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ABSTRACT

A new ecologically inspired paradigm in cancer treatment known as “adaptive therapy" capitalizes on competitive interactions
between drug-sensitive and drug-resistant subclones. The goal of adaptive therapy is to maintain a controllable stable tumor
burden by allowing a significant population of treatment sensitive cells to survive. These, in turn, suppress proliferation of the
less fit resistant populations. However, there remain several open challenges in designing adaptive therapies, particularly in
extending these therapeutic concepts to multiple treatments. We present a cancer treatment case study (metastatic castrate
resistant prostate cancer) as a point of departure to illustrate three novel concepts to aid the design of multi-drug adaptive
therapies. First, frequency-dependent “cycles” of tumor evolution can trap tumor evolution in a periodic, controllable loop.
Second, the availability and selection of treatments may limit the evolutionary “search space" reachable by the tumor. Third, the
velocity of evolution significantly influences the optimal timing of drug sequences.
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Dobzhansky’s now-famous quote that “nothing in biology makes sense except in the light of evolution" succinctly explains 1

a worldview that has been widely adopted by the cancer biology community1. Taken one step further, others have claimed 2

that “nothing in evolution makes sense except in the light of ecology" which provided the basis for designing adaptive cancer 3

therapies centered on principles from evolution and ecology2–4. 4

Cancer is an evolutionary and ecological process5, 6 driven by random mutations7, 8 responsible for the genetic diversity 5

and heterogeneity that typically arises via waves of clonal and subclonal expansions9, 10. Clones and subclones compete and 6

Darwinian selection favors highly proliferative cell phenotypes, which in turn drive rapid tumor growth5, 6. 7

Recent emphasis on personalized medicine has largely focused on the development of therapies that target specific mutations. 8

These targeted therapies do extend patient lives but cancer cells tend to evolve resistance within months or years11, 12. Prior 9

to therapy, pre-existing resistant cell types are suppressed and kept in check by competitively superior, therapy-sensitive cell 10

types. With the targeted therapy suppressing the sensitive cell, these resistant cell types experience competitive release13. If 11

total eradication of all cancer cells is not accomplished, the tumor will relapse derived from resistant cells that survived initial 12

therapy14, 15. Upon relase, a second drug may be administered. Yet continuous use of this subsequent targeted therapy may 13

inevitably result in the emergence of the corresponding resistant clones (Fig. 1A). This approach ignores considerations of 14

heterogeneity and therapy as a selection event in somatic evolution9, 16, 17. 15

Enlightenment via evolution 16

Eradicating most disseminated cancers may be impossible, undermining the typical treatment goal of killing as many tumor 17

cells as possible18, 19. Previous schools of thought saw maximum cell-kill as either leading to a cure or, at worst, maximizing 18

life extension. Attempting to kill as many cancer cells as quickly as possible may be evolutionarily unsound and facilitate 19

resistance evolution and loss of therapy efficacy. Evolution matters. A recent (2012) systematic literature analysis of cancer 20

relapse and therapeutic research showed that while evolutionary terms rarely appeared in papers studying therapeutic relapse 21

before 1980 (< 1%), the use of evolutionary terms has steadily increased more recently, due to the potential benefits of studying 22

therapeutic relapse from an evolutionary perspective20. 23

A new paradigm in the war on cancer replaces the “treatment-for-cure" strategy with “treatment-for-contain" – receiving 24

cues from agriculturists who have similarly abandoned the goal of complete eradication of pests in favor of more limited and 25

strategic application of insecticides for control18, 21. This eco-evolutionary inspired paradigm for cancer treatment known as 26

“adaptive therapy" capitalizes on subclonal competitive interactions. Resistance may confer some fitness costs due to increased 27

rates of DNA repair or other costly activities required to pump toxic drugs across cell membrances. Cancer cell resistance 28

mechanisms, whether mitigation, detoxification, or re-routing metabolic pathways, divert finite resources that would otherwise 29

be available for cell proliferation or other avenues for cell survival13, 19, 22. 30

The goal of adaptive therapy is to maintain a controllable stable tumor burden by allowing a significant population of 31

treatment sensitive cells to survive (see Fig. 1B, blue). These readily treatable sensitive cell serve to supress the proliferation of 32

the less fit resistant populations (see Fig. 1B, red). Adaptive therapies have now been tested experimentally23, 23, 24 and are 33

currently being applied across multiple clinical trials (NCT02415621; NCT03511196; NCT03543969; NCT03630120) at the 34

Moffitt Cancer Center25. These adaptive therapies capitalize on competition for space and resources between drug-sensitive and 35

slow growing drug-resistant populations26–28. 36

Steering patient-specific evolution 37

This adaptive approach means that each patient’s treatment is truly personalized based on the tumor’s state and response rather 38

than a one-size-fits-all fixed treatment regime29. There remain several open challenges in designing adaptive therapies. First, 39

treatments can aim to steer and control the eco-evolutionary dynamics to where the tumor finds itself in an evolutionary dead 40

end30, an evolutionary double-bind31–33, or evolutionarily stable control18, 27, 34. Yet, for clinical practice, how to design such 41

therapies remains difficult. Second, it’s not yet clear how to extend these evolutionarily enlightened therapeutic concepts to 42

multiple treatments. Two schematic examples are illustrated in Fig. 1C and 1D. Is it evolutionarily optimal to reproduce the 43

single drug adaptive therapy in a sequential (Fig. 1C) setting or in combination (Fig. 1D)? Synergizing treatments such that 44

evolving resistance to one drug makes cells more susceptible to another requires mathematical modeling as well as improved 45

monitoring methods35, 36. 46

Figure 2 provides a schematic of steering the tumor into “cycles" of tumor evolution. A cycle is defined as a treatment 47

regimen that steers the tumor into periodic and repeatable temporal dynamics of tumor composition. As seen in figure 2, a 48

weekly biopsy shows the frequencies (pie charts) of 4 phenotypes (blue, green, red, yellow) in the evolving tumor over time. At 49

each time step, the state of the tumor is given by a vector,~x, indicating the frequency of each cell type composing the tumor. In 50

this example, the fifth week produces a tumor composition,~x, which is approximately equivalent to the tumor composition at 51

the start of therapy (~x5 ≈~x1). Theoretically, such cycles could be repeated ad infinitum to steer and trap tumor evolution in a 52

repeatable (and controllable) cycle. 53
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Figure 1. Schematic of cancer clonal evolution under therapy. A) Conventional sequential therapy of two treatments selects for a clone resistant to
treatment one (red) upon tumor relapse and subsequently a clone resistant to treatment two (green). B) Adaptive therapy maintains a stable tumor volume by
introducing treatment holidays. Drug sensitive clones (blue) suppress the growth of less fit resistant clones (red). However, resistance still eventually occurs. C)
One proposed adaptive multi-drug strategy is to alternately switch between drugs during each on-off cycle of tumor burden. D) An alternative multi-drug
adaptive strategy is to administer both drugs simultaneously during each on-off cycle, leading to a doubly-resistant resistant clone (yellow).
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A trial may use sequences of n available drugs either alone or in combination (shown for n = 2 in figure 2). We employ 54

the terminology “treatment" to indicate the 2n possible combinations: no drug, single drug, or combination therapy. These 55

treatments can be administered in any arbitrary sequence with the goal of controlling m cell types. An adaptive trial for 56

metastatic castrate resistant prostate cancer (NCT02415621) uses only two treatments: 1. Lupron and 2. Lupron & Abiraterone. 57

