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4 Recurrently connected networks of spiking neurons underlie the astounding
5 information processing capabilities of the brain. But in spite of extensive re-
6 search, it has remained open how learning through synaptic plasticity could be
7 organized in such networks. We argue that two pieces of this puzzle were pro-
8 vided by experimental data from neuroscience. A new mathematical insight
9 tells us how they need to be combined to enable network learning through
10 gradient descent. The resulting learning method - called e-prop — approaches

1 the performance of BPTT (backpropagation through time), the best known

12 method for training recurrent neural networks in machine learning. But in
13 contrast to BPTT, e-prop is biologically plausible. In addition, it elucidates
14 how brain-inspired new computer chips — that are drastically more energy ef-
15 ficient — can be enabled to learn.
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« Introduction

17 Networks of neurons in the brain differ in at least two essential aspects from deep networks
1s  in machine learning: They are recurrently connected by synapses, forming a giant number of
19 loops, and they communicate via asynchronously emitted stereotypical electrical pulses, called
20 spikes, rather than bits or numbers that are produced in a synchronized manner by each layer.
21 Models that capture primary information processing capabilities of spiking neurons in the brain
22 are well known, and we consider the arguably most prominent one: leaky integrate-and-fire
23 (LIF) neurons, where spikes that arrive from other neurons through synaptic connections are
2« multiplied with the corresponding synaptic weight, and are linearly integrated by a leaky mem-
25 brane potential. The neuron fires — i.e., emits a spike — when the membrane potential reaches a
26 firing threshold.

27 An important open problem is how recurrent networks of spiking neurons (RSNNs) can
28 learn, i.e., how their synaptic weights can be modified by local rules for synaptic plasticity so
20 that the computational performance of the network improves. In deep learning this problem is
s solved for feedforward networks through gradient descent for a loss function £ that measures
31 imperfections of current network performance (LeCun et al., 2015). Gradients of F are prop-
s2 agated backwards through all layers of the feedforward networks to each synapse through a
a3 process called backpropagation. Recurrently connected networks can compute more efficiently
s+ because each neuron can participate several times in a network computation, and they are able
35 to solve tasks that require integration of information over time and a suitable timing of network
s outputs according to task demands. But since a synaptic weight can affect the network compu-
37 tation at several time points during a computation, its impact on the loss function (see Fig. 1A)
ss 18 more indirect, and learning through gradient descent becomes substantially more difficult in

s arecurrent network. In machine learning one had solved this problem 30 years ago by unrolling
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s arecurrent network into a virtual feedforward network, see Fig. 1B, and applying the backprop-
41 agation algorithm to it (Fig. 1C). This learning method for recurrent neural networks is called
22 backpropagation through time (BPTT).

43 We show that with a careful choice of the pseudo-derivative for handling the discontinuous
s+ dynamics of spiking neurons one can apply this learning method also to RSNNs, yielding the
45 by far best performing learning algorithm for such networks (see (Huh and Sejnowski, 2018)
ss for related preceding results). But the dilemma is that BPTT requires storing the intermediate
47 states of all neurons during a network computation, and to merge these in a subsequent offline
a8 process with gradients that are computed backwards in time (see Fig. 1C and Movie S2). This
s makes it very unlikely that BPTT is used by the brain (Lillicrap and Santoro, 2019). This
so dilemma is exacerbated by the fact that neurons in the brain have a repertoire of additional
st internal dynamic processes on slower time scales that are not reflected in the LIF model, but
s2 which are likely to contribute to the superior capabilities of RSNNs in the brain to compute in
s3 the temporal domain. In fact, even in machine learning one uses special types of neuron models,
s¢« called LSTM (Long Short-Term Memory) units, in order to handle such tasks. But any neuron
55 model that has additional internal processes, and hence more hidden variables that capture their
s current state, makes learning in a recurrent network of such neurons even more difficult.

57 We present an approach for solving this dilemma: e-prop (Fig. 1D and 1E, see Movie S3).
ss It can be applied not only to RSNNs, but also to recurrent networks of LSTM units and most
se other types of recurrent neural networks. We focus on the application of e-prop to RSNNs
s that have, besides LIF neurons, also a more sophisticated form of LIF neurons, called ALIF
st neurons. An ALIF neuron has a second hidden variable besides its membrane potential: an
e2 adaptive firing threshold. The firing threshold of an ALIF neuron increases through each ot its
ss spikes and decays back to a resting value between spikes. This models firing rate adaptation, a

s« well known feature of a fraction of neurons in the brain (Allen Institute: Cell Types Database,
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es 2018) that dampens their firing activity. We refer to an RSNN that contains a fraction of ALIF
e neurons as a Long short-term memory Spiking Neural Network (LSNN), because we show
o7 that ALIF neurons provide a qualitative jump in temporal computing capabilities of RSNNss,
es allowing RSNNs to approach for the first time the performance of LSTM networks in machine
o learning for temporal processing tasks.

70 E-prop is motivated by two streams of experimental data from neuroscience that can be seen

71 as providing hints how the brain solves the learning dilemma for RSNNs:

72 1) The dynamics of neurons in the brain is enriched by continuously ongoing updates of
73 traces of past activity on the molecular level, for example in the form of calcium ions
74 or activated CaMKII enzymes (Sanhueza and Lisman, 2013). These traces in particular
75 record events where the presynaptic neuron fired before the postsynaptic neuron, which
76 is known to induce Hebbian-like STDP (spike timing dependent plasticity) if followed by
77 a top-down learning signal (Cassenaer and Laurent, 2012, Yagishita et al., 2014, Gerstner
78 et al., 2018). We refer to local traces of this type as eligibility traces in our learning
79 model.

80 i1) In the brain there exists an abundance of top-down signals such as dopamine and acetyl-

81 choline, to name only a few, that inform local populations of neurons about sub-optimal
82 performance of brain computations. Interestingly some of these signals are of a predictive
83 nature, e.g. they predict upcoming rewards in the case of dopamine or movement errors in
84 the case of the error-related negativity (ERN), see (MacLean et al., 2015). Furthermore
85 both dopamine signals (Engelhard et al., 2019, Roeper, 2013) and ERN-related neural
86 firing (Sajad et al., 2019) are reported to be specific for a target population of neurons,
87 rather than global. We refer to such top-down signals as learning signals in our learning
88 model.
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Figure 1: Schemes for RSNNs, BPTT, and e-prop. A) RSNN with network inputs x, neuron
spikes z, and output targets y*, for each time step ¢ of the RSNN computation. Output neurons y
provide a low-pass filter of network spike z. B) BPTT computes gradient in the unrolled version
of the network. It has a copy of all neurons of the RSNN for each time step . A synaptic
connection from neuron ¢ to neuron j of the RSNN is replaced by an array of feedforward
connections, one for each time step ¢, that goes from the copy of neuron ¢ in the layer for time
step ¢ to a copy of neuron j in the layer for time step ¢ + 1. All synapses in this array have
the same weight: the weight of this synaptic connection in the RSNN. C) Loss gradients of
BPTT are propagated backwards in time and retrograde across synapses in an offline manner,
long after the forward computation has passed a layer. D) Online learning dynamics of e-prop.
Feedforward computation of eligibility traces is indicated in blue. These are combined with
online learning signals according to equ. (1). E) Illustration of the dynamics of ALIF neurons
and e-prop. Observable variables (spikes) z' and hidden variables of an ALIF neuron, slow
factor ezi’a (equation (22)) of the eligibility trace 6§'¢ (equation (23)) of the synapse from neuron
7 to neuron j, as well as a learning signal L; and the resulting online weight change proposed by
e-prop. In this case a late activation of a learning signal, such as dopamine in the experiments
of (Yagishita et al., 2014), it transforms the eligibility trace into the modification of the synaptic
weight. The dashed curve above the plot of eﬁm shows an easily computable approximation
(see equation (24)) of ezi’a as low-pass filter of STDP-inducing spiking events that can be used
for an approximation of e-prop.

89 Our re-analysis of the mathematical basis of gradient descent in recurrent neural networks
90 1inequ. (1) tells us how eligibility traces and learning signals need to be combined to produce
o1 network learning through gradient descent — without backprogation of signals through time or
92 retrograde through synaptic connections. We will show that the resulting new learning method,
o3 e-prop, approximates the performance of BPTT for RSNNss, thereby providing a solution to the
o« learning dilemma for RSNNs. We demonstrate this on tasks for supervised learning (Fig. 2,3)
o5 and reinforcement learning (Fig. 4). None of these tasks were previously known to be solvable
o6 by RSNNs.

97 The previously described learning dilemma for RSNNs also affects the development of
98 hew, brain inspired computing hardware, which aims at a drastic reduction in the energy con-
9 sumption of computing and learning. Resulting new designs of computer chips, such as Intels

10 Loihi (Davies et al., 2018), are usually focused on RSNN architectures. On-chip learning capa-
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101 bility for these RSNNs in the hardware is essential. Although it does not matter here whether
12 the learning algorithm is biologically plausible, the excessive storage and offline processing de-
10 mands of BPTT make this option unappealing for such novel computing hardware also. Hence
104 a corresponding learning dilemma exists also there. E-prop does not contain any features that
105 make it unlikely to be implementable on such neuromorphic chips, thereby promising a solution

106 also for this learning dilemma.

o Results

e Mathematical basis for e-prop

100 Spikes are modeled as binary variables z§ that assume value 1 if neuron j fires at time ¢, oth-
110 erwise value 0. It is common to let ¢ vary over small discrete time steps, e.g. of 1ms length.
111 The goal of network learning is to find synaptic weights 11/ that minimize a given loss function
12 E. E may depend on all or a subset of the spikes in the network. E measures in the case of
113 regression or classification learning the deviation of the actual output y! of each output neuron
14k at time ¢ from its given target value y;:’t (Fig. 1A). In reinforcement learning (RL), the goal
115 1S to optimize the behavior of an agent in order to maximize obtained rewards. In this case, £
116 measures deficiencies of the current agent policy to collect rewards.

17 The gradient #Eji for the weight W, of the synapse from neuron ¢ to neuron j tells us how
11s  this weight should be changed in order to reduce . The key observation for e-prop (see proof
119 in Methods) is that this gradient can be represented as a sum over the time steps ¢ of the RSNN
120 computation: A sum of products of learning signals L; (specific for the post-synaptic neuron j

121 of the corresponding synapse) and synapse-specific eligibility traces ezi:

dE
0 => Lie,. (1)
t
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122 The ideal value of L! is the derivative which tells us how the current spike output 2} of
123 neuron j affects E. In contrast, the eligibility trace e§i does not depend on £, but on the internal
12« dynamics of neuron j. It tells us how a change of the weight 1W;; would affect its spike output z§
125 via the temporal evolution of the hidden variables of neuron j, without considering recurrent
126 loops formed with other neurons (see equation (S2) in supplementary materials).

