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Abstract

Signalling by surface receptors often relies on tethered reactions whereby an enzyme bound to
the cytoplasmic tail of a receptor catalyses reactions on substrates within reach. The overall length
and stiffness of the receptor tail, the enzyme, and the substrate determine a biophysical parameter
termed the molecular reach of the reaction. This parameter determines the probability that the
receptor-tethered-enzyme will contact the substrate, in the volume proximal to the membrane,
when separated by different distances within the membrane plane. Here, we develop particle-based
stochastic reaction-diffusion models to study the interplay between molecular reach and diffusion.
We find that increasing the molecular reach can increase reaction efficacy when diffusion is slow,
but when diffusion is fast, increasing molecular reach reduces reaction efficacy. This switching is
lost if reactions are forced to take place within the 2D plasma membrane instead of the 3D volume
proximal to it, or if molecules diffuse in 3D. We show results in the context of immune receptors
(PD-1 dephosphorylating CD28), a standard opposing kinase-phosphatase reaction, and a minimal
two-particle model. The work highlights the 3D nature of many 2D membrane-confined interactions,

illustrating a role for molecular reach in controlling biochemical reactions.
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INTRODUCTION

The ability of cells to sense their extracellular environment and make decisions relies on
a diverse set of biochemical signalling reactions. Common to many of these reactions is the
binding or tethering of an enzyme near its substrate before catalysis. Tethered signalling
reactions are therefore controlled not only by binding affinities and catalytic specificities, but
also by the properties of tethers which control the molecular reach of the reaction (defined
below). Examples of tethered signalling reactions include those that take place on scaffolds
[1, 2], and those that take place on the cytoplasmic tails of cell surface receptors. Tethering
has also been used in synthetic biology to modulate endogenous signalling pathways [3, 4].
Although binding and catalytic reactions have been extensively studied experimentally and

theoretically, the role of molecular reach is less well understood.

In the case of non-catalytic tyrosine-phosphorylated receptors (NTRs) [5], cytosolic en-
zymes first bind to their unstructured cytoplasmic tails before catalying reactions within
reach. As a specific example, we consider the regulation of the NTR group member CD28
(Fig. 1A). This co-stimulatory receptor is expressed on T cells of the adaptive immune sys-
tem, and is known to initiate signals important for their activation [6]. Phosphorylation of
CD28 is mediated by the membrane-anchored SRC-family kinase LCK. It has been shown re-
cently that CD28’s dephosphorylation is mediated by the NTR group member programmed
cell death protein 1 (PD-1) [7]. This inhibitory receptor contains a tyrosine motif (ITSM)
that serves as a docking site for the SH2 domain of the cytoplasmic tyrosine phosphatase
SHP-2. When tethered to PD-1, SHP-2 is able to dephosphorylate tyrosines within reach,
including those on CD28. The tethered interaction thereby enables PD-1 to inhibit T cell

activation.

In this example, the rate of CD28 dephosphorylation is expected to be influenced by the
molecular reach of the reaction (Fig. 1B). Molecular reach determines the probability that
the enzyme will contact the substrate when the two receptors are at a defined separation
distance on the membrane. The overall molecular reach of the reaction is determined by
the reach of the cytoplasmic tail of PD-1 (Lpp.1), the reach of SHP-2 (Lsgp.2), and the
reach of the cytoplasmic tail of CD28 (Lcpses). Here Lpp i, Lsgp.o and Lepog will in turn
depend on the respective length and stiffness properties of each component. By using the

worm-like-chain (WLC) polymer model, the overall molecular reach of the reaction can be
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FIG. 1. Illustration of tethered signalling reactions regulating the phosphorylation of the co-
stimulatory surface receptor CD28 expressed on T cells. A) The membrane-anchored tyrosine
kinase LCK is known to phosphorylate CD28. The cytoplasmic tyrosine phosphatase SHP-2 is
known to dephosphorylate CD28 when tethered (or bound) to the cytoplasmic tail of the inhibitory
receptor PD-1. B) The rate of CD28 dephosphorylation by SHP-2 will be controlled, in part, by
the molecular reach of the reaction (L), with a larger reach generally increasing reaction rates when
molecules are further apart. The molecular reach of the reaction will depend on the molecular reach
of the individual components (Lpp.1, Lsgp.2, and Lopag). We estimate the molecular reach for this

reaction to be L ~ 8.5 nm (see Methods).

defined as the square root of the squared sum of the individual reach parameters: L =

\/ Ling + Ligp, ot L%;.s. Experimental estimates of the molecular reach have yet to be
reported, but we estimate the molecular reach for this reaction to be approximately L = 8.5

nm (see Methods for further details).

We note that SHP-2, and the homologous phosphatase SHP-1, are recruited to a variety
of different receptors and act on a diverse set of substrates [8]. It follows that the molecular
reach for SHP-2 (or SHP-1) catalysing a reaction on any given substrate (from different
receptors) or from any given receptor (to different substrates) may exhibit wide variations.

Indeed, the cytoplasmic tails of NTRs vary in their overall length [9].
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To understand the role of molecular reach and diffusion in tethered signalling, we de-
veloped a particle-based convergent reaction-diffusion master equation (CRDME) model for
the reaction and diffusion of individual receptors, kinases and phosphatases [10, 11]. Impor-
tantly, when simulating reactions between molecules confined to the 2D plasma membrane
we explicitly allowed their tails to explore the 3D volume proximal to the membrane by
using a physiological 3D kernel that depends on the molecular reach (Fig. 1B).

Using our particle model, we first study the dephosphorylation of CD28 by PD-1 as
the molecular reach of the reaction is varied. We find that the potency of PD-1 increases
as the molecular reach increases for slowly diffusing receptors. In contrast, for rapidly
diffusing receptors we find that increases in molecular reach reduce PD-1 potency. We
show that this switch in potency as the molecular reach increases also holds in a commonly
used biochemical model of reversible phosphorylation by kinases and phosphatases. In both
biochemical models, we find that the switch is lost if membrane reactions are modelled using
an idealised kernel that forces reactions within the 2D membrane plane. Using a simplified
two-particle model that can be solved analytically, we reproduce these results. We then
show that the switch arises from the constraint imposed by the molecules diffusing within
the plasma membrane, which prevents the tethers from reaching all possible configurations
where a reactive encounter could occur. Consistent with this, the switch is lost if molecules
continue to interact using the 3D physiological kernel, but are instead allowed to diffuse in
3D. In this case, the region in which the molecules diffuse allows the tethers to sample all
possible configurations in which a reactive encounter can occur. Our work highlights the
3D nature of 2D membrane-confined reactions, and suggests a possible unexpected role for

molecular reach in controlling biochemical reactions.

RESULTS

A larger molecular reach can increase or decrease PD-1 receptor potency depending

on diffusion

To investigate the influence of molecular reach on the ability of PD-1 to inhibit CD28,
we developed a convergent reaction-diffusion master equation (CRDME) particle model (see

Methods). The model included unphosphorylated CD28, phosphorylated CD28, and PD-
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1 bound to SHP-2, with all molecules able to diffuse in the plasma membrane (Fig. 2A).
We explicitly included the effects of molecular reach by modelling the dephosphorylation
of CD28 by PD-1 as a second order reaction whose rate was dependent on the separation

distance between the molecules (r),

603D (151

CD28* + PD-1 ~ L CD28 + PD-1 (1)

where kY . is the catalytic efficiency and L is the molecular reach of the reaction. The

cat
function o3p is the probability density (in units of molecules / nm? or uM) for finding the
enzyme and substrate at the same location when their respective receptors are separated
by a distance r within the plane of the plasma membrane. We calculate o3p under the
assumption that PD-1 and CD28 can be approximated by the worm-like-chain polymer
model, obtaining the Gaussian interaction Eq. (6) (see Methods). We focus on the effects
of molecular reach for the dephosphorylation reactions and as such, we have introduced two
simplifications to the model. First, we do not explicitly include the recruitment of SHP-
2 to PD-1. Second, we do not explicitly model LCK molecules but instead model CD28
phosphorylation by a first order reaction (CD28 A CD28"). These simplifications are not
expected to alter our conclusions, but decrease the computational complexity of the model
by reducing the number of molecules that must be resolved in simulations.

As output of the model, we calculated the steady-state fraction of phosphorylated CD28
as the concentration of PD-1 was increased. We first focused on a situation where diffusion
is minimal, which may be the case when immune receptors bind their ligands [12, 13|,
interact with the cytoskeleton [14, 15|, and/or cluster [16]. As expected, increasing the
concentration of PD-1 reduced phosphorylation of CD28 (Fig. 2B). In this case, we found
that increasing the molecular reach of the reaction increased the potency of PD-1 so that
fewer PD-1 molecules were necessary to achieve the same level of inhibition. Unexpectedly,
when using a diffusion coefficient representative of free mobility on the plasma membrane for
transmembrane receptors [14, 17|, we found that increasing the molecular reach decreased
the potency of PD-1 so that more PD-1 molecules were necessary to achieve the same level
of inhibition (Fig. 2C).

We quantified the potency of PD-1 by calculating the concentration of PD-1 required to
reduce the phosphorylation of CD28 by 50% (also known as ICsg). A plot of 1C5¢ over L

shows that PD-1 potency increases for small but decreases for large diffusion coefficients,
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FIG. 2. The potency of PD-1 receptor can increase or decrease as the molecular reach of the
reaction increases depending on diffusivity. A) Schematic of species and biochemical reactions
in our stochastic spatial model. B-C) Steady-state fraction of phosphorylated CD28 (|[CD28x|
/ (|CD28%| + [CD28|)) vs. [PD-1] for different values of the molecular reach for B) a smaller
diffusion coefficient and C) a larger diffusion coefficient. D) Concentration of [PD-1| producing
a 50% reduction in CD28 phosphorylation (also known as ICsg) over the molecular reach of the

reaction for different values of the diffusion coefficient. Parameters are summarised in Table I.

with a transition at intermediate values of the diffusion coefficient (D = 0.00125 pum?/s)
where potency is largely unchanged (Fig. 2D). Taken together, we find a switch in the effect
of changing molecular reach, with larger reaches increasing receptor potency when diffusion

is slow but decreasing receptor potency when diffusion is fast.