Likewise, an adaptive trial for advanced BRAF mutant melanoma (NCT03543969) administers Vemurafenib and Cobimetinib 58

in combination, followed by no treatment. Both trials use only two treatments out of the four (22) combinations possible with 59

two drugs (no treatment; first drug only; second drug only; first and second drug in combination therapy). Opening up trial 60

design to include the full range of complexity (i.e. 2n) may allow for greater tumor control, but the treatment administered at 61

each clinical decision time point must be chosen with care and forethought, to steer the tumor into a desirable evolutionary state. 62
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~x3
<latexit sha1_base64="iv9NSPHDRUlA3QDm81vOdAVqRRs=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZlRQZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvRLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3l+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgF/pZoL</latexit><latexit sha1_base64="iv9NSPHDRUlA3QDm81vOdAVqRRs=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZlRQZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvRLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3l+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgF/pZoL</latexit><latexit sha1_base64="iv9NSPHDRUlA3QDm81vOdAVqRRs=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZlRQZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvRLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3l+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgF/pZoL</latexit><latexit sha1_base64="iv9NSPHDRUlA3QDm81vOdAVqRRs=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZlRQZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvRLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3l+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgF/pZoL</latexit>

~x4<latexit sha1_base64="B6x8vENxCTWGnjYmEQi2pRru5Ng=">AAACC3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomzbShSWZIzhTL0Edw5Vafwp249SF8CN/BdDoL2/pD4OM/53BO/iAW3IDrfjuFtfWNza3idmlnd2//oHx41DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRrezemvMtOGReoBJzHxJBoqHnBKw1mN3zGj6NO1d9soVt+pmwqvg5VBBueq98k+3H9FEMgVUEGM6nhuDnxINnAo2LXUTw2JCR2TAOhYVkcz4aXbwFJ9Zp4/DSNunAGfu34mUSGMmMrCdksDQLNdm5n+1TgLhtZ9yFSfAFJ0vChOBIcKz3+M+14yCmFggVHN7K6ZDogkFm9HCFioDzQdDmJYy2Xy85TRWoXlR9SzfX1ZqN3lSRXSCTtE58tAVqqE7VEcNRJFEL+gVvTnPzrvz4XzOWwtOPnOMFuR8/QKBRJoM</latexit><latexit sha1_base64="B6x8vENxCTWGnjYmEQi2pRru5Ng=">AAACC3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomzbShSWZIzhTL0Edw5Vafwp249SF8CN/BdDoL2/pD4OM/53BO/iAW3IDrfjuFtfWNza3idmlnd2//oHx41DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRrezemvMtOGReoBJzHxJBoqHnBKw1mN3zGj6NO1d9soVt+pmwqvg5VBBueq98k+3H9FEMgVUEGM6nhuDnxINnAo2LXUTw2JCR2TAOhYVkcz4aXbwFJ9Zp4/DSNunAGfu34mUSGMmMrCdksDQLNdm5n+1TgLhtZ9yFSfAFJ0vChOBIcKz3+M+14yCmFggVHN7K6ZDogkFm9HCFioDzQdDmJYy2Xy85TRWoXlR9SzfX1ZqN3lSRXSCTtE58tAVqqE7VEcNRJFEL+gVvTnPzrvz4XzOWwtOPnOMFuR8/QKBRJoM</latexit><latexit sha1_base64="B6x8vENxCTWGnjYmEQi2pRru5Ng=">AAACC3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomzbShSWZIzhTL0Edw5Vafwp249SF8CN/BdDoL2/pD4OM/53BO/iAW3IDrfjuFtfWNza3idmlnd2//oHx41DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRrezemvMtOGReoBJzHxJBoqHnBKw1mN3zGj6NO1d9soVt+pmwqvg5VBBueq98k+3H9FEMgVUEGM6nhuDnxINnAo2LXUTw2JCR2TAOhYVkcz4aXbwFJ9Zp4/DSNunAGfu34mUSGMmMrCdksDQLNdm5n+1TgLhtZ9yFSfAFJ0vChOBIcKz3+M+14yCmFggVHN7K6ZDogkFm9HCFioDzQdDmJYy2Xy85TRWoXlR9SzfX1ZqN3lSRXSCTtE58tAVqqE7VEcNRJFEL+gVvTnPzrvz4XzOWwtOPnOMFuR8/QKBRJoM</latexit><latexit sha1_base64="B6x8vENxCTWGnjYmEQi2pRru5Ng=">AAACC3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomzbShSWZIzhTL0Edw5Vafwp249SF8CN/BdDoL2/pD4OM/53BO/iAW3IDrfjuFtfWNza3idmlnd2//oHx41DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRrezemvMtOGReoBJzHxJBoqHnBKw1mN3zGj6NO1d9soVt+pmwqvg5VBBueq98k+3H9FEMgVUEGM6nhuDnxINnAo2LXUTw2JCR2TAOhYVkcz4aXbwFJ9Zp4/DSNunAGfu34mUSGMmMrCdksDQLNdm5n+1TgLhtZ9yFSfAFJ0vChOBIcKz3+M+14yCmFggVHN7K6ZDogkFm9HCFioDzQdDmJYy2Xy85TRWoXlR9SzfX1ZqN3lSRXSCTtE58tAVqqE7VEcNRJFEL+gVvTnPzrvz4XzOWwtOPnOMFuR8/QKBRJoM</latexit>
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<latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="YE1LNi80m2Ap8ZU/YbNH8UTLZRw=">AAAB9HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RMJtOGJpkhuSOUoSt3bn0Kd+Lb+BC+g+m0C2s9EPg4J+HenDiXwmIQfHm1nd29/YP6oX/U8I9PTpuNns0Kw3iXZTIzg5haLoXmXRQo+SA3nKpY8n48u1/m/WdurMj0E85zHik60SIVjKKzOuNmK2gHlcg2hGtowVrj5vcoyVihuEYmqbXDMMgxKqlBwSRf+KPC8pyyGZ3woUNNFbdRWa25IJfOSUiaGXc0ksr9/aKkytq5it1NRXFq/2ZL879sWGB6G5VC5wVyzVaD0kISzMjyzyQRhjOUcweUGeF2JWxKDWXomtmYwlRsxGSKC7+Sqyf8W8Y29K7boePHAOpwDhdwBSHcwB08QAe6wCCBV3jzXrx372NVY81b93kGG/I+fwDyZZO4</latexit><latexit sha1_base64="eDSPUK+R1qw3RAtcRTBYw/JR+g0=">AAACAHicbZDNSgMxFIXv+Ftr1erWzWARXJUZQXQpuHFZwf5IO5RMmmlDk8yQ3CmWYR7BlVt9Cnfii/gQvoPptAvbeiDwcU7CvTlhIrhBz/t2Nja3tnd2S3vl/crB4VH1uNIycaopa9JYxLoTEsMEV6yJHAXrJJoRGQrWDsd3s7w9YdrwWD3iNGGBJEPFI04JWuupN2E0e877V/1qzat7hdx18BdQg4Ua/epPbxDTVDKFVBBjur6XYJARjZwKlpd7qWEJoWMyZF2LikhmgqxYOHfPrTNwo1jbo9At3L8vMiKNmcrQ3pQER2Y1m5n/Zd0Uo5sg4ypJkSk6HxSlwsXYnf3eHXDNKIqpBUI1t7u6dEQ0oWg7WppCZaj5cIR5uZDtx19tYx1al3Xf8oMHJTiFM7gAH67hFu6hAU2gIOEV3uDdeXE+nM95kxvOotITWJLz9Qvg8ZiX</latexit><latexit sha1_base64="eDSPUK+R1qw3RAtcRTBYw/JR+g0=">AAACAHicbZDNSgMxFIXv+Ftr1erWzWARXJUZQXQpuHFZwf5IO5RMmmlDk8yQ3CmWYR7BlVt9Cnfii/gQvoPptAvbeiDwcU7CvTlhIrhBz/t2Nja3tnd2S3vl/crB4VH1uNIycaopa9JYxLoTEsMEV6yJHAXrJJoRGQrWDsd3s7w9YdrwWD3iNGGBJEPFI04JWuupN2E0e877V/1qzat7hdx18BdQg4Ua/epPbxDTVDKFVBBjur6XYJARjZwKlpd7qWEJoWMyZF2LikhmgqxYOHfPrTNwo1jbo9At3L8vMiKNmcrQ3pQER2Y1m5n/Zd0Uo5sg4ypJkSk6HxSlwsXYnf3eHXDNKIqpBUI1t7u6dEQ0oWg7WppCZaj5cIR5uZDtx19tYx1al3Xf8oMHJTiFM7gAH67hFu6hAU2gIOEV3uDdeXE+nM95kxvOotITWJLz9Qvg8ZiX</latexit><latexit sha1_base64="l633cDWUxrA1UGVSXeJCjNcPWr4=">AAACC3icbZDLSgMxFIbP1Futt6pLN8EiuCozguiy6MZlBXuRdiiZNG1Dk8yQZIplmEdw5Vafwp249SF8CN/BdDoL2/pD4OM/53BO/iDiTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnDWBHaICEPVTvAmnImacMww2k7UhSLgNNWML6d1VsTqjQL5YOZRtQXeCjZgBFsrPXYnVCSPKW9y1654lbdTGgVvBwqkKveK/90+yGJBZWGcKx1x3Mj4ydYGUY4TUvdWNMIkzEe0o5FiQXVfpIdnKIz6/TRIFT2SYMy9+9EgoXWUxHYToHNSC/XZuZ/tU5sBtd+wmQUGyrJfNEg5siEaPZ71GeKEsOnFjBRzN6KyAgrTIzNaGELEYFiw5FJS5lsPt5yGqvQvKh6lu/dSu0mT6oIJ3AK5+DBFdTgDurQAAICXuAV3pxn5935cD7nrQUnnzmGBTlfv4Gjmgk=</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit><latexit sha1_base64="OVe0jJwhPtPlYormOyydOPbvWsM=">AAACC3icbZDLSgMxFIYzXmu9VV26CRbBVZkRRZdFNy4r2Iu0Q8mkZ9rQJDMkmWIZ+giu3OpTuBO3PoQP4TuYTmdhW38IfPznHM7JH8ScaeO6387K6tr6xmZhq7i9s7u3Xzo4bOgoURTqNOKRagVEA2cS6oYZDq1YAREBh2YwvJ3WmyNQmkXywYxj8AXpSxYySoy1HjsjoOnTpHvZLZXdipsJL4OXQxnlqnVLP51eRBMB0lBOtG57bmz8lCjDKIdJsZNoiAkdkj60LUoiQPtpdvAEn1qnh8NI2ScNzty/EykRWo9FYDsFMQO9WJua/9XaiQmv/ZTJODEg6WxRmHBsIjz9Pe4xBdTwsQVCFbO3YjogilBjM5rbQkWgWH9gJsVMNh9vMY1laJxXPMv3F+XqTZ5UAR2jE3SGPHSFqugO1VAdUSTQC3pFb86z8+58OJ+z1hUnnzlCc3K+fgGC45oN</latexit>

