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Abstract: The objective of average (bio)equivalence tests is to determine whether a parameter, such as the mean

variation in treatment response between two conditions, lies within a specified equivalence range, indicating that the

means of the conditions are equivalent. The widely-used Two One-Sided Tests (TOST) procedure checks if the target

parameter is significantly greater or lower than pre-defined upper and lower equivalence limits by examining whether

its confidence interval falls within these limits. However, the TOST procedure can be overly conservative and may

quickly lose power for highly variable responses, in many cases reaching a flat zero over the entire parameter space,

resulting in its inability to conclude equivalence when it truly exists. To address this limitation, we propose a new

procedure called the α-TOST that incorporates a finite sample and variability correction by adjusting the size of the

TOST to ensure a type I error rate of α in all situations. Our analysis shows that the α-TOST is uniformly more

powerful, simple to compute, and outperforms its competitors in terms of operating characteristics. We use a case

study of econazole nitrate deposition in porcine skin to illustrate the advantages of our approach over other available

procedures.
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1. Introduction

Equivalence tests, also known as similarity or parity tests, have become a focal point of research interest over the last

two decades. Originating from the field of pharmacokinetics (Metzler, 1974; Westlake, 1976), they are referred to as

bioequivalence tests and have found wide-ranging applications in both research and production (Pallmann and Jaki,

2017). In the manufacturing of generic medicinal products, bioequivalence tests are frequently employed to speed

up the approval process by demonstrating that the generic version has comparable bioavailability to its brand-name

counterpart (for an overview, see e.g., Senn, 2021). Equivalence tests have also found applications in various domains

beyond pharmacokinetics and for diverse purposes. In production, they are used to test changes in the mode of

administration or production site (see e.g., Patterson and Jones, 2006). In social and behavioral sciences, equivalence

tests are employed to assess replication results and to corroborate risky predictions (Lakens, 2017). Recent literature

also reflects the ever-expanding use of equivalence tests in brand new domains such as assessing virtual reality imaging

measurements by feature (Sureshkumar et al., 2022), cardiovascular responses to stimuli by gender (O’Brien and

Kimmerly, 2022), children’s neurodevelopment (Wehrle et al., 2022), chemotherapy efficacy and safety (Sansone et al.,

2022), post-stroke functional connectivity patterns by patient group (Branscheidt et al., 2022), risk-taking choices by

moral type (Feri et al., 2023), and even the turnout of 2020 US presidential election by political advertising condition

(Aggarwal et al., 2023). Moreover, several review articles have been published, covering topics such as food sciences

(Meyners, 2012), psychology (Lakens et al., 2018), sport sciences (Mazzolari et al., 2022) and pharmaceutical sciences

(Wang et al., 2022).

The objective of equivalence testing is to to establish a range of values, known as the equivalence region, within which

the parameter of interest, such as the difference in mean response between two treatments, must fall for the treatments

to be regarded as equivalent. This ensures that deviations within this region would be considered insignificant and not

affect the similarity of the therapeutic effects between the compared treatments. In contrast to standard hypothesis

testing for equality of means, where the null hypothesis assumes that both means are equal (or that their difference is

zero), and the alternative assumes they are not, equivalence testing reverses the roles of the hypothesis formulations

and considers a region rather than a point. Specifically, it defines the alternative as the equivalence region within

which the parameter of interest must lie for the treatments to be considered equivalent, and the null hypothesis as

the opposite. This paradigm puts the burden of proof on equivalence, rather than non-equality, and emphasises the

importance of assessing the similarity of treatments in addition to their differences. Formally, a canonical form for the

average equivalence problem involves two independent random variables pθ and pσν , which are distributed as follows:

pθ „ N
`

θ, σ2
ν

˘

and
νpσ2

ν

σ2
ν

„ χ2
ν , (1)

where θ and σ2
ν respectively denote the target equivalence parameter and its variance. The value of σ2

ν depends on the

number of the degrees of freedom ν, which is in turn determined by the sample size and total number of parameters.

This general framework can be applied to a variety of situations, including cases where the equivalence parameter

corresponds to the difference in means of responses between two experimental conditions with either independent or

paired responses. It can also represent an element of the parameter vector of a (generalised) linear (mixed-effect)
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model, such as the shift in mean responses between two treatments in a longitudinal study.

