, represent the baseline
case of healthy, mature (20-60 years of age) cortical bone. Different values are chosen to
reflect aging-related microstructural and material changes to establish the model of elderly
cortical bone (60+ years of age), and are done so independently of a change in porosity.

Aging of osteon fibers was modeled primarily by reducing their toughness in ad-
dition to increasing their volume fraction with respect to interstitial fibers. As mentioned
previously, values of osteon elastic modulus [8, 12] and osteon strength [8] measured from
a population of elderly samples were not distinct from those taken from mature samples.
Therefore, the property distributions corresponding to moduli and rupture strengths of os-
teon fibers were set to be the same in the mature and elderly bone models. Two options exist
for reducing fiber toughness to model reported measurements [7]: increasing β or increasing
α. We chose the latter and raised αOST to 0.7 (Figure 2) assuming a reduction in toughness
of 25% and known αOST , E, σR.

Aging of interstitial fibers, on the other hand, was modeled by reducing their tough-
ness and increasing their rupture strength, in addition to the aforementioned change in
volume fraction. Preliminary data reported in [20] suggest that the ultimate strength and
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Figure 2: The stress in a representative mature osteon fiber (solid red), a mature interstitial
fiber (solid blue), an elderly osteon fiber (dashed red), and an elderly interstitial fiber (dashed
blue). “X” marks the failure point for each fiber.

toughness of interstitial tissue from older subjects are approximately 30% higher and 30%
lower, respectively, than that from younger subjects. Therefore, the mean strength of inter-
stitial fibers was increased to 210 MPa [40], and αINT was raised to 0.99.

Using this fiber bundle model, we characterized elderly cortical bone in terms of
changes in model inputs along the following three dimensions: morphological aging, porosity
increase, and material aging (Table 2). Morphological aging refers to the increase of the
volume fraction of osteon fibers (ϕOST ) with respect to that of interstitial fibers (ϕINT ).
Porosity increase refers to the reduction of the total solid volume fraction (comprising osteon
and interstitial fibers), thus increasing the porosity (ϕPORE) in the model. Finally, material
aging refers to the aforementioned changes in osteon (αOST ) and interstitial (αINT ,(σR)

INT )
inelastic parameters.
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Table 1: Model inputs for mature bone (baseline case) and elderly bone. Mean ± stdev are
specified for prescribed material property distributions.

Fiber family ϕ [%] E [GPa] σR [MPa] K/E α = σy/σR

Osteon 40 18 ± 2 115 ± 17.5 0.1 0.5
Interstitial 55 20 ± 2 160 ± 15 0.1 0.9

M
at
u
re

Pores 5 - - - -

Osteon 50 18 ± 2 115 ± 17.5 0.1 0.7
Interstitial 35 20 ± 2 210 ± 15 0.1 0.99

E
ld
er
ly

Pores 15 - - - -

Table 2: Model inputs changed between mature (baseline), elderly, and additional cases; 0
signifies no change, while bold 1 signifies an aging-related change.

Change label Morphological Porosity Material

Properties changed (∆) (ϕOST : ϕINT ) (ϕPORE)

(
(σR)INT

αOST

αINT

)
(1) Baseline (mature bone) 0 0 0
(2) Elderly bone 1 1 1
(3) Morphological aging 1 0 0
(4) Porosity increase 0 1 0
(5) Material aging 0 0 1
(6) Morphological aging & porosity increase 1 1 0
(7) Morphological & material aging 1 0 1
(8) Material aging & porosity increase 0 1 1

2.1.4 Brittle model and the role of plasticity

Simulations corresponding to the volume fraction (ϕ), modulus (E), and strength (σR) pa-
rameters listed in Table 1 were repeated with a brittle fiber model, in which all fibers were
considered perfectly elastic, for both mature and elderly cortical bone. The comparison of
the predictions of the perfectly brittle model to those of the elastic-plastic model will reveal
the effect of the plastic behavior of microstructural constituents (i.e. osteon and interstitial
bone tissue) on the overall behavior of the model.