m = 4 phenotypes

n = 2 drugs

Figure 2. A single evolutionary cycle Two drugs (purple, orange) are administered either in combination (e.g. week 1), monotherapy (week 2, 5) or no
treatment (week 4). A tumor biopsy indicates the tumor composition at the end of each week, showing the evolution of four phenotypes (pie charts: blue, green,
red, yellow phenotypes) over time. The goal of adaptive therapy is to maintain a stable tumor volume while controlling the composition of the tumor with
respect to cell type frequencies (stored in the state vector,~x). A frequency-dependent “cycle" is a paradigm of tumor control which employs a succession of
treatments that returns the state of the tumor composition back to the initial state. A cycle of five weeks is shown here: ~x5 ≈~x1. In this example, it is assumed
that a single unvarying course of action would result in an unacceptable tumor composition of resistant cell types.

Adaptive therapy has been attempted clinically using proxy measurements for tumor volume such as prostate-specific 63

antigen marker (PSA) for prostate or lactate dehydrogenase (LDH) for melanoma. While these blood biomarkers are crude 64

measurements of tumor burden, there have been many recent advances in reliable methods of monitoring tumor evolution using 65

circulating tumor DNA as an informative, inherently specific, and highly sensitive biomarker of metastatic cancers (see37). As 66

monitoring methods mature, so must methods of prediction and quantification of evolution25, 38, 39. To that end, the purpose of 67

this paper is to introduce the following three concepts to consider in the pursuit of designing multi-drug adaptive therapies: 68

1. Frequency-dependent “cycles" of tumor evolution 69

2. Treatment-dependent evolutionary “search space" 70

3. Frequency-dependent evolutionary velocities 71
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As seen in Fig. 1B,C, and D, the goal of an adaptive therapy is to maintain a stable tumor volume consisting of a substantive 72

drug-sensitive population (blue) that is able to out-compete and suppress resistant populations (red, green, yellow). Adaptive 73

therapy maintains a stable tumor volume in favor of controlling the tumor composition (i.e. mitigating the onset competitive 74

release of resistance). Using this simplifying assumption of a (relatively) constant tumor volume allows us to focus on the 75

frequency dynamics within the tumor, ignoring (for the moment) population dynamics and turning to a game theoretic modelling 76

framework. Frequency-dependent models of tumor evolution are particularly suited for studying tumor control (i.e. “cycles" 77

of tumor evolution), determining the set of possible evolutionary dynamics (i.e. evolutionary search space), and timing of 78

evolution (i.e. evolutionary velocity). The next section uses a simplified extension of a previously published model of prostate 79

cancer25, 40. This case study introduces and develops these generalizable concepts for designing multi-drug adaptive therapy 80

treatment schedules for three cell types (m = 3 phenotypes; figure 2) under two drug treatments (n = 2 drugs; figure 2). In 81

principle, the concepts applied to this particular case study can be extended to an arbitrary number of available treatment 82

combinations for desired control of an arbitrary number of cell types. 83

Results 84

Case study: metastatic castrate resistant prostate cancer 85

In progressive prostate cancer, continuous or intermittent androgen deprivation (IAD) are common treatments that generally 86

leads to a substantial decline in tumor burden. Eventually, tumor burden rebounds as a result of the rise of castrate-resistant 87

cells41. Upon castrate-resistance, adaptive therapy using abiraterone has shown considerable treatment success. Previously, this 88

disease was described by a population dynamics model with three cell types: those that require testosterone for growth, T+, 89

cells that require testosterone but produce their own, T P, or cells that are independent of testosterone, T−25. This model served 90

to motivate a clinical trial (NCT02415621) which administers continuous Lupron (limiting systemic testosterone production) 91

and cycles of adaptive Abiraterone (anti-androgen). This model suggests that even with adaptive therapy, disease progression 92

can be greatly delayed but remains inevitable. 93

In order to track the state vector of the tumor,~x, we set the variables x1, x2, x3 to the corresponding frequency of dependent 94

(T+), producers (T P) and independent (T−) cells, respectively, such that ∑i xi = 1. The temporal dynamics of these different 95

populations under treatment can be characterized inside a trilinear coordinates simplex (Fig. 3A) which gives a representation 96

of every possible value of~x, on a triangle. The corners represent a tumor consisting of 100% of either T+ (top corner), T P (left 97

corner), and T− (right corner). Figure 3 shows the temporal dynamics under each treatment. 98

Every treatment scenario has an associated long-time equilibrium state: the tumor composition where all temporal dynamics 99

eventually converge. For example, continuous treatment of Lupron leads to roughly equal fraction of T+ and T P (blue circle Fig. 100

3B). Continuous treatment of Lupron & Abiraterone leads to full saturation of T− (blue circle Fig. 3C). Similarly, administering 101

no treatment leads to an equilibrium of mostly T+ and roughly equal (but small) proportions of T− and T P (purple circle Fig. 102

