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The non-sinusoidal waveform of neuronal oscillations reflects the physiological properties of underlying circuit
interactions and may serve as an informative biomarker of healthy and diseased human brain function. However, little is
known about which brain rhythms can be dissociated based on their waveform and methods to comprehensively
characterize waveforms are missing. Here, we introduce a novel spectral waveform analysis (SWA) that provides a complete
waveform description, is noise-resistant, and allows to reconstruct time-domain waveforms. We applied this framework to
human magnetoencephalography (MEG) recordings during rest and identified several distinct and previously unknown
cortical alpha waveforms that were temporally stable and specific for individual subjects. Our findings suggest at least four
distinct alpha rhythms in human sensorimotor, occipital, temporal, and parietal cortex. SWA provides a powerful new
framework to characterize the waveform of neural oscillations in the healthy and diseased human brain.

Introduction

Traditionally, neural oscillations have been conceptual-
ized as sinusoidal processes that are characterized by their
base frequency and amplitude. However, recent evidence
from human EEG, MEG and ECoG recordings suggests that
non-sinusoidal waveforms of neural oscillations are highly
prevalent in the human brain (Giehl et al., 2021; Lozano-
Soldevilla et al., 2016; Schaworonkow and Voytek, 2021).
The specific waveform of a neural oscillation reflects the
physiological properties of the underlying neural circuit in-
teractions. Thus, waveforms may differ between distinct
brain areas, networks and -oscillations, due to genetic varia-
tion, in relation to brain disorders, and may change dynam-
ically due to task demands (Cole and Voytek, 2017). Indeed,
recent evidence has linked changes of the shape of cortical
oscillations to brain disorders, such as Parkinson’s disease
(Cole et al., 2017; Jackson et al., 2019) and schizophrenia
(Bartz et al., 2019). Together, these findings point to the non-
sinusoidal waveform of neural oscillations as a promising
new biomarker. Beyond the frequency and amplitude of os-
cillations, this biomarker may allow to further dissociate and
characterize neural oscillations. Furthermore, it may pro-
vide a novel window into the underlying physiological pro-
cesses in the healthy and diseased human brain.

Despite this intriguing potential, to date, the waveform of
neuronal oscillations has only been studied sparsely (Cole
and Voytek, 2017). Take cortical alpha oscillations as an ex-
ample. The most well-known example of a characteristic os-
cillatory waveform in the human cortex is the so called “mu”
rhythm (Gastaut et al., 1952; Pineda, 2005; Tiihonen et al.,
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1989). This arch-shaped alpha-band rhythm is observed over
sensorimotor cortex, and its prominent waveform distin-
guishes it from the more sinusoidal occipital alpha rhythm
(Kuhlman, 1978). Together with a third temporal “tau”
rhythm, there are at least three distinct alpha oscillations in
the human cortex (Klimesch, 1999; Lehteld et al., 1997; Nie-
dermeyer, 1991, 1990; Tenke and Kayser, 2005). However,
the actual number of distinct alpha oscillations is currently
still unknown. Furthermore, the three well-described alpha
oscillations have originally been distinguished based on
their distinct responses to different tasks (Feshchenko et al.,
2001; Klimesch, 1999; Tenke and Kayser, 2005). It remains
unclear if these functionally distinct rhythms can all be dis-
sociated based on their waveform.

The limited understanding of oscillatory waveforms is
also a consequence of methodological limitations. Currently
available waveform analysis methods for neuronal data as-
sess only a pre-selected number of waveform characteristics
that may not to capture all potentially relevant waveform
features (Cole and Voytek, 2017). In addition, waveforms are
typically assessed in the time domain, which inherently lim-
its the signal-to-noise ratio (Bartz et al., 2019). In sum, little
is known about the potential of non-sinusoidal waveforms
to dissociate and characterize human brain rhythms, which
is also due to methodological limitations.

To address this, here, we developed a novel spectral
waveform analysis (SWA) that comprehensively quantifies
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Figure 1. Fourier-series representation of a waveform. (A) Harmonic peaks in the ampli-
tude spectrum (B) example non-sinusoidal waveform (C) harmonic sinusoids that, in their
sum, reconstruct the shape of the waveform in (B). (bottom) The formal representation of this
sum is a Fourier series. The fundamental frequency f;, the relative amplitudes A, and relative

amplitudes of harmonics that represent the
waveform are the relative phases and ampli-
tudes of those signal components that have
a stable cross-frequency phase relationship
to the fundamental frequency. The bispec-
trum specifically captures these signals with
stable phase relationships between different
frequencies and disregards signal compo-
nents without such a relationship (Sigl and
Chamoun, 1994). Thus, the bispectrum is
particularly noise resistant (Bartz et al.,
2019; Giehl et al., 2021). Furthermore, the

phases ¢, of all harmonic sinusoids jointly encode the waveform information.

waveforms and that is highly resistant to noise. The method
assesses waveforms in the frequency domain, by exploiting
the inherent relationship that exists between the observable
waveform in the time domain and the cross-frequency pat-
terns that define a periodic non-sinusoidal waveform in the
frequency domain. We applied this method to human mag-
netoencephalography (MEG), to investigate if, and poten-
tially how many, alpha oscillations can be dissociated based
on their waveform in the human brain. We identified several
distinct and previously unknown cortical alpha waveforms
that were temporally stable and specific for individual sub-
jects. Our findings suggest at least four distinct alpha
rhythms in human sensorimotor, occipital, temporal, and
parietal cortex.

Results

Spectral Waveform Analysis (SWA)

A non-sinusoidal oscillation (Figure 1B) is defined by its
fundamental frequency f;, amplitude, and waveform. The
waveform shape defines the periodic pattern of the oscilla-
tion and includes additional information beyond the funda-
mental frequency and amplitude (Bartz et al., 2019). A non-
sinusoidal waveform in the time-domain can be defined as
the sum of harmonic sinusoidal components (Figure 1C)
that are located at integer multiples of the waveform’s fun-
damental frequency (Figure 1A). The fundamental fre-
quency of the waveform alone merely represents a sinusoi-
dal signal (top sinusoid in Figure 1C), whereas the entire
waveform can be reconstructed as the sum over all sinusoi-
dal harmonic components. Each of the harmonic compo-
nents has a specific phase-shift ¢, and amplitude 4, rela-
tive to the fundamental component. Jointly with the funda-
mental frequency, these phase-shifts and relative amplitudes
comprehensively define the waveform. Formally, the spec-
tral representation of a periodic waveform can, thus, be de-
fined in the form of a discrete Fourier series (Figure 1,
bottom).