127 We view (1) as a program for online learning: In order to reduce F, change at each step ¢
12 of the network computation all synaptic weights I17/;; proportionally to —L; eﬁ-i (see Fig. 1E for
120 an illustration). There is no need to explicitly compute or store the sum (1), or to wait for later
130 signals. Hence e-prop is an online learning method in a strict sense (see Fig. 1D and Movie S3).
131 In particular, there is no need to unroll the network as for BPTT. Furthermore, in contrast to
122 the previously known real time recurrent learning algorithm (RTRL, see (Williams and Zipser,
133 1989) and Methods), which substantially increases the required number of multiplications as
13« function of network size, e-prop is — up to a constant factor — not more costly than the RSNN
135 computation itself. This is obviously an important issue both for biological plausibility and
136 neuromorphic implementations.

137 Since the ideal value 37? of the learning signal L§ also captures influences which the current
138 spike output zj- of neuron 5 may have on F via future spikes of other neurons, its precise value
139 1s in general not available at time ¢. We replace it by an approximation that ignores these
10 indirect influences: Only currently arising errors at the output neurons k& of the RSNN are taken

141 into account, and are routed with neuron-specific weights B;;, to the network neurons j, (see

142 Fig. 2A):

———
error of output k
at time ¢

Lt =" B (v — v . )
k

123 Although this signal L; only captures errors that arise at the current time step ¢, it is combined

144 1n equation (1) with an eligibility trace 6§'i that may reach far back into the past of the target
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15 neuron j (see Fig.1E). In this way e-prop alleviates the need to propagate signals backwards in
146 time.

147 There are several strategies for choosing the weights B, for this online learning signal. In
148 Ssymmetric e-prop we set it equal to the corresponding output weight W,S}lt from neuron j to out-
149 put neuron k. This learning signal is closest to the theory, and would be theoretically optimal
150 in the absence of recurrent connections. Biologically more plausible are two variants that avoid
151 weight sharing: If all network neurons j are connected to output neurons k, we let Bj;, evolve in
152 adaptive e-prop through a simple local plasticity rule that mirrors the plasticity rule applied to
153 W,S;lt. In random e-prop the values of the weights Bj;, are randomly chosen and remain fixed,
154 similar to broadcast alignment for feedforward networks (Lillicrap et al., 2016, Ngkland, 2016).
155 Resulting synaptic plasticity rules (see Methods) look very similar to previously proposed plas-
16 ticity rules (Gerstner et al., 2018). In particular they involve postsynaptic depolarization as one
157 of the factors, similarly as the data-based rule in (Clopath et al., 2010), see section S6 in the
158 supplement for an analysis.

159 We finally would like to mention that the Learning-to-Learn approach can be used to train a
160 separate neural network to generate — instead of the previously considered options — tailormade
161 learning signals for a limited range of potential learning tasks. This variation of e-prop enables

12 for example one-shot learning of new arm movements (Bellec et al., 2019).

s Comparing the performance of e-prop and BPTT on a common benchmark
04 task

1es  The speech recognition task TIMIT (Garofolo et al., 1993) is one of the most commonly used
1es  benchmarks for temporal processing capabilities of different types of recurrent neural networks
1e7 and different learning approaches (Greff et al., 2017). It comes in two versions. Both use, as

18 input, acoustic speech signals from sentences that are spoken by 630 speakers from 8 dialect
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Figure 2: Comparison of the performance of BPTT and e-prop on TIMIT. A) Network
architecture for e-prop, illustrated for an LSNN consisting of LIF and ALIF neurons. B) Input
and target output for the two versions of TIMIT. C) Performance of BPTT and the three versions
of e-prop for LSNNs consisting of 800 neurons for framewise targets and 2400 for sequence
targets.
1eo regions of the USA (see the top of Fig. 2B for a sample segment). In the simpler version, used
170 for example in (Greff et al., 2017), the goal is to recognize which of 61 phonemes is spoken
171 in each 10 ms time frame (“frame-wise classification”). In the harder version from (Graves
172 et al., 2013), which achieved an essential step toward human-level performance in speech-
173 to-text transcription, the goal is to recognize the sequence of phonemes in the entire spoken
172 sentence independently of their timing (“sequence transcription™). E-prop approximates the
175 performance of BPTT on LSNNs for both versions of TIMIT very well, as shown in Fig. 2C.
176 For the more difficult version of TIMIT we trained as in (Graves et al., 2013) a complex LSNN
177 consisting of a feedforward sequence of three recurrent networks. Our results show that e-prop
178 can also handle learning for such more complex network structures very well. In Fig. S2 we

179 show for comparison also the performance of LSTM networks. These data show that for both

180 versions of TIMIT the performance of LSNNs comes rather close to that of LSTM networks.

10
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1s1  This has previously not been demonstrated for any type of RSNN with any learning method
1.2 on a real-world benchmark task for temporal processing. The FORCE method of (Nicola and
18 Clopath, 2017) is the best performing previously known learning method for RSNNs. However
18« this learning method was not argued to be biologically realistic, since the plasticity rule for each
185 synaptic weight required knowledge of the current values of all other synaptic weights in the
186 RSNNs. It was applied in (Nicola and Clopath, 2017) to supervised learning of several pattern
157 generation task. We show in Figs. S1 and S5 that RSNNs can learn such tasks also with e-prop,
1ss hence without the biologically unrealistic feature of FORCE. We show in Fig S2 that e-prop can
18s  not only be applied to RSNNs, but also to LSTM networks — and many other types of recurrent
190 networks — that fit under the quite general model discussed in Methods. Furthermore, e-prop

191 approximates the performance of BPTT very well for LSTM networks as well (Fig. S2).

w2 E-prop performance for a task where temporal credit assignment is difficult

193 A hallmark of cognitive computations in the brain is the capability to go beyond a purely re-
194 active mode, to integrate diverse sensory cues over time, and to wait until the right moment
1s5 arrives for an action. A large number of experiments in neuroscience analyze neural coding
16 after learning for such tasks. But it had remained unknown how one can model the underlying
197 learning processes in RSNNs of the brain. We wondered whether e-prop can fill this void. As
198 an example we consider the task that was studied in the experiments of (Morcos and Harvey,
199 2016, Engelhard et al., 2019). There a rodent learnt to run along a linear track in a virtual
200 environment, where it encountered several visual cues on the left and right, see Fig. 3A and
200 Movie S2. Later, when it arrived at a T-junction, it had to decide whether to turn left or right.
202 It was rewarded when it turned to that side from which it had previously received the majority
203 of visual cues. This task is not easy to learn since the subject needs to find out that it does

204 not matter on which side the last cue was, or in which order the cues were presented. Instead,

11
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corresponding rodent experiments of (Morcos and Harvey, 2016, Engelhard et al., 2019), see
Movie S2. B) Input spikes, internal spiking activity of 10 out of 50 sample LIF neurons and 10
out of 50 sample ALIF neurons, softmax output, sample learning signals and samples of slow
components of eligibility traces in the bottom row. C) Learning curves for BPTT and two e-
prop versions. D) Correlation between the broadcast weights 5, for & = left/right for learning
signals in random e-prop and sensitivity to “left” and “right” input components after learning.
fitefe (firight) 1s the resulting average firing rate of neuron j during presentation of left (right)

cues after learning.
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205 the subject has to learn to count cues separately for each side and to compare the two resulting
206 numbers. Furthermore the cues need to be processed long before a reward is given. We show in
207 Fig. S4 that LSNNs can learn this task through reward-based e-prop. But since the LSNNs can
208 alleviate there the temporal credit assignment problem through reward prediction, we wondered
200 whether an LSNN would also be able to learn via e-prop a supervised learning variation of this
210 task, where a teacher tells the subject at the end of each trial what would have been the right
211 decision. This yields a really challenging scenario for e-prop since non-zero learning signals L;
212 arise only during the last 150ms of a trial (Fig. 3B). Hence all synaptic plasticity of e-prop has
213 to take place during these last 150ms, long after the relevant computations on input cues had
214 been carried out. The result of training an LSNN with BPTT and e-prop for solving this task is
215 shown in Fig. 3C (illustrated in Movies S3 and S4). Whereas this task can not even be solved
216 by BPTT with a regular RSNN that has no adapting neurons (red curve), all 3 previously dis-
217 cussed variations of e-prop can solve it if the RSNN contains adapting neurons. We also explain
218 in section S2.4 how this task can be solved for sparsely connected LSNNs when biologically
219 inspired stochastic rewiring (Kappel et al., 2018) is integrated into e-prop.

220 But how can the neurons in the LSNN learn to record and count the input cues if all the
221 learning signals are identically O until the last 150ms (5th row of Fig. 3B)? The solution is indi-
222 cated in the bottom row of Fig. 3B: The slow component eé-m (equation (22)) of the eligibility
223 traces ej; of adapting neurons j decays with the long time constant of firing rate adaptation
224 (see equation (27) and Movie S4), that typically lies in the range of seconds. Since these traces
225 stretch from the beginning of the trial into its last phase, they enable assignment of credit to
26 firing events that happened over 1000 ms ago. Fig. 3D provides insight into the functional role
227 of the broadcast weights of random e-prop in this context: The difference of these weights de-
28 termines for each neuron j whether it learns to respond in the first phase of a trial more to cues

220 from the left or right. This observation suggests that neuron-specific learning signals for RSNNs

13
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230 have the advantage that they can create a variety of feature detectors for task-relevant network
231 inputs. Hence a suitable weighted sum of these feature detectors is able to cancel remaining
232 errors at the network output, similarly as in the case of feedforward networks (Lillicrap et al.,

233 2016).

2« Reward-based e-prop

235 Deep RL has recently produced really powerful results in machine learning and Al through
236 clever applications of BPTT to RL (Mnih et al., 2016). We found that one of the arguably most
237 powerful RL methods within the range of deep RL approaches that are not directly biologically
233 1implausible, policy gradient in combination with actor-critic, can be implemented with e-prop.
239 This yields the biologically plausible RL algorithm reward-based e-prop. The LSNN learns
240 through reward-based e-prop both an approximation to the value function and a stochastic pol-
241 icy. Neuron-specific learning signals are combined in reward-based e-prop with a global signal
242 that transmits reward prediction errors (Fig. S3). In contrast to the supervised case where the
243 learning signals depend on the deviation from an external target signal, the learning signals here
244 are emitted when an action is taken and they express here how much this action deviates from
2¢5 the action mean that is currently proposed by the network. We show in Methods that reward-
26 based e-prop yields local reward-based rules for synaptic plasticity that are in many aspects
247 similar to ones that have previously been discussed in the literature (Gerstner et al., 2018). But
28 those previously proposed rules estimated gradients of the policy essentially by correlating the
249 noisy output of network neurons with rewards, which is known to be inefficient due to noisy
250 gradient estimates. In contrast, reward-based e-prop computes policy- and value-gradients by
251 approximating BPTT, which is one of the pillars of modern deep RL.