Effect of molecular reach in physiological and idealised membrane reactions

A key novelty of our membrane bound protein reaction model is in accounting for reactions

involving sites on molecular tails, which move through the volume proximal to the membrane.
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TABLE I. Parameters for the CD28 model (Fig. 2)

Parameter |Description Value

D Diffusion coefficient indicated pym? s~!

[PD-1] |PD-1 concentration  indicated nm~2

[CD28] |CD28 concentration ~ 0.0001 nm 2

A Phosphorylation rate 1.0s7!
kot Catalytic efficiency 0.1 pM~1s~1
L Molecular reach indicated nm
Domain |Periodic square 300 nm x 300 nm

This is achieved through the use of the 3D interaction kernel o3p, which accounts for the
motion and stiffness properties of the tails, bound enzymes and substrates (see Methods).
To determine the importance of the 3D kernel to the observed switch in reaction efficacy, we
replaced the physiological kernel with an idealised 2D interaction kernel oop (see Eq. (7)).
This 2D kernel forced chemical interactions to only occur within the plane of the membrane
(see Fig. S1), as in previous models [18]. To simulate this, and to generalise beyond the
specific example of PD-1 acting on CD28, we re-formulated the biochemistry of the model
to a widely used scheme for the reversible modification of a substrate by a kinase and

phosphatase [18-20] (Fig. 3A,B),

S4B i g g

1o (r;L

. k] 7
S+ F =" NGS4+ F

where S, E, and F are the substrate, kinase, and phosphatase, respectively, and * indicates
the phosphorylation modification (Fig. 3A-B). As before, we allowed for diffusion of all
chemical species, and highlight that the rate of these enzymatic reactions is proportional to
the catalytic efficacies (k¢,, and kZ,) multiplied by the probability densities (o(r; L¢) and
o(r; L)) for physiological 3D or idealised 2D interactions). The latter explicitly depends
on the separation distance between the molecules in the simulation (r) and on the reaction
molecular reach; L¢ for the kinase phosphorylating the substrate and L7 for the phosphatase
dephosphorylating the substrate.

We calculated the steady-state fraction of phosphorylated substrate as the number of
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FIG. 3. The switch in efficacy when increasing the molecular reach is only observed when explicitly
allowing enzymes to explore the volume proximal to the membrane. A-B) Schematic of the bio-
chemical model showing the reversible modification of a substrate by a kinase and phosphatase with
reactions taking place A) within a volume proximal to the membrane or B) artificially confined to
the plane of the membrane. The phosphorylation of the substrate is calculated in the steady-state
for the physiological geometry (C,D) or the idealised geometry (F,G) when diffusion is limiting
reactions (C,F) or when it is not limiting (D,G). Calculations are shown for different values of
the molecular reach parameter for the kinase (legend in panel D applies to panels C,D,F,G). The
potency of the kinase over the molecular reach is shown for the E) physiological and H) idealised
geometry. All parameters are summarised in Table II. Note, when using the 2D kernel, oop, two-
dimensional catalytic rates were obtained by rescaling the rates in Table II. If the square patch of

cat cat cat

membrane had side length ¢ we rescaled kS, — kgatg—i = ke, /Cand kL, — kI /0.

kinase molecules was increased. Using the physiological 3D kernel, we reproduced the results

for PD-1 (Fig. 2) where increasing the molecular reach increased the potency of the kinase
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TABLE II. Parameters for reversible phosphorylation model (Fig. 3)

Parameter|Description Value
[S] Substrate concentration 100 pm—2
[E]  [Kinase concentration indicated
[F] Phosphatase concentration 112 pm—2
D? Substrate diffusivity indicated pm? s~!
De Kinase diffusivity indicated ym? s—1
Df Phosphatase diffusivity 6.25 x 10~ um? s—1
kS  |Kinase catalytic efficiency 0.04uM~1s~1
l{:gat Phosphatase catalytic efficiency ~ 0.01uM~1s!
L Kinase molecular indicated nm
Lt Phosphatase molecular reach 15 nm

Domain |Periodic square 300 nm x 300 nm

when diffusion was slower but decreased its potency when diffusion was faster (Fig. 3C,D).
When using the idealised 2D kernel, we found that increasing the molecular reach of the
reaction increased the potency of the kinase when diffusion was slower (Fig. 3F) but when
diffusion was faster it had no effect on the potency of the kinase (Fig. 3G). As before,
we summarised these results by calculating the potency of the kinase as a function of the
molecular reach for the physiological and idealised kernels (Fig. 3E,H). We confirmed that
using the idealised 2D kernel in the PD-1 model of the last section also led the molecular
reach to have a minimal effect in the reaction-limited, i.e. fast diffusion, regime (Fig. S2).
Taken together, these results highlight that the observed switching behaviour in potency
as molecular reach is increased is observed when using a physiological 3D kernel but not an
idealised 2D kernel. We conclude that the 3D nature of 2D interactions can have profound

effects on biochemical reaction rates.

A minimal two-particle Doi model explains molecular reach phenotype

The preceding models demonstrate a clear switch in how the efficacy (quantified as po-

tency) of tethered signalling reactions depends on molecular reach for large versus small
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diffusivities when molecules are confined to the 2D plasma membrane. They also suggest
that such a switch may not be possible when molecules are forced to interact within the plane
of the membrane. To understand what gives rise to this switch, and why it is not present
when the molecules react in the membrane plane, we developed a simplified two-particle Doi
model that could be solved analytically.

We consider a system containing just one A molecule and one B molecule, which can

undergo the annihilation reaction

kcato(r;L)

A+B 0,

and assume that the A molecule is stationary and located at the origin, while the B molecule
diffuses. We will consider three cases: the physiological model where the B molecule diffuses
in 2D and tails interact in 3D (through the 3D Gaussian, osp(r; L)); a model where the B
molecule diffuses in 2D but tails are forced to only interact in 2D (through the 2D Gaussian,
oap(r; L)); and a model where the B molecule diffuses in 3D and tails interact in 3D (through
the 3D Gaussian, o3p(r; L)). In the remainder we denote these three combinations as the
2.5D, 2D, and 3D models respectively (Fig. 4).

In the Doi model we assume the B molecule diffuses with diffusivity D within a circle
(sphere) of radius R about the origin. R was chosen so that the area (volume) of the circle
(sphere) was identical to that of the square (cube) with sides of length 300nm used in the
preceding sections. We replace the Gaussian interaction ko (r; L) by an approximating

indicator function Al (r), defined by

AE[O,E}(T) =
0, e<nr

Here X corresponds to the probability per time the molecules react when within a reaction-
radius, ¢, of each other.

The mean reaction time (MRT) w(r) for a diffusing molecule that is initially placed a

distance r from the origin then satisfies

D d [ ,,dw

- _ _ —— <

e (MG0)) = M) = -1, 0<r< R )
dw
2 (=0,
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FIG. 4. The well-mixed mean reaction time (MRT), (T'), only demonstrates a switch in dependence
on molecular reach for small vs. large diffusivities when considering membrane-bound molecules
with cytosolic tails that react in 3D (2.5D model). In all figures solid lines correspond to the
asymptotic expansions Eq. (4a) (B/C), Eq. (4b) (E/F), or Eq. (4c) (G/H). Dashed lines show
general scaling behavior as a function of L. B) 2.5D model well-mixed MRT over physical parameter
range. C) Same as B but showing an expanded range of L values. E) 2D model well-mixed MRT
over physical parameter range. F) Same as E but showing an expanded range of L values. H) 3D
model well-mixed MRT over physical parameter range. I) Same as H but showing an expanded
range of L values. In the expanded range figures the vertical red solid line gives the L value
such that e/R = 1, corresponding to when the Doi interaction distance, €, is equal to the domain
radius, R. Note, as ¢ — R from below the asymptotic expansions break down since ¢/R £ 1.
For B, C, H and I the catalytic rate k¢t is 0.1 qulsfl. For E and F the catalytic rate ket is
0.1%7;—]223 pM~ts7Inm ™1 the analogous 2D catalytic rate. Diffusion coefficients (blue to yellow):

1.25x1076,1.25%x107°,1.25x1074,1.25x1073,1.25x1072,0.1 pm? /s

where d = 2 when the B molecule diffuses within a circular piece of membrane (2.5D and
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2D models), and d = 3 when the B molecule diffuses within a spherical piece of cytosol (3D
model). A no-flux boundary condition is used to prevent the B molecule from leaving the
circle (sphere). A\ and e are calculated by matching the total volume and the first moment
of o3p for the 2.5D and 3D models, see Egs. (12) and (13). When using osp in the 2D model
they are calibrated by matching the total area and first moment, see Eqgs. (523) and (S24).
In both calibrations we find that ¢ o L (Eqs. (13) and (S24)), so that in the remainder we
will interchangeably discuss changing € or L.

We will focus on the well-mixed MRT, (T'); the average time for the two molecules to
react assuming the B molecule is initially placed randomly within the circle (sphere). It is
given by L

(T) = ﬁ/o w(r)r® dr. (3)

The well-mixed MRT of the Doi model Eq. (2) can be found analytically for each of the
2.5D (Eq. (11) with calibration Eq. (13)), 2D (Eq. (11) with calibration Eq. (S24)) and 3D
(Eq. (S20) with calibration Eq. (13)) models.

Over the physical range of molecular reach values, /R is a small parameter. The exact

solutions for (T') can then be simplified by developing asymptotic expansions for /R < 1,

é71'1{2 2 a 2
o (@L) =45 (2In (%)) — 45 (2.5D) (4a)
. pL

(T) ~ 2 _ £ (2 In (E)) -2 (2D) (4b)
4.R3
N (3D) (4c)

where o = #66? and p = %’T. As shown in the SI, for physiological values of L and D these

expansions agree well with numerical solutions to the simplified model using the original
Gaussian interaction functions, see Fig. S6.

