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1 AUTHOR SUMMARY

18 tors and rare and common genetic variants. However, detection of such multivariate
19 associations can be compromised by low statistical power and confounding by popu-
20 lation structure. Linear mixed effects models (LMM) can account for correlations due
21 to relatedness but have not been applicable in high-dimensional (HD) settings where
2 the number of fixed effect predictors greatly exceeds the number of samples. False
23 positives or false negatives can result from two-stage approaches, where the residuals
2% estimated from a null model adjusted for the subjects’ relationship structure are sub-
25 sequently used as the response in a standard penalized regression model. To overcome
2 these challenges, we develop a general penalized LMM framework called ggmix for
27 simultaneous SNP selection and adjustment for population structure in high dimen-
28 sional prediction models. Our method can accommodate several sparsity-inducing
20 penalties such as the lasso, elastic net and group lasso, and also readily handles prior
30 annotation information in the form of weights. We develop a blockwise coordinate
31 descent algorithm which is highly scalable, computationally efficient and has theo-
32 retical guarantees of convergence. Through simulations and two real data examples,
33 we show that ggmix leads to better sensitivity and specificity compared to the two-
3 stage approach or principal component adjustment with better prediction accuracy.
35 ggmix can be used to construct polygenic risk scores and select instrumental variables
36 in Mendelian randomization studies. Our algorithms are available in an R package
37 (https://github.com/greenwoodlab/ggmix).

» 1 Author Summary

3 This work addresses a recurring challenge in the analysis and interpretation of genetic as-
w0 sociation studies: which genetic variants can best predict and are independently associated
s with a given phenotype in the presence of population structure 7 Not controlling confound-
2 ing due to geographic population structure, family and/or cryptic relatedness can lead to

s3 spurious associations. Much of the existing research has therefore focused on modeling the
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2 INTRODUCTION

a association between a phenotype and a single genetic variant in a linear mixed model with
s a random effect. However, this univariate approach may miss true associations due to the
s stringent significance thresholds required to reduce the number of false positives and also
a7 ignores the correlations between markers. We propose an alternative method for fitting
s high-dimensional multivariable models, which selects SNPs that are independently associ-
s ated with the phenotype while also accounting for population structure. We provide an
so efficient implementation of our algorithm and show through simulation studies and real data
s1 examples that our method outperforms existing methods in terms of prediction accuracy

s2 and controlling the false discovery rate.

» 2 Introduction

s« Genome-wide association studies (GWAS) have become the standard method for analyzing
55 genetic datasets owing to their success in identifying thousands of genetic variants associated
ss with complex diseases (https://www.genome.gov/guastudies/). Despite these impressive
sz findings, the discovered markers have only been able to explain a small proportion of the
s phenotypic variance; this is known as the missing heritability problem [1]. One plausible
so reason is that there are many causal variants that each explain a small amount of variation
o with small effect sizes [2]. Methods such GWAS, which test each variant or single nucleotide
s polymorphism (SNP) independently, may miss these true associations due to the stringent
2 significance thresholds required to reduce the number of false positives [1]. Another major
&3 issue to overcome is that of confounding due to geographic population structure, family
s and/or cryptic relatedness which can lead to spurious associations [3]. For example, there
ss may be subpopulations within a study that differ with respect to their genotype frequencies
s at a particular locus due to geographical location or their ancestry. This heterogeneity in
e genotype frequency can cause correlations with other loci and consequently mimic the signal

e of association even though there is no biological association [4, 5]. Studies that separate
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2 INTRODUCTION

s their sample by ethnicity to address this confounding suffer from a loss in statistical power

70 due to the drop in sample size.

n To address the first problem, multivariable regression methods have been proposed which
7 simultaneously fit many SNPs in a single model [6, 7]. Indeed, the power to detect an
73 association for a given SNP may be increased when other causal SNPs have been accounted
7 for. Conversely, a stronger signal from a causal SNP may weaken false signals when modeled

75 jOiIltly [6] .

7 Solutions for confounding by population structure have also received significant attention in
77 the literature [8, 9, 10, 11]. There are two main approaches to account for the relatedness
s between subjects: 1) the principal component (PC) adjustment method and 2) the linear
79 mixed model (LMM). The PC adjustment method includes the top PCs of genome-wide
so SNP genotypes as additional covariates in the model [12]. The LMM uses an estimated
g1 covariance matrix from the individuals’ genotypes and includes this information in the form

22 of a random effect [3].

ss While these problems have been addressed in isolation, there has been relatively little
s progress towards addressing them jointly at a large scale. Region-based tests of association
ss  have been developed where a linear combination of p variants is regressed on the response
ss variable in a mixed model framework [13]. In case-control data, a stepwise logistic-regression
sz procedure was used to evaluate the relative importance of variants within a small genetic
s region [14]. These methods however are not applicable in the high-dimensional setting, i.e.,
g0 when the number of variables p is much larger than the sample size n, as is often the case in

o genetic studies where millions of variants are measured on thousands of individuals.

a1 There has been recent interest in using penalized linear mixed models, which place a con-
e straint on the magnitude of the effect sizes while controlling for confounding factors such as
i3 population structure. For example, the LMM-lasso [15] places a Laplace prior on all main

o effects while the adaptive mixed lasso [16] uses the L; penalty [17] with adaptively chosen
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2 INTRODUCTION

weights [18] to allow for differential shrinkage amongst the variables in the model. Another
method applied a combination of both the lasso and group lasso penalties in order to select
variants within a gene most associated with the response [19]. However, these methods are
normally performed in two steps. First, the variance components are estimated once from
a LMM with a single random effect. These LMMs normally use the estimated covariance
matrix from the individuals’ genotypes to account for the relatedness but assumes no SNP
main effects (i.e. a null model). The residuals from this null model with a single random
effect can be treated as independent observations because the relatedness has been effec-
tively removed from the original response. In the second step, these residuals are used as the
response in any high-dimensional model that assumes uncorrelated errors. This approach
has both computational and practical advantages since existing penalized regression soft-
ware such as glmnet [20] and gglasso [21], which assume independent observations, can be
applied directly to the residuals. However, recent work has shown that there can be a loss in
power if a causal variant is included in the calculation of the covariance matrix as its effect

will have been removed in the first step [13, 22].

In this paper we develop a general penalized LMM framework called ggmix that simul-
taneously selects variables and estimates their effects, accounting for between-individual
correlations. Our method can accommodate several sparsity inducing penalties such as the
lasso [17], elastic net [23] and group lasso [24]. ggmix also readily handles prior annotation
information in the form of a penalty factor, which can be useful, for example, when dealing
with rare variants. We develop a blockwise coordinate descent algorithm which is highly
scalable and has theoretical guarantees of convergence to a stationary point. All of our
algorithms are implemented in the ggmix R package hosted on GitHub with extensive docu-
mentation (https://github.com/greenwoodlab/ggmix). We provide a brief demonstration

of the ggmix package in Appendix C.

The rest of the paper is organized as follows. In Section 3, we compare the performance
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3 RESULTS

121 of our proposed approach and demonstrate the scenarios where it can be advantageous to
122 use over existing methods through simulation studies and two real data analyses. This is
123 followed by a discussion of our results, some limitations and future directions in Section 4.
124 Section 5 describes the ggmix model, the optimization procedure and the algorithm used to

s fit it.

» 3 Results

127 In this section we demonstrate the performance of ggmix in a simulation study and two real

12s data applications.