252 We tested reward-based e-prop on a task that captures the essence of numerous learning

253 experiments in systems neuroscience: A delayed goal-directed movement has to be learnt, con-
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Goal Cue
100ms

Delay =
100-500ms [

Time

Goal reaching
900ms

= Policy gradient with BPTT
Reward-based random e-prop

Fraction of goal reaches

0 2000 4000 6000 8000 10000
Training iterations

Figure 4. Application of e-prop to RL. A) Scheme of the delayed arm movement task. The
red arrow points to the formerly visible goal. The arm always starts moving from the center
of the circle. B) Resulting arm movement in three sample trials after learning. The orange
dot indicates the position of the tip of the arm at the end of the delay period. C) Performance
of reward-based random e-prop and of a control where e-prop is replaced by BPTT, both for
an LSNN consisting of 350 LIF and 150 ALIF neurons. Solid curves show the mean over 5
different runs, and shaded area indicates 1 standard deviation.
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254 sisting of a sequence of many 2-dimensional continuous motor commands, each of them being
255 only loosely linked to rewards. We chose a setup where the agent first receives a spatial goal
26 cue (Fig. 4A), then has to control the angles of a two-joint arm during a delay so that its tip
257 remains — in spite of motor noise that result from the stochastic policy — within a center region
258 (indicated by a dotted circle) in order to avoid small negative rewards, until it receives a go-cue
259 (see Movie S5). The agent then has to move the tip of the arm to the location of the initial goal
260 cue in order to receive a reward. Note that no forward- or inverse model of the arm was given
261 to the LSNN, it had to learn those implicitly. This task had so far been beyond the reach of
262 biologically plausible learning, for any type of neural network model.

263 Three sample trials after learning are shown in Fig. 4B (and in Movie S6). Fig. 4C shows that
264 reward-based e-prop is able to solve this demanding RL task about as well as policy gradient
265 with biologically implausible BPTT. We conjecture that variants of reward-based e-prop will
266 be able to solve most RL tasks that can be solved by online actor-critic methods in machine

267 learning.

s DIscussion

260 We propose that in order to understand the computational function and neural coding of higher
270 brain areas, one needs to understand the organization of the plasticity mechanisms that install
271 and maintain the computational functions of the underlying RSNNs. So far BPTT was the only
272 candidate for that, since no other learning method provided sufficiently powerful computational
273 function to RSNN models. But since BPTT is not viewed to be biologically realistic (Lillicrap
274 and Santoro, 2019), it does not help us to understand the organization of synaptic plasticity
275 in RSNNs of the brain. E-prop offers a solution to this dilemma, since it does not require
276 biologically unrealistic mechanisms, but still enables RSNNs to learn difficult computational

277 tasks almost as well as BPTT. In particular, we have shown in Fig. 3 and 4 that e-prop enables
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278 us to model for the first time the learning processes in RSNNs of the brain that underlie the
279 emergence of complex behaviors in key experiments of systems neuroscience.

280 E-prop relies on two types of signals that are abundandly available in the brain, but whose
231 precise role for learning have not yet been understood: eligibility traces and learning signals.
232 Since e-prop 1s based on a transparent mathematical principle, it provides a normative model
283 for both types of signals, as well as for synaptic plasticity rules. In particular, it suggests a new
284« rule for the organization of eligibility traces: that the time constant of the eligibility trace for a
285 synapse is correlated with the time constant for the history-dependence of the firing activity of
286 the postsynaptic neuron. It also suggests that the experimentally found diverse time constants
257 of the firing activity of populations of neurons in different brain areas (Runyan et al., 2017)
253  are correlated with their capability to handle corresponding ranges of delays in temporal credit
289 assignment for learning. Finally, e-prop theory suggests that learning signals for different pop-
200 ulations of neurons should be diverse, rather than uniform and global (see section S6.2), and
201 should be correlated with the impact which the activity of these neurons has on the quality of
202 the learnt behavior.

293 Apart from these consequences of e-prop for research in neuroscience and cognitive science,
204 e-prop also provides an interesting new tool for approaches in machine learning where BPTT
205 1S replaced by approximations in order to improve computational efficiency. For example, the
206 combination of eligibility traces from e-prop with synthetic gradients from (Jaderberg et al.,
297 2016) substantially improves performance of LSTM networks for difficult machine learning
208 problems such as the copy-repeat task and the Penn Treebank word prediction task (Bellec
200 etal, 2019).

300 Finally, E-prop suggests a viable new approach for on-chip learning of RSNNs on neuro-
st morphic chips. Whereas BPTT is not within the reach of current neuromorphic chip designs,

s02 an implementation of e-prop appears to offer no serious hurdle. Since we have shown in Fig. 2
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a3 that e-prop enables RSNNs to learn to understand speech, and in Fig. 4 that e-prop enables
s« reward-based learning of the control of complex arm movements, e-prop promises to support a

305 qualitative jump in on-chip learning capabilities of neuromorphic chips.

«s Vlethods

a7 To exhibit the theory around e-prop and preceding related work, we structure the methods sec-

a8 tion in the following way:

309 Comparison of e-prop with other online learning methods for recurrent neural networks

310 (RNNS)

Network models

311

312 e Conventions

313 e Mathematical basis for e-prop

314 e Eligibility traces

315 e Eligibility traces for concrete neuron models

316 e Derivation of the synaptic plasticity rules resulting from e-prop

317 e Reward-based e-prop: application of e-prop to policy gradient RL.

ss Comparison of e-prop with other online learning methods for recurrent
s1s neural networks (RNNs)

s20 In this section we compare e-prop with other learning algorithms implementing gradient de-

a1 scent in RNNs without BPTT. A well-known alternative to BPTT is real time recurrent learning
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a2 (RTRL). RTRL was derived for networks of rate-based (sigmoidal) neurons in (Williams and

a3 Zipser, 1989). There, the loss gradients are computed forward in time by multiplying the full

t
24 Jacobian Jt , = % of the network dynamics with the tensor
kl

dhj,
W,

that computes the depen-

dhz,‘ ! " oht,
dW]‘i 8Wji

325 dency of the state variables with respect to the parameters: % => 0 Iy -
a6 (see equation (12) in (Williams and Zipser, 1989)). Denoting with n the number of neurons,
se7 this requires O(n?) multiplications, which is computationally prohibitive. Unbiased Online Re-
s current Optimization (Tallec and Ollivier; 2018) (UORO) used an unbiased estimator of J%,, of
a0 rank one that can be computed online. The authors report that the variance of this estimator
a0 increases with the network size and simulations were only carried out for a network size up to
a1 64. Another unbiased estimator of J%,, (Mujika et al., 2018) based on Kronecker factors solved
ss2  this issue and made it possible to approach the performance of BPTT on harder tasks. Yet this
33 method requires O(n?) operations per time step, which is one order more than UORO, e-prop
s« or BPTT.

335 In e-prop, the eligibility traces are just d X d matrices (d being the dimension of h}), since
s they are restrictions of the full Jacobian J%,, to the internal dynamics of a neuron (k = £’). As a
7 consequence, only O(n?) multiplications are required for the forward propagation of eligibility
a8 traces. Hence their computation is not more costly than BPTT or the simulation of the RNN.
339 The learning rule called Superspike (Zenke and Ganguli, 2018) was derived by applying
a0 RTRL in spiking neural networks without recurrent connections. In the absence of these con-
a1 nections RTRL is practicable and the resulting learning rule uses eligibility traces similar to
a2 those arising in e-prop with LIF neurons. Two other algorithms, (Roth et al., 2019) and (Murray,
sz 2019), were introduced to train recurrent neural networks of sigmoidal units by approximating
s« RTRL with another form of eligibility traces. Random Feedback Local Online (RFLO) learn-
as ing (Murray, 2019) is equivalent to random e-prop in the particular case of leaky sigmoidal

as neurons for regression tasks. But the performance of RFLO was not compared to BPTT on
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a7 published benchmarks for RNNs, or for spiking neurons. In contrast to the eligibility traces in
as  e-prop, the eligibility traces in kernel RNN learning (keRNL) (Roth et al., 2019) are viewed as
a9 components of an estimator of the tensor J%,,, and are not related to the specific definition of
ss0  the neuron model. This approach requires non-local communication within the RNN, which we
st wanted to avoid in e-prop. In contrast to e-prop, none of the papers above (Zenke and Ganguli,
a2 2018, Murray, 2019, Roth et al., 2019) derived a theory or a definition of eligibility traces that
353 can be applied to neuron models with a non-trivial internal dynamics, such as adaptive neurons
s« or LSTM units, that appear to be essential for solving tasks with demanding temporal credit

355 assignment of errors.

s INetwork models

357 'To exhibit the generality of the e-prop approach, we define the dynamics of recurrent neural
a8 networks using a general formalism that is applicable to many recurrent neural network models,
a9 not only to RSNNs and LSNNs. Also non-spiking models such as LSTM networks fit under
seo this formalism (see Section S4.3 in the Supplement). The network dynamics is summarized by
st the computational graph in Fig. 5. It uses the function M to define the update of the hidden
s state: hl = M (h;’l, z'~',x", W), and f to define the update of the observable state: 2! =

s f(ht, 21, x", W) (f simplifies to 25 = f(h}) for LIF and ALIF neurons).

s« RSNNs. RSNNs are recurrently connected networks of leaky integrate-and-fire (LIF) neu-
ss rons. Each LIF neuron has a one dimensional internal state h; that consists only of the mem-

se6 brane potential vﬁ-. The observable state 25 € {0,1} is binary, indicating a spike (z§ = 1) or no
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37 spike (z;? = () at time ¢. The dynamics of the LIF model is defined by the equations:

o = el Y W Y Wit ®
i#] i
Zt = H (Ut — v ) (4)
2 J th |

w8 where ! = 1 indicates a spike from the input neuron i at time step ¢ (z! = 0 otherwise) and
o Wi (VV;?) is the synaptic weight from network (input) neuron ¢ to neuron j. The decay factor
a0« in (3) is given by e~%/™ where 0t is the discrete time step size (1 ms in our simulations) and
an T, = 20 ms is the membrane time constant. A denotes the Heaviside step function.

a72 Due to the term —z;-vth in equation (3), the neurons membrane potential is reduced by
a73 a constant value after an output spike, which relates our model to the spike response model
ara  (Gerstner et al., 2014). To introduce a simple model of neuronal refractoriness, we further
a7s  assume that zjt is fixed to 0 after each spike of neuron j for a short refractory period of 2 to S5ms

a7e depending on the simulation.

a7 LSNNs. LSNNs are recurrently connected networks that consist of LIF neurons and of adap-

ars  tive LIF (ALIF) neurons. An ALIF neuron has a time-dependent threshold adaptation aj-. As

[ . . . def . .
s7o a result, their internal state is a 2 dimensional vector h = [v, a}]. Their threshold potential

380 A; increases with every output spike and decreases exponentially back to the baseline threshold

st Ugn. This can be described by

AL = oy + ﬁaz- , (5)
z; = H(v§ — A;) , (6)

sz with a threshold adaptation according to

aitt = pal + 2L (7)

J
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s where the decay factor p is given by e /7

, and 7, is the adaptation time constant that is
ss4 typically chosen to be in the range of the time span of the length of the working memory that
sss 1S a relevant for a given task. This is a very simple model for a neuron with spike frequency
sss adaptation. We refer to (Gerstner et al., 2014, Pozzorini et al., 2015, Gouwens et al., 2018) for
ss7 experimental data and other neuron models.