Fig. 4 plots the three asymptotic expansions as L and D are varied. Similar to our earlier
models, in the physiological 2.5D case (Fig. 4B), we again see that when the diffusivity is
small the reaction is most effective ((T') is smallest) for large values of the molecular reach,
while for large diffusivities the reaction is most effective for small values of the molecular
reach. In contrast, we observe that in both the 2D (Fig. 4E) and 3D (Fig. 4H) models
increasing the reach always increases the reaction efficacy (decreases (7). We confirmed
the latter result by simulating the biochemical model of the previous section in the fully

3D setting (molecules diffuse in 3D and interact using the 3D kernel) showing that, like the
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Doi model prediction, the potency of the kinase can only increase as the molecular reach
increases (Fig. S3).
As we show in the Methods, the first two terms in each of the three asymptotic expansions

have a simple physical interpretation. We can write

( 2.5D 2.5D 2
32 (&S0 (TP - B

(T) ~ Q@) + (1) - 15, (5)

() + $T5) - 45
Here (Try) denotes the reaction limited well-mixed MRT, corresponding to the well mixed
MRT when diffusion is assumed to be infinitely fast, see Eq. (18). (Tpr) denotes the leading
order asymptotic expansion of the diffusion limited well-mixed MRT for ¢/R < 1, see
Eq. (19). This corresponds to the diffusion limited regime, where the molecules are assumed
to react instantly upon reaching a separation of £. We therefore see that the well-mixed
mean reaction time (7) can be (approximately) interpreted as the average time for the
two molecules to get close enough to react ((1pr)), added to the average time for the two
molecules to react when diffusion is sufficiently fast that the B molecule is always well-mixed
((Tre))-

The regime where (T') can increase as L increases only arises in the physiological 2.5D
model. It is due to the reaction-limited well-mixed MRT, (T&E’D)), which is proportional
to L. Eq. (18) shows that in both the 2D and 3D models the reaction limited well-mixed
MRT is always independent of L, while Eq. (19) shows that the leading order diffusion
limited well-mixed MRTs are decreasing in L for any diffusivity in all three models. The
scaling of <T1({2L'5D)> in L results from the use of a 3D Gaussian interaction (with units of
inverse volume) in a planar region (with units of area), resulting in an effective well-mixed
bimolecular reaction rate kpy, that scales like L™, Since (T35™)) = 7 R? /kgy, we find that
(T&SD)> x L (see Methods for details).

Physically, we can interpret the differences between the 2.5D model and the 2D /3D
models in the reaction-limited regime in the following manner. For both the 2D and 3D

models, since the B molecule is well-mixed the probability that the tethered interaction sites

are in contact is independent of the molecular reach (when the domain is large compared to
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the reach). While changing the reach will change the shape of the Gaussian kernels, it will not
change the overall probability that the interaction sites are in contact (since the B molecule
is still equally likely to be positioned at any of the possible locations that allow contact). In
contrast, in the 2.5D model the position of the B molecule is restricted to a planar region
despite the interaction occurring in the 3D volume proximal to the membrane. As the reach
increases, an increasing fraction of the possible configurations where the interaction sites are
in contact become inaccessible. The effective rate of the reaction will therefore decrease. In
the opposite regime, where diffusion is rate limiting, increasing the reach will always increase
reaction efficiacy in each of the 2.5D, 2D and 3D models, as it becomes more likely that the
interaction sites are in contact.

In summary, we find that for tethered signalling reactions the reaction time (i.e. (7)) can
exhibit a different functional dependence on molecular reach over physiological parameter
regimes when diffusion is fast vs. slow. This arises from having 3D interactions between
cytoplasmic tails of molecules confined to diffuse within a 2D membrane (2.5D model). We
also find that when diffusion is sufficiently fast, the reaction time is independent of L for
molecules diffusing and reacting in 3D (3D model), or diffusing and reacting purely in 2D
(2D model). In contrast, the reaction time is still dependent on L for molecules diffusing in
the membrane but reacting through the 3D interaction kernel (2.5D model). This illustrates

how molecular reach in tethered signalling can reduce potency in 2D but not 3D geometries.

DISCUSSION

Using a combination of spatial simulations and analytical calculations, we have examined
the influence of molecular reach on membrane-confined reactions. Our key finding is that
increases in molecular reach can increase reaction rates (or receptor potency) when diffusion
is slow but decrease reaction rates (or receptor potency) when diffusion is fast. This switch
is critically dependent on molecules diffusing in 2D but explicitly allowing them to react in
the 3D volume proximal to the membrane using a 3D reaction kernel. The work underlines
the importance of the 3D nature of 2D membrane-confined reactions.

Reactions in 2D versus 3D. It is an open problem to understand how membrane
confinement modulates receptor/ligand binding and biochemical reactions. Mathematical

models of membrane reactions commonly restrict molecules to not only diffuse in 2D, but
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to react through 2D interactions [18, 21-24]. Although transmembrane domains (e.g. that
localise PD-1 and CD28) and membrane-anchoring modifications (e.g. palmitoylation that
localise LCK) restrict molecules to diffuse in the 2D membrane, their tethers allow them to
explore a 3D cytoplasmic volume that is proximal to it. The switch in efficacy that we report
critically relied on explicitly accounting for this through a physiological 3D kernel; using an
idealised 2D kernel that forced molecules to interact within the plane of the membrane did

not produce the switch.

Modelling 3D reaction kernels for 2D membrane reactions. We have explored
the molecular reach of the reaction primarily using a stationary Gaussian reaction kernel
inspired by the worm-like-chain polymer model. It is likely that in some biological situa-
tions the polymer does not equilibrate quickly (stationary assumption) and/or the kernel
is not Gaussian. We calculated that the stationary assumption is valid in our simulations
(see S7) but this assumption will break down if, for example, longer tethers are simulated.
A Gaussian kernel is expected to accurately capture the molecular reach of freely diffus-
ing unstructured polypeptide chains such as the unstructured cytoplasmic tails of immune
receptors|b|. However, there is evidence that the cytoplasmic tails of NTRs, including CD28,
may have regulated interactions with the plasma membrane|25-27| which may lead to a non-
Gaussian kernel. Similarly, a Gaussian kernel is expected to only be an approximation when
applied to structured proteins like SHP-1/SHP-2 that contain multiple domains connected
by flexible linkers. We note that experimental data of tethered dephosphorylation by SHP-1
was well-fit by a Gaussion kernel [9]. Nonetheless, careful consideration is needed when for-
mulating a 3D reaction kernel and it may be feasible to determine the kernel using molecular
dynamics or coarse-grained mesoscale simulations [28] that can be adapted to the specific

molecules of interest.

Implications to the biology of immune receptors. The ability of receptors within
the NTR or immunoreceptor group [5] to regulate the phosphorylation of specific substrates
is dependent on the signalling protein recruited by the receptor (e.g. SHP-2 in the case
of PD-1), by the specificity of the signalling protein to the specific substrate (e.g. SHP-2
has the ability to dephosphorylate CD28 [7]), and the ability of the receptor and substrate
to localise (e.g. PD-1/CD28 co-clustering [16]). In addition to these mechanisms, our
work demonstrates that the molecular reach of a reaction may also control the ability of a

receptor to regulate the phosphorylation state of the substrate and hence determine receptor
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potency. A key question that the present work raises is whether increasing the molecular
reach will increase or decrease receptor potency? Although PD-1 and CD28 are expected to
be mobile on resting T cells, their relative mobility within ligand-induced clusters has yet to
be investigated. Our work indicates that increasing the molecular reach of this reaction will
only increase PD-1 potency if their mobility is reduced within these ~100 nm clusters|16].
Experimental measurements. Tethered signalling depends on binding, catalysis, and
on the molecular reach of the reaction. Although standard assays are available to study
binding (e.g. surface plasmon resonance [29]) and catalysis (e.g. reaction product measure-
ments in solution [30]), it is more challenging to produce a physiologically-relevant assay
to explore the role of molecular reach. Recently, an in vitro reconstitution of the dephos-
phorylation of CD28 by PD-1 has been described whereby CD28 and PD-1 were localised
to the two-dimensional surface of liposomes [7]. This system can be used to experimen-
tally determine how changes to the molecular reach of the reaction influence the potency of
PD-1. We have also recently introduced an SPR-based assay that can directly determine
the molecular reach for fratricide reactions [9]. As these experimental tools mature, it may
become feasible to systematically examine the role of molecular reach in controlling tethered

signalling reactions.

MATERIALS & METHODS

The CRDME SSA simulations

With the exception of our final simplified model, in which only one molecule diffuses, we
study each of the biological models by Monte Carlo simulation of particle-based stochastic
reaction-diffusion systems. Our simulation method is the convergent reaction-diffusion mas-
ter equation (CRDME) stochastic simulation algorithm (SSA) [10, 11]. Here the diffusion
of individual molecules is approximated by a continuous time random walk of the molecules
hopping between voxels of a Cartesian mesh. First order reactions occur with an exponential
clock, sampled independently for each possible first order reaction. Bimolecular reactions
between two molecules occur with a separation dependent probability per time (derived from
the Gaussian function ko (r; L) for separation r, catalytic rate ke, and molecular reach

L, see the next section and [11]). In this way we approximate the diffusion and reactions of
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the molecules by a jump process. In SI Section S1 we provide a more detailed description
of how the CRDME is formulated.