The hypotheses of interest are defined as

H0 : θ R Θ1, vs. H1 : θ P Θ1 :“ pθL, θU q, (2)

where Θ1 “ pθL, θU q denotes the range of equivalence limits with known constants θL and θU . Is can be assumed,

without loss of generality, that the equivalence limits are symmetrical around zero, and we define c :“ θU “ ´θL

so that Θ1 “ p´c, cq. The investigation of equivalence is commonly carried out using the Two One-Sided Tests

(TOST) procedure (Schuirmann, 1987), which assesses whether the target parameter is significantly greater than ´c

and less than c, with the Type I Error Rate (TIER) controlled at level α (see Berger, 1982), and typically set at

5%. Equivalence is most commonly assessed through the Interval Inclusion Principle (IIP), which involves verifying

whether the 100p1 ´ 2αq% Confidence Interval (CI) for the target parameter falls within the equivalence margins

p´c, cq (see, for example, Muñoz et al., 2016; Pallmann and Jaki, 2017). The IIP strategy yields the same test decision

as the TOST procedure if the CI is equi-tailed (Hsu et al., 1994; Berger and Hsu, 1996)

However, it is widely acknowledged that the TOST procedure can be overly conservative, leading to a decrease in power

and a concomitant reduction in the probability of detecting truly equivalent mean effects. This issue is particularly

noticeable when the standard deviation σν is relatively large, as in studies involving highly variable drugs or where the

sample size has been underestimated based on a prior experiment. To address this challenge, the AH-test proposed by

Anderson and Hauck (1983) has been shown to exhibit greater power than the TOST in cases where σν is relatively

large. However, this test is known to be liberal and does not control the TIER (see Berger and Hsu, 1996). Furthermore,

it may lead to acceptance of equivalence even when the target parameter θ falls outside the equivalence interval (see

Schuirmann, 1987). Brown et al. (1997) then proceeded by developing an unbiased test that is uniformly more powerful

than the TOST. However, this test is computationally intensive and, in some cases, may exhibit rather irregular shapes

in its rejection region. To mitigate these issues, Berger and Hsu (1996) proposed a smoothed version of this test at the

cost of making it slightly biased. Notably, these three last tests do not require the calculation of confidence intervals

and therefore do not rely on the IIP, and the latter two can be difficult to interpret due to the use of polar coordinates

(see e.g., Liu and Chow, 1996).

The conservative nature of the TOST approach in determining bioequivalence between highly variable drugs, char-

acterized by relatively large standard deviation σν , has prompted regulatory bodies such as the European Medicines

Agency (EMA) and the US Food and Drug Administration (FDA) to recommend the adoption of an alternative

strategy known as Scaled Average BioEquivalence (SABE). This method involves the linear adjustment of equivalence

limits based on the value of σν within the reference group, while still requiring that pθ falls within the equivalence

margins p´c, cq. Despite the authorities’ constraints on the degree of expansion, recent studies have revealed that the

TOST can exceed the nominal level α (see, for example, Wonnemann et al., 2015; Muñoz et al., 2016; Endrenyi and

Tothfalusi, 2019; Molins et al., 2021; Schütz et al., 2022, and references therein), leading to proposals for correction

methods that ensure a level-α test. Moreover, these corrections also result in more seamless changes to the acceptance

regions as σν varies. Additional details on the SABE can be found in Muñoz et al. (2016); Davit et al. (2012), while
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Labes and Schütz (2016); Tothfalusi and Endrenyi (2016); Ocaña and Muñoz (2019); Deng and Zhou (2020) provide

further insights into these correction methods.

In this paper, we present a novel finite sample correction method for the TOST as an alternative to existing approaches.

Our proposed method involves a simple adjustment of the TOST’s level, which ensures a TIER of exactly α when σν

is known. The corrected level, denoted as α˚, can be easily computed and enables the construction of 100p1 ´ 2α˚q%

CIs. As a result, the α-TOST can be viewed as a finite sample continuous variability adjustment of the TOST, which

enhances the probability of accepting equivalence when it is true, particularly for large values of σν or small sample

sizes.

Our study shows that the α-TOST is uniformly more powerful than the TOST and, for small to moderate values of

σν , is nearly equivalent to the TOST in terms of power, as α˚ « α in such cases. Furthermore, our proposed method

provides a more powerful test than the level-corrected SABE.

It is worth noting that, in practice, σν is typically estimated from the data. Thus, we also propose a straightforward

estimator for α˚ and demonstrate through simulations that this estimator does not significantly alter the TIER of

the α-TOST. Overall, this paper presents an efficient method for performing equivalence testing, which can be readily

applied in various scientific domains.

The present paper is structured as follows. In Section 2, we showcase the effectiveness of our proposed approach

by applying the TOST, the α-TOST, and other existing methods to a case study. The α-TOST is then introduced

in Section 3, where we provide a suitable formulation of the TOST, describe its statistical properties, and present

a straightforward algorithm to compute the corrected level α˚. Additionally, we provide a power comparison with

alternative methods. Next, in Section 4, we conduct a simulation study to compare the TIER and power of the α-

TOST to those of the TOST, the EMA implementation of the SABE, as well as to its corrected level version. Finally,

in Section 5, we discuss potential extensions of our proposed method.