2 3.1 Simulation Study

10 We evaluated the performance of ggmix in a variety of simulated scenarios. For each simu-
131 lation scenario we compared ggmix to the lasso and the twostep method. For the lasso,
12 we included the top 10 principal components from the simulated genotypes used to calcu-
133 late the kinship matrix as unpenalized predictors in the design matrix. For the twostep
13« method, we first fitted an intercept only model with a single random effect using the average
135 information restricted maximum likelihood (AIREML) algorithm [25] as implemented in the
13 gaston R package [26]. The residuals from this model were then used as the response in a
17 regular lasso model. Note that in the twostep method, we removed the kinship effect in
s the first step and therefore did not need to make any further adjustments when fitting the
130 penalized model. We fitted the lasso using the default settings and standardize=FALSE
o in the glmnet package [20]. For other parameters in our simulation study, we defined the

w1 following quantities:

142 e n: sample size
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3 RESULTS

143 c: percentage of causal SNPs

144 B: true effect size vector of length pyizeq

145 o So={J;(8); # 0} the index of the true active set with cardinality [So| = ¢ X Pfigea

146 o Xiwed). oo Dfizea Matrix of SNPs that were included as fixed effects in the model

147 o X(eausal). 5 |Sy| matrix of SNPs that were truly associated with the simulated phe-
148 notype, where X(causel)  x (fized)

149 o X(other), o Pother Matrix of SNPs that were used in the construction of the kinship
150 matrix. Some of these X ") SNPs, in conjunction with some of the SNPs in X(/ized)
151 were used in construction of the kinship matrix. We altered the balance between these
152 two contributors and with the proportion of causal SNPs used to calculate kinship

153 o XWKinship). sk matrix of SNPs used to construct the kinship matrix

14 We simulated data from the model

Y =XViredg 1P 4 g (1)

155 where P ~ N(0,n0%®) is the polygenic effect and € ~ N(0, (1 — n)o?I) is the error term.

kinship) 7 is the identity matrix

156 Here, ®,,,, is the covariance matrix calculated from X(
157 and parameters o2 and n € [0, 1] determine how the variance is divided between P and
153 €. The values of the parameters that we used were as follows: narrow sense heritability
159 7= {0.1,0.3}, number of fixed effects pfizeq = 5,000, number of SNPs used to calculate the
w0 kinship matrix k = 10,000, percentage of causal SNPs ¢ = {0%, 1%} and ¢ = 1. In addition

11 to these parameters, we also varied the amount of overlap between the causal SNPs and the

12 SNPs used to generate the kinship matrix. We considered two main scenarios:
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3 RESULTS

1. None of the causal SNPs are included in the calculation of the kinship matrix:

X(kinship) _ [X(othm‘)}

2. All the causal SNPs are included in the calculation of the kinship matrix:

X(k:inship) _ X(other)_ X(causal)] ]

Both kinship matrices were meant to contrast the model behavior when the causal SNPs
are included in both the main effects and random effects versus when the causal SNPs are
only included in the main effects. These scenarios are motivated by the current standard of
practice in GWAS where the candidate marker is excluded from the calculation of the kinship
matrix [8]. This approach becomes much more difficult to apply in large-scale multivariable
models where there is likely to be overlap between the variables in the design matrix and
kinship matrix. We simulated random genotypes from the BN-PSD admixture model with
1D geography and 10 subpopulations using the bnpsd package [27, 28]. In Figure 1, we plot
the estimated kinship matrix from a single simulated dataset in the form of a heatmap where

a darker color indicates a closer genetic relationship.
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3 RESULTS

0.2 0.4 0.6
Kinship

Individuals

/
0

Figure 1: Example of an empirical kinship matrix used in simulation studies. This scenario
models a 1D geography with extensive admixture.

73 In Figure 2 we plot the first two principal component scores calculated from the simulated
7  genotypes used to calculate the kinship matrix in Figure 1, and color each point by sub-
s population membership. We can see that the PCs can identify the subpopulations which
e is why including them as additional covariates in a regression model has been considered a

17 reasonable approach to control for confounding.
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3 RESULTS
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Figure 2: First two principal component scores of the genotype data used to estimate the
kinship matrix where each color represents one of the 10 simulated subpopulations.

s Using this set-up, we randomly partitioned 1000 simulated observations into 80% for training
o and 20% for testing. The training set was used to fit the model and select the optimal tuning
1o parameter only, and the resulting model was evaluated on the test set. Let A be the esti-
11 mated value of the optimal regularization parameter, [A‘i 5 the estimate of 3 at regularization
122 parameter A, and S 5= { 7; (B 5); # 0} the index of the set of non-zero estimated coefficients.

183 We evaluated the methods based on correct sparsity defined as % ?:1 A;, where

¢

1 if (By); = (8), =0
Aj =91 i (By); #0,(8); #0 (2)

0 otherwise.

\

18« We also compared the test set prediction error based on the refitted unpenalized estimates
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3 RESULTS

s for each selected model, the estimation error (||8— 3|[2), true positive rate (155 € Sol/iso)), false
186 positive rate (IS5 ¢ Sol/jj ¢ So|), and the variance components (7, 0%) for the polygenic random

17 effect and error term.

s In Figure 3, we present the results for the scenario with 1% causal SNPs (¢ = 0.01) which were
1o all used in the calculation of the kinship matrix and true heritability n =10%. The complete
1o simulation results are shown in supplementary Section B. We see that ggmix outperformed
101 both the twostep and lasso in terms of correct sparsity and estimation error (Figure 3
12 panels A and B). This was true regardless of true heritability and whether the causal SNPs
103 were included in the calculation of the kinship matrix (Figures B.1, B.8, B.2 and B.9). Across
e all simulation scenarios, ggmix had the smallest root mean squared prediction error (RMSE)
15 on the test set while also producing the most parsimonious models (Figures 3 panel B, B.3
s and B.13). Both the lasso and twostep had on average, slightly higher true positive rate
17 compared to ggmix but came at the cost of a higher false positive rate (Figures 3 panel D, B.4
s and B.10). Both the twostep and ggmix overestimated the heritability though ggmix was
1w closer to the true value (Figure 3 panel E). When none of the causal SNPs were in the
200 kinship, both methods tended to overestimate the truth when n = 10% and underestimate
20 when 7 = 30% (Figure B.11). Across all simulation scenarios ggmix was able to (on average)
200 correctly estimate the error variance (Figures 3 panel F, B.6 and B.12). The lasso tended
203 to overestimate o2 in the null model while the twostep overestimated o> when none of the

200 causal SNPs were in the kinship matrix.

205 Overall, we observed that variable selection results and RMSE for ggmix were similar regard-
26 less of whether the causal SNPs were in the kinship matrix or not. This result is encouraging
207 since in practice the kinship matrix is constructed from a random sample of SNPs across the
208 genome, some of which are likely to be causal, particularly in polygenic traits. ggmix had
20 very good Type 1 and II error control, while both the lasso and twostep had a very high

210 false positive rate in all simulation scenarios. In particular, our simulation results show that

Page 11 of 73


https://doi.org/10.1101/408484
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/408484; this version posted July 15, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

3 RESULTS

o the principal component adjustment method may not be the best approach to control for

212 confounding by population structure, particularly when variable selection is of interest.

(A) (B) ©
2 1.000 5 518
2 —— 2 2
5 @ 3 7]
& s s
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False positive rate

mean +/- 1 standard deviation horizontal dashed line is the true value horizontal dashed line is the true value

Figure 3: Results from 200 replications for the scenario with 1% causal SNPs (¢ = 0.01)
which are all used in the calculation of the kinship matrix and true heritability n = 10%.
(A) Correct sparsity as defined by Equation (2). (B) Estimation error defined as the squared
distance between the estimated and true effect sizes (C) Root mean squared prediction error
on the test set as a function of the number of selected variables. (D) True positive vs. false
positive rate. (E) Heritability (7) for twostep is estimated as o /(07 4 02) from an intercept
only LMM with a single random effect where 03 and o2 are the variance components for
the random effect and error term, respectively. 7 is explictly modeled in ggmix. There is
no positive way to calculate 7 for the lasso since we are using a PC adjustment. (F) Error

variance (0?) for twostep is estimated from an intercept only LMM with a single random
Y — X,B/\ [29] as

effect and is modeled explicitly in ggmix. For the lasso we use

an estimator for o2.
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3 RESULTS

a3 3.2 Real Data Applications

2 'Two datasets with contrasting features are used to illustrate the potential advantages of
25 ggmix over existing approaches such as PC adjustment in a lasso regression. In one dataset,
a6 family structure induces low levels of correlation and sparsity in signals. In the second, a
217 dataset involving mouse crosses, correlations are extremely strong and can confound sig-

218 nals.

a0 3.2.1 GAW20

20 In the most recent Genetic Analysis Workship 20 (GAW20), the causal modeling group in-
a1 vestigated causal relationships between DNA methylation (exposure) within some genes and
2 the change in high-density lipoproteins AHDL (outcome) using Mendelian randomization
23 (MR) [30]. Penalized regression methods were used to select SNPs strongly associated with
24 the exposure in order to be used as an instrumental variable (IV) [31, 32]. However, since
25 GAW20 data consisted of families, twostep methods were used which could have resulted
26 in a large number of false positives or false negatives. ggmix is an alternative approach that

227 could be used for selecting the IV while accounting for the family structure of the data.