388 In relation to the more general formalism represented in the computational graph in Fig. 5,

s equations (3) and (7) define M (h;‘l, z'~',x", W), and equations (4) and (6) define f(h).

s Gradient descent for RSNNs. Gradient descent is problematic for spiking neurons because
so1  of the step function H in equation (4). We overcome this issue as in (Esser et al., 2016, Bellec
s92 et al, 2018): the non-existing derivative g% is replaced in simulations by a simple nonlinear
a3 function of the membrane potential that is called the pseudo-derivative. Outside of the refractory

t

i ) where

t
vi—A
J

s4 period, we choose a pseudo-derivative of the form w; = ﬁ,ypd max (0, 1-—

Uth

s5  7Ypd = 0.3. During the refractory period the pseudo derivative is set to 0.

w6 Network output and loss functions. We assume that network outputs y!, are real-valued and

s produced by leaky output neurons (readouts), which are not recurrently connected:
vk = ryp DY Wit B, )
J

w8 where £ € [0, 1] defines the leak and b denotes the output bias. The leak factor « is given
se0 for spiking neurons by e%/7eut where 7,,; is the membrane time constant. Note that for non-
a0 spiking neural networks (such as for LSTM networks), temporal smoothing of the network
a1 observable state is not necessary. In this case, one can use k = 0.

402 The loss function £ quantifies the network performance. We assume that it depends only

w3 on the observable states E(z!,...,zT). For instance, for a regression problem we define £ as
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A Definition of the computational graph
E Loss function
—>» Function \/(-) computing

the hidden state

\ —> Function f(+) computing the
visible states for LIF and ALIF
neurons

_) htl 3> .
Additional dependencies
in f(-) for LSTMs
XLI x' xt“
Computation of (31 Computation of

//\ //\
LN NN

[ S — h' o optl

ﬁ (A [ R

Figure 5: Computational graph and gradient propagations A) Assumed mathematical de-
pendencies between hidden neuron states h;, neuron outputs z’, network inputs x’, and the loss
function E through the mathematical functions F(-), M(-), f(-) are represented by coloured
arrows. B-C) The gradient computation can be represented in similar graphs, where coloured
arrows represent partial derivatives. B) Following equation (19), the derivatives involved in the
computation of eligibility traces e , are shown in blue in the case where 7 is an input neuron. C)
Unlike the eligibility traces, the 1deal learning signals required to back-propagate gradients as
represented here with green arrows.
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w0+ the mean square error £ = 1 3°, cWE— ")? between the network outputs 7/, and target values

405 y,:’ . For classification or RL tasks the loss function £ has to be re-defined accordingly.

ws Conventions

w7 Notation for derivatives. We distinguish the total derivative 45 (z',...,z"), which takes

ws into account how E depends on z; also indirectly through influence of z’ on the other vari-
wo ables z'™ ... 2", and the partial derivative 25 (z',...,2z") which quantifies only the direct
s0  dependence of F on z'.

411 Analogously 9L denotes for b, = M (h!™", z'~! x', W), the partial derivative of M with

sz respect to h. It only quantifies the direct influence of h; on h;_l and it does not take into account

413 the dependency of h; on h;‘l via the observable states z‘. To improve readability we also use

. .. Oht  def OM (1.t—1 def gnmr t—1
. j_ = t—1 t
a2 the following abbreviations: hrT — o (h!7, 2z x!, W), awﬂ = oW, (h ",z x", W),
9zt d
415 and =% def Bf (ht X W’)
hj

416 Notation for temporal filters. For ease of notation we use the operator F, to denote the

#17 low-pass filter such that, for any time series x;:
Folzh) = aF, (271 + 2t 9)

s and F,(z%) = 2°. In the specific case of the time series z§ and 63'2" we simplify notation further

o and write Z} and €}; for F,,(2;)" and F(ej;)"

=0 Mathematical basis for e-prop

221 We provide here the proof of the fundamental equation (1) for e-prop

dE dE |,
= — E ..
dei . dZ]t 7

(10)
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a2 This equation shows that the total derivative of the loss function £ with respect to the synaptic
223 weights W can be written as a product of learning signals Lt and eligibility traces e - for the
24 “ideal” learning signal L§~ = jTEj' The eligibility traces are defined at the end of the proof below.
425 We start from a factorization of the loss gradient that arises in equation (12) of (Werbos,
a6 1990) to describe BPTT in recurrent sigmoidal neural networks. Using our notation, this clas-

27 sical factorization of loss gradient can be rewritten as:

B Z dE  Oh!
dWﬂ dh! oW’

(11)

428 We now show how one can derive from this to the new factorization (10) of the loss gradient
220 that underlies e-prop. dht/ can be expressed recursively as a function of the same derivative at

a0 the next time step — by applying the chain rule at the node ht for t = ¢’ of the computational

t’+1
]

a3t graph shown in Figure 5C:

dE  dE 0zf L 4B ohl ! 12
dhf — dzl'On} - dh!*' oh!
0z E Oh:H!

S e B (13)

] 8htl + ht/+1 ah;l )

sz where we defined the learning signal L§' as The resulting recursive expansion ends at the

d tl'
dE

BT = 0. If one substitutes the recursive
J

33 last time step 7" of the computation of the RNN, i.e.,

s3¢ formula (13) into the definition of the loss gradients (11), one gets:

dE 028 dE OhtTV\  oh!
_ It ]/ . J : . J 14
AW, Xt:( Jony " any ony ) o "
St V41 t/+2 U1 v
_ Z Lt’a iy (Lt’+1 82/ + (...)8th )ahj — - oh, . (15)
—\ "/ on on*! oh; " Oh% ) OWj

a5 The following equation is the main equation for understanding the transformation from BPTT
a6 into e-prop. The key idea is to collect all terms which are multiplied with the learning signal

437 L§. at a given time ¢. These are only terms that concern events in the computation of neuron j
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a3 up to time ¢, and they do not depend on other future losses or variable values. We collect them
s39  1nto an eligibility trace ezi for each neuron j and 7, which can be computed locally in an online
440  MaNNer.

441 To this end, we write the term in parentheses in equation (15) into a second sum indexed by
a2t and exchange the summation indices to pull out the learning signal L;. This expresses the loss
w3 gradient of F as a sum of learning signals L; multiplied by some factor indexed by ji, which
as  we define as the eligibility trace ¢!, € R and eligibility vectors €’; € R?, which have the same

a5 dimension as the hidden states ht.z-

dE 92t on'  On't' on!
= ZZ A N i (16)
dei J (9ht 5’h : 8ht aW]z
t >t J J
oh%  Oh'™  On!
Z Z Oh! ! CUTORY oW a7
J <t ' J Jv
Oh, Bht + ,
ws Here, we use the identity matrix for T ht’ if t = t'. After defining the eligibility vector
447 jz, we also define
0zt
def
J

a8 so that equation (17) proves the factorization of e-prop in (1).

«s Eligibility traces

a0 Online computation of eligibility traces. The eligibility vectors as defined in (17) can be
ss1 - computed recursively for efficiency and in order to avoid the back-propagation of signals through

452 time:

Oht . Oht
ez‘i = 8h§]1 eél + —3I/iji , (19)

a3 where - denotes the dot product. The eligibility traces can be computed with their definition in

454 equation (18).
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«s Derivation of eligibility traces for concrete neuron models
a6 The eligibility traces for LSTMs are provided in the supplementary materials. Below we provide

ss7  the derivation of eligibility traces for spiking neurons.

sss Eligibility traces for LIF neurons. We compute the eligibility trace of a LIF neuron without

59 adaptive threshold (equation (3)). Here the hidden state h§ consists just of the membrane poten-

ORITL gttt vt
. t j . j - j o t—1 . . o ey eqe
a0 tial v; and we have TR = o = @ and oW = Zi (for a derivation of the eligibility traces

st taking the reset into account we refer to section S1.2). Using these derivatives and equation

s2  (19), one obtains that the eligibility vector is the low-pass filtered pre-synaptic spike-train,

eéfl = }"a(zf) et Zf ) (20)
w3 and following equation (18), the eligibility trace is:
€t+1 o th-i-lzt (21)
VR B

se4 For LIF neurons as well as for ALIF neurons in the following section the derivation applies to
ws the input connections by substituting the network spikes z/~' by the input spikes x (the time
ws index switches from ¢ — 1 to ¢ because the hidden state h, = M (h;fl, z!71 xt, W) is defined
s67 as a function of the input at time ¢ but the preceding recurrent activity). For simplicity we have
ss focused on the case where transmission delays between neurons in the RSNN are just 1ms. If
a0 one uses more realistic length of delays d, this —d appears in equations (21)—(23) instead of —1
470 as the most relevant time point for pre-synaptic firing (see Section S1.3). This moves resulting

a7 synaptic plasticity rules closer to experimentally observed forms of STDP.

2 Eligibility traces for ALIF neurons. The hidden state of an ALIF neuron h} = [v},a}] is a

473 two dimensional vector to capture the state of the adaptive threshold a§ besides the membrane

t t

. t . . . . g t d_ef . . .
4 potential v7. Hence a two dimensional eligibility vector €}, = [€}, €, ] is associated with
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) . LA ) . dalt? dalt?
475 each weight, and the matrix —h s a 2 x 2 matrix. The derivatives o and 5. capture
J J J

a7 the dynamics of the adaptive threshold. Hence to derive the computation of eligibility traces

477 we substitute the spike z; in equation (7) by its definition given in equation (6). With this
t+1 t+1

. . . A o'
478 convention one finds that the diagonal of the matrix —;— is formed by the terms % =« and
da'T! ¢ ’ vttt ’ dalT1
J _ _ : : J _ J _
“ G =P ¥ 8. Above and below the diagonal, one finds respectively B = 0, B =

480 w;. One can finally compute the eligibility traces using equation (18). The component of the
ss1  eligibility vector associated with the membrane potential remains the same as in the LIF case

t _

sz and only depends on the presynaptic neuron: €, , = z!~1. For the component associated with

ss3 the adaptive threshold we find the following recursive update:
t+1 t-t—1 t t
€ia — YjZ; T (p— %ﬁ)%‘i,a ) (22)
ss4 and this results in an eligibility trace of the form:
i = Y (Z’i’l - 5e§-i,a> : (23)

sss  Recall that the constant p = exp(—f—z) arises from the adaptation time constant 7,, which
a6 typically lies in the range of hundreds of milliseconds to a few seconds in our experiments,
a7 yielding values of p between 0.995 and 0.9995. The constant 3 is typically of the order of 0.07
488 1N Our experiments.