To derive the relative phases and relative amplitudes of
harmonic components, our approach exploits a characteris-
tic property of non-sinusoidal periodic waveforms: For a sta-
tionary waveform, there is a stable cross-frequency phase-
and amplitude relationship between the fundamental fre-
quency and its harmonics. Thus, the relative phases and
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bispectrum allows to derive the relative
phases and amplitudes of exactly those sig-
nal components that are phase-coupled to
the fundamental frequency and characterize the waveforms
of interest (see Methods and Appendices A and B). This ren-
ders the bispectrum, and its amplitude-normalized form, the
bicoherence, particularly well-suited for waveform analysis.

Based on these insights, we devised a spectral waveform
analysis (SWA) that involves two steps. First, the fundamen-
tal waveform frequency f; is located by determining the
presence and spectral location of harmonic bicoherence
peaks. Harmonic bicoherence peaks indicate a stable phase-
relationship across harmonic frequencies and are, thus, a
sensitive measure of oscillations with non-sinusoidal wave-
forms (Bartz et al., 2019; Giehl et al., 2021; Lozano-Soldevilla
et al., 2016). Second, the relative phases ¢, and amplitudes
A, of harmonics are derived from the bispectrum. The
relative phases ¢, can be iteratively reconstructed from the
bicoherence phase estimates between successive harmonics
(see Methods and Appendix A). The relative harmonic
amplitudes A, can be derived from the bispectrum by apply-
ing a spectrally specific normalization factor (see Methods
and Appendix B).

SWA effectively translates the relevant bispectrum esti-
mates into the Fourier-series waveform parameters. This ap-
proach has critical advantages. First, SWA only evaluates
those harmonic signal components that have a stable phase
relationship to the fundamental frequency. Therefore, SWA
estimates are particularly resistant to spectrally overlapping
noise or other signals that do not show a stable cross-fre-
quency relationship. This substantially increases the noise-
resistance compared to time-domain approaches (Bartz et
al., 2019). Second, SWA provides a complete waveform de-
scription. Thus, it does not require the predefinition of wave-
form parameters. Furthermore, the complete description al-
lows to reconstruct time-domain waveforms from the esti-
mated frequency-domain parameters.

Cortical peaks of alpha waveform stability

We applied SWA to human MEG data to investigate if,
and potentially how many, alpha rhythms can be dissociated
based on their waveform. We analyzed resting-state MEG
data of 89 subjects (2 sessions per subject) from the human
connectome project (HCP) (Van Essen et al., 2013). We
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employed linear beamforming (Van Veen et al., 1997) to di-
rectly investigate neural activity in cortical source space tak-
ing into account the phase-ambiguity of the source-recon-
structed signals (see Methods). If functionally distinct corti-
cal alpha networks were associated with distinct alpha wave-
forms, these cortical alpha networks could be located as dis-
tinct spatial peaks of alpha waveform stability. To localize
such regions of interest (ROIs) with peaked waveform stabil-
ity, we mapped the first harmonic bicoherence peak in the
alpha-frequency-range (Figure 2A) across the cortex (Figure
2B).

This revealed a highly structured pattern of bicoherence
(Figure 2B) with several local cortical maxima (Figure 2C).
We found lateralized peaks in sensorimotor, parietal, tem-
poral, and occipital regions, as well as medially in inferior
and superior parietal cortex. In sensorimotor and temporal
cortex bicoherence showed symmetric bilateral peaks. In oc-
cipital and lateral parietal areas bicoherence peaked unilat-
erally, in the left and right hemisphere, respectively. For
these unilateral peaks, we included the homologue locations
in the contralateral hemisphere, which showed very similar
bicoherence (<0.05 difference of z-scored bicoherence be-
tween hemispheres). In total, we identified 6 regions of in-
terest (4 bilateral and 2 medial) that showed peak alpha
waveform stability, and for which we subsequently analyzed
alpha waveforms.

For every subject, cortical ROI, and session, we identified
the fundamental alpha frequency based on the correspond-
ing bicoherence spectrum. Then, we identified up to 6 con-
secutive alpha harmonic peaks with significant bicoherence
(p < 0.05, corrected) and extracted the corresponding wave-
form parameters (relative phase and amplitude). We found
two or more significant harmonic bicoherence peaks, that s,
three or more harmonic components, in more than half of
the subjects at each of the 6 cortical regions (Figure 2D). We
identified at least three or four significant harmonic peaks in
the lateral parietal and sensorimotor regions, in half of the
subjects and at least one hemisphere. We found the lowest
(34 %) and highest (85 %) percentage of subjects with three
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Figure 2. Cortical regions of interest. (A) Bicoherence
averaged across the brain and subjects. Bicoherence is z-
scored against the Null-distribution estimated using circularly
time-shifted surrogates. The alpha-frequency range around the
first alpha-harmonic bicoherence peak that was used in (B) and
(C) is marked in yellow. Non-significant bicoherences (p > 0.05
corrected) are masked. (B) ROI locations and cortical
distribution of bicoherence averaged across the frequency range
marked in (A) and subjects (C) Difference between the local and
maximum neighbouring bicoherence z-score; local z-scores <
0.5 are masked. Values larger than 0 indicate local bicoherence
peaks that were used to define ROI locations. (D) Percentage of
subjects that showed up to 6 consecutive significant harmonic
bicoherence peaks at the different ROIs, which corresponds to
the number of coupled higher harmonics of alpha.
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significant harmonic peaks in the temporal and sen-
sorimotor regions, respectively. The percentage of
subjects with four or more harmonic peaks ranged
from 8 % in the inferior parietal to 62 % in the sen-
sorimotor region. Due to the low percentage of subjects with
four or more harmonic peaks, we statistically compared
waveforms including the first three harmonics, i.e. we in-
cluded waveform parameters for harmonic frequencies up to
af,.
Distinct alpha waveforms

If the identified peaks of alpha bicoherence reflected dis-
tinct alpha rhythms with distinct underlying circuit interac-
tions, then the waveforms of corresponding alpha-oscilla-
tions may differ between the corresponding cortical regions.
Thus, we next used the derived SWA parameters (funda-
mental frequency, relative harmonic amplitude and phase)
to test for waveform differences between regions (Figure 3).
We employed a permutation-based within-subject
MANOVA that combined all waveform parameters into one
test. Importantly, the overall strength of harmonic coupling
as measured by the absolute bicoherence was not included
in the test, as differences in this parameter may reflect dif-
ferences in SNR, rather than a change of waveform shape.
Furthermore, we ensured that the pattern of bicoherence
strength across harmonics and the pattern of relative ampli-
tudes were compatible with harmonic coupling (see Meth-
ods) (Giehl et al., 2021).