In this brittle model, the mechanical behavior for each fiber was fully defined by its
modulus and rupture strength; yield stress (σy) was equal to the rupture stress (α = 1) and
plastic modulus (K) was undefined. As established for the elastic-plastic model discussed
above, material properties for each fiber were randomly sampled from a Gaussian distribution
according to the parameters presented in Table 1.
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2.1.5 Model Outputs

For each bundle modeled, σ was computed at each strain step, and the stress-strain (σ-
ϵ) curve was used to quantify key aspects of the overall mechanical response. The yield
point (ϵy,σy) was identified using a 0.2% offset in strain, ultimate stress (σult) as the highest
stress sustained by the bundle, ultimate strain (ϵult) as the strain at the ultimate stress, and
toughness (UT ) as the area under the stress-strain curve.

2.2 Model cases

The multi-scale nature of the fiber bundle model enables a direct examination of the effects
of changes to individual inputs (material properties, volume fraction, etc.) on the macro-
scopic mechanical behavior to understand the respective contributions of these changes. In
total, eight cases were considered: the baseline (Case 1: mature bone) and elderly (Case 2)
models already described, and six cases that isolate one or two changes at a time (Table 2).
First, only the ratio of volume fractions of osteon fibers to interstitial fibers was increased
proportionate to the change in areal osteon density observed with aging [21, 24] (Case 3:
morphological aging). Secondly, only porosity was increased (Case 4: porosity increase).
Then, changes in material properties were isolated, by only increasing the interstitial av-
erage rupture strength, interstitial yield stress, and osteon yield stress (Case 5: material
aging). Finally, cases 6-8 capture pairs of these independent changes.

2.3 Sensitivity analysis

The intra-specimen variability of, for example, Young’s modulus is captured in our model by
drawing Young’s modulus values from from a distribution with specified mean and standard
deviation. Here we capture inter-specimen variability by considering the sensitivity of our
model predictions to variability, or uncertainty in, for example, the mean value of Young’s
modulus specified in the model. Therefore, a local sensitivity analysis was conducted to
investigate the effects of biological variation of, or our uncertainty in, model inputs on the
bundle’s macroscale mechanical properties. The sensitivities of ultimate stress, yield stress,
ultimate strain, yield strain, and toughness to the moduli (mean EOST , EINT ), strengths
(mean (σR)

OST , (σR)
INT ), yield stress ratios (αOST , αINT ), and plastic modulus ratios (βOST ,

βINT ), as well as to osteon and pore volume fractions (ϕOST , ϕPORE), were evaluated. For
each of these macroscale mechanical properties, the change in the property’s value relative
to a change in each one of the model inputs was computed, then normalized by the ratio of
standard deviations [42]:

Sj =
ζj
ζY

∂Y

∂Ψj

. (17)

Here, Y represents each mechanical property (i.e.: E, ϵy, σy, ϵult, σult, UT ), Ψj represents
the jth input parameter (e.g., osteon modulus, interstitial modulus, osteon strength,...), ζj
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is the expected standard deviation in the input Ψj, and ζY is the variation in the outputs,

expressed as a standard deviation and given by ζY =
√∑J

j=1 ζj ·
∂Y
∂Ψj

, with J = 10 equalling

the total number of model inputs. We note that ∂Y
∂Ψj

was computed by finite differences at

the nominal value, Ψj. We also note that the standard deviations initially used to define
material property distributions (E, σR) are representative of the expected variation across a
specimen population and are therefore considered to be representative of the natural biolog-
ical variation between specimens within the sampled population in this sensitivity analysis.
We consider the range of possible β values as log-normal, and characterize our uncertainty
in β as the standard deviation of log10 β.

3 Results

Figure 3: Stress-strain curves of elastic-plastic fiber bundle model comparing the mechanical
behavior of the mature bone and elderly bone model cases. The blue (and red, respectively)
curves show the partial stress borne by the interstitial (and osteon, respectively) fibers. The
sum of the partial stresses give the total stress (black curves).