To study the first two models in the results section, and the simplified model Eq. (8),
we used the CRDME SSA on a square/cubic domain with sides of length 300nm. The first
two models had periodic boundary conditions on the sides of the square (cube), while the
simplified two-particle model used a reflecting Neumann boundary condition, see Eq. (8).
The domain was discretized into a Cartesian mesh of 2! square voxels in 2D and 22* cubic
voxels in 3D. Each curve in Figs. 2B-D, Figs. 3C-H and Fig. S4 was estimated from 50000
simulations using the parameters in Tables I and II. For the first two models, simulations were
run until individual trajectories reached steady-state. Our protocol for determining when
steady-state was reached is described in SI Section S6. For the simplified model Eq. (8),
simulations were run until the two molecules reacted, with the corresponding reaction time
then saved. As shown in SI Section S5, the qualitative dependence of the models on D and
L was found to be relatively insensitive to the domain size (for L much smaller than the

domain width).

Derivation of probability density kernel (o)

The kernel o3p determines the probability density that a tethered substrate (e.g. phos-
phorylation site on the cytoplasmic tail of CD28) will come in contact with the tethered
enzyme (e.g. catalytic pocket of the phosphatase domain of SHP-2 tethered to the cyto-
plasmic tail of PD-1) at different separation distances. By assuming that the substrate and
enzyme can be approximated by the worm-like-chain (WLC) polymer model, an analytical

expression for the probability density kernel can be obtained [9, 31],

3 \*? 32
osp(r; L) = (271’[/2) exp (—@> (6)

where L is the molecular reach for the reaction, and is given by the square root of the squared

sum of the molecular reach of individual reaction components [9]. In the specific example of
PD-1 dephosphorylating CD28 (Fig. 1-2), L = \/L%D_l + LéHP-l/Z + L%pes- In the generic
model (Fig. 3), the molecular reach for the kinase reaction would be L¢ = /L2 + L2, and
for the phosphatase reaction LY = \/L%TL% . Here Lg is the molecular reach of the kinase,

L is the molecular reach of the phosphatase, and Lg is the molecular reach of the substrate.
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We note that the derivation of Eq. (6) assumed that tethers explored free-space instead of
the half-space imposed by the plasma membrane. Simulations revealed that the free-space
kernel agrees with the half-space kernel up to a scaling constant (see S8) and therefore, to
keep the models in the main text computationally efficient we have used Eq. (6).

In a number of simulations we used an idealised two-dimensional kernel to artificially
force molecules to interact within the plane of the membrane, given by

3 3r?
oop(r; L) = 5732 OXP (—m> (7)

A plot of o3p and o9p is provided in Fig. S1.

Estimating the molecular reach (L)

In the absence of experimental measurements, we approximate the molecular reach pa-
rameter for PD-1 dephosphorylating CD28. The molecular reach parameter for CD28 is
simply Lcpes = +/Iple, where [, is the persistence length and [, is the contour length. The
persistence length for unstructured amino acid chains has previously been estimated to be
l, = 0.4 nm [31, 32]. The contour length of CD28 can be estimated using /. =(0.4 nm)
X N, where N is the number of amino acids between the membrane and the phosphorylated
tyrosine, and 0.4 nm is the C,-C, bond length in a polypeptide chain. The key activatory
tyrosine in CD28 is the YMNM motif located 11 amino acids from the membrane and there-
fore Lopog = 1.3 nm. Similarly, the molecular reach parameter for PD-1 is estimated to be
Lpp.1 = 3.0 nm, where the number of amino acids between the membrane and the tyrosine
in the ITSM that binds SHP-2 is N = 56.

The molecular reach of the enzyme SHP-2 is more difficult to estimate because it is
composed of 3 structured domains with flexible linkers: N-SH2(linker)C-SH2(linker)PTP
(Fig. 1). Given that SHP-2 docks to its substrate primarily using the N-SH2 and catalyses
reactions with its protein tyrosine phosphatase (PTP) catalytic domain, an upper bound for
the molecular reach can be estimated by adding up the distances of the structured domains
and the peptide linkers to obtain a maximum reach of 17.1 nm. However, the flexible linkers
are unlikely to be maximally stretched and therefore a more realistic estimate is obtained
by assuming a persistence length of 0.4 nm for the linkers that leads to an overall reach of

7.9 nm for SHP-2. We note that estimating the reach directly from crystal structure (PDB
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2SHP) produces a value of 3.6 nm, but this value is for a single conformation of SHP-2.
In summary, the molecular reach of the reaction for SHP-2 bound PD-1 dephosphorylating
CD28 can be approximated to be L = 8.5 nm.

Derivation of the Doi model

We show here how to derive the simplified Doi model used in the last results section,
beginning with a simplified model in which both the A and B molecules diffuse and interact

through a Gaussian kernel. We again consider the two-particle annihilation reaction

A+B kcatg(r;L) @

Assume the two molecules diffuse within a square (2.5D or 2D) or cube (3D), €, where
the length of each edge of the square (cube) is 300nm. Denote by p(x,y,t) the probability
density an A molecule at € Q and a B at y € Q have not yet reacted at time t. We

consider the volume-reactivity model,

5
5 = D+ A)p(@.y, 1) ~kewo (@ — y|: Dpl, y.1).
1 (8)
) 70 = T

with reflecting boundary conditions on the boundary, 0¢2, in each of & and y. Here k. is
the catalytic rate of the reaction and L the molecular reach. |2 denotes the area (or volume)
of Q, so that the initial condition corresponds to starting both molecules well-mixed (i.e.
uniformly distributed) within €.

We will focus on the behavior of the well-mixed mean reaction time (MRT), i.e. the
average time for the diffusing A and B molecules to react assuming they are each placed
randomly within Q. Let 7" denote the random time at which the A and B molecules react.

The exact well-mixed MRT is then given by the average of T', which we denote by (7). It

is defined by
@)= [ ] [ ey dway e (9)
0 QJQ

We simulate an approximation to the stochastic process of the two molecules diffusing and
reacting using the CRDME SSA (see Methods and SI S1). Fig. S4 shows the estimated
well-mixed MRT from 50000 CRDME SSA simulations in 2.5D. Observe that this figure is
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qualitatively quite similar to the asymptotic approximation to (T") found for the Doi model,

Fig. 4B.

We now introduce two simplifications to the preceding model to obtain the Doi model.
Due to presence of the 3D Gaussian interaction term o(+; L) in Eq. (8), analytically solving for
the exact (T') satisfying Eq. (9) is impractical. We therefore simplify Eq. (8) by transforming
to a radially symmetric problem on a circle (sphere) of equivalent area (volume). In this
reduced model one molecule is assumed stationary at the origin, while the other molecular
diffuses with relative diffusivity D within a circle (sphere) of radius R about the origin.

The MRT u(r) for a diffusing molecule that is initially placed a distance r from the origin

satisfies
D d ([ , ,du
R (r %(T)) — kearo(r; L)u(r) = =1, 0<r <R, o0
du
—(R)=0
™ (7 =0,

where d = 2 for the 2.5D and 2D models, and d = 3 for the 3D model. The corresponding
well-mixed MRT when the position of the diffusing molecule is initially uniformly distributed

is then given by
d 7 d—1
=2 /0 ()t dr,

where again, d = 2 for the 2.5D and 2D models, and d = 3 for the 3D model. Eq. (10) is easily
solved by a standard finite volume discretization, described in Supplemental Section S2.

Fig. S5 (solid lines) shows that in 2.5D this model gives almost identical results to the
CRDME SSA approximation of Eq. (8) shown in Fig. S4.

To obtain an explicit analytical approximation to the solution of Eq. (10), we perform
one final transform. We approximate Eq. (10) by a Doi model. As described in the final
results section, the Doi model replaces the Gaussian interaction o(r; L) by an approximating
indicator function Al (), giving the final model Eq. (2). In the next section we describe
how A and ¢ are calibrated. In Supplement Section S2 we show that the exact solutions
in 2.5D, 2D and 3D agree well with the corresponding numerical solutions to the Gaussian

interaction model Eq. (10) over physiological parameter ranges.
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Calibration and asymptotic approximation of solutions to the Doi model

The 2.5D well-mixed MRT, (T"), corresponding to substituting the solution of Eq. (2)
into Eq. (3), is given by

1,1 R2—_R2p2\ Iy(Rp) 2
b (5550) Rgla -

(T) = — & [0 — 40" +3+4In(p)] , (11)

>

where p = ¢/R and R = R\/)\/D.
To calibrate A and ¢ in the 2.5D Doi model, we match the total volume and first radial
moment of the Gaussian interaction in 3D. That is, given k.,; and L, we choose A and ¢

such that
kcat/ osp(r; L)r" dr = /\/ Ligg(r)r™dr, n=2,3. (12)
0 0
We find that

kcat . kcat

4

e =al, A= = ,
smed gm(al)?

(13)

_ 16
where oo = NG

L/R is small in the biologically relevant parameter regime, so that p = ¢/R = aL/R is
also small. For p < 1 we therefore expand Eq. (11) in p to obtain

1 R?

(1) ~32 1D (2In(p) +1) +0(p*), p—0. (14)

Using the calibrated parameters in Eq. (13), the 2.5D well-mixed MRT (T") can then be

summarised by

47 R? R2 ol ol
~ 3kcat (aL) - E (2 1n (f) + 1) Y f << 17
_ 3m(aL)? ol
=4 k;cat ) f > 1

Using a similar approach to the preceding analysis, in SI Section S3 we map the
spherically-symmetric problem Eq. (10) to a 3D Doi type model with calibrated param-
eters that can be analytically solved. We find that the 3D well-mixed MRT (T") can then
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be Summarised by
47R3 3 2
3 2R° 1 3R al < 1’

kcat 5D alL 5D 7 R

(T) (16)

4 3
_ g7(al) aL
=g 7 > L

Similarly, in SI Section S4 we map the radially-symmetric problem Eq. (10) with 2D
Gaussian interaction, oop(r; L) Eq. (7), to a 2D Doi type model with calibrated parameters
that can be analytically solved. We find that the 2D well-mixed MRT (7") with 2D interaction

can then be summarised by

~EE B Qm () 1), Bl

kcat
(T) (17)
_ w(pL)? L
- kl(t:at ) % > 17

where p = /2.