28 We applied ggmix to all 200 GAW20 simulation datasets, each of 679 observations, and com-
29 pared its performance to the twostep and lasso methods. Using a FaST-LMM (Factored
20 Spectrally Transformed Linear Mixed Model) [33], we validated the effect of rs9661059 on
o blood lipid trait to be significant (genome-wide p = 6.29 x 107?). Though several other SNPs
212 are also associated with the phenotype, these associations are probably mediated by CpG-
213 SNP interaction pairs and do not reach statistical significance. Therefore, to avoid ambiguity,
2 we only focused on chromosome 1 containing 51,104 SNPs where rs9661059 resides. Given
235 that population admixture in the GAW20 data is likely, we estimated the population kinship
26 using REAP [34] after decomposing population compositions using ADMIXTURE [35]. We

237 supplied the estimated kinship matrix directly to ggmix . For both the lasso and twostep
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3 RESULTS

28 methods, we adopted the same strategies as described in our simulation study in section 3.1,

230 supplying the same kinship matrix estimated by REAP.

20  On each simulated replicate, we calibrated the methods so that they could be easily compared
2 by fixing the true positive rate to 1 and then minimizing the false positive rate. Hence, the
a2 selected SNP, rs9661059, is likely to be the true positive for each method, and non-causal
23 SNPs are excluded to the greatest extent. All of the three mothods precisely choose the
aa  correct predictor without any false positives in more than half of the replicates, given the
25 strong causal signal. When some false positives are selected, ggmix performs comparably
25 to twostep, and the lasso tends to select more false positives (Figure 4). In terms of
27 phenotype prediction, we observed that ggmix outperforms the twostep method without
us  requiring more SNPs, while it achieves roughly the same prediction accuracy as lasso but

20 with fewer non-causal SNPs (Figure 4).
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3 RESULTS

Prediction Root Mean Squared Error vs. Number of Active Variables
Based on five-fold cross validation of 200 GAW20 simulations

0.38

twostep

0-36 ........................

ggmix

Root mean squared prediction error

0.30

1 6 11 16 21 26 31
Number of active variables

Method @ twostep lasso # ggmix

Figure 4: Mean +1 standard deviation of root mean squared error vs. number of active
variables used by each method on the GAW20 data. Diamonds represent median number of
active variables and the corresponding root mean square error. Horizontal solid lines span
from median to the 90th percentile; Horizontal dotted lines span from the 90th percentile to
the 95th percentile.

3.2.2 Mouse Crosses and Sensitivity to Mycobacterial Infection

Mouse inbred strains of genetically identical individuals are extensively used in research.
Crosses of different inbred strains are useful for various studies of heritability focusing on
either observable phenotypes or molecular mechanisms, and in particular, recombinant con-
genic strains have been an extremely useful resource for many years [36]. However, ignor-

ing complex genetic relationships in association studies can lead to inflated false positives
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3 RESULTS

6 1N genetic association studies when different inbred strains and their crosses are investi-
»r gated [37, 38, 39]. Therefore, a previous study developed and implemented a mixed model
2ss to find loci associated with mouse sensitivity to mycobacterial infection [40]. The random
0 effects in the model captured complex correlations between the recombinant congenic mouse
x0 strains based on the proportion of the DNA shared identical by descent. Through a se-
s1 ries of mixed model fits at each marker, new loci that impact growth of mycobacteria on

22 chromosome 1 and chromosome 11 were identified.

3 Here we show that ggmix can identify these loci, as well as potentially others, in a single
xs  analysis. We reanalyzed the growth permissiveness in the spleen, as measured by colony
25 forming units (CFUs), 6 weeks after infection from Mycobacterium bovis Bacille Calmette-

266 Guerin (BCG) Russia strain as reported in [40].

7 By taking the consensus between the “main model” and the “conditional model” of the
x%s original study, we regarded markers D1Mit435 on chromosome 1 and D11Mit119 on chromo-
%0 some 11 as two true positive loci. Similar to the strategy used when analyzing the GAW20
a0 data, we optimized models by tuning the penalty factor such that these two loci are picked
on up, while the number of other active loci is minimized. To evaluate robustness of different
22 models, we bootstrapped the 189-sample dataset and repeated the analysis 200 times. We
a3 directly estimated the kinship between mice using genotypes at 625 microsatellite markers.
22 The estimated kinship entered directly into ggmix and twostep. For the lasso, we calcu-
a5 lated and included the first 10 principal components of the estimated kinship. Significant
s markers are defined as those captured in at least half of the bootstrap replicates, and in
o7 which the corresponding method successfully captures both pre-selected true positives with

zs  a penalty factor minimizing the number of active loci (Figure 5).

e We demonstrate that ggmix recognizes the true associations more robustly than twostep
s and lasso. In almost all (99%) bootstrap replicates, ggmix is able to capture both true

s positives, while twostep failed in 19% of the replicates and lasso failed in 56% of the
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3 RESULTS

22 replicates by missing of at least one of the two true positives (Figure 5). We also identified
283 several other loci that might also be associated with susceptibility to mycobacterial infection
8¢  (Table 1). Among these new potentially-associated markers, D2Mit156 was found to play a
285 role in control of parasite numbers of Leishmania tropica in lymph nodes [41]. This locus is
26 considered significant by our definition for both ggmix and lasso. An earlier study identified
27 a parent-of-origin effect at D17Mit221 on CD4M levels [42]. This effect was more visible in
288 crosses than in parental strains. In addition, D14Mit131, selected only by ggmix , was found
20 t0 have a 9% loss of heterozygosity in hybrids of two inbred mouse strains [43], indicating the
200 potential presence of putative suppressor genes pertaining to immune surveillance and tumor
201 progression [44]. This result might also suggest association with anti-bacterial responses yet

202 to be discovered.
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Figure 5: Comparison of model performance on the mouse cross data. Pie charts depict
model robustness where grey areas denote bootstrap replicates on which the corresponding
model is unable to capture both true positives using any penalty factor, whereas colored
areas denote successful replicates. Chromosome-based signals record in how many successful
replicates the corresponding loci are picked up by the corresponding optimized model. Red
dashed lines delineate p value thresholds.

Page 18 of 73


https://doi.org/10.1101/408484
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/408484; this version posted July 15, 2019. The copyright holder for this preprint (which was not
certified by peer review) Is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

aCC-BY-NC-ND 4.0 International license.

4 DISCUSSION

Table 1: Additional loci significantly associated with mouce susceptibility to myobacterial
infection, after excluding two true positives. Loci needed to be identified in at least 50% of
the successful bootstrap replicates that captured both true positive loci.