The stress-strain curves for the fiber bundle models representing mature and elderly
cortical bone both exhibited an elastic region followed by apparent hardening and then
a progressive loss of strength (Figure 3). Loss in macroscale toughness and strength of
the elderly model compared to mature was evident. Direct numerical comparison showed
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decreases with age in modulus, yield stress, yield strain, ultimate stress, ultimate strain,
and toughness by 14%, 11%, 8%, 6%, 20%, 30%, respectively (Table 3). The amount of

Table 3: Model outputs for bundle mechanical properties corresponding to various cases

Case
E ϵy σy ϵult σult UT

[MPa] ·10−2 [MPa] ·10−3 [GPa] [MJ/m3]

(1) Baseline (mature bone) 18.2 7.29 101 1.18 113 2.34
(2) Elderly bone 16.0 6.74 89.3 0.95 106 1.63
(3) Morphological aging 17.9 6.57 86.2 1.21 99.7 2.54
(4) Porosity increase 16.3 6.46 85.5 1.18 100 2.08
(5) Material aging 18.2 8.79 130 0.94 133 1.67
(6) Morphological aging

16.0 5.78 71.2 1.21 88.6 2.28
& porosity increase
(7) Morpholigcal

17.9 7.83 110 0.98 124 1.81
& material aging
(8) Material aging

16.3 7.43 104 0.94 120 1.48
& porosity increase

Brittle mature 18.2 6.5 86.6 0.57 91.6 0.51
Brittle elderly 16.0 5.90 74.4 0.54 76.0 0.58

stress borne by each fiber family over the course of loading also changed with age (Figure 3).
Despite the increased strength and equivalent stiffness of the interstitial fibers in the elderly
case, the decreased volume fraction of these fibers resulted in a decrease in the proportion of
stress borne by them (dashed blue) and thus, decreased ultimate strength at the macroscale.
Concomitant with a decrease in volume fraction of interstitial fibers is an increase in volume
fraction of osteon fibers, which is responsible for osteon fibers carrying an increased portion
of the total stress in the elderly bone model. Figure 3 also shows a decrease in toughness
for the elderly cortical bone model (black dashed) as compared to the mature model (black
solid). This overall reduction in toughness is due in part to a combination of the decrease
in osteon toughness and its larger volume fraction.

As an individual fiber is loaded, it may be in any one of 3 states: elastic, yielded,
or ruptured. Quantifying the fraction of fibers in each of these states for each of the osteon
and interstitial fibers revealed the extent of yielding and/or rupture in each family as the
mature and elderly fiber bundles were strained (Figure 4). The three vertical lines in Figure
4 located at the yield strain, ultimate strain, and the strain at which the last interstitial
fiber ruptured, provide visual guides as to the fractions of fibers in each state at these three
key points in loading. From these results, it is evident that the apparent hardening of the
mature bundle is due to plasticity in both fiber families, whereas that in the elderly bundle
is predominantly due to plasticity in the osteons only. In both mature and elderly bundles,
rupture of the interstitial fibers drives the initial loss of strength following the ultimate
point, and the plasticity and more gradual rupture of the osteons, which deform over a
longer strain range than interstitial fibers, drive the remainder of the stress-strain response.
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(a) Mature (b) Elderly

Figure 4: Fractions of osteon (bottom) and interstitial (top) fibers separated into elastic
(blue), yielded (yellow), and ruptured (gray) regimes at each bundle deformation step. The
stress-strain curve corresponding to each case (mature on the left and elderly on the right) is
overlayed on the area fractions. Dotted black lines indicate the fraction of fibers pertaining
to key regimes of the bundle mechanical behavior at the yield strain, ultimate strain, and
the strain at which all interstitial fibers have ruptured.

However, both the onset and completion of interstitial fiber rupture occur at lower strains in
the elderly vs. mature case. The reduction in strain over which interstitial fibers yield prior
to rupture contributes to aging-related decreases in ultimate strain and toughness.