The well-mixed mean reaction time from the Doi model is approximately the sum

of the reaction— and diffusion—limited mean reaction times

In each of the three asymptotic expansions Eqgs. (4a), (4b) and (4c), we now show the
first two terms have a simple physical interpretation. The first term is essentially the mean
reaction time if the system were reaction-limited (i.e. the well-mixed mean reaction time
when D = oo). The second term is essentially the leading order diffusion-limited mean
reaction time (i.e. the well-mixed mean reaction time when the reaction occurs instantly
once the reactants are sufficiently close). We will illustrate how the former is responsible for
the scaling regime where (T") grows in L for the (physiological) 2.5D model.

We first consider the well-mixed mean reaction time in the reaction limited regime. As-
sume that the diffusivity D of the diffusing molecule is infinite, so that the system is com-

pletely well-mixed. The position of the diffusing molecule is then given by a uniform density,

—=, in 2D,
p(r) =p= 1
%m, 1m 3D
For each of the 2.5D, 2D and 3D models considered in the last section, in this regime we

expect the total probability per time the molecules react to be given in terms of a well-mixed
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reaction-limited reaction rate, krr, by

Keat (270) fOR osp(r; L)prdr, 2.5D
krLp = q Kear (27) fOR oon(r; L)prdr, 2D
kcat (47T) f(]R U3D<r; L)pTZ d?”, 3D.

Assuming R is large, the integrals are well-approximated by the integral for 0 < r < 0o, so

ikcat l
\/ 2r TR2 L 2.5D

that

krup =~ § Koo 2D
kcat
%;;%3, 3D.

We note that the latter two are simply the standard probability per time a well-mixed
reaction with bimolecular rate constant k.., occurs within a circle (sphere) of radius R. The

inverse of kgry,p then defines the well-mixed reaction-limited mean reaction time,

(2.5D) 2 7TR2L
T, =4/
< RL > 3 kcat

TR?
(i) = 7— (18)
cat
4 3
3D TR
() = 24—

Only (T; P(i'm)) varies with L, increasing linearly as L increases.

Similarly, we may consider a diffusion limited regime in the (calibrated) Doi model, where
the molecules react instantly upon the diffusing molecule reaching r = €. The leading order
asymptotic expansions for ¢/R < 1 of the diffusion limited mean reaction time are well-

known, see [33, 34|, and given by

2D R
R? wL
2D
(152 ~ 5 toe (7 (19)
R3
T(3D) -~ ‘
() ~

All three diffusion limited mean reaction-times are decreasing as L increases.
We therefore see that the first two terms in the asymptotic expansions of (") from the
Doi model (Egs. (4a), (4b) and (4c)) can be summarized as essentially a sum of the reaction-

limited and diffusion-limited well-mixed mean reaction times as given in Eq. (5).

23


https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

ACKNOWLEDGMENTS

SAI and YZ were supported by National Science Foundation award DMS-1255408. SAI
was partially supported by a grant from the Simons Foundation, and thanks the Isaac
Newton Institute of Mathematical Sciences for hosting him as a visiting Simons Fellow
for the programme on Stochastic Dynamical Systems in Biology during which this project
was initiated. OD is supported by a Wellcome Trust Senior Research Fellowship in Basic
Biomedical Science (207537/Z/17/7). JA is supported by a National Science Foundation
grant DMS-1454739.

[1] Roby P Bhattacharyya, Attila Reményi, Brian J Yeh, and Wendell a Lim, “Domains, motifs,
and scaffolds: the role of modular interactions in the evolution and wiring of cell signaling
circuits.” Annual review of biochemistry 75, 655-80 (2006).

[2] Andrey S Shaw and Erin L Filbert, “Scaffold proteins and immune-cell signalling.” Nature
Reviews Immunology 9, 47-56 (2009).

[3] Caleb J Bashor, Noah C Helman, Shude Yan, and Wendell a Lim, “Using engineered scaffold
interactions to reshape MAP kinase pathway signaling dynamics.” Science (New York, N.Y.)
319, 153943 (2008).

[4] Angela P Won, Joan E Garbarino, and Wendell A Lim, “Recruitment interactions can override
catalytic interactions in determining the functional identity of a protein kinase.” Proc Natl
Acad Sci USA 108, 9809-14 (2011).

[5] Omer Dushek, Jesse Goyette, and P. Anton van der Merwe, “Non-catalytic tyrosine-
phosphorylated receptors,” Immunological Reviews 250, 258-276 (2012).

[6] Jonathan H Esensten, Ynes A Helou, Gaurav Chopra, Arthur Weiss, and Jeffrey A Bluestone,
“CD28 Costimulation: From Mechanism to Therapy,” (2016).

[7] Enfu Hui, Jeanne Cheung, Jing Zhu, Xiaolei Su, Marcus J. Taylor, Heidi A. Wallweber,
Dibyendu K. Sasmal, Jun Huang, Jeong M. Kim, Ira Mellman, and Ronald D. Vale, “T
cell costimulatory receptor CD28 is a primary target for PD-1-mediated inhibition,” Science

355, 1428-1433 (2017).

24


http://dx.doi.org/ 10.1146/annurev.biochem.75.103004.142710
http://dx.doi.org/ 10.1038/nri2473
http://dx.doi.org/ 10.1038/nri2473
http://dx.doi.org/10.1126/science.1151153
http://dx.doi.org/10.1126/science.1151153
http://dx.doi.org/ 10.1073/pnas.1016337108
http://dx.doi.org/ 10.1073/pnas.1016337108
http://dx.doi.org/10.1111/imr.12008
http://dx.doi.org/10.1016/j.immuni.2016.04.020
http://dx.doi.org/10.1126/science.aaf1292
http://dx.doi.org/10.1126/science.aaf1292
https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[8] Ulrike Lorenz, “SHP-1 and SHP-2 in T cells: two phosphatases functioning at many levels.”
Immunological reviews 228, 342-59 (2009).

[9] Jesse Goyette, Citlali Solis Salas, Nicola Coker-Gordon, Marcus Bridge, Samuel A Isaacson,
Jun Allard, and Omer Dushek, “Biophysical assay for tethered signaling reactions reveals
tether-controlled activity for the phosphatase SHP-1,” Science Advances 3, e1601692 (2017).

[10] S. A.Isaacson, “A convergent reaction-diffusion master equation,” J. Chem. Phys. 139, 054101
1 to 054101-12 (2013).

[11] S. A. Isaacson and Y. Zhang, “An unstructured mesh convergent reaction-diffusion master
equation for reversible reactions,” J. Comp. Phys. 374, 954-983 (2018).

[12] Timothy P. Tolentino, Jianhua Wu, Veronika I. Zarnitsyna, Ying Fang, Michael L. Dustin,
and Cheng Zhu, “Measuring diffusion and binding kinetics by contact area FRAP,” Biophysical
Journal 95, 920-930 (2008).

[13] G.P. O’Donoghue, R. M. Pielak, A. A. Smoligovets, J. J. Lin, and J. T. Groves, “Direct single
molecule measurement of TCR triggering by agonist pMHC in living primary T cells,” eLife
2, e00778-e00778 (2013).

[14] Omer Dushek, Sabina Mueller, Sebastien Soubies, David Depoil, Iris Caramalho, Daniel
Coombs, and Salvatore Valitutti, “Effects of intracellular calcium and actin cytoskeleton on
TCR mobility measured by fluorescence recovery.” PloS one 3, €3913 (2008).

[15] Bebhinn Treanor, David Depoil, Aitor Gonzalez-Granja, Patricia Barral, Michele Weber, Omer
Dushek, Andreas Bruckbauer, and Facundo D Batista, “The membrane skeleton controls
diffusion dynamics and signaling through the B cell receptor.” Immunity 32, 187-99 (2010).

[16] T. Yokosuka, M. Takamatsu, W. Kobayashi-Imanishi, a. Hashimoto-Tane, M. Azuma, and
T. Saito, “Programmed cell death 1 forms negative costimulatory microclusters that directly
inhibit T cell receptor signaling by recruiting phosphatase SHP2,” Journal of Experimental
Medicine 209, 1201-1217 (2012).

[17] Michael L. Dustin, David E. Golan, De Min Zhu, James M. Miller, Werner Meier, Elizabeth A.
Davies, and P. Anton Van Der Merwe, “Low affinity interaction of human or rat T cell adhesion
molecule CD2 with its ligand aligns adhering membranes to achieve high physiological affinity,”
Journal of Biological Chemistry 272, 30889-30898 (1997).

[18] Omer Dushek, P Anton van der Merwe, and Vahid Shahrezaei, “Ultrasensitivity in multisite

phosphorylation of membrane-anchored proteins.” Biophysical journal 100, 1189-97 (2011).

25


http://dx.doi.org/ 10.1111/j.1600-065X.2008.00760.x
http://dx.doi.org/10.1126/sciadv.1601692
http://dx.doi.org/10.1529/biophysj.107.114447
http://dx.doi.org/10.1529/biophysj.107.114447
http://dx.doi.org/10.7554/eLife.00778
http://dx.doi.org/10.7554/eLife.00778
http://dx.doi.org/10.1371/journal.pone.0003913
http://dx.doi.org/10.1016/j.immuni.2009.12.005
http://dx.doi.org/10.1084/jem.20112741
http://dx.doi.org/10.1084/jem.20112741
http://dx.doi.org/10.1074/jbc.272.49.30889
http://dx.doi.org/10.1016/j.bpj.2011.01.060
https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[19] A. Goldbeter and D.E. Koshland, “An amplified sensitivity arising from covalent modification
in biological systems,” Proceedings of the National Academy of Sciences 78, 6840 (1981).

[20] James E. Ferrell and Sang Hoon Ha, “Ultrasensitivity part I: Michaelian responses and zero-
order ultrasensitivity,” (2014), arXiv:NIHMS150003.

[21] Jason M. Haugh, “A unified model for signal transduction reactions in cellular membranes,”
Biophysical Journal 82, 591-604 (2002).