2. Evaluation of Bioequivalence for Econazole Nitrate Deposition in Porcine Skin

Quartier et al. (2019) study the cutaneous bioequivalence of two topical cream products: a reference medicinal product

and an approved generic containing econazole nitrate (ECZ), an antifungal medication used to treat skin infections.

The evaluation of the putative bioequivalence is based on the determination of the cutaneous biodistribution profile of

ECZ observed after application of the reference medicinal product and the generic product. This involves quantification

of the amounts of ECZ present as a function of depth within the skin descending from the surface to a depth of „ 800

microns. It follows that the more similar the biodistribution profile, i.e., the more similar the amounts of drug present

at each depth, the greater the likelihood of equivalent pharmacological effect.

In this section, we examine a dataset consisting of 17 pairs of comparable porcine skin samples, on which measurements

of ECZ deposition were collected using the two creams. The data, depicted in Figure 1, were analyzed using the TOST

and the α-TOST procedures, both based on a paired t-test statistic. The bioequivalence limits of c “ θU “ ´θL “

logp1.25q « 0.223, recommended by regulatory agencies such as the FDA (Food and Drugs Administration, 2001) and

EMA (European Medicine Agency, 2010), were used for both procedures.
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Figure 1: Econazole nitrate deposition levels (y-axis) measured for the reference and generic creams (x-axis) on 17
pairs of comparable porcine skin samples (lines).

The TOST confidence interval for the mean of the paired differences in ECZ levels was found to be r´0.204, 0.250s,

with an estimated effect size of pθ “ 0.023, an estimated standard error of pσν “ 0.130, a number of degrees of freedom

of ν “ 16, and a significance level of α “ 5%. As the upper bound of this CI exceeds the upper bioequivalence limit,

we cannot conclude that the two topical products are equivalent using the standard TOST procedure. Remarkably,

by computing a higher significant rate of pα˚ “ 7.48% to achieve an (empirical) TIER of 5%, the α-TOST procedure

produces a confidence interval of r´0.166, 0.211s that is strictly embedded within the p´c, cq bioequivalence limits.

This indicates that the α-TOST accepts bioequivalence, and yields an increase in power that is induced by the increased

TIER. Note, on the other hand, that the empirical power of the TOST is equal to zero, regardless of the value pθ,

because t0.05,16 pσ2ν ą c, with tα,ν denoting the upper quantile of a t-distribution evaluated at α with ν degrees

of freedom (see Section 3.3 for a more detailed power analysis). Furthermore, it is important to highlight that the

α-TOST guarantees an adjusted TIER of α for all sample sizes, as demonstrated in Section 3.2. Thus, the conclusion

drawn by the α-TOST is more trustworthy than that of the standard TOST. The confidence intervals obtained from

both methods are presented in Figure 2.

In order to gain a more comprehensive understanding of the advantages afforded by our proposed method, we have

conducted a comparison of the characteristics and outcomes of the α-TOST with other available approaches, as

presented in Table 1. Additionally, we provided a sketch of their rejection regions in Figure 3. In addition to the

TOST and α-TOST, the analysed methods include the AH-test, the SABE implementation using the EMA margins

(SABE), and the level-corrected version proposed by Labes and Schütz (2016) (SABE corrected). While the AH-test

fails to meet the IIP, it serves as a decent proxy for the other tests that satisfy this property, while remaining relatively

straightforward to implement. And even though the SABE test does not conform to the α-level requirement, it is
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100(1− 2α)% CI

TOST

100(1− 2α̂∗)% CI

α-TOST

Outside (−c, c)

−c -0.1 0 0.1 c

θ

θ̂ = 0.023

Figure 2: 100p1 ´ 2αq and 100p1 ´ 2pα˚q confidence intervals resulting from the TOST and α-TOST procedures,
respectively, for the mean of the paired differences in ECZ levels of the reference and generic creams. The chosen
and computed values for α and pα˚ are 5% and 7.48%, respectively. The dashed vertical lines depict the lower and
upper bioequivalence limits, which are set at c “ logp1.25q. By comparing the confidence intervals of each approach
to the bioequivalence limits, we find that the α´TOST procedure indicates bioequivalence, while the standard TOST
approach does not. Specifically, the upper limit of the TOST confidence interval exceeds c, as illustrated by the
hatched area.

included in our comparison to contrast its performance with that of the level-corrected SABE. It is noteworthy that,

out of the level-α tests, only the α-TOST leads to an acceptance outcome.

Figure 3 depicts the regions in which bioequivalence is accepted for as a function of pθ and pσν , using c “ logp1.25q

and ν “ 16 as represented in the case-study. The rejection regions of the different methods closely overlap for pσν

below 0.09, but their operating characteristics vary as this value increases. The TOST and the level-corrected SABE

methods exhibit a conservative rejection region that fails to accept bioequivalence for values of pσν above « .15, while

the α-TOST and AH-test maintain their stringent criteria for bioequivalence acceptance even for larger values of pσν,

with the latter method being more liberal than the former.