Additional model cases that explored changes in individual inputs (Figure 5) indi-
cate that the differences in mechanical behavior between mature (Case 1) and elderly (Case
2) cases are the result of changes in all three aging dimensions considered: morphological
aging (increase in ϕOST/ϕINT ), material aging, and porosity increase. Either morphological
aging alone (Case 3) or an increase in porosity alone (Case 4) captured nearly all of the
decline in yield stress, yield strain, and ultimate stress in elderly compared to mature bone.
However, these two cases differ in that morphological aging alone (Case 3) caused toughness
to increase, which demonstrates that an increasing density of osteons has an effect opposite
to increasing porosity. Material aging by itself (Case 5), or combined with either morpho-
logical aging (Case 7) or porosity decrease (Case 8), captured the decline in ultimate strain
and toughness, but led to increases of the strength parameters. Combing morphological
aging and porosity increase (Case 6), on the other hand, predicted a decrease in the strength
parameters, but left ultimate strain and toughness largely unaffected. These results suggest
that simultaneous changes in all three dimensions of aging are required to capture the full
macroscale behavior of elderly bone.

The brittle models, which lacked plasticity at the microstructural scale, demon-
strate some but not all of these changes in mechanical properties with aging (Figure 6).
While the fibers in this model were all brittle, the bundle exhibits nonlinear behavior due to
a progressive accumulation of damage arising from the heterogeneity in material properties
of all the fibers. The brittle model predicted decreases with age in modulus, yield stress,
yield strain, ultimate stress, and ultimate strain of 3%, 36%, 3%, 34%, and 13%, respectively,
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Figure 5: Model output values for various model cases (as listed in Table 2) normalized
to the baseline case (mature bone). Aging-related include changes in material properties,
increased porosity, and morphological (increased volume fraction of osteons with respect to
interstitial fraction).

along with an increase of 15% in toughness (Table 3). Compared to the plastic model results
(Table 3, Figure 3), the brittle model showed larger decreases in yield and ultimate stress,
but an increase in toughness.

Among the input parameters considered, the elastic-plastic model results were most
sensitive to changes in the yield and post-yield properties of both the osteon and interstitial
fiber families (Figure 7). Chief among these properties were the plastic moduli of both fiber
families and, to a lesser extent, the yield stresses. The plastic modulus and yield stress
of the interstitial fibers (controlled by βINT and αINT , respectively), and the osteon fibers
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Figure 6: Stress-strain curves of elastic fiber model comparing the mechanical behavior of
mature (M) and elderly (E) bone model cases

(controlled by βOST and αOST , respectively) were the most influential inputs to the post-yield
behavior of the model. For example, the sensitivities of the ultimate stress and toughness to
βOST and βINT were more than 2.2-fold greater than those to all other inputs, and the same
was true for the sensitivity of ultimate strain to αINT and βINT . Similarly, the sensitivities of
yield stress and yield strain to αOST , αINT , and βOST were about 2.4-fold greater than those
for all other inputs. In contrast, model outputs exhibited low sensitivities across the board
to osteon modulus (EOST ), osteon rupture strength (σOST

R ), osteon volume fraction (ϕOST ),
interstitial modulus (EINT ), and porosity (ϕPORE). To facilitate comparison of sensitivities
among outputs, we computed the coefficients of variation, defined as the standard deviation
in output, ζY , divided by the output value for the baseline cases (Table 4). Toughness and
ultimate strain had much greater coefficient of variation (296% and 250%, respectively) than
did all the other outputs (30%, on average), indicating that these two outputs were the most
sensitive to uncertainty in input values.

4 Discussion

In this study, we implemented a one-dimensional mechanical model to understand how aging-
related changes in the microstructure of cortical bone drive mechanical consequences at the
macroscale. Simulations using the mature and elderly models with elastic-plastic fibers
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Figure 7: Bar chart showing sensitivity of model outputs to various model inputs (according
to a finite difference evaluation of Eq 17)

Table 4: Estimated uncertainty or variance in input values (expressed as its standard devi-
ation) and resulting variation in outputs.