As the MEG data was recorded in two separate 6 min ses-
sions, we first tested for waveform differences between the
two recording sessions. We found no significant differences
between sessions for any of the 10 cortical regions (all p >
0.05, uncorrected). Similarly, for the 4 bilateral regions there
was no significant difference of the waveform between hem-
ispheres (all p > 0.05, uncorrected). We next tested for wave-
form differences between the 6 cortical regions. This re-
vealed a highly significant difference between regions (p <
0.001). We followed up with pairwise tests between all 6 re-
gions (Figure 3A). Waveforms significantly differed for all 15
region pairs (all p < 0.05, corrected). Thus, SWA uncovered
significant waveform differences between 6 cortical regions.
Importantly, we performed the statistics as random-effects
analyses on the population level. Thus, the significant
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Figure 3. Waveform parameters. (A) Significance of pairwise waveform differences between cortical regions (corrected p-values)
(B) Distributions of bicoherence alpha peak frequency. Dots correspond to individual subjects, sessions and hemispheres. Solid and
dashed lines mark median and interquartile range, respectively. Solid lines on top and bottom mark significant differences between
regions (p < 0.05; corrected). (C) Distributions of relative harmonic amplitude of the first three higher harmonics of alpha. Same
display as in (B). Long solid lines mark significant differences between regions (p < 0.05; corrected). (D) Histograms of reconstructed
relative harmonic phase, for all higher harmonics with at least 15 single observations. Only the first three relative harmonic phases
were used for statistical comparisons between regions. Asterisks indicate significant phase non-uniformity (corrected for multiple
comparisons). The numbers at the top right of the circular distributions indicate the radial axis scale.

waveform differences between regions, in turn, imply the
consistency of each region’s waveform across individuals.

We next performed post-hoc tests (permutation-based
ANOVAs, see Methods) to investigate, which specific pa-
rameter differences were underlying the distinct waveforms
(Figure 3B, C and D, see Methods). For the fundamental al-
pha-frequency, we found that in sensorimotor cortex it was
significantly higher, and in temporal cortex it was signifi-
cantly lower than in all other regions (all p < 0.05, cor-
rected). The fundamental frequency in superior and lateral
parietal regions was marginally lower than in inferior parie-
tal and occipital regions (p < 0.1, corrected). Also, the rela-
tive amplitude (Figure 3C) and relative phase (Figure 3D) of
higher harmonics showed significant differences between
several pairs of cortical regions (p < 0.05, corrected). The
sensorimotor region had the strongest second harmonic,
while the third and fourth harmonic were strongest in lateral
parietal cortex. Overall, the inferior parietal region had the
lowest relative amplitude for all 3 higher harmonics, and
waveforms were most similar between occipital and inferior
parietal cortex, which only differed in the relative amplitude
of the second harmonic. In general, the number of signifi-
cant differences decreased for higher harmonics, which is
expected as the amplitude, and thus SNR, of higher harmon-
ics decreased (Figure 3C).
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As indirectly inferred above, all parameters indeed
showed a consistent clustering across individual subjects.
For example, the lateral parietal region showed a consistent
phase clustering across subjects even up to the sixth har-
monic (p < 0.05). However, despite this consistency on the
population level, it should be noted that all parameters
showed a substantial variability across individuals (Figure
3B, C and D).

In summary, SWA allowed us to dissociate 6 cortical al-
pha waveform shapes: bilateral sensorimotor, parietal, oc-
cipital and temporal waveforms, as well as medial superior
and inferior parietal waveforms.

Alpha waveform stability

The previous analyses revealed a substantial variability
of waveform parameters across individuals. Does this varia-
bility merely reflect measurement noise or the subject spec-
ificity of waveforms? In the latter case, the waveform param-
eters of each subject should be reproducible across the two
recording sessions. To test this, we correlated waveform pa-
rameters between sessions across subjects (Figure 4). Almost
all waveform parameters were significantly correlated across
sessions (p < 0.05, corrected). The lowest and highest wave-
form stability in terms of cross-session correlation was gen-
erally found in occipital and lateral parietal regions, respec-
tively. The fundamental alpha frequency was significantly
correlated across sessions for all regions (all p < 0.05,
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Figure 4. Waveform stability. (A) Correlation of fundamental alpha
frequencies across two recordings sessions. (B) Correlation of relative
harmonic amplitudes across recordings sessions. (C) Correlation of rel-
ative harmonic phases across recordings sessions. Shadings denote
harmonic order. Asterisks mark significance (p < 0.05; corrected).

corrected). As for the regional specificity above, cross-ses-
sion correlation generally decreased for higher harmonics as
expected for decreasing SNR. In sum, we found that alpha
waveform parameters were correlated between two separate
recording sessions across subjects. In turn, this implied that
the variability of waveform parameters across subjects was
not merely attributable to noise, but reflected subject-spe-
cific waveforms that were stable across time.

Reconstruction of alpha waveforms

SWA provides a complete description of oscillatory wave-
forms. Thus, SWA allows to reconstruct time-domain wave-
forms from the derived spectral waveform parameters. We
applied this approach to visualize waveforms in the time do-
main, to compare reconstructed waveforms to continuous
raw data and to quantify time-domain features of the recon-
structed waveforms (Figure 5).

For each cortical region, we reconstructed the population
average alpha-waveform by averaging all waveform param-
eters across subjects before projecting and merging the har-
monics in the time-domain (Figure 5A). The population av-
erage waveforms showed clear non-sinusoidal features. For
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example, the sensorimotor waveform, displayed the typical
“mu”-rhythm waveform that included secondary peaks and
troughs nested on top of the fundamental 11.2 Hz crests. Av-
eraging waveform features across subjects may effectively
reduce region-specific waveforms shape that are variable but
present on the single subject level. To investigate this, we
also reconstructed time-domain waveforms of individual
subjects. Indeed, the reconstructed individual waveforms
(Figure 5B left, two example subjects) did not only show
marked variability between subjects, but also suggested
more pronounced differences between regions than the pop-
ulation average waveforms.

SWA characterizes waveforms by focusing on harmonic
signal components that are phase-coupled across all pro-
vided data. This raises the question to what extend the ex-
tracted waveforms can even be identified in ongoing neural
activity. To descriptively investigate this, we plotted the cor-
tical time courses, centered on the time of maximum alpha
amplitude for the same two example subjects and all regions
(Figure 5B right). Despite substantial variability of the ongo-
ing activity, for all regions, the reconstructed waveforms re-
sembled at least some of the oscillatory cycles of ongoing cor-
tical activity. This suggested, that SWA effectively extracted
the characteristic oscillatory waveforms from ongoing activ-
ity.