Interestingly, the SABE method exhibits an anomalous rejection area that yields paradoxical outcomes. Specifically,

for a range of values of pθ, non-equivalence is rejected for larger values of pσν and not rejected for smaller ones. This

peculiar outcome is not unique to the SABE method but has also been reported for other methods, as noted in the

literature (see, for example, Figures 1 of Berger and Hsu, 1996, Brown et al., 1997 and Cao and Mathew, 2008). The
Ś

symbol on Figure 3 represents the estimated values of pθ and pσν obtained from the porcine skin dataset. Notably,

these coordinates result in the acceptance of bioequivalence for the SABE, AH-test, and α-TOST methods, among

which only the latter maintains a size-α criterion (i.e., a TIER of α). Overall, these findings underscore the superiority

of the α-TOST method for a reliable assessment of equivalence.

A more comprehensive power analysis of the selected methods is provided in Section 3.3, and a simulation study

comparing their TIER and finite sample power is presented in Section 4.

6

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 21, 2023. ; https://doi.org/10.1101/2023.03.11.532179doi: bioRxiv preprint 

https://doi.org/10.1101/2023.03.11.532179
http://creativecommons.org/licenses/by-nc-nd/4.0/


Method IIP Level-α TIER α Decision

AH-test no no no Accept
SABE yes no no Accept
SABE corrected yes yes˚ no Reject
TOST yes yes no Reject
α-TOST yes yes˚ yes˚ Accept

Table 1: Bioequivalence decision for the econazole nitrate deposition in the porcine skin dataset using the AH-test,
the SABE implementation using the EMA margins (SABE), the level-corrected version proposed by Labes and Schütz
(2016) (SABE corrected), the TOST and α-TOST. The decision is based on the values of pσν “ 0.130, ν “ 16,
pθ “ 0.0227, and α “ 5%. The columns indicate whether each method satisfies the Interval Inclusion Principle (IIP), is
level-α (a TIER bounded by α), and size-α (a TIER of exactly α). The ˚ symbol indicates that the property is valid
only when the standard error σν is known.

σ̂
ν

ν =16

0.00

0.05

0.10

0.15

0.20

0.25

−c -0.1 0 0.1 c

TOST
α-TOST
SABE
SABE corrected
AH-test
Case Study Dataset

θ̂

Figure 3: Bioequivalence test rejection regions as a function of the estimated effect size pθ (x-axis) and estimated
standard error pσν (y-axis) per method considered in Table 1. The coloured areas represent the rejection regions using
c “ logp1.25q and ν “ 16 for each method. The

Ś

symbol represents the estimated values of the effect size and

standard error obtained from the porcine skin dataset, namely pθ “ 0.023 and pσν “ 0.130.
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3. Equivalence Testing

In this section, we delve into the methodology for the derivation of a size-adjusted statistical equivalence test. We

begin by introducing the TOST and examine its properties. Next, we define the α-TOST and detail its statistical

properties. We then propose an algorithm with an exponential convergence rate to compute the corrected significance

level α˚. Finally, we show that the α-TOST is uniformly more powerful than both the TOST and the level-adjusted

variation of the SABE.

3.1. The TOST Procedure

The TOST employs two test statistics to evaluate the hypotheses in (2), namely

ZL :“
pθ ` c

pσν
and ZU :“

pθ ´ c

pσν
,

where ZL tests for H01 : θ ď ´c versus H11 : θ ą ´c, while ZU tests for H02 : θ ě c versus H12 : θ ă c. Rejecting

H0 :“ H01 Y H02 “ θ R Θ1 in favour of H1 :“ H11 X H12 “ θ P Θ1 requires both tests to simultaneously reject their

marginal null hypotheses at a significance level α, that is, if

ZL ě tα,ν and ZU ď ´tα,ν ,

where tα,ν denotes the upper α quantile of a t-distribution with ν degrees of freedom. The corresponding rejection

region is given by

C1 ppσνq :“
!

pθ P IR, pσν P IR`

ˇ

ˇ

ˇ
c ě |pθ| ` tα,νpσν

)

. (3)

As illustrated in Figure 3, for all pσν ą pσmax :“ c{tα,ν , the TOST fails to accept equivalence.

More formally, given α, θ, σν , ν and c, the power function, i.e., the probability that equivalence is accepted, can be

expressed as follows (see also Phillips, 1990):

ppα, θ, σν , ν, cq :“Pr
`

ZL ě tα,ν and ZU ď ´tα,ν ,
ˇ

ˇ α, θ, σν , ν, c
˘

. (4)

The vector pTL, TU q has a bivariate non-central t-distribution, with non-centrality parameters θ´c
σν

and θ`c
σν

respectively.