489 To provide a more interpretable form of eligibility trace that fits into the standard form of
a0 local terms considered in 3-factor learning rules (Gerstner et al., 2018), one may drop the term

w1 —%f3 in equation (22). This approximation €}, ,

of equation (22) becomes an exponential trace
sz Of the post-pre pairings accumulated within a time window as large as the adaptation adaptation

403 time constant:
e = Fo(vEt) (24)

Jjt,a 77
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s94 The eligibility traces are computed with equation (22) in most experiments but the performance
a9 obtained with symmetric e-prop and this simplification were indistinguishable on the evidence

a9 accumulation task of Fig. 3.

w7 Synaptic plasticity rules resulting from e-prop

a8 An exact computation of the ideal learning signal b d! in equation (1) requires to back-propagate
99 gradients through time (see Fig. 5C). To compute the loss gradients with e-prop we replace it
so0 with the partial derivative 2 o2 L which can be computed online. Implementing the weight updates
sor  with gradient descent and learning rate 7, all the following plasticity rules are derived from the

so2 formula

AWGES =1 Za : Cji - (25)
sos Note that the weight updates derived for the recurrent Welghts W< also applies to the inputs

s  weights W;i‘ For the output weights and biases the derivation does not rely on the theory of

sos e-prop, and the weight updates can be found in the Section S3.1.

sos Case of regression tasks. In the case of a regression problem with targets yZ’t and outputs y},
s07 defined in equation (8), we define the loss function £ = % Zt (Y ) which results in a
s partial derivative of the form 2 t = > WS s, Uk — ")k!'~t. This seemingly provides
so9 an obstacle for online learning, because the partial derivative is a weighted sum over future
sio errors. But this problem can be resolved as one interchange two sum indices in the expression
st of the weight updates (see section S3.1). It results that the sum over future events transforms
si2 1nto a low-pass filtering of the eligibility traces éﬁ»i = fﬁ(eﬁ-i), and the resulting weight update
513 can be written as

AWGEe = =n 3 (D Birlyh = ui") @i (26)
t k

J/
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s.a Here, B, denote broadcast weights in analogy to (Lillicrap et al., 2016), where we note that

sis By, = Wi as the ideal values.

sie  Case of classification tasks. We assume that K target categories are provided in the form of a
si7 one-hot encoded vector w*! with K dimensions. We define the probability for class k predicted
sie by the network as 7}, = softmaxy(y}, ..., vk) = exp(yL)/ > exp(y}, ), and the loss function

si9 for classification tasks as the cross-entropy error £ = — >, W:’t log 7rf. The plasticity rule

s20 resulting from e-prop reads (see derivation in Section S3.1):

AWGE =—n Y (D Bl — ) @ @7
t k

-

:L§_
=1 Reward-based e-prop: application of e-prop to policy gradient RL

s22  For reinforcement learning, the network interacts with an external environment. Based on the
s23  observations x! that are perceived, the network has to commit to actions a®, ..., a'",... at
s« certain decision times tg, . . ., t,, .. .. Each action a' is sampled from a probability distribution
s2s 7(a'™;y') which is also referred to as the policy of the RL agent. The policy is defined as
s26 function of the network output y'~, and is chosen here to be a vector of Gaussians with means
sz ' and variance o2 (see section S5.1 for discrete actions). At any time ¢ the environment can
s2s provide a positive or negative reward 7.

529 The goal of reinforcement learning is to maximize the expected sum of discounted future
ss0 rewards (also called a return): R! = D st ~Y~trt, where v < 1 is a discount factor. That is,
s31 ' we want to maximize E[R’], where the expectation is taken over the agent actions a’ and all
ss2  stochastic variables of the agent and the environment. We approach this optimization problem

ss3  using the theory of the actor-critic variant of policy gradient algorithms (Sutton and Barto,

ss«  2018). It involves the policy 7 (the actor) and an additional output neuron V* which predict the
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s35  value function E[R'] (the critic). The loss function of this algorithm is defined as
E=FE +CyEy, (28)

sss where B, = — > R'"logm(a'™;y") measures the performance of the stochastic policy ,

sv and By = Y, £(R" — V')? measures the accuracy of V. Unlike in the supervised learning

OFx

ss  case, we do not derive the weight update using the derivative <7
J

as in equation (25), because
s39 it is known to have a high variance in this setting. Instead, we replace it with the estimator %
J

sso0 Which has the same value in expectation but a lower variance, as in (Mnih et al., 2016):

OFE B . . Ologm(ai; y') OEy
o = ;(R Vin) K +Cy ot (29)

sst - We describe below the resulting synaptic plasticity rule in the case of multiple continuous ac-
se2  tions as needed to solve the task of Fig. 4. For the case of a single discrete actions as used in

s3 Fig. S4 we refer to section S5.1.

ssa Case of continuous actions. This task is more difficult when there is a delay between the
se5 action and the reward or, even harder, when a sequence of many actions lead together to a
ss6  delayed reward. There the loss function £ cannot be computed online because the evaluation of
se7 R'™ requires knowledge of future rewards. To overcome this, we introduce temporal difference
ss errors 0' = 1! + vV — V1 (see Fig. S3), and use the equivalence between the forward and
sso  backward view in reinforcement learning (Sutfon and Barto, 2018) to arrive at the following

sso - synaptic plasticity rules for a general actor-critic algorithm with e-prop (see Section S5.1):

AW = —p Z §'F, <L§ E§i> for (30)
t
t 1% yltc — allfc
Ly = —CvBj +) Bj=——+, 31
k

ss1 where we define the term y, — al, to have value zero when no action is taken at time ¢t. The

ss2 combination of reward prediction error and neuron-specific learning signal was also used in
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ss3  a plasticity rule for feedforward networks inspired by neuroscience (Roelfsema and Holtmaat,
ss«  2018), here it arises from the approximation of BPTT by e-prop in RSNNs solving RL problems.
55 Note that the filtering /., requires an additional eligibility trace per synapse. This arises from
sss  the temporal difference learning in RL (Sutfon and Barto, 2018). It depends on the learning

ss7 - signal and does not have the same function as the eligibility trace e?i.
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«» S1 Eligibility traces

41 Eligibility traces have been introduced in Section “Mathematical basis for e-prop” in Results.
22 Here, we provide further information on eligibility traces. In Section S1.1, we discuss an alter-
a3 native view on eligibility traces as derivatives. Second, we extend in Section S1.3 our treatment

¢ of eligibility traces for LSNNs in Methods to include non-uniform synaptic delays.

s S1.1 Viewing eligibility traces as derivatives

ss There exists an alternative definition of the eligibility traces that is perhaps more intuitive than
on'
J

a7 the recursive equation in (19). For this we need to define a notion of derivative 5~
Ji

that quan-

ss tifies the influence of an infinitesimal change of 1W;; on the hidden state hz- through the internal

. . . .. oht . . .
49 processes of neuron j. Unlike the partial derivative o it takes the full neuron history into
Ji

so account and not only the update of the hidden state at time step ¢. In comparison to the to-

t

. .. dni . . . P .
s1 tal derivative 7 it ignores that a spike of neuron j might influence its future self through
Jji

s2 the recurrent connections. Defining the derivative 5= according to the same principles, the
Je

ss eligibility traces and eligibility vectors can be defined by:

. Oh' s
J 8WJZ
D2t
A (S2)
J 8Wﬂ

dht . . . .
s« More formally, 5 is the total derivative computed in the computational graph where the cross
VK

. . . Oht Ozt ..
55 neuron dependencies are ignored, i.e. where aT—Jl and 8711 are assumed to be zero for all 7, j
[3 [3

ss and . This definition is equivalent to the previous one because, when inter neuron dependencies

=4

: .ot . ont’ ont .
s7 are ignored, the gradient aWJj - is given by the sum o <t a_hjj.Wj-,- and one recognizes here the
s o . . . . ¢
ss eligibility vector given in equation (17). Equation (S2) follows since €}, = 8—1133 € = ﬁ By

se extension of this notation of derivative to other quantities one can summarize symmetric e-prop
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6o as the replacement of by - in stochastic gradient descent.

« S1.2 Eligibility traces for LSNNs with membrane potential reset

e2 The eligibility traces derived in the methods do not take the reset term into account. We derive
ss here the eligibility traces that can correct for this. Note however that we did not observe an
s¢ 1mprovement when using this more complex model on the speech recognition and evidence

e5s accumulation tasks.

e Eligibility traces for LIF neurons. When taking into account the reset, the partial derivative

8ht+1

67 8ht

becomes o — Uthr¢§- instead of « and, accordingly to equation (19), the eligibility vector

e can be computed with the recursive formula: €' = (o — Syt)el; + 2.

so Eligibility traces for ALIF neurons. According to the dynamics of the ALIF neurons defined
t+1

. . . . . . h;
70 in equations (3)—(7) one coefficient differs in the matrix aht € R?*? as soon as one takes the

. . Ot .
7 reset into account. The coefficient 5+ was 0 without reset and becomes now vthrﬁzp;. Overall
J

t+1

hitt .
—i— 1s then equal to:

72 the full derivative ok

t+1
ah]t — <Oé - Uzhrw;" Uthrﬁw%) ) (53)
@hj % p— B¢J

73 Even-though this algorithm in still practicable, the recursive propagation of the eligibility vector
74 1n equation (19) cannot be written in the form of two separable equations as done in equations

75 (22) and (23). We preferred to ignore the reset in Methods to provide more interpretable equa-

76 tions for eligibility traces.

