








Figure S1: Stability of ongoing learning. A Evolution of the error for 20 optimizations of networks
with m = 10 inputs to the n = 3 outputs. Here the objective output covariance matrix Q̄0 is random,
as are the 10 random input patterns P 0 and P 1, but no tuning for Q1 is performed. The plot is similar
to Fig. 2F with the error (matrix distance) and the Pearson correlation between Q0 and Q̄0 over all 20
optimizations: The black trace corresponds to the mean over the 20 optimizations and the gray area to
the standard deviation. B Example evolution of the afferent and recurrent weights (green and purple
traces, respectively) for an optimization. C-D Same as panels A-B for 20 optimizations of the same
type of networks with more “realistic” objective pairs Q̄0 and Q̄1, as well as P 0 and P 1 input patterns.
Both pairs are generated by a MAR, Eq. (16), which yields the consistency equations P 1 = WP 0 and
P 0 � WP 0WT = 1 for a given W . The plotted values correspond to the mean of the two errors or Pearson
correlations for Q0 and Q1.
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Figure S2: Shaping output spatio-temporal covariances with both afferent and recurrent
connectivities. A Network architecture with m = 10 input nodes and n = 3 output nodes, the latter
being connected together by the recurrent weights A (purple arrow). B Objective covariance matrices
for two categories (red and blue). C Evolution of the afferent and recurrent weights (green and purple
traces, respectively). D Two examples after training of output patterns Q0 and Q1 in response to two
input patterns P 0, among the 5 in each category. E Evolution of the error for the two output covariance
matrices. F After training, the covariances in Q0 allow for the discrimination between the two categories,
while the structure of Q1 is similar for the two categories. The plot is similar to Fig. 3. The black surrogate
corresponds to forcing A = 0 with the trained B and presenting the blue inputs, demonstrating that the
trained A is important in shaping the output structure.
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be classified into 2 categories of 5 each, whose objective matrices Q0 and Q1 are represented in Fig. S2B. A
positive outcome is that the weight updates lead to rather stable learning dynamics, even for the recurrent
connectivity in Fig. S2C. The stability of ongoing learning while leaving classification aside is examined
in Annex D.1, see Fig. S1. Meanwhile, the errors for both Q0 and Q1 decrease and eventually stabilize
close to zero in Fig. S2E.

After training, the network maps the input patterns P 0 in the desired manner for Q0 and Q1, see
the two examples in Fig. S2D and the robustness test in Fig. S2F —in a similar manner to Fig. 3. The
surrogates (black distribution in Fig. S2F) correspond to setting A = 0 with the trained B, which strongly
affects the output covariance (here for blue input patterns). This illustrates the importance of tuning the
recurrent connectivity in shaping Q1, as well as with the discrimination capability for Q0.

D.3 Learning input spatio-temporal covariances

Now we consider the “converse” configuration of Fig. S2A where each input pattern is formed by a pair of
non-zero P 0 and P 1, see Fig. S3A. The output is trained only using Q0, meaning that the input spatio-
temporal structure is mapped to an output spatial structure. This time simplifying Eq. (71), the weight
updates are given by Eq. (18), which corresponds to discrete Lyapunov equations that can be solved at
each optimization step to evaluate the weight update for A and B.

We first examine the specialization in terms of covariances in Q0 as defined by the objectives in
Fig. S3C. Here we take input patterns P 0 that are all identical (left matrices in Fig. S3B) such that
the weight specialization must be based on the discrepancies between P 1 across inputs, even though this
configuration may not be realistic for simulated time series. The desired outcome after training is obtained
as illustrated in Fig. S3C. The surrogates (in black) indicate the importance of the trained recurrent
connectivity A, although it appears less strong here than in Fig. S2F. Despite incidental troughs, the
classification accuracy increases and eventually stabilizes around 90%. Second, Fig. S3D uses the same
procedure for specializing the variances in Q0 and shows similar conclusions. Together, these results
demonstrate a useful flexibility in tuning the input-output covariance mapping using the MAR network.
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Figure S3: Learning input spatio-temporal covariances with both afferent and recurrent
connectivities. A Similar network to Fig. S2A with m = 10 input nodes and n = 2 output nodes.
B Two examples of input patterns corresponding to a pair P 0 and P 1, among the 5 in each category.
The P 0 matrices are identical for all patterns. C Classification based on specializing covariances for the
two categories: absent for red and positive for blue (top matrices, same as Fig. 3D). The middle plot is
similar to Fig. 3, where the separability of the red and blue distributions indicates the performance of
the classification. The comparison between the black and blue distribution shows the importance of the
recurrent connectivity A, which is forced to 0 for the surrogates. The bottom plot indicates the evolution
of the classification accuracy during the optimization. The binary classification uses the same boundary as
in Fig. 3E. D Same as panel C for specializing the variances of the output nodes, with the same objective
matrices and classification procedure as in Fig. 3A-B.
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