3D). The goal of adaptive therapy in prostate cancer is to delay the onset of the resistant T− population by well-timed switching 103

between each treatment. This is equivalent to switching between each triangular phase portrait in figure 3 before reaching the 104

resistant equilibrium state of any given treatment. In theory, a periodic (closed) cycle can be constructed by switching between 105

treatments at carefully chosen times in order to design schedules that are superior to continuous maximum tolerated dose42, 43. 106

Searching for cycles 107

For example, figure 4A shows a patient with an initial condition of roughly equal fractions of each cell type (blue circle). 108

Lupron might be administered for some time (blue line) before switching to no treatment (purple line), followed by a switch to 109

both Lupron & Abiraterone (red line). This sequence of treatments arrives back at the same initial condition: an evolutionary 110

cycle. This treatment sequence can be repeated, controlling the tumor. The dashed lines on figure 4A show dynamics under 111

continuous treatment which lead to respective equilibrium states, spiralling out of the evolutionary cycle. 112

The identical evolutionary cycle paradigm is shown with cell fraction,~x over time in figure 4B. By appropriate treatment 113

switching, the three cell types remain in competition with each other, and no cell type is able to dominate but instead are 114

balanced indefinitely in closed periodic cycles thereby avoiding the emergence of resistance. The tumor undergoes 3 such 115

evolutionary cycles, where the tumor “resets" back the initial state before treatment (pie charts, figure 4). 116

From this perspective, adaptive therapy benefits from treatment holidays precisely because these holidays help the tumor 117

composition be pushed into an approximate cycle. Yet, when slightly off, resistance still eventually occurs in adaptive therapy 118

regimes when not on an exact cycle (Fig. 1B, red). By observation, many such cycles exist in the state space shown in Fig. 3D: 119

for example, traveling down any Lupron trajectory (blue), switching to a no treatment trajectory (purple) and so on, repeated ad 120

infinitum. Where do such cycles exist? Which cycles are preferable? To answer these questions, the next section introduces 121

concepts of evolutionary search space and evolutionary velocity. 122
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Lupron

No treatmentLupron & Abiraterone

x2 = TP

x1 = T+

x3 = T-

100% T+

100% T-100% TP
!⃗ = [0.3, 0.5, 0.2]

Trilinear Coordinates

!⃗ = [0.45, 0.55, 0]	

!⃗ = [0.69, 0.14, 0.17]

!⃗ = [0, 0, 1]

A B

C D

Figure 3. Temporal dynamics under therapy. (A) A “trilinear" coordinate system represents every possible state of the tumor’s 3 cell types (~x = [x1,x2,x3])
inside the triangle. The corners represent 100% of each particular cell type while interior points represent a fraction of each cell type. (B) Temporal dynamics
are traced along trajectories for Lupron treatment (blue lines with arrows). Each point inside the triangle leads to an equilibrium state of T P and T+ cells (blue
circle). (C) Similarly, Lupron & Abiraterone treatment leads all dynamics to the 100% T− equilibrium state (red circle). (D) The tumor still evolves without
treatment, to an equilibrium of mostly T+ cells (purple circle).
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A B

Figure 4. Sequential treatments which lead to an evolutionary cycle. An evolutionary cycle employs a succession of sequential treatments which returns
the state of the tumor composition back to the initial state at the start of treatment. (A) For example, a patient with an initial condition of roughly equal
fractions of each cell type (blue circle) might be administered Lupron for some time (blue line), switch to no treatment (purple line), and switch to Lupron &
Abiraterone (red line), which arrives back at the same initial condition: an evolutionary cycle. This progression can be repeated, controlling the tumor.
Alternatively, the dashed line show dynamics under continuous treatment, leading to respective equilibrium states, spiralling out of the evolutionary cycle. (B)
The identical evolutionary cycle paradigm is shown with cell fraction,~x over time.
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Evolutionary search space 123

These same phase portraits can be drawn for each pairwise treatment combination (Fig. 5). Each treatment has an associated 124

equilibrium (solid circles), which can be connected by a single evolutionary trajectory. These two connecting trajectories 125

represent a bounding region of state space where a periodic cycle resulting from sequential combination of the two treatments 126

is guaranteed on the outer rim of this region (directionality shown with black arrows). As can be seen in Fig. 5, all external 127

trajectories tend toward either treatment’s equilibrium, or towards the inside of the bounding domain. The implications are 128

clear: sequential treatment between any two drugs for a sufficiently long time results in limiting the “evolutionary search space" 129

of the tumor composition. 130

At least one cycle exists for each pairwise treatment scenario: the outer rim of the absorbing state. There may be other 131

cycles, existing only in the interior of the region. For some pairwise combinations, the bounding region is quite large (see Fig. 132

5A: Lupron↔ Lupron & Abiraterone); for others quite small (see Fig. 5B: no treatment↔ Lupron or C: no treatment↔ 133

Lupron & Abiraterone). Once treatment drives the tumor composition into one of these bounding regions, it’s impossible to 134

traverse outside without the addition of a third treatment. 135

Considering the three treatment scenarios together (see Fig. 5D: no treatment↔ Lupron↔ Lupron & Abiraterone) expands 136

the evolutionary search space. Arbitary cycles can be constructed by clever sequences of treatment inside this expanded 137

evolutionary search space. To illustrate which regions in which cycles may be preferable, the next section will describe 138

evolutionary velocity. 139

Evolutionary velocity 140

The evolutionary “velocity" (and each of its velocity components) of each treatment scenario can be viewed on the same trilinear 141

simplex, seen in Fig. 6 for no treatment (6, left column), Lupron (6, middle column), and Lupron & Abiraterone (5, right 142

column). A low velocity indicates a slow change to the tumor composition (calculated as the magnitude of the resultant vector 143

of all components in eqn. 1: see Supporting Information). Several recent studies have indicated the importance of studying 144

temporal effects of drug administration. Using human breast cancer explants, in vitro cells, mouse in vivo studies combined 145

with mathematical modeling, one study showed that a temporary exposure to a taxane induces phenotypic cell state transition 146

towards a favored transient chemotherapy-tolerant state which disappears when the drugs are administered in combination44. A 147

separate study noted the appearance of weakly proliferative, resistant cells under high dose therapy is transient and controllable 148

by non-genetic, stem-like (reversible) characteristics that depend on timing and length of drug administration45. 149

In short: timing matters. Introduction of combination therapy or altering the timing of sequential therapy changes the 150

evolutionary velocity of the underlying tumor composition. One can imagine scenarios where a fast or slow evolutionary 151

velocity is desired. A tumor with a high composition of resistant cells may need to navigate to a fast dynamics region to rapidly 152

decrease the resistant subpopulation. Alternatively, an adaptive regime may capitalize on slow velocities regions that ensure 153

slow evolutionary dynamics on treatment holidays. 154

Frequency dynamics models allow for monitoring and control of the velocity of a single cell type (see Fig. 6 D - L). For 155

example, under continuous Lupron & Abiraterone treatment, the velocity of the T− population is positive for most of the state 156

space (see Fig. 6L). In order to control the T− population, it’s necessary to switch to a new treatment: Fig. 6J or Fig. 6K. 157

Depending on the current tumor composition, no treatment or Lupron may be desirable for negative T− velocity (blue). 158

Discussion 159

In the design of multi-drug adaptive therapy, the optimal method of combining therapies in an additive or sequential manner 160

is unclear. A key observation is that the goal of adaptive therapy is to maintain a stable tumor volume in favor of designing 161

therapies that alter tumor composition. We advocate for the use of frequency-dependent competition models (and in particular 162

evolutionary game theory) to design novel multi-drug adaptive therapy regimens. This is a promising modeling approach, 163

and more work must be done combining population models of changing tumor volume with frequency dependent models of 164

changing tumor fraction in order to eliminate clinically unfeasible treatment schedules from consideration. 165