Method Marker Position in cM Position in bp
twostep N/A N/A N/A
B lasso D2Mit 156 Chr2:31.66 Chr2:57081653-57081799
D14Mit155 Chr14:31.52 Chr14:59828398-59828596
gegmix D2Mit156 Chr2:31.66 Chr2:57081653-57081799
D14Mit131 Chr14:63.59 Chr14:120006565-120006669
D17Mit221 Chr17:59.77 Chr17:90087704-90087842

» 4 Discussion

25 We have developed a general penalized LMM framework called ggmix which simultaneously
26 selects SNPs and adjusts for population structure in high dimensional prediction models.
207 Through an extensive simulation study and two real data analyses, we show that the current
208 approaches of PC adjustment and two-stage procedures are not necessarily sufficient to
200 control for confounding by population structure leading to a high number of false positives
s00 or false negatives. Furthermore, ggmix showed improved prediction performance with a more
s parsimonious model compared to both the lasso and twostep. Our proposed method has
sz excellent Type 1 error control and is robust to the inclusion of causal SNPs in the kinship
23 matrix. Many methods for single-SNP analyses avoid this “proximal contamination” [§]
;¢ by using a leave-one-chromosome-out scheme [45], i.e., construct the kinship matrix using
35 all chromosomes except the one on which the marker being tested is located. However, this
w5 approach is not possible if we want to model many SNPs (across many chromosomes) jointly.

s We also demonstrated ggmix using two examples that mimic many experimental designs in
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4 DISCUSSION

w8 genetics. In the GAW20 example, we showed that while all methods were able to select
300 the strongest causal SNP, ggmix did so with the least amount of false positives while also
s maintaining good predictive ability. In the mouse crosses example, we showed that ggmix is
su  robust to perturbations in the data using a bootstrap analysis. Indeed, ggmix was able to
sz consistently select the true positives across bootstrap replicates, while twostep failed in 19%
a3 of the replicates and lasso failed in 56% of the replicates by missing of at least one of the
su two true positives. Our re-analysis of the data also lead to some potentially new findings,

s not found by existing methods, that may warrant further study.

s We emphasize here that previously developed methods such as the LMM-lasso [15] use a two-
a7 stage fitting procedure without any convergence details. From a practical point of view, there
sis 1S currently no implementation that provides a principled way of determining the sequence
a0 of tuning parameters to fit, nor a procedure that automatically selects the optimal value of
20 the tuning parameter. To our knowledge, we are the first to develop a coordinate gradient
w2 descent (CGD) algorithm in the specific context of fitting a penalized LMM for population
s structure correction with theoretical guarantees of convergence. Furthermore, we develop
23 a principled method for automatic tuning parameter selection and provide an easy-to-use
320 software implementation in order to promote wider uptake of these more complex methods

s by applied practitioners.

26 Although we derive a CGD algorithm for the ¢; penalty, our approach can also be easily
27 extended to other penalties such as the elastic net and group lasso with the same guarantees
»s  of convergence. A limitation of ggmix is that it first requires computing the covariance ma-
no trix with a computation time of O(n?k) followed by a spectral decomposition of this matrix
s in O(n?) time where k is the number of SNP genotypes used to construct the covariance
sn matrix. This computation becomes prohibitive for large cohorts such as the UK Biobank [46]
sz which have collected genetic information on half a million individuals. When the matrix of

;3 genotypes used to construct the covariance matrix is low rank, there are additional computa-
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5 MATERIALS AND METHODS

s tional speedups that can be implemented. While this has been developed for the univariate
15 case [8], to our knowledge, this has not been explored in the multivariable case. We are cur-
16 rently developing a low rank version of the penalized LMM developed here, which reduces

57 the time complexity from O(n%k) to O(nk?).

ss There are other applications in which our method could be used as well. For example, there
10 has been a renewed interest in polygenic risk scores (PRS) which aim to predict complex
s diseases from genotypes. ggmix could be used to build a PRS with the distinct advantage
s of modeling SNPs jointly, allowing for main effects as well as interactions to be accounted
sz for. Based on our results, ggmix has the potential to produce more robust and parsimonious
sz models than the lasso with better predictive accuracy. Our method is also suitable for fine
s mapping SNP association signals in genomic regions, where the goal is to pinpoint individual

1s variants most likely to impact the undelying biological mechanisms of disease [47].

«w o Materials and Methods

w 5.1 Model Set-up

s Let ¢ = 1,..., N be a grouping index, 7 = 1,...,n; the observation index within a group
s and Np = S°N n; the total number of observations. For each group let y;, = (y1, ..., ¥n,) be
350 the observed vector of responses or phenotypes, X; an n; x (p + 1) design matrix (with
351 the column of 1s for the intercept), b; a group-specific random effect vector of length
w2 n; and € = (€;1,...,8;,,) the individual error terms. Denote the stacked vectors Y =
s (Y. yy)t € RV b = (by,...,by)T € RV e =(g;,...,en)T € RV™L and the
34 stacked matrix

s X = (Xy,...,Xy)T € RV X0+ Furthermore, let 8 = (Bo, B, .-, 8,)7 € RPFUXL be a

36 vector of fixed effects regression coefficients corresponding to X. We consider the following
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357 linear mixed model with a single random effect [48]:
Y=XB+b+¢ (3)
s where the random effect b and the error variance € are assigned the distributions
b~ N(0,70°®) e~ N(0,(1—n)o’I) (4)

39 Here, ®y,.«n, is a known positive semi-definite and symmetric covariance or kinship ma-
s0  trix calculated from SNPs sampled across the genome, Iy, xn, is the identity matrix and
3 parameters o2 and 7 € [0, 1] determine how the variance is divided between b and . Note
32 that 7 is also the narrow-sense heritability (h?), defined as the proportion of phenotypic
33 variance attributable to the additive genetic factors [1]. The joint density of Y is therefore

s« multivariate normal:

Y|(B.n,0°) ~ N(XB,n0°® + (1 — n)o’T) (5)

35 The LMM-Lasso method [15] considers an alternative but equivalent parameterization given
36 Dy:
Y(8,6.0%) ~ N(XB,0%(® + 1) (6)

where § = o7/0?, 02 is the genetic variance and o7 is the residual variance. We instead
consider the parameterization in (5) since maximization is easier over the compact set n €
[0, 1] than over the unbounded interval ¢ € [0,00) [48]. We define the complete parameter
vector as © := (3,7, 02). The negative log-likelihood for (5) is given by

—0(®) % log(o?) + % log (det(V)) + 2%‘2 (Y -XB8)" V(Y - Xp) (7)
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37 where V.= n® + (1 —n)I and det(V) is the determinant of V.

Let @ = UDU” be the eigen (spectral) decomposition of the kinship matrix @, where
U, «n, is an orthonormal matrix of eigenvectors (i.e. UUT = I) and Dy, is a diagonal

matrix of eigenvalues A;. V can then be further simplified [48]

V=n®+((1-n]I
= nUDU" + (1 — n)UTUT
= UnDU" + U(1 — n)IU"

=U(@#D + (1 —n)I) U’

= UuDU” (8)
where
D =yD + (1 - n)I 9)
Ay 1
Ao 1
=1 +(1—n)
An, 1
L 1 + 77(ANT - 1) i

=diag{l+n(A1 —1),14+nAa—1),..., 1+ (AN, — 1)} (10)
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Since (9) is a diagonal matrix, its inverse is also a diagonal matrix:

_ 1 1 1
D  =di 11
lag{1+77(A1—1)’1+77(A2_1)’ ’1+77(ANT—1)} (1)

From (8) and (10), log(det(V)) simplifies to

log(det(V)) = log <det(U) det <f)> det(UT)>

~log {H (1 + (A — 1>>}

=1

Nr
= log(1+n(A;i — 1)) (12)
i=1
since det(U) = 1. It also follows from (8) that

vl— (Uf)UT) -

—UD U7 (13)

since for an orthonormal matrix U™* = U”. Substituting (11), (12) and (13) into (7) the

negative log-likelihood becomes

~1(0) o ML 1og( Z log(1+ (A — 1)) + 55 (Y ~ X8)T UD U7 (Y - Xg)
(14)
_ N_log Zlog (A — 1) + 212 (UTY — UTXB)" D ' (UTY — UTXg)
:ilog Zlog 1+ n(A 1))+%‘2(?—5€B)T5_1 (?—5(6)
M | M <3~€~ -, )?UHBJ-)Q
+§izllog(1+n(Ai—1))+202izl R g— (15)
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% where Y = UTY, X = UTX, Y] denotes the it element of Y, )N(,-j is the 4, j'" entry of X

0 and 1 is a column vector of Np ones.