SWA-based rise-decay and peak-trough symmetry

SWA-based waveform reconstruction allows to apply
time-domain analysis on the reconstructed waveform. Two
useful time-domain waveform parameters are the peak-
trough- and rise-decay symmetries. Together, these two fea-
tures capture the global non-sinusoidal shape of a waveform
(Figure 5D). To investigate if these time-domain features
captured the regional specificity of the SWA-derived

Figure 5. Waveform reconstruction. (A) Recon-
structed population-average alpha waveforms for all
cortical regions of interest. (B) Reconstructed wave-
forms and raw data of two exemplary subjects (subject
1: top; subject 2: bottom). (left) Reconstructed alpha
waveforms (right) Excerpts of raw source-level activity
centred around the time with maximum alpha
amplitude, low-pass filtered at 55Hz. (C) Distribution of
rise-decay and peak-trough symmetry of all
reconstructed waveforms (violet) and of their ampli-
tude-inverted form (black; 180° phase-flip). Both wave-
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decay symmetry and peak-trough symmetry (corrected
p-values).
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waveform, we computed the peak-trough- and rise-decay
symmetries of all reconstructed waveforms. To account for
the phase-ambiguity of the source-reconstructed data, we
performed the analysis on the original and amplitude-in-
verted waveforms (Figure 5C, violet and black dots) and
identified the minimum of the joint distribution across all
waveforms at 82° (Fig. 5D). We the performed the following
analysis on the waveforms to the left of this axis (Figure 5C,
violet dots; see Methods). We statistically compared the
waveform symmetry parameters between regions as origi-
nally done for the spectral parameters. Indeed, also the time-
domain parameters of the reconstructed waveforms cap-
tured their regional specificity (Figure 5D). While waveform
differences were generally less significant than for the origi-
nal SWA parameters (compare Figure 3A), almost all pair-
wise comparisons between regions yielded significant wave-
form differences (p < 0.05, corrected; Figure 5E). Again,
there were no significant effects of session or hemisphere on
the waveforms (all p > 0.05, uncorrected). Thus, SWA-re-
constructed waveforms can be successfully used to charac-
terize and dissociate waveforms in the time domain.

Discussion

Here, we introduce spectral waveform analysis (SWA) -
a new framework to characterize the waveform of neural os-
cillations based on their harmonic profile in the frequency
domain. We applied SWA to human resting-state MEG and
found that several distinct cortical alpha waveforms can be
detected and distinguished. Besides occipital, sensorimotor
(mu) and temporal (tau) alpha rhythms, we found evidence
for additional parietal alpha rhythms with a distinct wave-
form. Cortical alpha-waveforms were stable across recording
sessions, had a characteristic non-sinusoidal profile across
the population, and showed substantial subject-specific var-
iability.
Analyzing waveform shape in the frequency domain

SWA characterizes oscillatory waveforms in the fre-
quency-domain and critically extends previous time-domain
approaches for characterizing wave shapes. First, SWA is
particularly noise resistant. The key reason for this robust-
ness is that, by using the bispectrum, the algorithm does not
only consider individual frequencies but the relationship be-
tween frequencies. Different to the more familiar power
spectrum, the bispectrum specifically characterizes stable
phase dependencies between frequencies, while
disregarding unrelated signals (Sigl and Chamoun, 1994). As
these stable phase dependencies between harmonic frequen-
cies are the defining feature of non-sinusoidal waveforms,
the bispectrum is ideally suited to extract the waveform
information in the frequency domain. Indeed, bicoherence,
which is the normalized bispectrum, was already shown to
be particularly noise resistant (Bartz et al., 2019; Giehl et al.,
2021) and to outperform time-domain waveform analysis
when oscillatory signals may not even be directly observable
in the time domain (Bartz et al., 2019). Thus, SWA allows for
studying waveforms of comparatively weak neural oscilla-
tions, which may be particularly advantageous for non-
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invasive investigations using EEG or MEG. Indeed, the pre-
sent results uncovered previously unknown alpha wave-
forms in the human brain using MEG, which highlights the
potential of SWA to non-invasively characterize human
brain rhythms.

Second, SWA provides a complete waveform description
that encompasses all waveform information that can be ex-
tracted from the data. The comprehensiveness of this ap-
proach has several advantages. First, SWA is not limited to a
set of pre-defined waveform parameters that may potentially
miss relevant information. Second, and notwithstanding
this, SWA allows to reconstruct time-domain waveforms
and to then apply well-established wave shape parameters
such as e.g., peak-trough and rise-decay symmetry. This ap-
proach may be particularly useful as it effectively combines
the noise-resistance of SWA with a projection of the high-
dimensional spectral parameters space to a lower dimen-
sional, potentially more interpretable parameter space in the
time-domain. Finally, because of its comprehensiveness,
SWA provides optimal sensitivity to identify differences and
modulations of oscillatory waveforms. Indeed, we found that
SWA parameters outperformed peak-trough and rise-decay
symmetry, in conjunction with waveform frequency, in
terms of their sensitivity to distinguish between different
waveforms. Thus, SWA can render even very detailed wave-
form patterns, that may be missed by time-domain parame-
terization, accessible to statistical analyses.

Dissociating multiple alpha rhythms

To date, three different alpha rhythms, i.e., neural oscil-
lations at about 10 Hz, have been recognized in the human
brain. These rhythms have been distinguished based on
their distinct functional responses and cortical source loca-
tions (Feshchenko et al., 2001; Klimesch, 1999; Tenke and
Kayser, 2005): A prominent visual alpha that is suppressed
during eye opening (Berger, 1929), the idiosyncratic motor
mu-rhythm (Gastaut et al., 1952; Pineda, 2005) and a third
temporal tau-rhythm, which is generally less observable
than the other two. The bilateral occipital, sensorimotor and
temporal alpha waveforms that we identified conform well
with these previously identified alpha oscillation sources.
Our results show that these three rhythms express distinct
alpha waveforms that are consistent across individuals but
also show subject-specific variability.

Additional parietal alpha waveforms

Our results uncover three additional parietal alpha-
waveforms that were distinct from the three previously iden-
tified alpha rhythms. Can these distinct waveforms be inter-
preted as three distinct parietal alpha rhythms? Several fac-
tors need to be considered. Volume conduction induces sig-
nal mixing, which may result in intermediary waveforms at
locations between the primary sources of original rhythms
(Bartz et al., 2019). However, all identified regions of interest
marked local maxima of waveform stability, which is diffi-
cult to explain as the effect of signal mixing between a
smaller number of original rhythms that have a unimodal
spatial distribution. However, it should be noted that
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waveform differences were relatively weak for some pairs of
regions. In particular, the waveforms of the middle and lat-
eral parietal regions were quite similar and differed only in
their second harmonic phase and third harmonic amplitude.
Similarly, occipital and inferior parietal waveforms only dif-
fered in the relative amplitude of their second harmonic.
These weak differences may well reflect mixing between
spatially close but distinct alpha rhythms. However, it can-
not be excluded that these weak differences may also reflect
spurious intermediary waveforms due to mixing of rhythms
with complex multimodal spatial distributions.