Inputs (Ψj) ζj Mean CoV [%]
ϕPORE 2.5% 5% 50
ϕOST 5% 40% 12.5

EOST [GPa] 2 18 11
EINT [GPa] 2 20 10

(σR)
OST [MPa] 15 115 13

(σR)
INT [MPa] 17.5 160 11
αOST 0.25 0.5 50
αINT 0.25 0.9 28

log10
(
βOST

)
1 -1 100

log10
(
βINT

)
1 -1 100

Output (Y) ζY Mean CoV [%]
σy [MPa] 29.9 101 30

ϵy 0.0016 0.0073 22
σult [MPa] 41.7 113 37

ϵult 0.0294 0.0118 250
UT [MPa] 6.93 2.34 296

demonstrated decreased stiffness, yield stress and yield strain, ultimate stress and ultimate
strain, and, most of all, toughness with age. Results of the cases that simulated only subsets
of aging-related changes in inputs indicated that the deficits in macroscale mechanical behav-
ior of the elderly model resulted from morphological and material changes at the microscale
to a level on par with the effects of increased porosity. Morphological aging alone captured
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approximately all of the decline in yield and ultimate stress observed when comparing the
elderly case to mature bone, and material aging alone captured the decline in ultimate strain.
Interestingly, material aging alone, but not an increase in porosity, reduced toughness to a
value on par with that seen for elderly bone, suggesting that a change in microstructural
material properties may be a route to loss of toughness in cortical bone with age. The model
with brittle fibers, however, predicted an increase in toughness, counter to experimental
findings [5, 20, 43–45]. The expected decrease in toughness is found when fiber plasticity is
incorporated into the model, indicating that plasticity of the osteons and interstitial tissue,
rather than only damage (fiber rupture), may play a key role in the aging-related decline in
macroscopic cortical bone toughness. Collectively, the findings of this study illustrate that
multiple facets of aging-related changes at the microscale in cortical bone may affect the
macroscale behavior, via the effects of these changes on the onset and progression of yielding
and rupture of osteons and interstitial tissue.

While simpler in nature than two- or three-dimensional models, our model re-
sults confirm prior findings that changing microstructural material properties, in addition to
porosity, are reflected in the macroscopic, aging-related decrease in toughness [6, 46–48] due
potentially to reduced ductility of the microconstituents [48]. The heterogeneity modeled
here allows the estimation of the contributions of individual cortical bone microconstituents
(i.e., osteon and interstitial tissue), and the effect of aging-related changes in these micro-
constituents, that was not possible with earlier models [49, 50]. With these microstructural
material properties in hand, our baseline model successfully predicted the mean elastic mod-
ulus of cortical bone [51], yield strain, ultimate stress, and ultimate strain [6], and toughness
[52] within one standard deviation, as well as yield stress [6] within 3 standard deviations of
cortical bone. Furthermore, the difference in material properties between microconstituents
captured by our model implies that the aging-related decrease in ultimate strain arose from
changes in the interstitial material properties (Figure 4). While more complex than other
one-dimensional fiber bundle models [34, 35], incorporating plasticity into the fibers enabled
us to observe the well documented, aging-related decrease in toughness of cortical bone [5,
52].

This study has some limitations. First, the model is only one-dimensional. Any
aging-related changes in the 2D or 3D geometry (e.g., increased circularity of osteons [53–55])
of the microconstituents, are not reflected in this model. The model does not include any
changes in cross-sectional area over the length of the fibers, or any change in the mechanical
behavior resulting from a change in the three-dimensional morphology of the bone tissue
(e.g., misalignment of the osteon with the longitudinal or transverse axis and/or with the
accompanying Haversian canal [19]). Since quasi-static loading is assumed, rate dependence
of cortical bone, and how that might change with aging, is not considered. Porosity in the
model represents only that contributed by Haversian canals in osteons; the effects of lacunae
and canaliculi density, which may also change with aging [56, 57], are not considered. The
cement line surrounding osteons has also been shown to play a role in the progression of
fractures around or through osteons [48, 58–61]. Its effect on crack propagation seems to
partly depend on its composition [23, 48, 58], which is not clear; some studies report high
mineralization [62, 63] and others report minimal mineralization [64, 65]. Furthermore,

19

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 2, 2023. ; https://doi.org/10.1101/2023.03.01.530672doi: bioRxiv preprint 

https://doi.org/10.1101/2023.03.01.530672
http://creativecommons.org/licenses/by-nc-nd/4.0/


cement lines occupy a very small volume fraction of the bone. Therefore, they were omitted
from the model.