w 9.2 Penalized Maximum Likelihood Estimator

sn We define the p + 3 length vector of parameters @ = (0, 01,...,0,41,0,12,0,43) =
s (B,1m,0%) where B3 € RF € [0,1],0% > 0. In what follows, p+ 2 and p + 3 are the indices
s in O for n and o2, respectively. In light of our goals to select variables associated with the
s response in high-dimensional data, we propose to place a constraint on the magnitude of
a5 the regression coefficients. This can be achieved by adding a penalty term to the likelihood
ws function (15). The penalty term is a necessary constraint because in our applications, the
sz sample size is much smaller than the number of predictors. We define the following objective

s7s function:

Q\(©) = f(©) + A Y _u;Pi(5)) (16)

J#0
s where f(©®) = —((0©) is defined in (15), P;(-) is a penalty term on the fixed regression
s coefficients fy,..., Bp41 (we do not penalize the intercept) controlled by the nonnegative

1 regularization parameter A, and v; is the penalty factor for jth covariate. These penalty
2 factors serve as a way of allowing parameters to be penalized differently. Note that we do

33 not penalize n or 02. An estimate of the regression parameters e A is obtained by

~

O, = argmin Q,(O) (17)
®

;s This is the general set-up for our model. In Section 5.3 we provide more specific details on

s how we solve (17).
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w 9.3 Computational Algorithm

37 We use a general purpose block coordinate gradient descent algorithm (CGD) [49] to solve (17).
s At each iteration, we cycle through the coordinates and minimize the objective function with
10 respect to one coordinate only. For continuously differentiable f(-) and convex and block-
w0 separable P(-) (ie. P(8) =), Pi(/;)), Tseng and Yun [49] show that the solution gener-
;1 ated by the CGD method is a stationary point of @,(+) if the coordinates are updated in a
32 Gauss-Seidel manner i.e. @,(-) is minimized with respect to one parameter while holding
33 all others fixed. The CGD algorithm has been successfully applied in fixed effects models
;¢ (e.g. [50], [20]) and linear mixed models with an ¢; penalty [51]. In the next section we
35 provide some brief details about Algorithm 1. A more thorough treatment of the algorithm

36 1S given in Appendix A.

Algorithm 1: Block Coordinate Gradient Descent

Set the iteration counter k < 0, initial values for the parameter vector OO and

convergence threshold e;
for A € {M\nazs - -+ Amin} do

repeat
B¢« argmin @, (B,1%,0* )
B
7D arg min Q, (:3(k+1)7777 o2 (k)>
U
o2 D arg min Q) (B(k—&-l)?n(k-i—l)’ O_2>
0-2
k+—Fk+1
until convergence criterion is satisfied: H@Ufﬂ) —eW| <¢
2

end
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7 5.3.1 Updates for the § parameter

s Recall that the part of the objective function that depends on 3 has the form

Nt p 2 p
QAO) = %sz (Yz’ - ZX@‘H@') A uilBl (18)
=1 7=0 7=1

39 where

= 1 19
S T A, — 1) (19)

)

Conditional on 7 and o2 (k , it can be shown that the solution for g;, j = 1,...,p is given

by

where Sy(x) is the soft-thresholding operator

Sx(x) = sign(z)(|z] — A)+

w0 sign(x) is the signum function

sign(x)

I
o
&
I
o

w and (z); = max(z,0). We provide the full derivation in Appendix A.1.2.
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w2 5.3.2 Updates for the n paramter

ws Given 8% and 62™® | solving for n** becomes a univariate optimization problem:

B _ 2
.. Ve (VoS R 5(k+1)>
1 1 (l 7=0 ij+1 J
(1) argmin = Y log(1 + n(A; — 1 2!
0 argming g1+ h = 1)+ g 3 @)

ws  We use a bound constrained optimization algorithm [52] implemented in the optim function

w5 in R and set the lower and upper bounds to be 0.01 and 0.99, respectively.

w 5.3.3 Updates for the o parameter

wr Conditional on 8%V and nk+) | o2 *+1) can be solved for using the following equation:

~ ~ 2
1 (Yi — > im0 Xz‘j+15j)

2 (k+1) . Nr 2
— —1 22
o argggmn 5 og(o”) + 552 ; T+ —1) (22)
There exists an analytic solution for (22) given by:
~ - 2
Ne (V=S X, 6(k+1)>
1 ( % = ij+1
o2 (k+1) J=0""uTiEy (23)

k1) (A
Np — 1+ nk+tD(A; — 1)
w8 5.3.4 Regularization path

w0 In this section we describe how determine the sequence of tuning parameters A at which to

a0 fit the model. Recall that our objective function has the form

NT NT p 2 p
N 1 1 ~ =
Qu(©) = - log(0®) +5 > log(1+n(Ai = 1) +5 Y w; (Yi - ZXUH@) +AD_v1B)
=1 i=1 j=0 j=1
(24)
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a1 The Karush-Kuhn-Tucker (KKT) optimality conditions for (24) are given by:

0
—851, T »ﬁpQA(G) = Op
0
57 @A(@) =0
o A (25)
a—an(@) =0
0
@Qx( )=0

a2 The equations in (25) are equivalent to

Nrp _ B P
Z w; Xi1 (YQ - Z Xij+15j) =0
i=1 Jj=0
1 Np _ _ P
v Z w; X (Yi — ZO Xz'j+15j> =\,
=

i=1

sign(B;) if B #0 ,
v € , forj=1,....p
[—1,1] if B8;=0

- - 2
1 i A1 ) (Yi — 2j=0 XinBj) .y
2=1+n(A—-1) o2(1+n(A; — 1))
~ b 2
9 1 Nt (Y; - Zj:O Xij—l—lﬁj) 0
o° — — =
NT 1 1+ T](AZ - 1)

a3 where w; is given by (19), )N(: is X' with the first column removed, X, is the first column
aa Of XT, and v € RP is the subgradient function of the ¢; norm evaluated at (Bl, e Bp).
a5 Therefore © is a solution in (17) if and only if © satisfies (26) for some . We can determine
a6 a decreasing sequence of tuning parameters by starting at a maximal value for A\ = X\,

a7 for which Bj =0 for 5 =1,...,p. In this case, the KKT conditions in (26) are equivalent
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to

AL

- wZXZ] <Y; le@O)‘ < )\7 vj =4 P

'U] =1

3 Zf\fl wz‘)zili
LS ek
- o~ 2

1 i A —1 <Yz' - Xﬂﬁo) Ly (27)
2 — L+n(A;—1) o?(1+n(A; —1))

- 2
LS (Yz’ _Xi160>
Nr 1 1+ 77(/\1 - 1)

We can solve the KKT system of equations in (27) (with a numerical solution for 7) in order

to have an explicit form of the stationary point éo = { BO, 0,, 7, 32}. Once we have @0, we

can solve for the smallest value of A such that the entire vector (Bl, e Bp) is 0:
LA
)\max: — A1X1<Y;—X1A> s ‘:1,..., 28

Following Friedman et al. [20], we choose T\,q, to be the smallest value of tuning parameters
Amin, and construct a sequence of K values decreasing from A, to Anyin on the log scale.

The defaults are set to K = 100, 7 = 0.01 if n < p and 7 = 0.001 if n > p.

5.3.5 Warm Starts

The way in which we have derived the sequence of tuning parameters using the KKT con-
ditions, allows us to implement warm starts. That is, the solution © for i is used as the
initial value ) for \y.;. This strategy leads to computational speedups and has been

implemented in the ggmix R package.
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50 5.3.6 Prediction of the random effects

s We use an empirical Bayes approach (e.g. [53]) to predict the random effects b. Let the

a2 maximum a posteriori (MAP) estimate be defined as
b = argmax f(b]Y, 8,7, 0%) (29)
b

where, by using Bayes rule, f(b|Y,3,7,0?) can be expressed as

f(Y|b, B,n,0%)m(bln,o?)
f(Y|B,n,0?)
x f(Y|b,B,n,0°)7(bln,o?)