The parietal region that most likely showed a previously
unknown distinct alpha rhythm was the lateral parietal cor-
tex. The lateral parietal waveform was clearly different from
the nearby sensorimotor waveform with both, significantly
higher and lower relative harmonic amplitudes. Further-
more, even though the lateral parietal region was located be-
tween the inferior parietal and sensorimotor regions, the
fundamental alpha frequency was not intermediary to that
of the other two regions. Furthermore, the lateral parietal re-
gion showed the most consistent relative harmonic phase,
which was significantly non-uniform up to the sixth har-
monic. Our finding of a distinct parietal alpha rhythm ac-
cords well with previous findings suggesting that parietal
and occipital alpha oscillations may represent functionally
distinct rhythms (Barzegaran et al., 2017; Haegens et al.,
2014; Nuttall et al., 2022; Sokoliuk et al., 2019).

Together, our findings suggest that there are at least four
different alpha oscillations with distinct waveforms in the
human brain. This includes at least one parietal alpha
rhythm in addition to sensorimotor (mu), temporal (tau),
and occipital alpha rhythms. Future studies are required to
delineate if the additional fifth and sixth alpha waveform re-
flect additional genuine alpha rhythms.

A new window into neural circuit interactions

SWA opens a new window into neural circuit interac-
tions. The waveform-based dissociation of seemingly mono-
lithic brain rhythms into distinct neural oscillations renders
these oscillations accessible as separate biomarkers for func-
tional studies and translational applications. For example,
the differentiated evaluation of distinct alpha oscillations
may allow to pinpoint their distinct functional roles in the
healthy brain or their distinct alterations in brain disorders.
Indeed, alpha sub-bands have already been functionally dis-
sociated (Klimesch, 1999, 1997; Klimesch et al., 1998, 1996;
Wu et al, 2015) and differentially related to neuro-
developmental disorders (Debnath et al., 2020; Murias et al.,
2007; Van der Lubbe et al., 2019). Such alpha sub-band spe-
cific effects may well reflect distinct underlying oscillations
that could be dissociated based on their waveform.

Furthermore, the waveform itself may be a valuable bi-
omarker. The waveform of an oscillation provides additional
information beyond its fundamental frequency and ampli-
tude. Like the fundamental frequency (Donner and Siegel,
2011; Siegel et al., 2012), the waveform of an oscillations is
shaped by the biophysical properties and the underlying cir-
cuit interactions (Cole and Voytek, 2017; Krishnakumaran
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et al., 2022). Thus, changes of these circuit interactions due
to different functional or cognitive states, neuromodulation
(Radetz and Siegel, 2022), or pathological conditions may be
reflected by corresponding waveform changes. Indeed, re-
cent findings support this notion and have linked changes in
waveform parameters to brain disorders, such as Parkin-
son’s disease (Cole et al., 2017; Jackson et al., 2019; O’Keeffe
et al., 2020) and schizophrenia (Bartz et al., 2019). Unravel-
ing the link between waveform features and underlying cir-
cuit mechanisms may allow to infer changes in circuit inter-
actions from changes in waveform. Along the same line, the
stable subject-specificity of waveforms that we found in the
present study may allow to infer individual differences in cir-
cuit mechanisms that may also be linked to genetic variabil-
ity.

SWA is well applicable to brain rhythms beyond the al-
pha-frequency range and to invasive recordings. The latter
may be particularly useful to relate non-sinusoidal wave-
forms to underlying circuit mechanisms and spiking activ-
ity. Furthermore, SWA can be applied in a time-resolved
fashion. SWA is well-suited for a trial-locked approach and
could also be considered in a sliding-window setting. This
allows to characterize the temporal variability of waveforms,
which may provide additional informative biomarkers.

Conclusion

To conclude, here we introduce a novel spectral wave-
form analysis (SWA) that characterizes the harmonic struc-
ture of oscillatory waveforms. SWA provides a complete
waveform description, is noise-resistant, and allows to re-
construct time-domain waveforms. Based on this frame-
work, we identified several distinct and previously unknown
cortical alpha waveforms in the human brain. SWA provides
a powerful new framework to characterize the waveform of
neural oscillations in the healthy and diseased human brain.
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Materials and Methods

MEG Recording & Preprocessing

We analyzed MEG data from the Human Connectome Project (Van Essen
et al., 2013). We used the first two 6-minute resting-state recordings that
were available for 89 subjects. During the recording, subjects were in supine
position and fixating a red fixation cross on a dark background.

The data were band pass filtered between 0.1 and 400 Hz, and notch filters
were applied at 60+1Hz and all higher harmonics. Temporal segments with
prominent artefacts were removed as defined in the “baddata” HCP
pipeline. Muscle-, eye- and heart-related artefact ICA components were
identified by visual inspection and subsequently removed. The set-up and
recording is described in detail in (Van Essen et al., 2013).

T1 weighted MRIs were used to warp the individual brain space onto a com-
mon MNI source space. We used the corresponding transformation matri-
ces as provided in the HCP data set to warp individual subject space onto a
common source model with 457 equally spaced source positions positioned
about 0.7 cm beneath the pial surface (Hipp and Siegel, 2015). Source-level
activity was estimated using linearly constrained minimum variance
(LCMV) beamforming (Van Veen et al., 1997). For each source, the data was
projected on the spatial orientation of maximum variance (first spatial ei-
genvector). This projection induces a 180 © phase ambiguity of the signal
because the polarity of the eigenvector direction is arbitrary. We accounted
for this ambiguity as detailed below.

We performed a Hanning windowed FFT on 1 s segments to compute bi-
coherence for the detection of ROIs with alpha waveform stability peaks.
Windows were centered at 0.5 s intervals (half overlapping), and zero-pad-
ded to 2 s, which resulted in 0.5 Hz binning in the frequency domain.

To extract waveform parameters, we then performed Hanning windowed
FFT on 1 s segments, centered at 0.125 s intervals. Windows were padded
to 10 s, which resulted in 0.1 Hz binning in the frequency domain.

Using FFT as described above, we obtained complex estimates in the form
of Fper, (f) = af(t)el(w /) where ay(t) reflects the frequency-specific
and time-dependent amplitude at time t and @gpr 7 (t) the frequency-spe-

cific phase relative to the beginning of each data segment, rather than the
phase at time t on which the segment was centered. To account for this dis-
crepancy, we reconstructed the phase at time t for all times and frequencies
as @r(t) = 21f teenter + <pF,,-Tf(t), where t.oneer = 0.5 s, the center of the

1slong Hanning windowed data segments. These phase-corrected estimates
F.(f) = as (t)el®s ®) were used for all further analyses.

Bicoherence
For each recording session, bicoherence B(f, f,) was computed as:

< RUDRDF ) > {apDap®ass@)e 0Orerp0-050)

<t|Fe(FPORUDF (fatf)|> (|af1(t)afz(t)af3(t)ei((pfl(t)ﬂpfz(t)_(pﬁ(t))|)
(Eq. 1)

F,(f) represents the complex time-frequency transformation of the data at
frequency f and time t. <, ... > indicates the temporal average, which was
taken across the entire recording session of 6 minutes, ag, (t) is the ampli-
tude time-series at frequency f;, ¢, (t) is the corresponding phase time-se-
ries, and f3 = f; + f,. The numerator is the bispectrum and the denomina-
tor is the normalization factor according to Hagihira et al. (2001). For esti-
mates of coupling strength or “waveform consistency”, we used the absolute
value of bicoherence.