» S1.3  Eligibility traces for LSNNs with non-uniform synaptic delays

7sIn our derivation of eligibility traces for LSNNs, we used uniform synaptic delays to ease no-

7o tation. Here, we detail how e-prop can be extended to non-uniform delays. Resulting rules

4


https://doi.org/10.1101/738385

bioRxiv preprint doi: https://doi.org/10.1101/738385; this version posted August 19, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

so for synaptic plasticity favor then corresponding larger delays of several ms between pre- and
s1 post-synaptic firing. Let the delay of a synapse from neuron ¢ to j be denoted by ¢(j,7) > 0.
&2 Similarly, let d(j,7) > 0 be the delay of a synapse that connects an input neuron i with neuron

s 7. Using this definition, the dynamics of the membrane potential, see equation (3), is written as:

t+1— t+1-d
vt = vt + E Wiz " <G 4 E Witz () — 20 - (S4)
i#j
81}“’1 . .
s« Like in the uniform delay case, we obtain —- = The difference for arbitrary delays be-
vt t—c(j,) v} t—d(j,i) :
gs comes visible in awrec =z and in % an =T, . For recurrent weights, the component

s Of the eligibility vector associated to the membrane potential is hence:

=y A=z (S5)

t'<t—c(j,%)
&7 As the dynamics of the threshold adaptation is unchanged, the update of Eﬂ , remains as given

ss 1n equation (22). We obtain an eligibility trace
_ 1/} ( —t—c(j,1) 56%&) ' (S6)

s Analogously, we obtain the corresponding eligibility trace for input synapses by replacing 2!

o and c¢(j,7) with 2! and d(j, ) respectively.

o S2 Optimization and regularization procedures

92 Here, we discuss how optimization of networks was implemented and techniques that were used

93 to regularize networks.

« S2.1 Optimization procedure

os For e-prop and for BPTT, the weights were updated once after a batch of training trials. For

s simplicity, all the weight updates AW;F¢ are written for the most basic version of stochastic

5


https://doi.org/10.1101/738385

bioRxiv preprint doi: https://doi.org/10.1101/738385; this version posted August 19, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

o7 gradient descent (AW = —n-4E- where -4E- is the gradient estimate) in this article. In
ji ji

98 practice, we used Adam (Kingma and Ba, 2014) to boost stochastic gradient descent. We refer
99 to (Kingma and Ba, 2014) for the computation of the weight updates that result from the gradient

100 estimates.

0 92.2  Firing rate regularization for LSNNs

12 To ensure a low firing rate in LSNNs, we added a regularization term [, to the loss function

103 . This regularization term had the form:

1
Ereg = 5 Z (f;w _ ftarget>2 : (S7)

J

104 where f''8°" ig a target firing rate and = 1 > zj is the average firing rate of neuron

ntrialsT

15 j. Here, the sum runs over the time steps of all the ny,, trials between two weight updates.
16 To derive the plasticity rule that implements this regularization, we follow equation (25) in

107 Methods. The partial derivative of the regularization loss has the form:

OF,. 1 )
g _ (f]gv _ ftarge ) ) (SS)

t
azj ntrialsT

s Inserting this expression into equation (25), we obtain the plasticity rule that implements the

100 regularization:

AW = G S e (7 = 7)€ 9

ntrialsT

110 where C is a positive coefficient that controls the strength of the regularization. This plasticity
11 rule is applied simultaneously together with the plasticity rule that minimizes the loss . Note
112 that this weight update fits the e-prop framework provided by equation (1) with a learning signal
113 L;.eg’t proportional to f*'&" — f2V available locally at neuron j. This learning signal L;eg’t can

112 simply be added to the task-specific learning signal L;.
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s 92.3  Weight decay regularization

116 When using adaptive e-prop, readout and broadcast weights were regularized using L2 norm
117 weight decay regularization. This was implemented by subtracting Cgecay - W from each weight
1s W that was regularized at each weight update, where Cgecay > 0 is the regularization factor
119 (see specific experiments for the value of Cyecay). This weight decay in combination with the
120 mirroring of the weight updates has the effect that, despite different initialization, the output
121 weights and the adaptive boradcast weights converge to similar values. The remaining differ-
122 ence of performance between symmetric and adaptive e-prop reported in Fig. 2 and Fig. S2 may

123 be explained by the different initializations.

ee 52.4 Optimization with rewiring for sparse network connectivity

125 Due to limited resources, neural networks in the brain and in neuromorphic harware are sparsely
126 connected. In addition, the connectivity structure of brain networks is dynamic, with synaptic
127 connections being added and deleted on the time scale of hours or days, which was shown to
128 help the network to use the limited connectivity resources in an optimal manner (Kappel et al.,
120 2018). In order to test whether e-prop is compatible with synaptic rewiring, we combined it with
130 DEEP R (Bellec et al., 2018). DEEP R is based on a model for synaptic rewiring in the brain
131 (Kappel et al., 2018) and allows to rewire sparse neural network models during training with
132 gradients descent. The algorithm minimizes the loss function £ subject to a constraint on the
133 total number of connected synapses. To do so, each synaptic weight W, is assigned a fixed sign
134 S5 (it is defined to be excitatory or inhibitory) and an amplitude w;;. Each potential synaptic
135 connection can either be “active”, i.e., the synaptic connection is realized, or “dormant”, i.e.,
136 this potential connection is not realized.

137 For a dormant synaptic connection, the weight I¥;; is set to be zero and the gradients and

13s  weight updates of the connection ¢ — j are not computed. It means in e-prop that dor-
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139 mant synapses do not require eligibility traces. For an active connection, the weight is de-
1o fined as Wj; = s;wj; and the weight amplitude is updated according to the update Aw;; =
1w 5;AW;; —nCpry where AWj; is the weight update given here by e-prop and C; = 0.01 is an
12 L1 regularization coefficient. To update the network structure such that the set of active con-
123 nections is optimized along side their synaptic weights, DEEP R proceeds as follows after each

124 weight update:

145 e every active connection for which the amplitude becomes negative is set to be dormant,
146 e and some dormant connections are selected randomly and set to be active with w;; = 0
147 such that the total number of active connection remains constant.

e We define the synapse signs s;; such that 80% of the neurons are excitatory and 20% are in-
19 hibitory. Despite the constraint on the neuron signs and the constraint that 90% of the synapses
150 should remain dormant throughout the learning process, e-prop and rewiring solve the evidence

151 accumulation task of Fig. 3.

= 93 Supervised learning with e-prop

s 93.1 Synaptic plasticity rules for e-prop in supervised learning

15 Here, we derive synaptic plasticity rules that result from e-prop for supervised learning. We
155 consider two cases: First, we derive plasticity rules for regression tasks, and second, for classi-
16 fication tasks.

157 We follow the scheme described by equation (25) in Methods. Hence the loss gradients -4 dW

OF _t

dE def
158 are estimated using the approximation —= > oot 7€

Given the eligiblity traces that are
159 derived in Methods and Section S4.4, what remains to be derived for each task is the expression

w0 of the relevant derivative 2 o2t L and show that it can be computed online.
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11 Regression tasks: Consider a regression problem with loss function £ = 537,  (vi — vy 2,

162 targets yZ’t and outputs 3! as defined in equation (8). The partial derivative 2 o2t E takes the form:

1 .
E = 5 -u) (S10)
t,k
O o o
ot ZW S -y (S11)
t'>t

1ea  This seemingly provides an obstacle for online learning, because the partial derivative is a

164 weighted sum over future errors. But this problem can be resolved. Following equation (1),

15 the approximation of the loss gradient is computed with e-prop as follows (we 1nsert

dW

16 1n place of the total derivative %):
J

dE 9E ,
— S12
_ Z st Z — YRl (S13)
k.t t>t!
— Z Wt (yh — ) > kel (S14)
<
t'<t

defy
ji

17 where we changed the order of summations in the last line. The second sum indexed by ¢’ is
168 NOW over previous events that can be computed online. It is just a low-pass filtered version
1o Of the eligibility trace ’33'@'- With this additional filtering of the eligibility trace with a time
170 constant equal to that of the leak of output neurons, we see that e-prop takes into account the
171 latency between an event at time ¢’ and its impact on later errors at time ¢ within the integration
172 time window of the output neuron. Hence, implementing weight updates with gradient descent
173 and learning rate 7, the plasticity rule resulting from e-prop is given by the equation (26). The

174 gradient of the loss function with respect to the output weights dwout can be implemented online

175 without relying on the theory of e-prop. The plasticity rule resulting from gradient descent is
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176 directly:
W = —nz Fu(2). (S15)

w77 Similarly the update of the bias of the output neurons is Ab" = —n 3", (yh — ).

178 Classification tasks: We assume that K target categories are provided in the form of a K-
179 dimensional one-hot encoded vector 7v**. To train recurrent networks in this setup, we replace

150 the mean squared error by the cross entropy loss:
—> it log (S16)

1s1 where the probability for class & predicted by the network is given as 7, = softmaxy(v!, ..., yk)

12 = exp(yL)/ > exp(yh). To derive the modified learning rule that results from this loss func-

183 tion F/, we replace of equation (S11) with the corresponding one resulting from (S16):
Z A e (S17)

t'>t

184 Following otherwise the same derivation as in equations (S12)-(S14), the plasticity rule in the

185 case of classification tasks is given by equation (27).

186 Similarly, one obtains the plasticity rule for the output connections, where the only differ-

1e7 ence between the cases of regression and of classification is that the output y}, and the target y,:’t

1es are replaced by 7, and ;" respectively: AWRH = —n Y2, (7, — wZ’t)]:K(z;). The update of the

189 bias of the output neurons is AW = —n >, (7} — 7).

wo 93.2  Simulation details: speech recognition task (Fig. 2)

191 S3.2.1 Frame-wise phoneme classification

192 The goal of the frame-wise setup of the task is to classify audio-frames into phoneme classes.

193 Every input sequence of audio-frames has a corresponding sequence of class labels of the same

10
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194 length, hence the model does not need to align the input sequence to the target sequence. This
195 task has been widely adopted as a speech recognition benchmark for recurrent neural networks

196 (RNNS).

197 Details of the network model: We used a bi-directional network architecture (Graves and
198 Schmidhuber, 2005), where the output of an LSNN was augmented by the output a second
199 LSNN that received the input sequence in reverse time order. Each of the two networks con-
200 sisted of 300 LIF neurons and 100 ALIF neurons. The neurons in the LSNNs had a membrane
201 time constant of 7,, = 20 ms, an adaptation time constant of 7, = 200 ms, an adaptation
202 strength of § = (.184, a baseline threshold vy, = 1.6, and a refractory period of 2 ms.

203 We used 61 output neurons in total, one for each class of the TIMIT dataset. The mem-
204 brane time constant of the output neurons was 7,,; = 3 ms. A softmax was applied to their
205 output, resulting in the corresponding class probabilities. The network model had ~ 0.4 million

206 weights.