[22] Michael I. Monine and Jason M. Haugh, “Reactions on cell membranes: Comparison of con-
tinuum theory and Brownian dynamics simulations,” Journal of Chemical Physics 123 (2005),
10.1063/1.2000236.

[23] Steven M Abel, Jeroen P Roose, Jay T Groves, Arthur Weiss, and Arup K Chakraborty, “The
membrane environment can promote or suppress bistability in cell signaling networks.” The
journal of physical chemistry. B 116, 3630—40 (2012).

[24] Sean D. Lawley and James P. Keener, “Rebinding in biochemical reactions on membranes,”
Physical Biology 14 (2017), 10.1088/1478-3975 /aa6f93.

[25] Chengi Xu, Etienne Gagnon, Matthew E Call, Jason R Schnell, Charles D Schwieters, Christo-
pher V Carman, James J Chou, and Kai W Wucherpfennig, “Regulation of T cell receptor
activation by dynamic membrane binding of the CD3epsilon cytoplasmic tyrosine-based motif.”
Cell 135, 702-13 (2008).

[26] Hao Zhang, Shaun-Paul Cordoba, Omer Dushek, and P Anton van der Merwe, “Basic residues
in the T-cell receptor ¢ cytoplasmic domain mediate membrane association and modulate
signaling.” Proceedings of the National Academy of Sciences of the United States of America
108 (2011), 10.1073/pnas.1108052108.

[27] Wei Yang, Weiling Pan, Shuokai Chen, Nicola Trendel, Shutan Jiang, Feng Xiao, Manman Xue,
Wei Wu, Zeli Peng, Xiaoxi Li, Hongbin Ji, Xiaolong Liu, Hai Jiang, Haopeng Wang, Honghin
Shen, Omer Dushek, Hua Li, and Chenqgi Xu, “Dynamic regulation of CD28 conformation and
signaling by charged lipids and ions,” Nature Structural and Molecular Biology 24, 1081-1092
(2017).

[28] Paul J. Michalski and Leslie M. Loew, “SpringSal.aD: A Spatial, Particle-Based Biochemical
Simulation Platform with Excluded Volume,” Biophysical Journal 110, 523-529 (2016).

[29] Jiri Jiri Homola, “Surface Plasmon Resonance Sensors for Detection of Chemical and Biological

Species,” Chemical Reviews 108, 462-493 (2008).

26


http://www.pnas.org/content/78/11/6840.short
http://dx.doi.org/10.1016/j.tibs.2014.08.003
http://dx.doi.org/10.1016/j.tibs.2014.08.003
http://arxiv.org/abs/NIHMS150003
http://dx.doi.org/10.1016/S0006-3495(02)75424-6
http://dx.doi.org/10.1063/1.2000236
http://dx.doi.org/10.1063/1.2000236
http://dx.doi.org/10.1021/jp2102385
http://dx.doi.org/10.1021/jp2102385
http://dx.doi.org/ 10.1088/1478-3975/aa6f93
http://dx.doi.org/10.1016/j.cell.2008.09.044
http://dx.doi.org/ 10.1073/pnas.1108052108
http://dx.doi.org/ 10.1073/pnas.1108052108
http://dx.doi.org/ 10.1038/nsmb.3489
http://dx.doi.org/ 10.1038/nsmb.3489
http://dx.doi.org/10.1016/j.bpj.2015.12.026
http://dx.doi.org/10.1021/cr068107d
https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[30] Ying-Nan P. Chen, Matthew J. LaMarche, Ho Man Chan, Peter Fekkes, Jorge Garcia-Fortanet,
Michael G. Acker, Brandon Antonakos, Christine Hiu-Tung Chen, Zhouliang Chen, Ves-
selina G. Cooke, Jason R. Dobson, Zhan Deng, Feng Fei, Brant Firestone, Michelle Fodor, Cary
Fridrich, Hui Gao, Denise Grunenfelder, Huai-Xiang Hao, Jaison Jacob, Samuel Ho, Kathy
Hsiao, Zhao B. Kang, Rajesh Karki, Mitsunori Kato, Jay Larrow, Laura R. La Bonte, Francois
Lenoir, Gang Liu, Shumei Liu, Dyuti Majumdar, Matthew J. Meyer, Mark Palermo, Lawrence
Perez, Minying Pu, Edmund Price, Christopher Quinn, Subarna Shakya, Michael D. Shultz,
Joanna Slisz, Kavitha Venkatesan, Ping Wang, Markus Warmuth, Sarah Williams, Guizhi
Yang, Jing Yuan, Ji-Hu Zhang, Ping Zhu, Timothy Ramsey, Nicholas J. Keen, William R.
Sellers, Travis Stams, and Pascal D. Fortin, “Allosteric inhibition of SHP2 phosphatase in-
hibits cancers driven by receptor tyrosine kinases,” Nature 2, 1-17 (2016).

[31] David Van Valen, Mikko Haataja, and Rob Phillips, “Biochemistry on a leash: the roles of
tether length and geometry in signal integration proteins.” Biophysical journal 96, 1275-92
(2009).

[32] H.X. Zhou, “Loops in proteins can be modeled as worm-like chains,” The Journal of Physical
Chemistry B 105, 6763-6766 (2001).

[33] P. C. Bressloff, Stochastic Processes in Cell Biology, Interdisciplinary Applied Mathematics
No. 41 (Springer, 2014).

[34] A. F. Cheviakov and M. J. Ward, “Optimizing the principal eigenvalue of the Laplacian in a
sphere with interior traps,” Mathematical and Computer Modelling 53, 1394-1409 (2011).

[35] M. Doi, “Second quantization representation for classical many-particle system,” J. Phys. A:
Math. Gen. 9, 1465-1477 (1976).

[36] M. Doi, “Stochastic theory of diffusion-controlled reaction,” J. Phys. A: Math. Gen. 9, 1479
1495 (1976).

[37] M. A. Gibson and J. Bruck, “Efficient exact stochastic simulation of chemical systems with
many species and many channels,” J. Phys. Chem. A 104, 1876-1899 (2000).

[38] D. T. Gillespie, “Exact stochastic simulation of coupled chemical-reactions,” J. Phys. Chem.
81, 2340-2361 (1977).

[39] A. B. Bortz, M. H. Kalos, and J. L. Lebowitz, “A new algorithm for Monte Carlo simulation

of Ising spin systems,” J. Comp. Phys. 17, 10-18 (1975).

27


http://dx.doi.org/ 10.1038/nature18621
http://dx.doi.org/10.1016/j.bpj.2008.10.052
http://dx.doi.org/10.1016/j.bpj.2008.10.052
http://pubs.acs.org/doi/abs/10.1021/jp011355n
http://pubs.acs.org/doi/abs/10.1021/jp011355n
https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[40] Attila Szabo, Klaus Schulten, and Zan Schulten, “First passage time approach to diffusion
controlled reactions,” The Journal of Chemical Physics 72, 4350-4357 (1980).

[41] Richard W. Pastor, Robert Zwanzig, and Attila Szabo, “Diffusion limited first contact of the
ends of a polymer: Comparison of theory with simulation,” Journal of Chemical Physics 105,
3878-3882 (1996).

[42] Debarati Sarkar, Abhishekamole Brahmanandan, and Snigdha Thakur, “Dynamics of loop
formation in active chains,” Macromolecular Symposia 357, 133-140 (2015).

[43] D. Bryant, L. Clemens, and J. Allard, “Computational simulation of formin-mediated actin
polymerization predicts homologue-dependent mechanosensitivity,” Cytoskeleton 74 (2017),
10.1002/cm.21344.

[44] A. Moglich, K. Joder, and T. Kiefhaber, “End-to-end distance distributions and intrachain
diffusion constants in unfolded polypeptide chains indicate intramolecular hydrogen bond for-
mation,” Proceedings of the National Academy of Sciences 103, 12394-12399 (2006).

[45] Florian Krieger, Beat Fierz, Oliver Bieri, Mario Drewello, and Thomas Kiefhaber, “Dynamics
of unfolded polypeptide chains as model for the earliest steps in protein folding,” Journal of
Molecular Biology 332, 265-274 (2003).

[46] L. J. Lapidus, W. A. Eaton, and J. Hofrichter, “Measuring the rate of intramolecular contact
formation in polypeptides,” Proceedings of the National Academy of Sciences 97, 7220-7225
(2000).

[47] T C Yeh and G Hummer, “Peptide dynamics from microsecond molecular dynamics simulations
in explicit solvent.” Abstracts of Papers of the American Chemical Society 226, U424-U424
(2003).

[48] Huan-Xiang Zhou, “Loops in Proteins Can Be Modeled as Worm-Like Chains,” The Journal
of Physical Chemistry B 105, 6763-6766 (2001).

[49] Hwankyu Lee, Richard M Venable, Alexander D MacKerell Jr., and Richard W Pastor,
“Molecular Dynamics Studies of Polyethylene Oxide and Polyethylene Glycol: Hydrodynamic
Radius and Shape Anisotropy,” Biophysj 95, 1590-1599 (2008).

[50] H Mukhopadhyay, B De Wet, L. Clemens, P K Maini, J Allard, P Anton van der Merwe, and
Omer Dushek, “Multisite phosphorylation of the T cell receptor z-chain modulates potency
but not the switch-like response,” Biophys. J. 110, 1896-1906 (2016).

[51] S T Milner, “Polymer brushes.” Science 251, 905-914 (1991).