For the localization of group-level spatial peaks of bicoherence, we normal-
ized the absolute values of bicoherence to standard Z-scores against the dis-
tribution of 100 circularly time-shifted surrogates. To compute the absolute
value of bicoherence for a surrogate, the time-series of f; was shifted rela-
tive to f; and f5.

B(f1:fz) =

ROl selection

To estimate alpha wave-shape consistency on the group level, for each cor-
tical location, we averaged the z-scored bicoherence of the first recording
session across the extended alpha frequency range (f; from 7 to 14 Hz,
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inclusive, and f, up to 1.5 times f;) and across all subjects. This resulted in
a cortical distribution of the coupling strength between the fundamental al-
pha frequency and its first higher harmonic, which we used as a measure of
alpha-frequency wave-shape stability. We identified local maxima of this
distribution that exceeded an average z-scored bicoherence of 0.8 and that
were not located on the caudal surface of the brain. For the two unilateral
non-midline peaks (superior parietal cortex and occipital cortex), we added
the homologue location on the other hemisphere.

For each subject, we allowed a small variability of the individual source lo-
cations that were used for the respective ROI: we selected the source with
the strongest individual alpha-range bicoherence from the average peak lo-
cation and the adjacent source locations. Adjacent source locations that
would also be adjacent to a different ROI were not selected.

Spectral Waveform Analysis
A periodic waveform S(t) can be defined as a Fourier series (see also Fig-
ure 1):

S(6) = Xk=1 Ay - cos(k - 2fit + i) (Eq.2)

where f; is the fundamental frequency of the waveform, A, represents the
amplitude of the phase-coupled k-th harmonic relative to the amplitude of
the fundamental frequency, with A; = 1, and ¢, represents the relative
phase between the phase of the fundamental frequency and the coupled k-
th harmonic, with ¢; = 0.

Fundamental alpha frequency and number of coupled harmonics
To obtain the fundamental alpha frequency f;, for each subject, ROI and
session, we located the individual bicoherence alpha peaks taking into ac-
count f, frequencies from 1 Hz below each f; frequency up to 80 Hz. Bi-
coherence spectra were computed with 0.5 Hz binning. To improve the
spectral precision of the detected fundamental and harmonic peak frequen-
cies, we then up-sampled absolute bicoherence spectra to 0.1 Hz binning
using spline interpolation. Then, we averaged over f, and located f; with
the maximum absolute bicoherence in the extended alpha range from 7 to
14 Hz.

To define the harmonics that were coupled to the identified f;, we located
peaks of absolute bicoherence as a function of f, for the identified f;. For
each peak, we tested for a significant bicoherence at p < 0.05 using the same
time-shifted surrogate statistic employed for the z-scoring of bicoherence
and FDR corrected across the entire cross-frequency space (Benjamini and
Hochberg, 1995). For a non-sinusoidal oscillation, bicoherence peaks are
expected at f, frequencies that are integer multiples of f;. Consecutive sig-
nificant harmonic bicoherence peaks that were located within f,-frequency
ranges of f; - (k + 0.4) were then defined as the coupled harmonics. The
number of significantly coupled harmonics corresponded to the number of
these k significant consecutive harmonic peaks.

We ensured that alpha harmonic bicoherence peaks indeed reflected har-
monic coupling and could not be due to phase-amplitude coupling between
f1and 2 * f;. Harmonic coupling can be confirmed for significant bicoher-
ence coupling peaks, when three or more consecutive harmonic bicoher-
ence peaks have been detected, when the first of two consecutive harmonic
bicoherence peaks is not considerably weaker than the second peak, or
when only the first harmonic bicoherence peak can be detected (Giehl et
al., 2021). Only in 1.8 % of observations (22 cases) the second of two alpha-
harmonic bicoherence peaks was numerically stronger than the first. For
the remaining 98.2% of observations harmonic coupling was confirmed.
The mean and std. of the absolute value of the first bicoherence peak (not
z-scored) over all observations was 0.39 and 0.19, respectively, and the mean
and std. of the absolute value of the second bicoherence peak was 0.29 and
0.17, respectively. The mean absolute value of the first bicoherence peak of
the 22 equivocal observations was 0.16, with a std. of 0.8, for the second
bicoherence peak the mean absolute value was 0.19 and std. 0.07. Thus, for
these 22 cases, both the coupling and coupling difference were compara-
tively small. Thus, we included these cases in the further analyses.

Relative harmonic phase

We reconstructed the pairwise relative harmonic phases ¢, from bicoher-
ence phases. We defined ¢, = 0. Relative harmonic phases ¢ for k > 1
were reconstructed as the cumulative sum over the harmonic bicoherence
phases:

by = xe ERISBUANA)  (Eq.3)
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<% denotes the cosine angle, and «B denotes the cosine angle of bicoherence.
Eq. 3 exploits a direct mathematical relationship between the phases of har-
monic bicoherence estimates and the pairwise relative harmonic phases if
harmonic coupling exists (see Appendix A). We used Eq. 3 to obtain the
pairwise relative phase between the kth harmonic and the fundamental al-
pha frequency f; for all significant higher harmonics.

Relative harmonic amplitude

To estimate the relative harmonic amplitude 4;, we used a normalized
bispectrum. We developed a normalization factor that is specifically tailored
to retrieve the relative harmonic amplitudes from the bispectrum.

The relative amplitude between the first harmonic (k = 1) and itself was
defined as Ag; = 1. Estimates of A for higher harmonics (k > 1) were re-

constructed as:
(@511 11 Oip O CIOTCU 1070k 1))

A -
k (a51(age1yr1(Bag (t)eL(<pf1(t)+¢(k_1)-f1<f>—¢k-f1(t))>

(Eq. 4)

The dividend of Eq. 4 is the bispectrum between a fundamental frequency
f1 and (k — 1)f;. The divisor is the normalization factor. a,.r; (t) represents
the amplitude time course and ¢y.;;(t) the phase time course of the kth
harmonic frequency and ( ) denotes the average over time. Eq 4 is valid if
there is pairwise cross-frequency phase-coupling between all possible pairs
of fi, fr—1,and fi, which is the case for signals with higher harmonics (Ap-
pendix B). Theoretically, A, is real. However, numerically it is usually com-
plex with a phase angle close to zero. Thus, we used the real part of 4, as
the measure of relative harmonic amplitude.