207 Details of the dataset preparation and of the input preprocessing: We followed the same
208 task setup as in (Greff et al., 2017, Graves and Schmidhuber, 2005). The TIMIT dataset was split
200 according to Halberstadt (Glass et al., 1999) into a training, validation, and test set with 3696,
210 400, and 192 sequences respectively. The input &' was given as preprocessed audio that was
211 obtained by the following procedure: computation of 13 Mel Frequency Cepstral Coefficients
22 (MFCCs) with a frame size of 10 ms on an input window of length 25 ms, computation of the
213 first and the second derivatives of MFCCs, concatenation of all computed factors. The 39 input
214 channels were mapped to the range [0, 1] according to the minimum/maximum values in the
215 training set.

216 In order to map the inputs into the temporal time domain of LSNNs, each preprocessed

217 audio frame was fed as inputs ' to the LSNN for 5 consecutive 1 ms steps.

11
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218 Details of the learning procedure: All networks were trained for a maximum of 80 epochs,
219 where we used early stopping to report the test error at the point of the lowest error on the
220 validation set. Weight updates were implemented using Adam with default hyperparameters
221 (Kingma and Ba, 2014) except for €agam, Which was set to 107°. Gradients were computed
222 using batches of size 32. We used L2 regularization in all networks by adding the term 107 -
223 ||W||? to the loss function, where 1V denotes all weights in the network. The learning rate was
224 1nitialized to 0.01 and fixed during training. For random e-prop and adaptive e-prop, broadcast
225 weights Bj, were initialized using a Gaussian distribution with a mean of 0 and a variance of
226 1 and 1/n respectively. In adaptive e-prop, we used in addition to the weight decay described
227 above L2 weight decay on readout and broadcast weights according to S2.3 using a factor
228 Of Cyecay = 1072, Firing rate regularization, as described in Section S2.2, was applied with

229 Creg = 50.
230 S3.2.2 Phoneme sequence recognition with CTC

231 We compared e-prop and BPTT on the task and the network architecture used in (Graves et al.,
232 2013). The essential building blocks of this architecture were also used in (Amodei et al.,
233 2016) for developing commercial software for speech-to-text transcriptions. In this architecture
23« Connectionist Temporal Classification (CTC) is employed. This enabled us to train networks on
235 unaligned sequence labeling tasks end-to-end. We considered the results of (Graves et al., 2013)
236 that were obtained with three layers of bi-directional LSTMs, CTC, and BPTT as a reference.
237 We are aware that this configuration cannot be adapted to an online implementation easily, due
238 to the usage of a bi-directional LSTM and the CTC loss function. However, we believe that this
239 task is still relevant to compare BPTT and e-prop because it is a well established benchmark for

240 RNNG.

12
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241 Details of the network model: The neurons were structured into 3 layers. The network was
242 recurrently connected within a layer and had feedforward connections across layers. Each layer
243 consisted of 80 LIF neurons and 720 ALIF neurons (9.1 million weights). The neurons in
244« LSNNs had a membrane time constant of 7,,, = 20 ms, an adaptation time constant of 7, = 500
25 ms, an adaptation strength of 5 = 0.074, a baseline threshold vy, = 0.2, and a refractory period
26 of 2 ms. Synaptic delays were randomly chosen from {1,2} ms with equal probability. The

247 membrane time constant of output neurons was 7,,; = 3 ms.

2s E-prop with many layers of recurrent neurons: If one naively applies e-prop in such a

B

249 configuration, the partial derivative 55
J

is non-zero only if 7 belongs to the last layer, whereas
250 earlier layers would not receive any learning signal. To avoid this, we connected all neurons in
251 all layers of the RNN to the output neurons. Therefore, the outputs i of the RNN was given as
22 Yp= e KUY D Wik t’(l)zj(-l)’tl, where zj(-l)’tl denotes the visible state of a neuron j within
253 the layer [. As a result, the learning signals in the case of e-prop were non-zero for neurons in

254 every layer.

255 E-prop with the CTC loss function: Ecp¢ is defined based on the log-likelihood of obtaining
26 the sequence of labeled phonemes given the network outputs yi. We refer to (Graves et al.,
257 2006) for the formal definition of the probabilistic model. Equation (7.27) in (Graves, 2012)
28 shows the gradient of the loss function Ecrc with respect to the activity of the outputs y! that

OF

259 we denote as %. Using the linear relationship between the visible state zjl " and the outputs
k

260 YL, we obtain that the partial derivative af(cl{tc that we need in order to find the learning signals
zZ .
J

261 used in e-prop are defined as ) -, KIS & %BJ(.Q. Here, BJ(Q denote the broadcast weights
- k

262 to the layer [.

13
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263 Details of the dataset preparation and of the input preprocessing: The TIMIT dataset
264 was split in the same manner as in (Graves et al., 2013) and in the frame-wise version of the
25 task. The raw audio was preprocessed before it was provided as an input x' to the network.
266 This included the following steps: computation of a Fourier-transform based filter-bank with 40
267 coefficients and an additional channel for the signal energy (with step size 10 ms and window
268 Size 25 ms), computation of the first and the second derivatives, concatenation of all computed
260 factors, which totals to 123 input channels. Normalization over the training set was done in the
270 same manner as in the frame-wise version of the task.

271 In order to map the inputs into the temporal time domain of LSNNs, each preprocessed

272 audio frame was fed as inputs x’ to the LSNN for 5 consecutive 1 ms steps.

273 Details of the learning procedure: All models were trained for a total of 60 epochs, where
274 gradients were computed using batches of 8 sequences. The learning rate was initialized to
2rs 1072 and decayed every 15 epochs by a factor of 0.3. We used early stopping to report the
276 test error, as in the previous task. Dropout was applied during training between the hidden
277 layers and at the output neurons with a dropout probability of 0.3. As in the frame-wise setup,
278 the weight updates were implemented using Adam with the default hyperparameters (Kingma
2re  and Ba, 2014) except for epgam = 107°. For random e-prop and adaptive e-prop, broadcast
250 weights B, were initialized using a Gaussian distribution with a mean of 0 and a variance of
2s1 1 and 1/n respectively. In adaptive e-prop, we used L2 weight decay on readout and broadcast

22 weights according to S2.3 using a factor of Cyecay = 10~%. When the global norm of gradients

—_ —_— —_
285 Nejip = || d{‘ff;? 12+ | dg/?gc 12+ || dv(li/]?iut || was larger then 1, we scaled the gradients by a factor of

284 Nll, . We used beam search decoding with a beam width of 100. As in (Graves et al., 2013), the
clip
285 networks were trained on all 61 phoneme labels but were then mapped to a reduced phoneme

286 set (39 classes) for testing.

14
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=7 93.3 Applying e-prop to an episodic memory task

288 The FORCE training method (Nicola and Clopath, 2017) arguably defines the state-of-the-art
289 for training methods for RSNNs that do not need to backpropagate gradients through time.
200 FORCE learning uses a synaptic plasticity rule that required knowledge of the values of all
201 synaptic weights in the network. This rule was not argued to be biologically plausible, but no
292 other method for training an RSNN to solve the task described below was known so far.

293 In order to compare e-prop to FORCE learning, we tested e-prop on the task to replay a
20¢ movie segment that had been repeatedly presented to the network (Nicola and Clopath, 2017).
205 Specifically, it had to generate at each time step the values of all pixels that described the video
206 frame of the movie at that time step. This episodic memory task was arguably the most difficult
297 task for which an RSNN was previously trained in (Nicola and Clopath, 2017),

298 Here, we considered an extension to this task: the RNN had to replay 1 out of 3 possible
209 movies, where the desired movie index was provided as a cue to the network, see Fig. STA. As
a0 in (Nicola and Clopath, 2017), the RNN received also a clock-like input signal to indicate the
st current position in the movie. We show in Fig. S1B that an LSNN can be trained to solve this
s02 task by either one of the e-prop versions (see Movie S1), and that e-prop performs almost as

s0s well as BPTT.

s+ Details of the network model: We used an LSNN that consisted of 700 LIF neurons and 300
ss ALIF neurons. Each neuron had a membrane time constant of 7,,, = 20 ms and a refractory
sos period of 5 ms. ALIF neurons had a threshold adaptation time constant of 500 ms, and a
a7 threshold adaptation strength of 3 = 0.07. All neurons had a baseline threshold of vy, = 0.62.

sos All 5544 output neurons had a membrane time constant of 7,,; = 4 ms.

15
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a9 Details of the dataset preparation and of the input scheme: We manually chose three
s0 movie clips from the Hollywood 2 dataset (Marszatek et al., 2009), which contained between 0
st and 2 scene cuts®, see Movie S1. The movie clips were clipped to a length of 5 seconds and spa-
sz tially subsampled to a resolution of 66 x 28 pixels. Since our simulations used 1 ms as a discrete
a3 time step, we linearly interpolated between the frames of the original movie clips, which had a
a4 framerate of 25 frames per second. In total, we obtained a target signal with 66 x 26 x 3 = 5544
a5 dimensions, whose values were divided by a constant of 255, such that they fit in the range of
ats [0, 1].

317 The network received input from 115 input neurons, divided into 23 groups of 5 neurons.
sis The first 20 groups indicated the current phase of the target sequence, similar to (Nicola and
ais  Clopath, 2017). Neurons in group i € {0, 19} produced regular spike trains with a firing rate
a0 of 50 Hz during the time interval [250 - 4,250 - ¢ + 250) ms and were silent at other times. The
221 remaining 3 groups encoded which movie had to be replayed, where each group was assigned
a2 to one of the three movies. To indicate a desired replay of one specific movie, each neuron
323 in the corresponding group produced a Poisson spike train with a rate of 50 Hz and was silent

s24 Otherwise.

325 Details of the learning procedure: For learning, we carried out 5 second simulations, where
a6 the network produced a 5544 dimensional output pattern. Gradients were accumulated for 8
327 successive trials, after which weight updates were applied using Adam with a learning rate of
s 21072 and default hyperparameters (Kingma and Ba, 2014). The movie to be replayed in each
a0 trial was selected with uniform probability. After every 100 weight updates (iterations), the
a0 learning rate was decayed by a factor of 0.95. For random e-prop, we used random broadcast

ss1 weights Bj;, that were sampled from a Gaussian distribution with a mean of 0 and a variance

*sceneclipautoautotrain00019.avi, sceneclipautoautotrain00061.avi, sceneclipautoautotrain00071.avi
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sz of 1. In adaptive e-prop we used L2 weight decay (see Section S2.3) for the broadcast weights
sss B, and the output weights W;;“t with a factor of Cgecay = 0.001. To avoid an excessively high
s firing rate, regularization, as described in Section S2.2, was applied with C'.; = 0.1 and a target

ass  firing rate of %8 = 10 Hz.