X exp {—#(Y ~XB-b)'V (Y -XB-b) -

f(BY,B,n,0%) =

1

2no?

bT<I>‘1b}

= exp {—% {(Y —~XB8-bTVH(Y-XB-b)+ %chb—lb} } (30)

Solving for (29) is equivalent to minimizing the exponent in (30):

~ 1
b = arg min {(Y ~XB8-b'V (Y -X3-b)+ —bT<I>_1b} (31)
b n
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Taking the derivative of (31) with respect to b and setting it to 0 we get:

2
0=-2VHY-X3—-b)+-®'b
U

= -V (Y-XB)+ (Vl + %@‘1> b

1 ! ~

V1 ;@1) V(Y - X3)

1
-1

- <U]51UT + iUD*UT) UD 'U”(Y - XB)
—1
_ ( {D + D } UT) Uﬁ_l(?—iﬁ)
-1
—U [D D" } U"UD (Y - XB)

~

where V™! is given by (13), and (3,7) are the estimates obtained from Algorithm 1.

5.3.7 Phenotype prediction

Here we describe the method used for predicting the unobserved phenotype Y* in a set of
individuals with predictor set X* that were not used in the model training e.g. a testing
set. Let ¢ denote the number of observations in the testing set and N — ¢ the number of
observations in the training set. We assume that a ggmix model has been fit on a set of
training individuals with observed phenotype Y and predictor set X. We further assume

that Y and Y™ are jointly multivariate Normal:

*
Y K1y 211<qu) Elqu(qu)

~ N , (32)

Y IJ’Q(N 2JQI(N*q)Xq 222(N7q)><(1\77q)

—q)x1

Then, from standard multivariate Normal theory, the conditional distribution Y*|Y, 7, 02, 3, X, X*

is N (p*, 3*) where
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p= g+ 35 (Y — ) (33)

DI N PO D (34)

The phenotype prediction is thus given by:

B = X0+ 5TV (Y - Xp) (35)
—X*B+ %EHUIN)IUT(Y —Xp) (36)
— X8+ %ElgUf)_l(? —Xp) (37)
— X8+ %nﬁ@*uﬁl(? ~XB) (38)
— X*8 + n®"UD (Y — X03) (39)

where ®* is the ¢ x (N — q) covariance matrix between the testing and training individu-

als.

5.3.8 Choice of the optimal tuning parameter

In order to choose the optimal value of the tuning parameter A, we use the generalized

information criterion [54] (GIC):
GIC, = —20(3,5%,7) + an - df , (40)

where df , is the number of non-zero elements in 3, [55] plus two (representing the variance
parameters 7 and 02). Several authors have used this criterion for variable selection in mixed

models with a,, = log Ny [51, 56], which corresponds to the BIC. We instead choose the high-
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2 dimensional BIC [57] given by a,, = log(log(Nz)) * log(p). This is the default choice in our

i3 ggmix R package, though the interface is flexible to allow the user to select their choice of

454 (.
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Availability of data and material

1. The GAW20 data is freely available upon request from https://www.gaworkshop.

org/data-sets.
2. Mouse cross data is available from ES upon request.

3. The entire simulation study is reproducible. Source code available at https://github.
com/sahirbhatnagar/ggmix/tree/pgen/simulation. This includes scripts for ggmix,

lasso and twostep methods.

4. The R package ggmix is freely available from GitHub at https://github.com/greenwoodlab/

ggmix.

5. A website describing how to use the package is available at https://sahirbhatnagar.
com/ggmix/.
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A BLOCK COORDINATE DESCENT ALGORITHM

« A Block Coordinate Descent Algorithm

s33  We use a general purpose block coordinate descent algorithm (CGD) [49] to solve (17). At
s each iteration, the algorithm approximates the negative log-likelihood f(-) in Qa(-) by a
37 strictly convex quadratic function and then applies block coordinate decent to generate a
s decent direction followed by an inexact line search along this direction [49]. For continuously
e30 differentiable f(-) and convex and block-separable P(-) (i.e. P(8) =Y. Fi(8:)), [49] show
0 that the solution generated by the CGD method is a stationary point of Q,(-) if the coor-
s dinates are updated in a Gauss-Seidel manner i.e. @Q,(-) is minimized with respect to one
s2 parameter while holding all others fixed. The CGD algorithm can thus be run in parallel and
sz therefore suited for large p settings. It has been successfully applied in fixed effects models
saa  (e.g. [50], [20]) and [51] for mixed models with an ¢; penalty. Following Tseng and Yun [49],

ss  the CGD algorithm is given by Algorithm 2.

s¢s The Armijo rule is defined as follows [49]:

(k)

Choose a;.), > 0 and let a® be the largest element of {ak (57"}7:0 Lo satistying

init

QA(@§k) n a(k)d(k)) NG k)) + a® oAk (45)

(
j
where 0 <0< 1,0<p<1,0<y<1and

A® =V (OF)d® 14 (d®2HE + AP@OY 1 d®) — AP(O®) (46)

J

647

ss  Common choices for the constants are § = 0.1, o = 0.001, v = 0, a'¥) =1 for all k [51].

init

a0 Below we detail the specifics of Algorithm 2 for the ¢; penalty.

Page 43 of 73


https://doi.org/10.1101/408484
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/408484; this version posted July 15, 2019. The copyright holder for this preprint (which was not
certified by peer review) Is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

A BLOCK COORDINATE DESCENT ALGORITHM

Algorithm 2: Coordinate Gradient Descent Algorithm to solve (17)
Set the iteration counter k <— 0 and choose initial values for the parameter vector
@(0);
repeat
Approximate the Hessian V2 f(@®)) by a symmetric matix H®):

H® = diag [min {max { [sz(@(k))} - ,Cmm} CmaxH (41)
Jj=1,...,p

17

for j=1,...,pdo
Solve the descent direction d*) = dyu (@;k)) ;
if 0 € {8,,...,5,} then

1
i (0%)) « arg min {v F(©)d + §d2ﬁ§§> +AP(O%F + d)} (42)

! d

end

end
Choose a stepsize;

agk) < line search given by the Armijo rule
Update;
Update;
- - 2
Np Ne (V=Y X, 5("7“))
1 1 < i j=0 “rij+11%;
7+« arg min = log(1+n(A; —1)) +
(43)
Update;
2
> = (k+1)
e’ (k+1) . L %T: <Y; - Z?:o Xij+10; > (44)
Ny &= Tq@(, — 1)
k—Fk+1

until convergence criterion is satisfied;
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A BLOCK COORDINATE DESCENT ALGORITHM

o A.1 (, penalty

ss1 ' The objective function is given by
Qx(©) = f(©) + A|B] (47)

&2 A.1.1 Descent Direction

es3  For simplicity, we remove the iteration counter (k) from the derivation below.
s For O € {B1,...,6,}, let

du(©,) = arg;nin G(d) (48)

ess  where

1
G(d) =V f(O;)d+ §d2Hjj + A|O; +d|

ess Since G(d) is not differentiable at —©;, we calculate the subdifferential 0G(d) and search

s for d with 0 € 0G(d):

IG(d) =V f(©,) + dH;; + \u (49)
s Where )
1 if d>—-06;
u=9q-1 if d< -0, (50)
[—-1,1] if d=6;

\

0 We consider each of the three cases in (49) below

1. d> —@j

(Vi(©;) + )
H:

JJj

P
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A BLOCK COORDINATE DESCENT ALGORITHM

Since A > 0 and H,; > 0, we have

—(VF(©;) =X _ —(Vf(O;)+A)  det
Hjj > H. =d > —@j

Jj

The solution can be written compactly as

demia] =V =X 5 —(Vi(O;) +A)
Hy; ’ X Hy;
660 where mid {a, b, ¢} denotes the median (mid-point) of a, b, ¢ [49].

2. d< —@j

9G(d) = Vf(©,) + dH,; — A =0
VI©;) -

—(
d=
Hy;

Since A > 0 and Hj; > 0, we have

—(Vf(©)+A)  —(Vf(O;) —A) et
H; = Hjj —=To

Again, the solution can be written compactly as

L =(VI(O)) =) —(V/(©;) + 1)
d—mld{ 7. ,—0j, }

vy
3. dj = —@j

There exists u € [—1, 1] such that

(V(©;) + Au)
H.