While it’s clear that tumors evolve in response to treatment, it’s proved difficult to exploit evolutionary principles to steer 166

tumor evolution in an ideal direction. One limitation of current adaptive therapy clinical trials is the limited selection of drugs 167

and limited monitoring methods. Even despite the lack of monitoring the exact state of the tumor composition, the technique of 168

maintaining a substantial drug-sensitive population for extended tumor control has shown promise in mathematical models 169

as well as preclinical and clinical trials. However, each of the on-going or planned adaptive therapy clinical trial utilizes less 170

than the full range of treatment options available. For example, prostate cancer adaptive therapy sequentially administers 171

Lupron and combination Lupron & Abiraterone, while ignoring no treatment or Abiraterone monotherapy. Similarly, the 172

planned melanoma trial administers no treatment alternating with combination Vemurafenib and Cobimetinib. The conceptual 173

paradigms introduced here (cycles of tumor evolution, evolutionary search space, and evolutionary velocity) provide a path 174

forward to reducing the complexity of selecting between 2n treatment choices at every clinical decision point. 175
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Figure 5. Evolutionary search space under therapy. Bounded, absorbing regions are shown for treatment pairs: Lupron↔ Lupron & Abiraterone (A); No
treatment↔ Lupron (B); No treatment↔ Lupron & Abiraterone, (C) and all treatments (D). The outer rim of the absorbing region represents the largest cycle
for the pair of treatments (arrows show trajectory directionality). Any regimen will eventually be absorbed into the bounded region (3 sample sequential
regimens shown). By cleverly defining treatment schedules (D), the bounded region can be expanded to find cycles in a wider region of the state space.
Example shown for Lupron (blue line) −→ no treatment (purple line) −→ Lupron & Abiraterone (red line).

Especially when developed in collaboration with clinicians, evolutionary models of cellular competition can provide clarity 176

and power despite their simplicity. As a first step, we have illustrated these three adaptive paradigms in a specific case study 177

(prostate cancer) for n = 2 drugs controlling m = 3 phenotypes (testosterone producers, testosterone dependent, testosterone 178

independent cells). These techniques can be extended to any multi-drug adaptive therapy setting. The first step is to carefully 179

choose competition parameters (i.e. the payoff matrix) of each cell phenotype under consideration and draw the dynamical 180

phase portraits of possible evolutionary trajectories implies by the set of competition parameters. The power of evolutionary 181

game theory is that the relative fitness of each phenotype is often easy to determine, allowing for straightforward construction 182

and analysis of the model. 183

Each treatment will eventually fail due to resistance. The resistant state is the absorbing stable state of tumor phenotypic 184

composition associated with continuous treatment. Example trajectories for a given treatment can be plotted, predicting the 185

timing to reach this absorbing resistant state. When adding a second treatment in sequence, an absorbing bounded region of 186

phenotype space (Fig. 5) can be drawn, which we term the evolutionary “search space" reachable with two or more treatments. 187

This absorbing state space is bounded by a evolutionary cycle that connects the stable state points from each treatment. The 188

search space may be be a small region (i.e. Fig. 5B) or large (i.e. Fig. 5A). Upon combining all treatments, the state space is 189

expanded, also leading to more options for cycles in new regions of the state space. Intuition would indicate that new drugs 190

should be introduced that have “orthogonal" stable states – stable equilibria far from the equilibria of existing drugs. These 191
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<latexit sha1_base64="8hvLIbT9KFGBRbBxhNc8FnnoNZk=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9KOkkkzbWiSGZI7YhnmE1y51a9wJ279CD/CfzCdzsK2HggczjmXe3OCWHADrvvtLC2vrK6tlzbKm1vbO7uVvf2WiRJNWZNGItKdgBgmuGJN4CBYJ9aMyECwdjC6mvjtR6YNj9QtjGPmSzJQPOSUgJXuev0I0qfsvvFQqbo1NwdeJF5BqqiAzf/YWZpIpoAKYkzXc2PwU6KBU8Gyci8xLCZ0RAasa6kikhk/zQ/O8LFV+jiMtH0KcK7+nUiJNGYsA5uUBIZm3puI/3ndBMILP+UqToApOl0UJgJDhCe/x32uGQUxtoRQze2tmA6JJhRsRzNbqAw0HwwhK+ew/XjzbSyS1mnNc2vezVm1flk0VUKH6AidIA+dozq6Rg3URBRJ9IJe0Zvz7Lw7H87nNLrkFDMHaAbO1y+7sJow</latexit><latexit sha1_base64="8hvLIbT9KFGBRbBxhNc8FnnoNZk=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9KOkkkzbWiSGZI7YhnmE1y51a9wJ279CD/CfzCdzsK2HggczjmXe3OCWHADrvvtLC2vrK6tlzbKm1vbO7uVvf2WiRJNWZNGItKdgBgmuGJN4CBYJ9aMyECwdjC6mvjtR6YNj9QtjGPmSzJQPOSUgJXuev0I0qfsvvFQqbo1NwdeJF5BqqiAzf/YWZpIpoAKYkzXc2PwU6KBU8Gyci8xLCZ0RAasa6kikhk/zQ/O8LFV+jiMtH0KcK7+nUiJNGYsA5uUBIZm3puI/3ndBMILP+UqToApOl0UJgJDhCe/x32uGQUxtoRQze2tmA6JJhRsRzNbqAw0HwwhK+ew/XjzbSyS1mnNc2vezVm1flk0VUKH6AidIA+dozq6Rg3URBRJ9IJe0Zvz7Lw7H87nNLrkFDMHaAbO1y+7sJow</latexit><latexit sha1_base64="8hvLIbT9KFGBRbBxhNc8FnnoNZk=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9KOkkkzbWiSGZI7YhnmE1y51a9wJ279CD/CfzCdzsK2HggczjmXe3OCWHADrvvtLC2vrK6tlzbKm1vbO7uVvf2WiRJNWZNGItKdgBgmuGJN4CBYJ9aMyECwdjC6mvjtR6YNj9QtjGPmSzJQPOSUgJXuev0I0qfsvvFQqbo1NwdeJF5BqqiAzf/YWZpIpoAKYkzXc2PwU6KBU8Gyci8xLCZ0RAasa6kikhk/zQ/O8LFV+jiMtH0KcK7+nUiJNGYsA5uUBIZm3puI/3ndBMILP+UqToApOl0UJgJDhCe/x32uGQUxtoRQze2tmA6JJhRsRzNbqAw0HwwhK+ew/XjzbSyS1mnNc2vezVm1flk0VUKH6AidIA+dozq6Rg3URBRJ9IJe0Zvz7Lw7H87nNLrkFDMHaAbO1y+7sJow</latexit><latexit sha1_base64="8hvLIbT9KFGBRbBxhNc8FnnoNZk=">AAACC3icbVDLSgMxFM34rPVVdekmWARXZUYEXRbduKxgH9KOkkkzbWiSGZI7YhnmE1y51a9wJ279CD/CfzCdzsK2HggczjmXe3OCWHADrvvtLC2vrK6tlzbKm1vbO7uVvf2WiRJNWZNGItKdgBgmuGJN4CBYJ9aMyECwdjC6mvjtR6YNj9QtjGPmSzJQPOSUgJXuev0I0qfsvvFQqbo1NwdeJF5BqqiAzf/YWZpIpoAKYkzXc2PwU6KBU8Gyci8xLCZ0RAasa6kikhk/zQ/O8LFV+jiMtH0KcK7+nUiJNGYsA5uUBIZm3puI/3ndBMILP+UqToApOl0UJgJDhCe/x32uGQUxtoRQze2tmA6JJhRsRzNbqAw0HwwhK+ew/XjzbSyS1mnNc2vezVm1flk0VUKH6AidIA+dozq6Rg3URBRJ9IJe0Zvz7Lw7H87nNLrkFDMHaAbO1y+7sJow</latexit>