Sensitivity values (Figure 7) are the result of output derivatives (Eq. 17) and the
expected standard deviation of the inputs: the model’s high sensitivity to post-yield param-
eters (β) arises from the high uncertainty in the values of those parameters, as measured in
the coefficients of variation (Table 5). While all mechanical properties were most sensitive to
variations in β (of either osteon or interstitial fibers), a 10% change in either of these inputs
results in only a 1% change in ultimate stress and less than 10% change in toughness. On
the other hand, a 10% change in other inputs, such as α and osteon volume fraction results
in a change of about 20% in both ultimate stress and toughness; since our model predicted
a difference of 5% in ultimate strength between the mature and elderly bone cases, these
values of 10% and 20% are rather meaningful even if the computed sensitivity is low relative
to α or β. It is clear that the model’s sensitivity to these α and β arises from the high un-
certainty in the values of these parameters, due to limited experimental data on post-yield
properties of individual microconstituents. For example, one nanoindentation study quanti-
fied the aging-related change in the toughness of osteon lamellae [7] but did not report yield
stress or plastic modulus. Micropillar experiments produced stress-strain curves of lamellae,
but were conducted on dry ovine [66, 67] or bovine specimens [68, 69], which were likely
less ductile than fully hydrated tissue [38]. A small amount of data from micropillar tests
on human osteons are available, but only for compression rather than tensile loading [19].
Other computational studies, which investigate the crack propagation behavior of cortical
bone, have been similarly challenged in defining material properties [13]. For instance, one
group estimated the fracture toughness of osteon and interstitial bone tissue based on the
difference in their moduli and the homogenized (macroscopic) fracture toughness [23, 70].
The sensitivity of the present model to these parameters suggests that characterizing the
post-yield behavior of the microconstituents of Haversian bone is necessary to understand
the microstructural basis of the aging-related increase in cortical bone fragility.

The discrepancy between the brittle and elastic-plastic models’ predictions of tough-
ness reveals that decreased toughness is observed only when plasticity is incorporated into
fiber material properties. We see in the brittle model that making the interstitial fibers
stronger also increases their toughness without also increasing their modulus. Since there is
no reported aging-related change in interstitial modulus [12], the increase in strength of the
interstitial fibers then increases toughness of the whole bundle. While it is apparent that
plasticity within microconstituents plays a key role in the post-yield behavior of cortical
bone, a mechanistic understanding of decreased toughness with aging is still lacking.

We find here that aging-related changes other than porosity —in the material prop-
erties and relative volume fraction of osteon and interstitial tissue— point toward a micro-
constitutive basis for increased bone fragility in the elderly population. Our results show
that material aging (namely, reduced plasticity) alone and in combination with either poros-
ity increase or morphological aging reduced toughness to a value on par with that seen for
the elderly bone. Although porosity has been found to be negatively correlated with yield
stress and ultimate stress [5, 6] (and as seen in Case 4, Figure 5), there is agreement that
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porosity alone cannot fully account for reduction in toughness [6] or fracture toughness [20].
Factors that have been proposed include aging-related changes in microstructure [6, 28] and
decrease in plasticity of the bone tissue matrix [5, 28, 31, 71] leading to an accumulation of
damage in the form of microcracks [6, 28, 72]. Evidence also points out an aging-associated
relationship between decreased toughness and degradation in the integrity [28, 33] as well
as dehydration [43, 73] of the mineralized collagen that makes up bone lamellae, which are
not explicitly considered in this model. Furthermore, our elastic-plastic model predicted
increased toughness when the volume fraction of osteons increased, which reinforces the idea
that morphological changes also play a key role in the fragility of cortical bone [6, 74]. This
idea is consistent with prior findings that micromechanical properties (i.e., osteon and inter-
stitial hardness and elastic modulus) are sufficient to predict macroscopic stiffness, but not
toughness [28]. Furthermore, a study examining the morphology of osteons across young and
elderly groups predicted weaker osteons in the elderly group, due to aging-related changes
in geometric indices of the osteons (e.g., the percentage of osteon refilling, given by the ratio
of total osteon area that is made up by solid bone tissue [25]). When implemented in a
numerical study examining three-dimensional micro-morphological changes, changes to the
micro-morphology (representative of the osteons bone refilling rate), along with increased
porosity, degraded the bulk mechanical properties in the model.