JJj

g =
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A BLOCK COORDINATE DESCENT ALGORITHM

For =1 <u <1, A >0 and Hj; > 0 we have

_(Vf(@J) + )‘) <d def 9. < _(Vf(@]) — )‘)
Hj; - ! Hj;

The solution can again be written compactly as

d — mid { —(V/(©;) =) o, —(Vf(6;) + )\)}

H.. ’ Hj

J

1 We see all three cases lead to the same solution for (48). Therefore the descent direction for

662 @gk) € {p,..., By} for the ¢ penalty is given by

I ELCEL ERELATIES) -

J
3 A.1.2 Solution for the § parameter

e If the Hessian V2f(@") > 0 then H® defined in (41) is equal to V2 f(@®)). Using avips = 1,

s the largest element of {a;’jﬁt&} satisfying the Armijo Rule inequality is reached for
r=0,1,2,...

oo a® =a®) 50 =1 The Armijo rule update for the 3 parameter is then given by

init

B g pa® =1, p (52)

s7  Substituting the descent direction given by (51) into (52) we get

_ )y _ _ (®)
6)(@1) ~ mid {ﬁj(k) N (Vf(f[g” ) =) 0, 53(@) n (Vf(f[]” ) + )\)} (53)
27 27

ss  We can further simplify this expression. Let

S A, — 1) (54
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A BLOCK COORDINATE DESCENT ALGORITHM

669

Re-write the part depending on 3 of the negative log-likelihood in (15) as

2

L£j
The gradient and Hessian are given by
ViBY) = —9(8") = Z w; X <ii- — > X - 55“55»’“’) (56)
35 05
32
Hjj = -9(B8%) Z w; X (57)
a5

J

—(V (8-

Substituting (56) and (57) into Bj(k) + Hjj

S wiXs (2 — Dtz XuB" - )Zij5§k)> + A

g +
! S sz2
N > k
o DR (T T A 0 s
: S wiXy S wiX
Y wiX; (Y' N Xwﬁé“) + A
N SV X2 (58)
1= 1“1
. o - con s k) —(VFBY)+N)
Similarly, substituting (56) and (57) in 3;" + ———— we get
SN iy (V= Loy KaB) = A )

Z 1wZX2
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A BLOCK COORDINATE DESCENT ALGORITHM

Finally, substituting (58) and (59) into (53) we get

S iy (7= S Tutl) =3 Sy (7= S, Tutl?) 0

5;k+1) ~ mid : 0, !
Zz 1 le Zz 1 le
5 (5%, (7~ S %)) "
= _ 60
St wiX?

Where Sy(x) is the soft-thresholding operator

Sx(x) = sign(@)(|z] = A)+

sign(x) is the signum function

sign(r) =40 =0

oo and (x), = max(z,0).
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B ADDITIONAL SIMULATION RESULTS

«+ B Additional Simulation Results

«» B.1 Null Model (¢ =0)

Correct Sparsity Results for the Null Model
Based on 200 simulations

10% Heritability 30% Heritabhility
1.000 T 1.000 e 3T 5
T ; \_’_l o
| o=
. H l ! 3
: ] : 5
0.995 ! ; 0.995 i : 2
$ : i &
L] : ] 2.
] s H =
: : =
0.990 7 : 0.990 * 2
* . s >
. . -s
0.985 il 0.985 . i
0.980 o 0.980 i
twostep lasso ggmix twostep lasso ggmix

Method ES twostep E3 lasso BE ggmix

Figure B.1: Boxplots of the correct sparsity from 200 replications by the true heritability
n = {10%, 30%}.
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B ADDITIONAL SIMULATION RESULTS

Estimation Error Results for the Null Model

Based on 200 simulations

10% Heritability 30% Heritahility
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. ]
' ! ]
)
0.3 0.3 H
! ;
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twostep lasso ggmix twostep lasso ggmix

Method B3 twostep E3 lasso B8 ggmix

Figure B.2: Boxplots of the estimation error from 200 replications by the true heritability

n = {10%, 30%}.

Mean Squared Error vs. Number of Active Variable (Mean +/- 1 SD) for Null Model

Based on 200 simulations
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B ADDITIONAL SIMULATION RESULTS

True Positive Rate vs. False Positive Rate (Mean +/- 1 SD) for the Null Model
Based on 200 simulations

10% Heritability 30% Heritabhility
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False positive rate

Method -= twostep -+ lasso -= ggmix

Figure B.4: Means +1 standard deviation of true positive rate vs. false positive rate from
200 replications by the true heritability n = {10%, 30%}.
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B ADDITIONAL SIMULATION RESULTS

Estimated Heritability for the Null Model

Based on 200 simulations
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Figure B.5: Boxplots of the heritability estimate n from 200 simulations by the true heri-
tability n = {10%, 30%}.
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B ADDITIONAL SIMULATION RESULTS

Estimated Error Variance for the Null Model

Based on 200 simulations

10% Heritability 30% Heritability
(5]
o : g
o o
= H ° 1)
S g
210 1.0 z
e &
=
B - >
>
(%]
=
0.8 0.8 S
0.6 0.6
0.4 ! . 0.4
0.2 0.2 :
twostep lasso ggmix twostep lasso ggmix

horizontal dashed line is the true value

Figure B.6: Boxplots of the estimated error variance from 200 replications by the true
heritability n = {10%, 30%}.
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B ADDITIONAL SIMULATION RESULTS

Log Run Time (seconds) for the Null Model

Based on 200 simulations
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Figure B.7: Run time (in log seconds) for null model for twostep, lasso and ggmix.

« B.2 1% of SNPs are Causal (c=0.01)
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B ADDITIONAL SIMULATION RESULTS

Correct Sparsity results for the Model with 1% Causal SNPs
Based on 200 simulations
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Figure B.8: Boxplots of the correct sparsity from 200 replications by the true heritability
n = {10%,30%} and number of causal SNPs that were included in the calculation of the
kinship matrix for the model with 1% causal SNPs (¢ = 0.01).
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B ADDITIONAL SIMULATION RESULTS

Estimation Error results for the Model with 1% Causal SNPs
Based on 200 simulations
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Figure B.9: Boxplots of the estimation error from 200 replications by the true heritability
n = {10%,30%} and number of causal SNPs that were included in the calculation of the
kinship matrix for the model with 1% causal SNPs (¢ = 0.01).
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B ADDITIONAL SIMULATION RESULTS

True Positive Rate vs. False Positive Rate (Mean +/- 1 SD) for the Model with 1% Causal SNPs
Based on 200 simulations
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Figure B.10: Means +1 standard deviation of true positive rate vs. false positive rate from
200 replications by the true heritability n = {10%, 30%} and number of causal SNPs that
were included in the calculation of the kinship matrix for the model with 1% causal SNPs
(¢ = 0.01).
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B ADDITIONAL SIMULATION RESULTS

Estimated Heritability for the Model with 1% Causal SNPs

Based on 200 simulations
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Figure B.11: Boxplots of the heritability estimate 7 from 200 replications by the true heri-
tability n = {10%, 30%} and number of causal SNPs that were included in the calculation
of the kinship matrix for the model with 1% causal SNPs (¢ = 0.01).
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B ADDITIONAL SIMULATION RESULTS

Estimated Error Variance for the Model with 1% Causal SNPs

Based on 200 simulations
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Figure B.12: Boxplots of the estimated error variance from 200 replications by the true
heritability n = {10%, 30%} and number of causal SNPs that were included in the calculation
of the kinship matrix for the model with 1% causal SNPs (¢ = 0.01).
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B ADDITIONAL SIMULATION RESULTS

Mean Squared Error vs. Number of Active Variable (Mean +/- 1 SD) for Model with 1% Causal SNPs
Based on 200 simulations
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Figure B.13: Root mean squared prediction error on the test set vs. the number of active
variables from 200 replications by the true heritability n = {10%,30%} and number of
causal SNPs that were included in the calculation of the kinship matrix for the model with
1% causal SNPs (¢ = 0.01).
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B ADDITIONAL SIMULATION RESULTS

Mean Squared Error vs. Number of Active Variable (Mean +/- 1 SD) for Model with 1% Causal SNPs
Based on 200 simulations
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Figure B.14: Mean squared error vs number of active variables results from 200 replications
by the true heritability n = {10%,30%} and number of causal SNPs that were included in
the calculation of the kinship matrix for the model with 1% causal SNPs (¢ = 0.01), for 1%
causal SNPs for ggmix and lasso only.
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B ADDITIONAL SIMULATION RESULTS

Log Run Time (seconds) for the Model with 1% Causal SNPs

Based on 200 simulations
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Figure B.15: Run time (in log seconds) from 200 replications by the true heritability n =
{10%, 30%} and number of causal SNPs that were included in the calculation of the kinship
matrix for the model with 1% causal SNPs (¢ = 0.01).
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« C ggmix Package Showcase

s In this section we briefly introduce the freely available and open source ggmix package in R.
s7e  More comprehensive documentation is available at https://sahirbhatnagar.com/ggmix.
e Note that this entire section is reproducible; the code and text are combined in an .Rnw' file

e and compiled using knitr [58].