ẋ+
<latexit sha1_base64="WIn+1iTSY1U59mZOJouwuRAHILg=">AAACC3icbVDLSgMxFM34rPVVdekmWARBKDMi6LLoxmUF+5B2LJk004YmmSG5I5ZhPsGVW/0Kd+LWj/Aj/AfTaRe29UDgcM493JsTxIIbcN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJRoyuo0EpFuBcQwwRWrAwfBWrFmRAaCNYPh9dhvPjJteKTuYBQzX5K+4iGnBKx03+lFkD5lD6fdUtmtuDnwIvGmpIymqHVLPzZLE8kUUEGMaXtuDH5KNHAqWFbsJIbFhA5Jn7UtVUQy46f5wRk+tkoPh5G2TwHO1b+JlEhjRjKwk5LAwMx7Y/E/r51AeOmnXMUJMEUni8JEYIjw+Pe4xzWjIEaWEKq5vRXTAdGEgu1oZguVgeb9AWTFHLYfb76NRdI4q3huxbs9L1evpk0V0CE6QifIQxeoim5QDdURRRK9oFf05jw7786H8zkZXXKmmQM0A+frF3+1mgs=</latexit><latexit sha1_base64="WIn+1iTSY1U59mZOJouwuRAHILg=">AAACC3icbVDLSgMxFM34rPVVdekmWARBKDMi6LLoxmUF+5B2LJk004YmmSG5I5ZhPsGVW/0Kd+LWj/Aj/AfTaRe29UDgcM493JsTxIIbcN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJRoyuo0EpFuBcQwwRWrAwfBWrFmRAaCNYPh9dhvPjJteKTuYBQzX5K+4iGnBKx03+lFkD5lD6fdUtmtuDnwIvGmpIymqHVLPzZLE8kUUEGMaXtuDH5KNHAqWFbsJIbFhA5Jn7UtVUQy46f5wRk+tkoPh5G2TwHO1b+JlEhjRjKwk5LAwMx7Y/E/r51AeOmnXMUJMEUni8JEYIjw+Pe4xzWjIEaWEKq5vRXTAdGEgu1oZguVgeb9AWTFHLYfb76NRdI4q3huxbs9L1evpk0V0CE6QifIQxeoim5QDdURRRK9oFf05jw7786H8zkZXXKmmQM0A+frF3+1mgs=</latexit><latexit sha1_base64="WIn+1iTSY1U59mZOJouwuRAHILg=">AAACC3icbVDLSgMxFM34rPVVdekmWARBKDMi6LLoxmUF+5B2LJk004YmmSG5I5ZhPsGVW/0Kd+LWj/Aj/AfTaRe29UDgcM493JsTxIIbcN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJRoyuo0EpFuBcQwwRWrAwfBWrFmRAaCNYPh9dhvPjJteKTuYBQzX5K+4iGnBKx03+lFkD5lD6fdUtmtuDnwIvGmpIymqHVLPzZLE8kUUEGMaXtuDH5KNHAqWFbsJIbFhA5Jn7UtVUQy46f5wRk+tkoPh5G2TwHO1b+JlEhjRjKwk5LAwMx7Y/E/r51AeOmnXMUJMEUni8JEYIjw+Pe4xzWjIEaWEKq5vRXTAdGEgu1oZguVgeb9AWTFHLYfb76NRdI4q3huxbs9L1evpk0V0CE6QifIQxeoim5QDdURRRK9oFf05jw7786H8zkZXXKmmQM0A+frF3+1mgs=</latexit><latexit sha1_base64="WIn+1iTSY1U59mZOJouwuRAHILg=">AAACC3icbVDLSgMxFM34rPVVdekmWARBKDMi6LLoxmUF+5B2LJk004YmmSG5I5ZhPsGVW/0Kd+LWj/Aj/AfTaRe29UDgcM493JsTxIIbcN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJRoyuo0EpFuBcQwwRWrAwfBWrFmRAaCNYPh9dhvPjJteKTuYBQzX5K+4iGnBKx03+lFkD5lD6fdUtmtuDnwIvGmpIymqHVLPzZLE8kUUEGMaXtuDH5KNHAqWFbsJIbFhA5Jn7UtVUQy46f5wRk+tkoPh5G2TwHO1b+JlEhjRjKwk5LAwMx7Y/E/r51AeOmnXMUJMEUni8JEYIjw+Pe4xzWjIEaWEKq5vRXTAdGEgu1oZguVgeb9AWTFHLYfb76NRdI4q3huxbs9L1evpk0V0CE6QifIQxeoim5QDdURRRK9oFf05jw7786H8zkZXXKmmQM0A+frF3+1mgs=</latexit>