This particular case has been studied by Owen (1968), which developed a very convenient way to express the bivariate

distribution in terms of the difference of two univariate distributions, namely

ppα, θ, σν , ν, cq :“Pr
`

TL ě t1´α,ν and TU ď ´t1´α,ν ,
ˇ

ˇ α, θ, σν , ν, c
˘

“Qν

ˆ

´t1´α,ν ,
θ ´ c

σν
, λ

˙

´ Qν

ˆ

t1´α,ν ,
θ ` c

σν
, λ

˙

,
(5)
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where λ :“ c
?
ν

σνtα,ν
, and where

Qνpt, y, zq :“

?
2π

Γ
`

1
2ν

˘

2
1
2 pν´2q

ż z

0

G

ˆ

tx
?
ν

´ y

˙

xν´1G1pxqdx,

with

G1pxq :“
1

?
2π

exp

ˆ

´
1

2
x2

˙

and Gpxq :“

ż x

´8

G1ptqdt.

Subsequently, after fixing the values of α, σν and ν, the size of the TOST is defined as the supremum of (5) (see e.g.,

Lehmann, 1986), which can be expressed as

ωpα, c, σν , νq :“ sup
θ R Θ1

ppα, θ, σν , ν, cq “ ppα, c, σν , ν, cq “ Qν p´tα,ν , 0, λq ´ Qν

ˆ

tα,ν ,
2c

σν
, λ

˙

. (6)

We can deduce that the TOST is level-α, by observing that when σν ą 0, the following holds

ωpα, c, σν , νq ă Qν p´tα,ν , 0, λq “

?
2π

Γ
`

1
2ν

˘

2
1
2 pν´2q

ż λ

0

G

ˆ

´
tα,νx
?
ν

˙

xν´1G1pxqdx

ă

?
2π

Γ
`

1
2ν

˘

2
1
2 pν´2q

ż

8

0

G

ˆ

´
tα,νx
?
ν

˙

xν´1G1pxqdx “ Pr pTν ď ´tα,νq “ α,

(7)

where Tν denotes a random variable following a t-distribution with ν degrees of freedom. Conversely,

lim
σνÑ 0

ωpα, c, σν , νq “ α.

This demonstrates that the TOST is a level-α test, and is only size-α in the theoretical case of σν “ 0, a fact previously

noted by several researchers (see, for example, Deng and Zhou, 2020, and the references therein). When pσν is small,

the TOST effectively controls the TIER at values near α. However, as pσν increases, the TOST becomes progressively

more conservative and ultimately yields a TIER of zero when pσν ą c{tα,ν . As a solution to this limitation, we propose

a novel approach that we call the α-TOST, which ensures a uniform control of the TIER at α over the pace of pσν , and

retains the ability to assess equivalence through the IIP principle, as illustrated in Figure 2.

3.2. Adjusted α-TOST

A size-corrected version of the TOST can be constructed through the computation of new significance level α˚ with

the following paradigm

α˚ :“ α˚pσνq “ argzero
γPrα,0.5q

“

ωpγ, c, σν , νq ´ α
‰

, (8)

with ωpγ, c, σν , νq defined in (6). We omit the dependence of α˚ on α and ν as these are known. A similar type of

correction was used to amend the level of the SABE procedure by Labes and Schütz (2016) and Ocaña and Muñoz

(2019) (see also Palmes et al., 2022, for power adjustment), but in these cases, the aim of the correction is to decrease

the level so that the TIER does not exceed the nominal level of α. This is different from our objective, as our proposed

method aims to ensure that the TIER of the α-TOST is exactly α when σν is known.
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The condition under which α˚ exists are elaborated in Appendix A. It relates to the maximal value the estimated

standard error can take for the α-TOST procedure to produce a unique solution, namely pσν ă 2c
Φ´1pα`0.5q

. As outlined

in Section 3.3, this upper limit permits the α-TOST to achieve a strictly positive power for the larger values of σν ,

which sets it apart from other methods that satisfy the IIP.

Given that α˚pσνq is a population parameter that depends on the unknown quantity σν , an appropriate estimator for

its sample value is given by

pα˚ :“ α˚ppσνq “ argzero
γPrα,0.5q

“

ωpγ, c, pσν , νq ´ α
‰

. (9)

Thus, in practice, the α-TOST method rejects the null hypothesis of non-equivalence in favor of equivalence at level

α, based on the estimated corrected level pα˚, if both ZL ą t1´pα˚,ν and ZU ă ´t1´pα˚,ν hold. We investigate the

performance of various methods in a simulation study presented in Section 4 where σν is estimated, and we compare

their TIER and power. Our results demonstrate that the α-TOST method maintains a relatively good TIER compared

to other available methods.