To confirm a distribution of %A, close to 0, we calculated the circular vari-
ance var;.(Z) over the phase angles of all estimates of <A:

(Eq. 5)

where Z = e'¥4k , 44, is the cosine phase angle of 4,, E[] indicates the ex-
pected value and | | the absolute value. var;,.(Z) ranges between 0 if all
phases ¢ are equal, and 1 for a uniform distribution of phases (Fisher,
1993). Estimates with an absolute phase angle of |4, > g | or with a rela-

varg,.(Z) =1—|E[Z]]

tive amplitude real(4,) > 1, were excluded from further analyses.

Phase-ambiguity

The 180° phase-ambiguity of the source-reconstructed MEG data can in-
duce spurious differences in the relative harmonic phases between sources.
In other words, a random 180° phase-flip of one source with respect to a
second source can cause a difference in the relative harmonic phases be-
tween these sources. We used a conservative approach to avoid this sce-
nario. Specifically, we aligned all individual wave shapes into one of the two
possible directions in such a way to enforce the highest possible similarity
between all waveform shapes, given the 180° ambiguity of source-recon-
structed MEG data. To this end, we determined which source time-series
needed to be flipped by 180° based on the reconstructed waveforms’ peak-
trough and rise-decay symmetries. Together, both symmetries span a cen-
trally symmetric space that contains all wave shapes independent of fre-
quency. In this space, a sinusoidal shape is in the center and more asym-
metric shapes are more distally. To determine the peak-trough and rise-de-
cay symmetries of waveshapes, we first reconstructed each alpha wave
shape x(t) for every subject and ROI in the time domain using Eq 1 and the
derived wave-shape parameters. We reconstructed 5 cycles of each wave-
form with 1000 equally spaced samples. Peak-trough symmetry pt is equal
to Pearson’s moment coefficient of skewness s (Elgar, 1987) and was com-
puted on x(t) as:

E((x(O-Ex(1)))*)

o(x(6))? (Eq. 6)

Dty = s(x(t)) =
Rise-decay symmetry rd is equal to the negative skewness of the imaginary
part of the Hilbert transform H (Elgar, 1987) and was computed as:

rdyy = —s(imag(H (x(¢)))  (Eq.7)

We computed these symmetries for the original and amplitude inverted ver-
sion of each waveform. In the space spanned by pt on the x-axis and rd on
the y-axis, we located that axis through the origin that intersected the least
number of wave shape estimates in the joint distribution of all these wave
shape estimates (using an axis width of 0.2 estimated in steps of 1°). This
axis was the axis connecting through 82° and 262°. Waveforms with
[pt,rd] representations located to the bottom-right of this axis were
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mirrored in amplitude and the waveform parameters of the flipped version
was used.

Distinguishing waveforms

We used multivariate permutation statistics akin to a nonparametric
within-subject (repeated measures) MANOVA to statistically assess differ-
ences of waveform parameters. Effects were evaluated using 7 dependent
variables: the fundamental alpha frequency f;, the relative harmonic am-
plitudes A4, and relative harmonic phases ¢, for k € {2,3,4}.

The general outline of the statistical procedure was as follows. We first
tested for significant waveform differences across the two sessions, sepa-
rately for all 10 cortical ROIs. As there was no significant session effect, we
kept “session” as an untested factor in the following tests. Next, we tested
for significant hemisphere differences, separately for all 4 bilateral ROIs. As
there was no significant hemisphere effect, we kept “hemisphere” as an un-
tested factor in the following tests. Then, we performed the main statistical
test if waveforms differed across ROIs. This main test was followed up by
pairwise post-hoc tests for all ROI-pairs. Finally, second-order post-hoc
tests assessed which specific waveform parameters differed between which
ROIs.

All nonparametric permutation MANOVAs followed the same logic. For f;,
the three A4, and the three ¢, we separately computed F-values, as for a par-
ametric within subject ANOVA. To obtain F-values for the circular relative
harmonic phases ¢, we transformed all ¢ to the form Z = e'® (with ¢ €
[—m; 7)) and we used multiplication with the complex conjugate in place of
squaring to compute circular sums of squares. This way, we obtained 7 sep-
arate F-values, one for each of the dependent variables. We then used a per-
mutation statistic to assess the statistical significance against the Null hy-
pothesis of no waveform difference between ROIs. We used 5000 permuta-
tions of randomly reassigning ROI-labels. For each permutation we com-
puted 7 permutation F-values. Testing against the distribution of permuta-
tion F-values, we obtained one p-value for each of the 7 unpermuted F-val-
ues, as well as one permutation p-value for each of the 5000 permutation F-
values. We applied Fisher’s method (Mosteller and Fisher, 1948) to pool the
7 independent variables. We derived one X?-value from the 7 unpermuted
p-values as well as 5000 permutation-X2-values from the permutation p-val-
ues:

X2 =-2%7,log(p;) (Eq.8)

The unpermuted X2-value was then tested against the distribution of per-
mutation X2-values to obtain the p-value of the null-hypothesis of no differ-
ence between ROIs. We applied the same permutation statistic to compute
post-hoc MANOVAs for all pairwise ROI comparisons. We corrected the p-
values of these pairwise MANOVAs for multiple comparisons using false
discovery rate correction (FDR, Benjamini and Hochberg, 1995). For the
pairwise ROI-comparisons, the 7 separate F- and p-values of each pairwise
MANOVA served as the second-order post-hoc statistic of differences of in-
dividual waveform parameters. Again, these p-values were all FDR-cor-
rected for multiple comparisons.

Cross-session stability

We used Spearman correlation to correlate the fundamental alpha fre-
quency and the relative harmonic amplitudes across the two recording ses-
sions. The relative harmonic phases were correlated using a permutation
test, where the phase correlation T between the two sessions (here A and
B) was calculated as:

1y = real(e'® - e7%4) (Eq.9)

Here, ¢, represents the relative harmonic coupling phase of one subject,
ROI and harmonic in session A. Permutation was performed across sub-
jects. The resulting p-values were FDR corrected for multiple comparisons
across the 6 ROIs and 3 higher harmonics (Benjamini and Hochberg, 1995).

Phase non-uniformities

We tested the non-uniformity of the distributions of the reconstructed rela-
tive harmonic phase at every ROI and higher harmonic up to the 6™ har-
monic. We computed the mean vector length vl across all subjects s at
every ROI and higher harmonic:

(Eq. 10)

VU(py ) = [ TN, €0

Significance of non-uniformity was determined with respect to the distribu-
tion of 1000 vly(uy ...u,) drawn from u;~U([0,27)). The resulting p-
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values were FDR corrected across all ROIs and harmonics (Benjamini and
Hochberg, 1995).

Group-level waveform reconstruction

To reconstruct the characteristic waveforms on the group level, we averaged
the fundamental alpha frequency f; and relative harmonic amplitude 4
across subjects. The group-level relative harmonic coupling phases ¢, were
reconstructed from the group averaged bicoherence phases. Following the
results of the tests for phase non-uniformity, subject average waveforms
were reconstructed including the waveform parameters fromallk = 1..K
higher harmonics with at least 15 observations and for which phase uni-
formity of the bicoherence phases was rejected at p < 0.05 after FDR correc-
tion. This was K = 5 for the sensory-motor and the lateral parietal ROIs,
K = 4 for the occipital ROI and K = 3 for the remaining ROIs. For every
ROI, we then applied Eq. 1 to the included group-level waveform parame-
ters.