ẋ�<latexit sha1_base64="gQm84vDiN4UuK7TkYusnO76KIek=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdFl047KCfUg7lkyaaUOTzJDcEcswn+DKrX6FO3HrR/gR/oPptAvbeiBwOOce7s0JYsENuO63s7S8srq2Xtgobm5t7+yW9vYbJko0ZXUaiUi3AmKY4IrVgYNgrVgzIgPBmsHweuw3H5k2PFJ3MIqZL0lf8ZBTAla67/QiSJ+yh9NuqexW3Bx4kXhTUkZT1LqlH5uliWQKqCDGtD03Bj8lGjgVLCt2EsNiQoekz9qWKiKZ8dP84AwfW6WHw0jbpwDn6t9ESqQxIxnYSUlgYOa9sfif104gvPRTruIEmKKTRWEiMER4/Hvc45pRECNLCNXc3orpgGhCwXY0s4XKQPP+ALJiDtuPN9/GImmcVTy34t2el6tX06YK6BAdoRPkoQtURTeohuqIIole0Ct6c56dd+fD+ZyMLjnTzAGagfP1C4Lzmg0=</latexit><latexit sha1_base64="gQm84vDiN4UuK7TkYusnO76KIek=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdFl047KCfUg7lkyaaUOTzJDcEcswn+DKrX6FO3HrR/gR/oPptAvbeiBwOOce7s0JYsENuO63s7S8srq2Xtgobm5t7+yW9vYbJko0ZXUaiUi3AmKY4IrVgYNgrVgzIgPBmsHweuw3H5k2PFJ3MIqZL0lf8ZBTAla67/QiSJ+yh9NuqexW3Bx4kXhTUkZT1LqlH5uliWQKqCDGtD03Bj8lGjgVLCt2EsNiQoekz9qWKiKZ8dP84AwfW6WHw0jbpwDn6t9ESqQxIxnYSUlgYOa9sfif104gvPRTruIEmKKTRWEiMER4/Hvc45pRECNLCNXc3orpgGhCwXY0s4XKQPP+ALJiDtuPN9/GImmcVTy34t2el6tX06YK6BAdoRPkoQtURTeohuqIIole0Ct6c56dd+fD+ZyMLjnTzAGagfP1C4Lzmg0=</latexit><latexit sha1_base64="gQm84vDiN4UuK7TkYusnO76KIek=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdFl047KCfUg7lkyaaUOTzJDcEcswn+DKrX6FO3HrR/gR/oPptAvbeiBwOOce7s0JYsENuO63s7S8srq2Xtgobm5t7+yW9vYbJko0ZXUaiUi3AmKY4IrVgYNgrVgzIgPBmsHweuw3H5k2PFJ3MIqZL0lf8ZBTAla67/QiSJ+yh9NuqexW3Bx4kXhTUkZT1LqlH5uliWQKqCDGtD03Bj8lGjgVLCt2EsNiQoekz9qWKiKZ8dP84AwfW6WHw0jbpwDn6t9ESqQxIxnYSUlgYOa9sfif104gvPRTruIEmKKTRWEiMER4/Hvc45pRECNLCNXc3orpgGhCwXY0s4XKQPP+ALJiDtuPN9/GImmcVTy34t2el6tX06YK6BAdoRPkoQtURTeohuqIIole0Ct6c56dd+fD+ZyMLjnTzAGagfP1C4Lzmg0=</latexit><latexit sha1_base64="gQm84vDiN4UuK7TkYusnO76KIek=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdFl047KCfUg7lkyaaUOTzJDcEcswn+DKrX6FO3HrR/gR/oPptAvbeiBwOOce7s0JYsENuO63s7S8srq2Xtgobm5t7+yW9vYbJko0ZXUaiUi3AmKY4IrVgYNgrVgzIgPBmsHweuw3H5k2PFJ3MIqZL0lf8ZBTAla67/QiSJ+yh9NuqexW3Bx4kXhTUkZT1LqlH5uliWQKqCDGtD03Bj8lGjgVLCt2EsNiQoekz9qWKiKZ8dP84AwfW6WHw0jbpwDn6t9ESqQxIxnYSUlgYOa9sfif104gvPRTruIEmKKTRWEiMER4/Hvc45pRECNLCNXc3orpgGhCwXY0s4XKQPP+ALJiDtuPN9/GImmcVTy34t2el6tX06YK6BAdoRPkoQtURTeohuqIIole0Ct6c56dd+fD+ZyMLjnTzAGagfP1C4Lzmg0=</latexit>||ẋ ||
<latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="KooCSFWDasnL+KUxvM75EPzAAqk=">AAAB9HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RMJtOGJpkhuSOUoSt3bn0Kd+Lb+BC+g+m0C2s9EDick3BvvjiXwmIQfHm1nd29/YP6oX/U8I9PTpuNns0Kw3iXZTIzg5haLoXmXRQo+SA3nKpY8n48u1/2/WdurMj0E85zHik60SIVjKKLOuNmK2gHlci2CdemBWuNm9+jJGOF4hqZpNYOwyDHqKQGBZN84Y8Ky3PKZnTCh85qqriNymrNBbl0SULSzLijkVTp7xclVdbOVexuKopT+7dbhv91wwLT26gUOi+Qa7YalBaSYEaWfyaJMJyhnDtDmRFuV8Km1FCGjszGFKZiIyZTXPiVHJ7wL4xt07tuh0E7fAygDudwAVcQwg3cwQN0oAsMEniFN+/Fe/c+Vhhr3prnGWzI+/wB8mOTuA==</latexit><latexit sha1_base64="bdUf0qyWd2Hy9ZxzLLni3EL7Hpo=">AAACAnicbVBNS8NAEJ3Ur1qrVq9egkXwVBIvehS8eKxgPyANZbPdtEt3k7A7EUuS3+DJq/4Kb+L/8Ef4H9ymPdjWBwOP92aYmRckgmt0nG+rsrW9s7tX3a8d1A+Pjhsn9a6OU0VZh8YiVv2AaCZ4xDrIUbB+ohiRgWC9YHo393tPTGkeR484S5gvyTjiIacEjeTl+WAUY/Zc5Pmw0XRaTgl7k7hL0oQl2sPGj5mlqWQRUkG09lwnQT8jCjkVrKgNUs0SQqdkzDxDIyKZ9rPy5MK+MMrIDmNlKkK7VP9OZERqPZOB6ZQEJ3rdm4v/eV6K4Y2f8ShJkUV0sShMhY2xPf/fHnHFKIqZIYQqbm616YQoQtGktLKFykDx8QSLWgmTj7uexibpXrVcp+U+OFCFMziHS3DhGm7hHtrQAQoxvMIbvFsv1of1uUiyYi0jPYUVWF+/Z4SaDg==</latexit><latexit sha1_base64="bdUf0qyWd2Hy9ZxzLLni3EL7Hpo=">AAACAnicbVBNS8NAEJ3Ur1qrVq9egkXwVBIvehS8eKxgPyANZbPdtEt3k7A7EUuS3+DJq/4Kb+L/8Ef4H9ymPdjWBwOP92aYmRckgmt0nG+rsrW9s7tX3a8d1A+Pjhsn9a6OU0VZh8YiVv2AaCZ4xDrIUbB+ohiRgWC9YHo393tPTGkeR484S5gvyTjiIacEjeTl+WAUY/Zc5Pmw0XRaTgl7k7hL0oQl2sPGj5mlqWQRUkG09lwnQT8jCjkVrKgNUs0SQqdkzDxDIyKZ9rPy5MK+MMrIDmNlKkK7VP9OZERqPZOB6ZQEJ3rdm4v/eV6K4Y2f8ShJkUV0sShMhY2xPf/fHnHFKIqZIYQqbm616YQoQtGktLKFykDx8QSLWgmTj7uexibpXrVcp+U+OFCFMziHS3DhGm7hHtrQAQoxvMIbvFsv1of1uUiyYi0jPYUVWF+/Z4SaDg==</latexit><latexit sha1_base64="iMM36JO8ks7nHJzESbfbYMjLsI4=">AAACDXicbVC7TsMwFHV4lvIqMLJEVEhMVcICYwULY5HoQ0qjynGd1qrtRPYNokryDUys8BVsiJVv4CP4B9w0A205kqWjc+7RvT5BzJkGx/m21tY3Nre2KzvV3b39g8Pa0XFHR4kitE0iHqlegDXlTNI2MOC0FyuKRcBpN5jczvzuI1WaRfIBpjH1BR5JFjKCwUhelvWHEaRPeZYNanWn4RSwV4lbkjoq0RrUfkyWJIJKIBxr7blODH6KFTDCaV7tJ5rGmEzwiHqGSiyo9tPi5Nw+N8rQDiNlngS7UP8mUiy0norATAoMY73szcT/PC+B8NpPmYwToJLMF4UJtyGyZ/+3h0xRAnxqCCaKmVttMsYKEzAtLWwhIlBsNIa8WsD04y63sUo6lw3Xabj3Tr15UzZVQafoDF0gF12hJrpDLdRGBEXoBb2iN+vZerc+rM/56JpVZk7QAqyvXxgNm4I=</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit><latexit sha1_base64="xZTWaNvmqWkfQW648lhUT6b1f3A=">AAACDXicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPiAtZTKdtENnJmHmRixJvsGVW/0Kd+LWb/Aj/AenaRa29cDA4Zx7uHeOH3GmwXG+rdLa+sbmVnm7srO7t39QPTxq6zBWhLZIyEPV9bGmnEnaAgacdiNFsfA57fiT25nfeaRKs1A+wDSifYFHkgWMYDCSl6a9YQjJU5amg2rNqTs57FXiFqSGCjQH1R+TJbGgEgjHWnuuE0E/wQoY4TSr9GJNI0wmeEQ9QyUWVPeT/OTMPjPK0A5CZZ4EO1f/JhIstJ4K30wKDGO97M3E/zwvhuC6nzAZxUAlmS8KYm5DaM/+bw+ZogT41BBMFDO32mSMFSZgWlrYQoSv2GgMWSWH6cddbmOVtC/qrlN37y9rjZuiqTI6QafoHLnoCjXQHWqiFiIoRC/oFb1Zz9a79WF9zkdLVpE5Rguwvn4BGU2bhg==</latexit>

Figure 6. Evolutionary velocity before and during therapy. Columns show evolutionary velocity of simulations identical to Fig. 3 for no treatment, lupron,
and lupron+abiraterone. A-C: note that no treatment is characterized by mostly slow velocities (blue) while adding treatments increases velocities, except when
approaching evolutionary stable points (circles). D - L: rows show subpopulation relative velocity for T+ (D,E,F), TP (G,H,I), and T- (J,K,L). Adaptive therapy
relies on the suppression of the resistant population (T-) by the sensitive populations (T+,TP) during treatment holidays (first column). This is only possible in
certain a subset of the statespace (blue; where T- velocity < 0). Velocities calculated by eqn. 1: see Supporting Information.