The prediction in Figure 4 showing that the interstitial fibers all rupture before any
osteons do is extreme compared to reports in published fractography studies. Those studies
show the fracture surfaces to be rough, with osteons protruding up from the fracture plane
in ways that suggest comparatively large amounts of plastic strain relative to the interstitial
tissue strain. Some histological studies [75–77] of cortical bone that was loaded to failure
have noted that most cracks occur in the interstitial tissue, although cracks visibly cross
through osteons in some cases [78]. Several studies have pointed out that the relatively
brittle interstitial tissue serves as a starting point for initiation and propagation of cracks
[79–81]. Other studies report fracture surfaces that demonstrate intact osteons surrounded
by interstitial tissue that has completely failed [74, 82–86] (osteon “pullout”), observing
plasticity in the osteons prior to rupture. One such study employed scanning electron mi-
croscope (SEM) imaging to quantify osteon “pullout” percentage, which measured the ratio
of osteon pullout area (the area of debonded osteons that displayed a “pullout” presenta-
tion or cavities from which osteons were “pulled out,” characteristic of interstitial failure) to
fracture surface area, and showed a decrease in this quantity with aging [84]. While these
results seem to be broadly consistent with predictions here that interstitial tissue fails before
osteons, they may also be indicative of cement line failure, which is not accounted for by our
model. Furthermore, whether cracks propagate through osteons has been shown to depend,
in part, on the material properties and geometry of the interface, even if its mechanistic
role is not fully understood [23, 48]. While these geometric factors are not considered in the
present model, we do predict that osteons, which are considered tougher than interstitial
tissue, resist fracture over longer strains than interstitial tissue.

Our results are consistent with the growing understanding that aging-related changes
in the morphology and material properties, in addition to porosity, play important roles in
aging-induced decreases in strength and toughness of cortical bone. By isolating the me-
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chanical behavior of osteon vs. interstitial tissue, we found that aging-related changes in
the plastic behavior of interstitial tissue, as shown in Fig. 4, directly affects the resulting
resistance to fracture at the macroscale. The toughness and ultimate strain, in particular,
were shown to depend the most on the post-yield properties of interstitial and osteonal bone
tissue. Uncertainty due to the lack of data describing the post-yield behavior of interstitial
bone tissue contributes substantially to the uncertainty in macroscale predictions of tough-
ness and ultimate strain. It is therefore clear that measurement of these intrinsic material
properties will lead to greater insights into the exact nature of aging-related microstruc-
tural changes that give rise to aging-related macroscale changes in cortical bone mechanical
properties. As cortical bone is a major contributor to whole bone stiffness and strength,
further insight into how features besides porosity influence bone fragility will inform our
understanding of aging-related fracture.

A Appendix

A.1 Type of property distribution

(a) Scatter data of material
properties (i.e., fiber modulus
and strength)

(b) Stress-strain curves (c) Histogram

Figure A.1: Plots pertaining to 2 distribution types (i.e., uniform and normalized), correlated
and randomly sampled.

Accumulation of damage in the bundle is driven by the progressive rupture of in-
dividual fibers, which in turn is characterized by the distribution of material properties
assigned to the fibers. Thus, the particular type of distribution, and whether the properties
are assigned in a manner that makes them correlated with one another (e.g., modulus vs.
strength), affects the bundle’s overall mechanical behavior. Prior models feature material
properties which are either linearly related [34] or randomly sampled from a uniform distri-
bution [35, 87]. A normal distribution may more accurately reflect the spread in material
properties observed in cortical bone. More importantly, the correlation of fiber material
properties such as modulus and strength, as shown in (Figure A.1a), also affects model
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behavior. To investigate this effect, a multivariate Gaussian distribution was constructed
with a correlation coefficient (ρ) of 1 to correlate the modulus and strength distributions.
Simulations of fiber bundles constructed from both correlated and uncorrelated distributions
were then conducted to evaluate these potential effects.