When it comes to solving (8) (or indeed (9)), α˚ can easily be computed using the following iterative approach. At

iteration k, with k P N, we define

α˚pk`1q “ α ` α˚pkq ´ ω
´

α˚pkq, c, pσν , ν
¯

. (10)

Here, ωp¨ ¨ ¨ q is the function defined in (6), and the procedure is initialised at α˚p0q “ α. This simple iterative approach

has exponentially fast convergence to α˚ as it can be shown that

ˇ

ˇ

ˇ
α˚pk`1q ´ α˚

ˇ

ˇ

ˇ
ă

1

2
expp´bkq,

for some positive constant b (see Appendix B for more details).

3.3. Power Analysis

In comparison to the standard TOST method, the α-TOST approach evaluates the acceptance of equivalence using

an interval that is computed based on a smaller value of tα,ν , since the corrected significance level α˚ is greater

than the nominal level α. This results in a rejection region of the α-TOST that is necessarily wider than its TOST

counterpart, which means that the α-TOST is uniformly more powerful than the TOST, and explains cases such as the

one presented in the porcine skin case study presented in Section 2. Indeed, the α-TOST approach accepts equivalence

due to the shrinked CI, whereas the TOST fails to do so (yielding an empirical power of zero given the sample value

of pσν “ 0.13).

Figure 4 presents a comparison of the rejection regions of the TOST, the α-TOST, and the level-corrected EMA

implementation of the SABE by Labes and Schütz (2016) (SABE corrected) for different values of ν ranging from

ν “ 12 to ν “ 36. The level-corrected SABE approach was chosen as it is level-α and respects the IIP. It is worth

mentioning that the implementation and correction of the FDA procedure would lead to the same conclusions (see

e.g., Muñoz et al., 2016). The rejection regions of the TOST and level-corrected SABE approaches are embedded in

the α-TOST region for all values of ν and pσν considered in the study. This indicates that our approach is uniformly

10
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Figure 4: Rejection regions of three different methods for conducting equivalence tests: the TOST method (in red),
the α-TOST approach (in green), and the level-corrected EMA implementation of the SABE by Labes and Schütz

(2016) (in purple). The plots show how the rejection regions vary as a function of pθ (x-axis) and pσν (y-axis), for different
values of ν ranging from ν “ 12 to ν “ 36 (columns). The values c “ logp1.25q and α “ 5% are used throughout. The
rejection regions of the TOST and the level-corrected SABE methods are contained within the rejection region of the
α-TOST, indicating that the later is more powerful.

more powerful than both the TOST and the level-corrected SABE. As the values of ν increase, the difference in power

between the α-TOST and the level-corrected SABE decreases. However, the α-TOST still maintains a strictly positive

power for larger values of pσν , up to approximately 2c
Φ´1pα`0.5q

« 3.55 (see Appendix A). It is important to note that

allowing a testing procedure to accept for equivalence when the standard error is allowed to take very large values

may be debatable. Ultimately, the determination of an acceptable range of standard errors goes beyond statistical

considerations and requires the input of practitioners and regulatory authorities.

Finally, the concept of adjusting the critical values to correct the confidence interval length is not new. In fact, Cao and

Mathew (2008) propose an adjustment that varies with the standard error and is obtained through linear interpolation,

resulting in adjusted critical values that change depending on the values of pσν (as presented in Table 1 of the same

paper). In the lower plot of Figure 7 of appendix C, we compare the critical values obtained with the method of Cao

and Mathew (2008) to those obtained by the α-TOST for varying values of pσν and ν. It is worth noting that, for all

values of ν examined in this study, and for pσν greater than 0.1, the critical values proposed by Cao and Mathew (2008)

correspond to a piece-wise version of the critical values of the α-TOST, which are derived under large ν. Thus, their

approach appears to be an approximation of the α-TOST evaluated asymptotically, i.e., when ν approaches infinity.

4. Simulation Study: Comparing the TIER and Power of Different Methods

In Section 3.3, we analysed the TIER and power of different procedures assuming known values of σν and θ. In

practice however, these must be estimated. To assess the operating characteristics of the procedures when the values

are estimated, we conducted a Monte Carlo simulation study. We considered the same methods as in Section 3.3 and

also included the non-corrected SABE method to demonstrate that its TIER can exceed the nominal level α. For a

given set of θ, ν, σν , and with c “ logp1.25q and α “ 5%, we evaluated the TIER and power of the α-TOST using the
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following steps for each Monte Carlo sample b “ 1, . . . , B:

1. simulate two values for pθ, namely pθb,0 and pθb,c, using (1), with θ “ 0 for the power and θ “ c for the TIER,

2. simulate one value for t “
νpσ2

ν

σ2
ν

using (1) and set pσν,b “
a

t ¨ σ2
ν{ν,

3. compute pα˚ using (the algorithm associated to) (9),

4. compute t
pα˚,ν,b.