orthogonal drugs open up the treatment space, allowing for more options in choosing cycles (Fig. 5D). The closeness of two 192

stable states from two distinct treatments will give an idea of the “orthogonality" of two treatments, aiding treatment selection, 193

the sequential ordering of treatments, and the timing of switching between treatments. 194

It is also important to note that not treating still allows the tumor to evolve. This no treatment case is often associated with 195

slow evolution due to low selection. During treatment holidays used to avoid resistance to a first treatment, it may be wise to 196

choose a faster (high selection) second treatment that gives a similar resultant tumor composition over the slow evolution of no 197

treatment. Adaptive therapy is a promising step towards ecologically-inspired personalized medicine. Optimizing multi-drug 198

adaptive therapy is not a straightforward task, but mathematical models are a powerful abstraction of clinical intuition, enabling 199

the generation of new treatment schedules and comparisons to standard of care. 200
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Methods 201

Evolutionary game theory (EGT) is a mathematical framework that models frequency-dependent selection for strategies 202

(phenotypes) among competing individuals. Competition between individuals is typically characterized by a “payoff matrix" 203

which defines the fitness of an individual based upon interactions with another individual or the population at large46–48. As a 204

game, the payoff to an individual depends both on its strategy and the strategies of others in the population. As an evolutionary 205

game, the payoffs to individuals possessing a particular strategy influences the changes in that strategy’s frequency. A strategy 206

that receives a higher than population-wide average payoff will increase in frequency at the expense of strategies with lower than 207

average payoffs. Such frequency-dependent mathematical models have shown success in modeling competitive release in cancer 208

treatment13, designing optimal cancer treatment49–51, evolutionary double binds32, glioblastoma progression52, tumor-stroma 209

interactions53, the emergence of invasiveness in cancer54 as well as in co-cultures of alectinib-sensitive and alectinib-resistant 210

non-small cell lung cancer55. 211

In principle, there exist many frequency-dependent models of cell-cell competition which could adequately characterize this 212

system: replicator dynamics models, stochastic Moran process models, spatially-explicit game theoretic representations, even 213

normalized population dynamics models. Here, we simply require a model which analyzes trajectories of relative population 214

sizes rather than absolute population sizes of m cell types under treatment from combinations of n drugs. For details on the 215

specific implementation and parameterization of the model used in figures 3, 5, and 6, we refer the reader to Supplemental 216

Information and to refs.25, 40. 217

The model presented below is a simplified frequency-dependent dynamics mathematical model (a qualitative extension of 218

the model behind the first adaptive therapy clinical trial in metastatic prostate cancer25). Using the simplifying assumption 219

assumption of a (relatively) constant tumor volume allows us to focus on the frequency dynamics within the tumor, ignoring 220

population dynamics. Tracking frequency dynamics that are themselves frequency-dependent allows us to use a game theoretic 221

modeling framework. 222

We can use the 3 by 3 payoff matrix that describes the outcomes of interactions between the different cell types. The 223

expected payoff to an individual of a given cell type is influenced by the frequency of cell types in the population (equation 1). 224

This can be thought of as the “inner game"56. The replicator equation from game theory, then translates these strategy-specific 225

payoffs into the evolutionary dynamics described by changes in the frequencies of each cell type within the tumor (equation 2). 226

This is the “outer game" where payoffs become translated into fitness. 227

ẋi = ( fi−〈 f 〉)xi (1)
fi = wi(A~x)i (2)

The variables x1, x2, x3 are the corresponding frequency of dependent (T+), producers (T P) and independent (T−) cells,
respectively, such that ∑i xi = 1. The prevalence of each cell type changes over time according to the changing payoffs, fi,
compared to the average payoff of all three populations 〈 f 〉= ∑i fixi. Competitive interactions between these three cell types
are summarized in the payoff matrix, A, below.

T+ T P T−

T+

T P

T−

 0 a b
c 0 d
e f 0

 (3)

The expected payoff to a cell type is calculated as the product of the payoff entries and prevalence of each population (eqn. 228

2). Treatments are assumed to alter the carrying capacity for each cell type. Under Lupron, each producer cell is assumed to 229

support 1.5 dependent cells, limiting the T+ to rely on producers in the absence of systemic testosterone. During Lupron & 230

Abiraterone combination treatment, each producer is capable of supporting 0.5 T+ cells and the carrying capacity of T P cells 231

significantly drops due to local anti-androgen effects. 232

In order to simulate therapy, we introduced a weighting term, wi. The weighting term adjusts payoffs to a cell type by its 233

carrying capacity (capacity of the tumor environment to support a given cell type). each cell type’s weighting term equals a 234

given cell type’s carrying capacity, Ki, normalized by a maximum carrying capacity (wi = Ki/Kmax where Kmax = 1.5 ·104
235

cells). Under Lupron treatment only, the carrying capacities are given by: K1 = 1.5 ·K2; K2 = 104; K3 = 104. Combination 236

Lupron & Abiraterone carrying capacities are given by: K1 = 0.5 ·K2; K2 = 102; K3 = 10425. Carrying capacities for dynamics 237

under no treatment are given by: K1 = 1.5 ·104, K2 = 104, K3 = 104. 238

The competition coefficients represented in the payoff matrix have been noted and described previously, and we summarize 239

them in Supplemental Materials for convenience: Table 1 (under treatment) and Table 2 (no treatment)25, 40, 57. Since there 240

is cell-cell competition and niche partitioning with respect to association with surrounding vasculature, we assume that all 241

coefficients are positive and bounded between 0 and 1. Consistent with ref.25, two general rules are used to determine the 242
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relative values of inter-cell type interactions: 1) T+ cells with no exogenous testosterone are the least competitive cell type and 243

2) the competitive effect of T cells is stronger on TP cells than on T+ cells. Unless otherwise noted parameters for untreated 244

dynamics are: a = 0.2; b = 0.6; c = 0.3; d = 0.5; e = 0.4; f = 0.1, for Lupron only are: a = 0.4; b = 0.3; c = 0.6; d = 0.5; 245

e = 0.2; f = 0.1, and for Lupron & Abirateron are: a = 0.5; b = 0.1; c = 0.6; d = 0.2; e = 0.4; f = 0.3. 246
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1 Supplementary Information

Table 1. Competition parameters for Lupron and Abiraterone treatment

c > e T P cells have a higher fitness than T− cells when interacting with few T+

(absence of competition)

a > f Interacting with mostly T P cells, T+ gains from the public good and from the
new available space in low vasculature regions

b < d Interacting with mostly T− cells, T P cells see little competition near vasculature.
Payoffs to T+ cells, b, may be small or zero

a > b = 0 T+ cells need the T P cells to succeed in the absence of systemic testosterone

c > d c is likely the largest parameter as T P cells have the highest fitness in a mostly
T− tumor without systemic testosterone

e > f Again, T P cells outcompete T− cells in the absence of systemic testosterone
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Table 2. Competition parameters for no treatment

c < e T− cells have a higher fitness than T P cells when interacting with many T+,
especially in low vasculature regions. Testosterone production by T P production
comes at some cost to provide public good to both self (T P) and neighbor (T+).
Both c and e should decrease in the pre-treatment condition

a > f T+ cells have a higher fitness than T− cells when interacting with many T P,
receiving advantage from the public good. The parameter a should increase in
the pre-treatment condition f slightly decrease

b > d T+ cells have a higher fitness than T P cells when interacting with many T−

because there is lack of spatial competition near vasculature for T+ cells as
testosterone is not being used

a < b T+ cells have a higher fitness competing with T− over competition with T P

c < d Similarly, T P cells have a higher fitness competing with T− over competition
with T+

e > f T− cells have less competition for space in a tumor with mostly T+ than with
mostly T P. The parameter f should decrease in the pre-treatment condition
slightly
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