For the case of a “correlated” uniform distribution, modulus and strength distribu-
tions are defined for monotonically increasing functions of x [34].

E = Ē[1 + A(2x− 1)] (18)

σR = σ̄R[1 +B(2x− 1)] (19)

for x ∈ [0, 1] (representative of the increasingly strong fibers) where A and B are character-
istic coefficients that each define the extreme values for modulus (E) and rupture strength
(σR) centered about Ē and σ̄R, the mean modulus and rupture strength values, respectively.

For a Gaussian distribution in which modulus and rupture strength values are
correlated, a multivariate distribution is constructed by first defining a correlation coefficient
(ρ), which describes the relationship between the two variables. Then, the standard deviation
(σx,σy) corresponding to each distribution (x,y) is used to construct a covariance matrix (Σ).
A built-in function (“mvnrnd”) within MATLAB [88] is implemented to sample an arbitrary
number of samples from both distributions according to the specified covariance matrix and
distribution means.

Σ =

[
σ2
x ρ ∗ σx ∗ σy

ρ ∗ σx ∗ σy σ2
y

]
(20)

Table A.1: Material property distribution parameters - average & standard deviation (Gaus-
sian) and value range (uniform), which define an osteon fiber bundle

Gaussian Uniform
Modulus [GPa] 10 (1) 8-12
Strength [MPa] 150 (20) 110-190

The failure behavior of the fiber bundle depended slightly on the shape of the
distribution used to define the material properties of the fibers that comprise the bundle,
but strongly on their correlation. The ultimate stress of the bundle (Figure A.1b) is increased
when the strength of each fiber is correlated with its modulus, regardless of distribution type.
Coupled with the decreased ultimate strain and subsequent failure strain (when the bundle
stress drops to zero), this results in embrittled behavior. This effect is highlighted when the
fracture strains for all fibers in the bundle is considered (Figure A.1c), in which the fibers
from the bundle models for which inputted material properties were correlated are narrower
than the models in which properties are drawn independently. Though not shown here, we
found also that selecting a normal distribution rather than uniform reduces model artifacts
when multiple fiber families are incorporated into the model.
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A.2 Convergence analyses: dependence on algorithmic parame-
ters

The number of fibers (“bundle size”) affects how closely the mean and standard deviation of
sampled fiber material properties are to the prescribed mean and standard deviation of the
material property distribution. To evaluate the effect of the bundle size, simulations with
bundles consisting of varying fiber number were conducted; 100 simulations per particular
bundle size. Then, the yield stress and ultimate stress for each simulation were computed,
as well as their mean and standard deviation for each bundle size. These simulations show
that a bundle size on the order of 104 result in a standard deviation of the outputs that is
less than 1% of the mean value (Figure A.2).

The strain step size described in Eq. 6 dictates the “time” resolution of the sim-
ulation and thus defines how frequently the stress is computed within a given strain range.
Since damage in the fiber bundle model is driven by progressive rupture of fibers, the strain
resolution may affect the accuracy of the output data; too coarse of a step size could result
in a fiber rupturing at a strain larger than would correspond to its material properties. To
evaluate the effect of the step size, the yield and ultimate stress were computed for simu-
lations conducted with varying strain step sizes. The model appears to converge at a step
size of 10−4 (Figure A.3), which indicates that the step size of 10−5 used in this study was
appropriate.
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Figure A.2: Predicted strength and its standard deviation vs. number of fibers in the bundle.
Convergence of ultimate stress (upper line, blue) and yield stress (lower line, red) resulting
from randomly sampling model inputs for 100 simulations for each trial number of fibers.

Figure A.3: Convergence of ultimate stress (solid) and yield stress (dashed) model outputs
from decreasing strain step size.
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