7 C.1 Installation

s0 'The package can be installed from GitHub via

install.packages("pacman")

pacman: :p_load_gh('sahirbhatnagar/ggmix')

1 'To showcase the main functions in ggmix, we will use the simulated data which ships with

2 the package and can be loaded via:

library(ggmix)
data("admixed")

names (admixed)

## [1] ||yll Nyt n Causal"
## [4] "beta" "kin" "Xkinship"
## [7] "not_causal" "causal_positive" "causal_negative"

## [10] "x_lasso"

3 For details on how this data was simulated, see help(admixed).

s« There are three basic inputs that ggmix needs:

685 1. Y: a continuous response variable

686 2. X: a matrix of covariates of dimension N x p where NN is the sample size and p is the
687 number of covariates

688 3. ®: a kinship matrix

lscripts available at https://github.com/sahirbhatnagar/ggmix/tree/pgen/manuscript
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C GGMIX PACKAGE SHOWCASE

o We can visualize the kinship matrix in the admixed data using the popkin package:

popkin: :plotPopkin(admixed$kin)

1.2

0.8

0.4

690

e C.2 Fit the linear mixed model with Lasso Penalty

02 We will use the most basic call to the main function of this package, which is called ggmix.
e0s This function will by default fit a L; penalized linear mixed model (LMM) for 100 distinct

soa values of the tuning parameter A. It will choose its own sequence:

fit <- ggmix(x = admixed$x, y = admixed$y, kinship = admixed$kin)
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names (fit)

## [1] "result" "ggmix_object" "n_design" "p_design"
## [5] "lambda" "coef" "bO" "beta"

## [9] "df" "eta" "sigma2" "nlambda"
## [13] "cov_names" "call"

class(fit)

## [1] "lassofullrank" "ggmix_fit"

ss We can see the solution path for each variable by calling the plot method for objects of

s class ggmix fit:

plot(fit)
2 36 120 168 196
o
) H n
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O
5 9 _
(@] o
@)
=
T I I | |
0 5 10 15 20
L1 Norm

697

s We can also get the coefficients for given value(s) of lambda using the coef method for

00 Objects of class ggmix_fit:
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coef (fit, s = ¢(0.1,0.02))[1:5, ]

##

##

##

##

##

##

##

5 x 2 Matrix o

(Intercept) -0.

X62 0.
X185 0.
X371 0.
X420 0.

f class "dgeMatrix"

1 2
3824525 -0.030224599
0000000 0.000000000
0000000 0.001444518
0000000 0.009513475

0000000 0.000000000

Here, s specifies the value(s) of A at which the extraction is made. The function uses linear

interpolation to make predictions for values of s that do not coincide with the lambda

sequence used in the fitting algorithm.

We can also get predictions (XB) using the predict method for objects of class ggmix_fit:

predict(fit, s =

##

##

##

##

##

##

idl -1.1916506

c(0.1,0.02), newx = admixed$x[1:5,])

1 2

1 -1.3123392

id2 -0.02913052 0.3885923

id3 -2.00084875 -2.6460043

id4 -0.37255277 -0.9542463

id56 -1.0396783

1 -2.1377268

C.3 Find the Optimal Value of the Tuning Parameter

We use the Generalized Information Criterion (GIC) to select the optimal value for A. The

default is a,, = log(log(n)) * log(p) which corresponds to a high-dimensional BIC (HD-

BIC):
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hdbic <- gic(fit)

class(hdbic)

## [1] "ggmix_gic" "lassofullrank" "ggmix_fit"

bicfit <- gic(fit, an = log(length(admixed$y)))

We can plot the HDBIC values against log(\) using the plot method for objects of class

ggmix_gic:
plot(hdbic)
201 201 200 198 183 160 113 50 14 8 6 3
o -
o — cre
o "'. :
™ ....'o..
o ..'0
o pu— ..-
LO % :
0 . 5
© o . ?
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Q ...o ... ’
o ] 00 e0®
L0 40
— | | | | |
~-10 -8 -6 -4 -2
log(Lambda)

The optimal value for A according to the HDBIC, i.e., the A that leads to the minium HDBIC
is:
hdbic[["lambda.min"]]

## [1] 0.05596623

We can also plot the BIC results:
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plot(bicfit, ylab = "BIC")
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714

bicfit[["lambda.min"]]

## [1] 0.05596623

ns C.4 Get Coefficients Corresponding to Optimal Model

76 We can use the object outputted by the gic function to extract the coefficients corresponding

77 to the selected model using the coef method for objects of class ggmix gic:

coef (hdbic) [1:5, , drop = FALSE]

## 5 x 1 sparse Matrix of class "dgCMatrix"
## 1

## (Intercept) -0.2668419

## X62

## X185

## X371

## X420

7s We can also extract just the nonzero coefficients which also provide the estimated variance
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components 1 and o2

coef (hdbic, type

##

##

##

##

##

##

##

##

##

##

##

(Intercept) -0.
X336 =0
X7638 0.
X1536 0.
X1943 0.
X2849 0o
X56 -0.
X4106 -0.
eta 0.
sigma2 0.

"nonzero")

1

26684191

.67986393

43403365

93994982

56600730

58157979

08244685

35939830

26746240

98694300

We can also make predictions from the hdbic object, which by default will use the model

corresponding to the optimal tuning parameter:

predict (hdbic, newx = admixed$x[1:5,])

##

##

##

##

##

##

1

idl -1.3061041

id2 0.2991654

id3 -2.3453664

id4 -0.4486012

idb6 -1.3895793

C.5 Extracting Random Effects

The user can compute the random effects using the provided ranef method for objects of

class ggmix_gic. This command will compute the estimated random effects for each subject

using the parameters of the selected model:

ranef (hdbic) [1:5]

## [1] -0.02548691 -0.10011680 0.13020240 -0.30650997 0.16045768
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» (C.6 Diagnostic Plots

727 We can also plot some standard diagnotic plots such as the observed vs. predicted response,
728 QQ-plots of the residuals and random effects and the Tukey-Anscombe plot. These can be

729 plotted using the plot method on a ggmix_gic object as shown below.

70 C.6.1 Observed vs. Predicted Response
plot(hdbic, type = "predicted", newx = admixed$x, newy = admixed$y)
Observed vs. Predicted response

corr(observed,predicted)*2 = 0.77066

observed response

predicted response (XB + b_i)

731

2 C.6.2 QQ-plots for Residuals and Random Effects
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plot(hdbic, type = "QQranef", newx = admixed$x, newy = admixed$y)

QQ-Plot of the random effects at lambda = 0.06
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733

plot(hdbic, type = "QQresid", newx = admixed$x, newy = admixed$y)

QQ-Plot of the residuals at lambda = 0.06

Sample Quantiles

Theoretical Quantiles

734
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s C.6.3 Tukey-Anscombe Plot

plot(hdbic, type = "Tukey", newx = admixed$x, newy = admixed$y)

Tukey—Anscombe Plot
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