The finite sample TIER is then obtained as

1

B

B
ÿ

b“1

η
´

c ě |pθb,c| ` t
pα˚,ν,bpσν,b

¯

and the finite sample power as

1

B

B
ÿ

b“1

η
´

c ě |pθb,0| ` t
pα˚,ν,bpσν,b

¯

,

where ηp¨q is the indicator function with ηpAq “ 1 if A is true and 0 otherwise. For the other methods, Steps 1 and 2

are the same, and the following ones are adapted to the specific methods. The parameters’ values for the Monte Carlo

simulation are presented below.

Simulation 1: Parameters’ values for the simulation study.

• c “ logp1.25q,

• ν “ 20, 30, 40,

• σν “ 0.01, 0.012, . . . , 0.6,

• α “ 5%,

• B “ 104, the number of Monte Carlo simulations per parameters combination.

Figure 5 shows the Monte Carlo finite sample TIER estimates as a function of σν and ν for the different methods of

interest. As expected, the SABE procedure can generate a TIER significantly exceeding the nominal level of α “ 5%,

while the other three methods ensure a TIER of at most 5%. Under all scenarios considered here, the α-TOST

maintains the highest non-liberal TIER, especially when the number of degrees of freedom is large. For both the

TOST and the level-corrected SABE approaches, the TIER reaches zero for relatively small values of σν (around

0.274).

The behaviour of the TIER and the power are closely linked as depicted by Figure 6. This figure displays the Monte

Carlo finite sample power estimates as a function of σν and ν for the different methods of interest. Indeed, for the

TOST and level-corrected SABE, the power is zero when the TIER is zero, which occurs at values of σν approximating

0.274. The seemingly large power of the SABE is a consequence of its TIER being well above the nominal level α. As
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Figure 5: Finite sample TIER (y-axes) computed using the simulation setting in Simulation 1 as a function of σν

(x-axes), and ν (columns) for the different methods of interest. Top panels: complete results. Bottom panels: TIER
truncated outside p0.025; 0.065q. The shaded gray areas correspond to the pointwise 95% Monte Carlo tolerance band.
We can note that the TIER of the TOST and the level-corrected SABE approaches tend to be overly conservative for
values of σν ą 0.1, with a slight advantage of the level-corrected SABE approach compared to the TOST for values of
σν below 0.2, especially when ν is large. As expected, the original SABE approach is overly liberal for certain values
of σν . Under all scenarios considered here, the α-TOST maintains the highest non-liberal TIER.
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Figure 6: Finite sample power (y-axes) computed using the simulation setting in Simulation 1 as a function of σν

(x-axes), and ν (columns) for the different methods of interest. Top panels: complete results. Bottom panels: power
truncated above 0.4. The power of the α-TOST not only remains above the one of its competitors that exhibit a non-
liberal TIER under all configurations of Simulation 1, but it is also greater than zero for all values of σν considered
here.
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the latter decreases with larger values of σν , its power is dominated by that of the α-TOST. The power of the α-TOST

not only remains higher than its competitors that exhibit a non-liberal TIER under all configurations of Simulation

1, but it is also greater than zero for all values of σν considered here.
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5. Discussion

The canonical framework considered in this paper, as described in (1), assumes normally distributed differences (in

finite samples) with a known distribution for pσν . This encompasses a broad range of data settings, including the

common two-period crossover design (see, e.g., Jones and Kenward, 2014), and has the potential to be extended to

incorporate covariates to potentially reduce residual variance. Extensions to non-linear cases such as binary responses

(see, e.g., Dunnett and Gent, 1977; Tu, 1998; Schouten and Kester, 2010; Lui and Chang, 2011; Ostrovski, 2022, and

the references therein) would follow the same logic, but would require specific treatment due to the nature of the

responses and the associated function that is used (e.g., ratio of proportions, odds ratios). These extensions also

deserve some attention but are left for further research.

Regarding sample size calculation, one could proceed with the α-TOST, i.e., using the value of α˚ obtained in (8) for

given values of c, θ and σν . However, when considering high levels of power, as shown in Section 4, the correction

becomes negligible as α˚ « α. Thus, sample size calculations can be done using the standard TOST, as implemented

in standard packages.
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Appendix

A. Existence of α˚

In this section, we state the conditions for α˚, defined in (8), to be a singleton. Fixing α, c, σν , and ν, we simplify

our notation so that ω pγq :“ ω pγ, c, σν , νq and let

A :“
␣

γ P rα, 0.5q
ˇ

ˇ ω pγq ą 0
(

.