28


http://dx.doi.org/10.1063/1.439715
http://dx.doi.org/10.1063/1.472208
http://dx.doi.org/10.1063/1.472208
http://dx.doi.org/ 10.1002/masy.201400203
http://dx.doi.org/10.1002/cm.21344
http://dx.doi.org/10.1002/cm.21344
http://dx.doi.org/ 10.1073/pnas.0604748103
http://dx.doi.org/ 10.1016/S0022-2836(03)00892-1
http://dx.doi.org/ 10.1016/S0022-2836(03)00892-1
http://dx.doi.org/ 10.1073/pnas.97.13.7220
http://dx.doi.org/ 10.1073/pnas.97.13.7220
http://dx.doi.org/10.1016/j.bpj.2016.03.024
https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

SUPPORTING INFORMATION
S1. Introduction to CRDME Model and Simulation Algorithm

The convergent reaction-diffusion master equation (CRDME) model we use corresponds
to a spatial discretization of the general volume-reactivity model. In the latter, molecules are
represented as point particles moving by Brownian motion [11, 35, 36]. First order reactions
are modeled as internal processes with Poisson clocks, while bimolecular reactions between
two molecules occur with a separation dependent probability per time (given by the Gaussian
function keno(1; L) for separation r, catalytic rate ke, and molecular reach L, see Methods).
These mathematical models can be described by their corresponding forward Kolmogorov
equation, a high-dimensional coupled system of partial-integral differential equations for the
probability density of having a given number of each chemical species at specified locations
at a given time [11, 36]. For example, Eq. (8) is the forward Kolmogorov equation for the

simplified case of just two molecules that can annihilate through the Gaussian interaction.

For multiparticle systems, the high-dimensionality of these equations precludes their solu-
tion by standard numerical methods for solving PDEs. Instead, we approximate the stochas-
tic process of the individual molecules diffusing and reacting. In this work we do so by first
spatially discretizing the forward Kolmogorov equation of the volume-reactivity model to a
continuous-time Master Equation defined on a Cartesian mesh. We call this spatially dis-
crete model the convergent reaction-diffusion master equation (CRDME) [10, 11|. As the
set of ODEs that comprise the CRDME are still too high-dimensional to solve numerically,
we instead generate exact realizations of the corresponding jump process associated with the
CRDME using the Gibson-Bruck SSA method [37] (a variant of the well-known Gillespie
method [38, 39]). We will subsequently call this simulation method the CRDME SSA. Here
the diffusion of individual molecules is approximated by a continuous time random walk of
the molecules hopping between voxels of the Cartesian mesh. Bimolecular reactions between

reactant molecules in nearby voxels occur with probabilities per time derived from o(-; L),

see [10, 11] for full details.

As an illustrative example, consider a system with three chemical species, {A, B, C},
with each molecule diffusing within a square with periodic boundary conditions. Assume

all molecules have diffusivity D, and the molecules may undergo the reactions C A A and
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Transition Rates

Transitions Upon Transition Event
(units of per time)
Diffusive hopping A; — A DA,(t)/h? A=A+ 1, A=A, -1,
from Vj to neighbor B, — B; DBj(t)/h2 B;:=B;+1, B; := Bj — 1,
Vi e N(Vj): C; = Ci DC;(t)/h? Ci=Ci+1,C;:=Cj -1,
Chemical A; +Bj — C; + B; a;j A;i(t) Bj(t) A=A, —-1,C;:=C; + 1.
Reactions: C; — A; AC;(t) A=A +1,C;:=C; — 1.

TABLE S1. Example of diffusive and chemical transitions in CRDME SSA simulations. For the

C A A and A+ B kearo(ril),

C + B reaction-diffusion system, the table shows the five basic types
of jump process transitions that can occur. Here V; labels a given voxel of the Cartesian mesh,
with mesh width h and four nearest-neighbors N'(V;). A;(t), B;(t) and C}(t) denote the stochastic

processes for the number of molecules of each species in the jth voxel at time ¢. See SI S1 for

details.

Feato (1), C + B (where r denotes the separation of an individual pair of A and

A+ B
B molecules). To derive the CRDME model, we discretize the square into a collection of
N square mesh voxels, {V;}Y, of width h. Let N(V;) label the set of the four nearest-
neighbor voxels to voxel V;. The CRDME SSA then simulates the set of possible jump
process transitions shown in Table S1. The bimolecular reaction transition rate in the table

(i.e. probability per time) for one specific A molecule in V; and one specific B molecule in

V; to react is given by

kca
Qg = h4t /v /V.a(|zc—y|;L)d:cdy,

as derived in [11].

S2. Solving the radially (spherically) symmetric problem on a circle (sphere)

A key step in the analysis of the simplified model is to approximate the two-particle
problem Eq. (8) on a square (cube) with reflecting boundary conditions by a radially (spher-
ically) symmetric problem Eq. (10) with the same area (volume) and a reflecting boundary
condition. Fig SHA shows that the numerical solution of the PDE Eq. (10) (solid lines)
preserves the behavior of the 2.5D well-mixed MRT for the annihilation reaction obtained

by CRDME SSA simulations of Eq. (8) (Fig. S4). We solved Eq. (10) numerically using a
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standard second-order finite volume discretization (in both the circle and sphere).
Similarly, in Eq. (2) we replace the Gaussian interaction of Eq. (10) by a calibrated
Doi-model step-function interaction (see Egs. (13) and (S24)). Fig. S5 shows that the ex-
act solutions to the calibrated Doi model Eq. (2) (dashed lines) in 2.5D (Fig. S5A), 2D
(Fig. S5B), and 3D (Fig. S5C), each agree well with the numerical solution of the Gaussian

interaction model (solid lines).

S3. 3D well-mixed MRT for simplified Doi model

Using the same approach as for the 2.5D MRT analysis (see Methods), we map Eq. (10)
to a 3D Doi type model with calibrated parameters that is analytically solvable. The 3D
well-mixed MRT, (T'), corresponding to substituting the solution of Eq. (2) into Eq. (3), is

given by

(T) = (S20)

with p = ¢/R, R = R\/A/D and

1 R? (5
(p) EED <p 9+ 5p p>+( p°)

1 N (R? — R3p3) tanh(Rp)
Rp — tanh(Rp)

A 3DRp
(S21)

We use the same parameter calibration Eq. (12) as we used for the 2.5D Doi model Eq. (2)
with 3D Gaussian interaction. € and A are then given by Eq. (13). Expanding Eq. (520) in

p for p < 1 we find
11 2R?1 3R?

™~ —— + — —
() Ap? + 5D p 5D
Substituting in the calibrated values for A and e then gives Eq. (16).

+O(p). (S22)

S4. 2D well-mixed MRT for a 2D concentration kernel

A key feature in all our models of tethered signalling is the use of a 3D Gaussian con-
centration kernel o(r; L) to determine interaction functions for bimolecular reactions in the
membrane. We now consider how the well-mixed MRT in the simplified 2.5D model Eq. (10)

changes if we instead use the 2D Gaussian interaction kernel oop(r; L) defined in Eq. (7).
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We call this new model the 2D model. We follow a similar analysis as in the preceding
section and the Methods.

The 2D well-mixed MRT, (T), obtained by substituting the solution of Eq. (2) into Eq. (3)
is given by Eq. (11). As we now consider a 2D Gaussian interaction, we match the total

area (equivalently total reaction rate) and the first moment of the 2D Gaussian using

kcat/ oop(r; L)r"™ dr = )\/ Ly (r)r™dr, n=1,2, (523)
0 0
to obtain
kcat kcat
e = pul, i A Ek (524)
where p = %”. Notice, we now see the key difference from the use of a 3D interaction

kernel; A now scales like L2 instead of L™3 as we previously found.
Expanding Eq. (11) in p for p < 1 we again have Eq. (14), which combined with the
preceding calibration for € and A then gives Eq. (17).

S5. Domain size dependence of the CD28 model

As a simple control, we solve the CD28 model (see Results) using a larger domain size to
confirm that the steady-state fraction of phosphorylated CD28 exhibits a similar qualitative
behavior with respect to the diffusivity and molecular reach. We see from Fig. S7C and S7D
that solving the model on a larger square of side length of 500nm preserves the qualitative

dependence of the steady-state fraction of phosphorylated CD28 on D and L.

S6. Determine termination time in SSA simulation

To determine the termination time in the CRDME SSA simulations of the first two models
of the Results section, for each pair of diffusivity and molecular reach values we ran 100 test
simulations. We then estimated an approximate time at which mean concentrations and/or
fractions of each chemical species had reached steady state. In our final larger sampling runs
(with O(10*) to O(10°) simulations per parameter set), we then set the termination time to
be 40%-50% larger than the estimated time steady-state was reached. In Fig. S8 we plot till

the termination time used in our final simulations the average fraction of phosphorylated
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CD28 in the CD28 model from 100 simulations (for different values of the diffusivity and
molecular reach). In all nine cases the CD28 model appears to have reached steady state

well before the chosen termination time.

S7. Validity of using a stationary probability density kernel (o)

We have used a stationary kernel (o) to represent the probability that two tethers interact.
This assumption is only valid when the timescale over which the polymer tether explores its
space (7) is smaller than the timescale for reaction and diffusion. An approximate upper
bound on 7 can be obtained by assuming the polymer is a freely-jointed chain with N Kuhn
segments of length b, and monomer size < b. These are related to the reach parameter, L,
by L = b\/N_/Q. A lower bound on the diffusion coefficient of the polymer is 67nL/kgT,
leading to the following upper bound estimate,

o~ G N3/2p3 — 37 13

g3 525
kBT \/§]€BT ( )

where n is the viscosity of the surrounding medium. Assuming that the viscosity of the
cytoplasm is close to that of water, we find that 7 < 10™* s for the maximum molecular
reach of L = 32 nm in Fig. 2. This is smaller than the fastest diffusive timescale (~ L?/D
= (32 nm)?/0.125 pm? /s = 8 x 1072 s) and reaction timescale (~ k% (1/L%) = 0.1 uM~'s™!
/(32 nm)? = 0.2 s).

The above approximation has been derived in a more general setting [40, 41| and con-
firmed in numerical simulation [41-43]. This model was quantitatively confirmed and in
particular the diffusion coefficient equation [44] and the loop closure time equation [45] were
found to be in close agreement. The scaling law 7 ~ N3/2 was confirmed experimentally [46]

and by all-atom dynamics [47].