Individual waveform reconstruction and temporal excerpts

For each ROI, we reconstructed the alpha for two example subjects using
Eq. 1 and the respective waveform parameters. To enable a visual compari-
son between these Fourier series waveform reconstructions and the original
data, we extracted one second of source reconstructed data centered around
the time of maximum alpha amplitude for each ROI The time of maximum
alpha amplitude was identified by repeating the time frequency analysis as
described above with 10 ms steps and by smoothing the resulting amplitude
time series with a 1.5 s Hanning window before locating the temporal max-
imum. The resulting excerpts were low pass filtered at 55 Hz using a fourth
order zero-phase forward-reverse Butterworth filter.

Peak-trough and rise-decay symmetry

We computed the peak-trough- and rise-decay symmetry for each individu-
ally reconstructed waveform x(t) according to Eq. 6 and Eq. 7 as described
in the section “MEG phase ambiguity” above. We tested for waveform dif-
ferences using the same statistical approach as detailed in section “distin-
guishing waveforms” above using the three dependent variables alpha fre-
quency f;, peak-trough symmetry pt and rise-decay symmetry rd.

The non-sinusoidal signals x(t) in Fig. 5d were as:

x(t) = Zfﬂﬁcos@nkﬂt + (k—1)¢,) (Eq.11)

We used f; =10 Hz, N =10, and ¢, = 0, 0.25m, 0.57, 0.75m, , 1.25m, 1.5
and 1.75m for the 8 plotted signals, starting at 0° in counterclockwise order.
The waveform constant w was defined as the constant fulfilling pt, ) =

cos (@5) , rdye = sin(gps) and /ptx(t)z + rdx(t)z =1 for N> o0 ; and

where <by)(fi, k- f1) = —¢, for all k € [1,..,N — 1], and was numeri-
cally approximated as w = 2.34521.

Software
All analyses were performed in MATLAB (MathWorks Inc., Natick, USA)
using the Fieldtrip toolbox (Oostenveld et al., 2011) and custom software.

Appendix

Appendix A. Reconstructing relative harmonic phase

Eq. 3 (¢ = — XK1 «B(fi,n- f1) ) reconstructs the pairwise relative har-
monic phases ¢ as the negative circular cumulative sum over the corre-
sponding n = 1 to n = k — 1 harmonic bicoherence phases «<B(f;,n " f;).
Eq. 3 is valid, if the bicoherence phase captures the phase-difference be-
tween the cross-frequency coherences of two subsequent harmonic wave-
form components. That is, if:

<B(fun-fi) = 2(C(fp, m+1)-fi)-C(fun- 1))

Here, * denotes the complex conjugate, = denotes equivalence, and cross-
frequency coherence C(f, x - f;) is defined as:

(Eq. A1)

_ lapOaxs, e (2O, ®))

Cfux-fi) = O

(Eq. A2)
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Here, a;(t) denotes instantaneous amplitude, @,(t) denotes instantaneous
phase, and ( ) denotes the average across time. To conserve a relative sim-
plicity of the notation, we will be omitting the normalization factors in the
derivation below.

Eq. Al can be derived as follows. We momentarily disregard the temporal
average and consider only a single point in time T with Tet. We rewrite the
right side of Eq. Al according to Eq. A2 while omitting the normalization
factor (divisor) of Eq A2 because the normalization does not affect phase:

Aer(fm+ D) fi) -cr(fum-fi)) =
< (afl(T) Ay (T) - et (D07, D=0y, (™) | ap, (T) " ay.s, (T) -

e—i-(n«pfl(r)—wn.fl(r))) _

2 (an (D a5, (1) - apuoryf, (D - @y, (1) - e 1(T)w"h(T)flp("“)'flm))

Except for a difference in amplitude weighting, this is identical to the phase
of bicoherence «b;(f;,n " fi,), or of its non-normalized form, the bispec-
trum, considering only a single point in time T with Tet:

abr(fun-fp) =
x ( as (- Qe fy (T) - Qnfy (T) - el'(‘/’fl(T)+‘Pn-f1(T)"p(n+1)-f1(T)))

This equivalence remains valid for temporal averages, if the following re-
quirements are fulfilled: there are significant cp (f;,(n+1)-f;) and
cr,(fun-fy) at times T, (T, et), and the angle q(ch(fl, n+1)-fi)-
cr,(fun- fl)*) is stationary over T,. These requirements are fulfilled for
harmonic components of stationary, non-sinusoidal periodic waveforms,
where all three frequencies (fi, f,, and f,,,,) are jointly harmonically cou-
pled. Any other contributions to a(t) and ¢(t) at f;,n- f;, or (n+ 1) - f,
that are not phase-locked, can be expected to cancel out and, thus, vanish
in the temporal average of bicoherence. Thus, it is valid to use Equation 3
to reconstruct relative harmonic phases ¢, of non-sinusoidal periodic
waveforms.

Appendix B. Reconstructing relative harmonic amplitude
For a stationary non-sinusoidal periodic waveform, it holds that:

ap(t) = A - ay(t) (Eq.Bl)

where A, = const. Here, a,(t) is the amplitude time course of the funda-
mental harmonic; a, (t) is the amplitude time course of the kth harmonic
of the same waveform; and 4, is the stationary relative harmonic amplitude
of the kth harmonic in relation to the fundamental (k = 1) harmonic. We
used Eq. 4 to quantify A;:

_ (a1 (D) ag—1(t)ag(t)e P1O+er_1(O-0k1))
k™ (ay (O ag—1(D)ag (e @1O+0r_1O-9k©))

(Eq. 4)

The dividend of Equation 4 is the bispectrum and the divisor is the required
normalization factor. Equation 4 can be derived under the assumption of
Eq. B1 by substituting Eq. B1 into the right-hand side of Eq. 4:

(a1(t)-Ak_lal(t)Akal(t)‘Ei(wl(t)+‘pk—1(t)_¢k(t))) _
(a1 (t)-Ag—1a4(t)-a; (£)e (@1O+k—1(O-0k©))

Apq-Ap{ay ()3l @10+ 1 (D-0p()

Ap—1-(ay (£)3ei @100 1 O-0r®)y  — Tk

Notably Equation 4 is only valid in the case of harmonic coupling when Eq.
B1 can be assumed. In this case, contributions to a(t) and ¢(t) that are not
phase-locked to the waveform signal can be expected to cancel out, thus,
vanish in the temporal average. For practical application, we suggest using
the real part of A, and to exclude estimates with a considerable imaginary
component of 4.
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