The function ωpγq, defined in (6), is continuously differentiable and strictly increasing for γ in A. From (7), we have

that α ě ωpαq. Thus, it is sufficient to show that α ă αmax :“ limαÑ0.5´ ωpαq, where α Ñ 0.5´ denotes the limit from

below 0.5, to ensure that α˚ is a singleton. Let Tν,δ denote a random variable following a non-central t-distribution

with ν degrees of freedom and noncentrality parameter δ, Φpxq denote the cumulative distribution function of the

standard normal distribution, and δ :“ 2c{σν . Then, we have

αmax “ lim
γÑ0.5´

ωpγq “ lim
γÑ0.5´

"

Qν

ˆ

´tγ,ν , 0,
c
?
ν

σνtγ,ν

˙

´ Qν

ˆ

tγ,ν , δ,
c
?
ν

σνtγ,ν

˙*

“ Pr pTν,0 ď 0q ´ Pr pTν,δ ď 0q “ 0.5 ´ Pr pTν,δ ď 0q “ 0.5 ´ Φp´δq “ Φpδq ´ 0.5.

Thus, the condition α ă αmax can expressed as follows

Φpδq ´ 0.5 ą α ðñ
2c

σν
ą Φ´1pα ` 0.5q ðñ σν ă

2c

Φ´1pα ` 0.5q
.

Therefore, the condition σν ă 2c
Φ´1pα`0.5q

implies that α ă αmax and consequently that α˚ is a singleton

B. Convergence Rate of the Iterative Approach for α˚

Using the notation of Appendix A and for γ P A, we have that ω pγq is continuously differentiable and such that

0 ă 9ω pγq ă 2, where

9ω pγq :“
B

Bx
ω pxq

ˇ

ˇ

ˇ

ˇ

x“γ

.

Next, we define

T pγq :“ α ` γ ´ ω pγq .

For all α1, α2 P A, we have the mean value theorem stating that

T pα1q ´ T pα2q “ α1 ´ α2 ´ ω pα1q ` ω pα2q “ α1 ´ α2 ` 9ω pα˚q pα2 ´ α1q,

where α˚ “ τα1 ` p1 ´ τqα2 for some τ P r0, 1s. Thus, we obtain

ˇ

ˇT pα1q ´ T pα2q
ˇ

ˇ “
ˇ

ˇ t1 ´ 9ω pα˚qu pα1 ´ α2q
ˇ

ˇ “
ˇ

ˇ1 ´ 9ω pα˚q
ˇ

ˇ

ˇ

ˇα1 ´ α2

ˇ

ˇ ă
ˇ

ˇα1 ´ α2

ˇ

ˇ.
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Then, using Kirszbraun theorem (see Federer, 2014), we can extend the function T pγq with respect to γ P A to a

contraction map from IR to IR. Thus, Banach fixed point theorem ensures that T
`

α˚pkq
˘

converges as k Ñ 8. We

then define the limit of the sequence
`

α˚pk`1q
˘

kPN as α˚, which is the unique fixed point of the function T pγq. Indeed,

we have

α˚ “ T pα˚q “ α ` α˚ ´ ω pα˚q .

By rearranging terms, we have

α˚ “ argzero
γPA

ω pγq ´ α “ argzero
γPrα,0.5q

ω pγq ´ α,

concluding the convergence of the sequence
`

α˚pk`1q
˘

kPN. As a result, there exists some 0 ă ϵ ă 1 such that for k P N

we have
ˇ

ˇ

ˇ
α˚pk`1q ´ α˚

ˇ

ˇ

ˇ
ă ϵk

ˇ

ˇα˚ ´ α
ˇ

ˇ ă
1

2
expp´bkq,

for some positive constant b.

C. Comparison of the α-TOST with Cao and Mathew (2008) Method

In Figure 7, the critical values for different values of ν, obtained by Cao and Mathew (2008) (Table 1) and the ones

obtained using the α-TOST, are compared. One can see that the method of Cao and Mathew (2008) appears to be

an approximation of the α-TOST, evaluated asymptotically, i.e., at ν Ñ 8.
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Figure 7: Upper panel: values of pα˚ of the α-TOST (y-axis) as a function of pσν (x-axis) for different values of ν
(coloured lines). Lower panel: comparison of the critical values (y-axis) obtained by the method of Cao and Mathew
(2008) (dashed lines showing tα̃,ν) and of the α-TOST (solid lines showing t

pα˚,ν) as a function of pσν (x-axis) for
different values of ν (coloured lines). Note that for all values of ν considered here and for values of pσν above 0.1,
the critical values of Cao and Mathew (2008) correspond to a piece-wise version of the critical values of the α-TOST
obtained when ν is large. Therefore, their correction appears to be an approximation of the α-TOST, evaluated
asymptotically, i.e., at ν Ñ 8.
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