S8. Reaction kernel for surface-tethered molecules

As discussed in the Materials & Methods, if two tethers have their bases fixed at a
separation distance r, then the probability density for the reaction sites of the tethers to
interact is given by Eq. (6), which is referred to as the reaction kernel. This equation was

derived by assuming each tether i explores space with Gaussian probability density. We
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note that this formulation assumed that the tether was allowed to explore all of space. In
this section, we ask, what is the interaction kernel og,¢(r) for two tethers with base fixed
at a distance r, but which are attached to a 2D surface (i.e. the plasma membrane), and
therefore can only explore half-space.

Since surface-adhered polymers do not obey Gaussian probability densities that only
depend on L, we must specify more detailed polymer properties. We assume the tethers
are freely-jointed chains composed of N rigid segments of length §. In free-space, this chain
has a reach parameter of L = /L,Lc = V/N§/2. We assume 6 = 0.3 nm consistent with
previous models of disordered proteins and PEG [48, 49]. We explore a range of tether
lengths N = 25 — 1000 corresponding to free-space reach parameters L = 1.5 — 13 nm. We
simulate the ensemble of polymer conformations of the two freely-jointed chains, for various
base separation distances r, using a standard Metropolis method [43, 50] and determine the
probability that the reaction sites interact to determine ogy.

In Fig. S9A we show the probability density of the end-to-end distances for various values
of L. In all cases, the distances are slightly elongated by the presence of the surface. This is
in agreement with previous findings that adherence to a surface tends to elongate polymers
[51]. In Fig. S9B, we show the reaction kernel og,,¢(7). In all cases, we find that the effective
concentrations are enhanced by the presence of the surface. This makes intuitive sense, since
reaction sites are forced by the surface to be in the same half-space. The length-scale of
the separation distance, i.e., the decay length of the curves in Fig. S9B, is approximately
unchanged by the surface. The simulation therefore suggests that the reaction kernel for

surface-bound tethers is well-approximated by

Usurf(r) ~ Csurf 03D (T) (826)

3\ 3r2
= Csurf (ﬁ) €xXp <_ﬁ) ) (827)

where cgr > 11is an enhancement factor that arises as the surface forces the tethers together.

By fitting Eq. (S27) to the simulated kernels in Fig. S9B, we produce estimates for the
enhancement factor cg,¢ in Fig. S9C. We find that cgyt = 1.5 over the estimated physiological
range of L (for 7nm< L < 13 nm, always within 10%). In CRDME simulations of reactions
between tethered molecules, the per-second reaction rate is keaosp(r). The results here
allow us to use the same scheme to simulate reactions between surface-tethered molecules,

but with the prefactor k..; reduced by ~ 1.5.
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A Physiological Membrane Interactions, o, (rL) B Idealised Membrane Interactions, o, (r,L)
(molecules explore volume proximal to membrane) (molecules explore area within membrane plane)
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FIG. S1. Comparison of A) o3p and B) oop over the membrane separation distance (nm) for the

indicated value of the molecular reach of the reaction (L).

To further verify the validity of this approximation, in Fig. S9D we plot the re-scaled

kernel

osp(r)
W Versus
( 2 L2 ) 212

In this re-scaling, all free-space kernels collapse onto a single curve (black curve in Fig. S9D).

(S28)

-

We now plot the surface-adhered kernels re-scaled as

73D (T) Versus T

Csurf (ﬁ)g/z z/ % .

We find that these surface-adhered kernels also collapse onto the same single curve. This

(S29)

confirms the approximation Eq. (S27).

35


https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

Idealised Membrane Interactions, o, (r,L)
(molecules explore area within membrane plane)

Diffusion-limited B Reaction-limited
(slow diffusion) (fast diffusion)

—— L=1nm
—— L=2nm
L=4nm

059 —— L=8nm
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FIG. S2. Reproducing Fig. 2 using the idealised 2D interaction kernel oop shows that increasing
the molecular reach A) increases PD-1 potency in the diffusion-limited regime but B) has no effect

in the reaction-limited regime. C) The potency over the molecular reach quantified from A and B.
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A 3D Cytosolic Geometry
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FIG. S3. Reproducing Fig. 3A,C,D,E when molecules freely diffuse in 3D using the physiological
3D interaction kernel osp. A) Schematic of model highlighting that molecules are not confined
to a membrane. B-C) Fraction of phosphorylated substrate in the steady-state for the indicated
values of the molecular reach of the reaction when reactions B) are limited by diffusion or C)
are not limited by diffusion. D) The ratio of kinase-to-phosphatase that produces half-maximal
phosphorylation over the molecular reach of the reaction showing that increasing the molecular
reach can only increase potency in this geometry. Parameter values: [S] = 8.5x 10%um=3, [F] =
9.4x 10*um™3, domain size = 300nm x 300nm x 300nm, and all other parameters as indicated in

Table II.
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FIG. S4. The well-mixed mean reaction time, (T), of the two-particle A + B
changes its dependence on molecular reach for small vs. large diffusivities when the molecules
diffuse in a (2D) membrane, but their tails can react in the (3D) cytosol. For each value of D
and L we estimated (T') from 50000 CRDME-SSA simulations. 95% confidence intervals for each

curve are given by dashed lines of the same color (barely visible). The catalytic rate kcat was 0.1

uM~ts~1
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FIG. S5. The well-mixed MRT (T') determined from the numerical solution of the Gaussian interac-
tion model Eq. (10) (solid lines) and exact solution to the Doi step function interaction model Eq. (2)
using calibrated A and e values (dashed lines). See discussion of SI Section S2. (A) 2.5D model,
having Doi solution Eq. (11) and calibration Eq. (13); (B) 2D model, having Doi solution Eq. (11)
and calibration Eq. (S24); (C) 3D model, having Doi solution Eq. (S20) and calibration Eq. (13).
The area (2D)/volume (3D) of the circle/sphere is chosen to be the same as the square/cube of side
length 300 nm. For A and C the catalytic rate key is set to be 0.1 uM~'s™!. For B the catalytic

rate keqt is 0.1 4WR1;3 qulsflnmfl, the corresponding 2D bimolecular rate constant to A and C.

gﬂ'
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FIG. S6. The well-mixed mean reaction time (MRT), (T'), only demonstrates a switch in dependence
on molecular reach for small vs. large diffusivities when considering membrane-bound molecules
with cytosolic tails that react in 3D (2.5D model). In all figures solid lines correspond to (T') as
estimated by numerically solving the ODE Eq. (10). Dotted lines correspond to the asymptotic
expansions Eq. (4a) for A/B, Eq. (4b) for C/D and Eq. (4c) for E/F. Dashed lines show general
scaling behavior as a function of L. A) 2.5D model well-mixed MRT over physical parameter range.
B) Same as A but showing an expanded range of L values. C) 2D model well-mixed MRT over
physical parameter range. D) Same as C but showing an expanded range of L values. E) 3D model
well-mixed MRT over physical parameter range. F) Same as E but showing an expanded range of
L values. In the expanded range figures the red solid line gives the L value such that ¢/R = 1,
corresponding to when the Doi interaction distance, €, is equal to the domain radius, R. Note, as
¢ — R from below the asymptotic expansions break down as e/R <« 1. For A, B, E, and F the

catalytic rate keat is 0.1 pM~1's™1. For C and D the catalytic rate keat is 0.1 udi uM s Inm =1,

4._R3
37rR

the analogous 2D catalytic rate.

39


https://doi.org/10.1101/439430
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/439430; this version posted October 10, 2018. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

©o o
o o -

(fraction)

o
[=}
o

CD28 Phosphorylation
(fraction)
o o o
~
CD28 Phosphorylation

. > ——L=1(nm)
0 0 -~ ——L=2(nm)
)

10 107 10°° 107 L=4(m
[PD-1] (molecules/nm?) [PD-1] (molecules/nm?) ——L =8 (nm)

L =16 (hm)

O
w)}

CD28 Phosphorylation

L =32 (nm)

—_

©c o o o
[ S )

o

CD28 Phosphorylation
(fraction)

10° AT
[PD-1] (molecules/nm?) [PD-1] (molecules/nm?)

107 107

FIG. S7. Dependence of the steady-state fraction of phosphorylated CD28 in the CD28 model for
two different domain sizes when diffusion is slow (A,C; D = 1.25 x 107%um?/s) and fast (B,D;
D = 1.25 x 1072um?/s). A) and B) The steady-state fraction of phosphorylated CD28 using
a square domain of side length 300nm. C) and D) The steady-state fraction of phosphorylated
CD28 of using a square domain of side length 500nm. [I] is shown on a logarithmic scale in each

figure. Each curve was estimated from 100000 simulations. The catalytic rate k7, was set to be

0.01uM~ st
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FIG. S8. Average fractions of phosphorylated CD28 in the CD28 model versus time. Each figure
ends at the termination time at which we concluded the system had reached steady-state. These
times were then used in larger sets of simulations to produce Fig. 2. A) D = 1.25 x 10-%um?/s. B)
D =1.25x10"%um?/s. C) D = 1.25 x 10~ um?/s. Each curve is an average from 100 simulations

with an initial PD-1 concentration of 3.5556 x 10~%/nm?. Remaining parameters are as in Table I.
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FIG. S9. Simulation of tethers of various lengths adhered to a surface. (A) End-to-end distances for
surface-bound tethers (blue dashed) have probability densities shifted slightly larger than free-space
(red dashed). Free-space results can be compared with analytical theory (black solid) for validation.
(B) Reaction kernel for surface-adhered tethers oguf(r) (blue-dashed) and free-space osp(r) (red
dashed). The surface enhances the reaction kernel by approximately 1.5-fold. Free-space result is
compared to analytical theory (black solid). (C) Best-fit factor cg, ¢ that fits the surface-adhered
kernel (blue curves in (B)) to the approximation Eq. (S27). (D) If the reaction kernels from (B) are
re-scaled according to Eq. (S29), we find that all kernels, for the full range of tether length N we
explored, collapse onto a single curve, demonstrating the validity of the approximation Eq. (S27)

with this choice of enhancement factor cgyf.
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