= 93.4 Simulation details: evidence accumulation task (Fig. 3)

sz This task was inspired by the task performed by mice in (Morcos and Harvey, 2016). Each trial
s was split into three periods: the cue period, the delay period, and the decision period. During
a9 the cue period, the agent was stimulated with 7 successive binary cues (“left” or “right”), and
a0 had to take a corresponding binary decision (“left” or “right”) during the decision period. The
a4 trial was considered a success if the decision matched the side that was most often indicated by
a2 the 7 cues. No action was required during the delay period. Each cue lasted for 100 ms and
as  the cues were separated by 50 ms. The duration of the delay was distributed uniformly between

a4 500 ms and 1500 ms, and the decision period lasted for 150 ms.

a5 Details of the network model and input scheme: We used an LSNN that consisted of 50
a6 LIF neurons and 50 ALIF neurons. All neurons had a membrane time constant of 7,,, = 20
a7 ms, a baseline threshold of vy, = 0.6, and a refractory period of 5 ms. The time constants of
as  the threshold adaptation was set to 7, = 2000 ms, and its impact on the threshold was given as
a9 3=1.74-1072.

350 Input to this network was provided by 4 populations of 10 neurons each. The first two input
351 populations encoded the cues as follows: when a cue indicated the “left” side (resp. the “right”
352 side), all the neurons within the first (resp. the second) population produced Poisson spike trains
353 with a firing rate of 40 Hz. The third input population spiked randomly throughout the decision

ss4  period with a firing rate of 40 Hz and was silent otherwise. All the neurons in the last input
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sss  population produced stationary Poisson spike trains of 10 Hz throughout the trial, which was

a6 useful in particular to avoid that the network becomes quiescent during the delay.

357 Details of the learning procedure: For learning, we used e-prop for classification tasks, see
a8 Section S3.1. The target label ﬂZ’t was given as the correct output during the decision period at
sso  the end of a trial. To help the network solving the task, we used a curriculum with an increasing
s0 number of cues. We first trained with a single cue, and increased the number of cues to 3, 5 and
st finally 7. The number of cues increased each time the network achieved less than 8% error on
ss2 512 validation trials. The same criterion is used to stop training once 7 cues are reached.

363 Independent of the learning algorithm that was used (BPTT, e-prop), a weight update was
s+ applied once every 64 trials and the gradients were accumulated during those trials additively.
ses  All weight updates were implemented using Adam with default parameters (Kingma and Ba,
s 2014) and a learning rate of 5 - 1073, In the cases of random e-prop and adaptive e-prop,
s7 broadcast weights Bj;, were initialized using a Gaussian distribution with mean 0 and variance
ses 1. In adaptive e-prop we used L2 weight decay (see Section S2.3) for the broadcast weights
so  [Bj;, and the output weights I/Vj%ut with a factor of Cgecay = 0.001. In addition, firing rate
a0 regularization, as described in Section S2.2, was applied with C,, = 1. and a target firing rate

ant of ftarget = 10 Hz.

= 5S4  Applying supervised learning with e-prop to artificial neu-
a73 ral networks (LSTMs)

a7+ Here we show that e-prop can also be applied to artificial neural networks. We chose long short-
a5 term memory (LSTM) neworks (Hochreiter and Schmidhuber, 1997) for this demonstration,
a7e - whose performance defines the standard for RNNs in machine learning. We demonstrate in

a7 Section S4.1 that LSTM networks can achieve competitive results on TIMIT when trained with
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ars  e-prop, followed by details on these simulations (Section S4.2). In the following sections, we
are  provide details on the LSTM model used (Section S4.3) and on eligibility traces for LSTM units
ss0 (Section S4.4).

w S4.1 Speech recognition with LSTM networks and e-prop

a2 In Results, we have used e-prop to train LSNNs on the speech recognition task TIMIT (see
s Fig. 2). To test whether e-prop is effective also for artificial neural networks, we applied it
s« to LSTM network on the very same task in its two flavors of frame-wise classification and
385 sequence transcription.

386 Supplementary figure S2 shows that E-prop approximates the performance of BPTT in both
ss7  versions of TIMIT also for LSTM networks very well. As for LSNNs, we trained as in (Graves
a8 etal., 2013) an LSTM network consisting of a feedforward sequence of three recurrent networks

a0 1n the more difficult version of TIMIT involving sequence transcription.

0 S4.2 Simulation details: speech recognition task with LSTMs (Fig. S2)

ssr  The data preparation in the two setups (frame-wise phoneme classification and phoneme se-
s92 quence recognition) were identical to the LSNN case. They are described in Section S3.2. The
ses details on the network models and training procedures are described next for the two task setups

a4 separately.
sss S4.2.1 Frame-wise phoneme classification with LSTM networks

ss Details of the network model: We used a bi-directional network architecture (Graves and
a7 Schmidhuber, 2005), where the output of an LSTM network was augmented by the output a
sss  second LSTM network that received the input sequence in reverse time order. Each of the two

s09 networks consisted of 200 LSTM units.
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We used a 61-fold softmax output, one for each class of the TIMIT dataset. The LSTM had

~ (.4 million weights, which matched the number of weights in the LSNN for the same task.

Details of the learning procedure: LSTM networks were trained in the same way as LSNNs,
see Section S3.2, except for the following differences in training hyper parameters: We decayed
the learning rate after every 500 weight updates by a factor of 0.3. For L2 weight decay on
readout and broadcast weights according to S2.3 we used a factor of Cyecay = 1073 for LSTMs.

As LSTM units are not spiking, we did not use firing rate regularization.
S4.2.2 Phoneme sequence recognition with CTC and LSTM networks

We compared e-prop and BPTT on the task and the network architecture used in (Graves et al.,
2013). As for LSNNs, we employed Connectionist Temporal Classification (CTC) to achieve
phoneme sequence recognition (see Section “Phoneme sequence recognition with CTC” in Sec-

tion S3.2). This enabled us to train networks on unaligned sequence labeling tasks end-to-end.

Details of the network model: The neurons of were structured into 3 recurrent layers. In
each layer there were 250 LSTM units. All neurons in all layers of the RNN were connected to

the output layer (see “E-prop with many layers of recurrent neurons” in Section S3.2).

Details of the learning procedure: LSTM networks were trained in the same way as LSNNs,

see Section S3.2. In the case of BPTT, we also used the peephole feature in the LSTM model.

S4.3 LSTM network model

We use a standard model for LSTM units (Hochreiter and Schmidhuber, 1997), for which the
hidden state at time step ¢ is a one dimensional vector containing only the content of the memory

cell c§, such that h; & [cﬁ], and zj is the value of its output. The memory cell can be viewed as a
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a1 register which supports writing, updating, deleting and reading. These operations are controlled
«22 independently for each cell j at each time ¢ by input, forget and output gates (denoted by i;, /;
223 and 0§- respectively). The new cell state candidate that may replace the cell state c?‘l at each
a24 time step t is denoted . The input, forget, and output sigmoidal gates as well as the cell state

25 candidate of an LSTM unit j are defined by the following equations:

i = U(ZWFecz 27 ZW”“ 9 (S18)

/g;t _ 0_( Z Wrec,/ t 1 Z Wln v t (819)
0; _ O'( Z Wrec O t 1 Z Wln e t (520)
¢ = tanh () Wiec™! ZW“ b, (S21)

a6 where all the weights used here are parameters of the model (we also used biases that were
«27 omitted for readability). Using these notations, one can now write the update of the state of an

428 LSTM unit j in a form that we can relate to our general formalism:

R (522)
z; = oz.c;-. (523)

29 In terms of the computational graph in Fig. 5 equation (S22) defines M (cé-_l, z!71 xt, W) and
w0 (S23) defines f(c}, 2", x", W).

= S4.4 Eligibility traces for LSTM units

sz Eligibility traces for LIF neurons and ALIF neurons were derived in Section “Derivation of
a3 eligibility traces for concrete neuron models” in Methods. Here, we derive eligibility traces for

s34 the weights of LSTM units.

435 To obtain the eligibility traces, we note that the state dynamics of an LSTM unit is given by:
8ht'+1 6 t+ t A,B . . . [T 1) 113 EH] . .
86 g = = /;. For each weight W~ with A being either “in” or “rec” and B being z, £,
J
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a7 Or ¢, we compute a set of eligibility traces. For example, the eligibility vectors for the recurrent

rec,z

a3s weights to the input gate W™, are updated according to equation (19), leading to:

ﬁtlzfl (1_1/)31’ (824)

a9 resulting in eligibility traces:

it

olel . (S25)

a0 Similarly, the eligibility traces for the input weights to the input gate are obtained by replacing

441 Zf_l with :Ei

a2 Output gates: The gradients with respect to the parameters of the output gate do not require
a3 additional eligibility traces. This is because the output gate contributes to the observable state
44 but not to hidden state, see equations S22 and S23. Therefore, one can use the standard fac-
a5 torization of the error gradient as used in BPTT. For the recurrent weights to the output gates

ws W7, the gradient is given by:

dE dE 07 e
W == E@W?gc’ﬂ == Z %CJOJ 0;)21 . (826)
Ju t J Jv

47 Hence, when applying e-prop to LSTM units, we use the same approximation of the ideal
«s learning signal b ! 38 for other parameters and the remaining term is local, depends only on ¢
a9 and t — 1 and does not require eligiblity traces. For input weights to the output gate VV;?’”, the

o gradient is obtained by replacing 2/~ with z!.

= S5 Reward-based e-prop: Application of e-prop to policy gra-
w52 dient RL

s 95.1 Synaptic plasticity rules for reward-based e-prop

s« Here, we derive the synaptic plasticity rules that result from gradients of the loss function F, as

455 given in equation (28), see Fig. S3 for the network architecture. As a result of the general actor-
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56 critic framework with policy gradient, this loss function additively combines the loss function
57 for the policy E; (actor) and the value function £y, (critic).

458 We consider two cases: First, a simplified case where in each trial, one out of K discrete
59 actions is taken at a single time point. In particular this action is taken at the end of the trial. This
a0 1s the setup of the reward-based version of the evidence accumulation task of Fig. 3, see Fig. S4
st for performance results. Second, we analyse a more general case where continuous actions are
a2 taken throughout the trial. This is the setup of the delayed arm reaching task (Fig. 4). For both
a3 cases, we derive the gradients for the parts ;. and Ey of the loss function £/, and express the

se4 plasticity rules resulting from these gradients.

a5 Task setup with a discrete action at the end of the trial (Fig. 3): In this setup, a discrete
w6 action a € {1,..., K} from a set of K possibilities needs to be taken at the last time step 7’
w7 of a trial, leading to a binary-valued reward 7. As a result, the return RT (denoted here for
w8 notational simplicity as R) is equal to 7. We assume that the agent chooses action k& with
w9 probability 7, = softmaxy(yf,...,yk) =exp(yl)/ > exp(y}). Therefore, we can write E,

470 aS:

E. = —RY llogm. (S27)
k

a7 Here and in subsequent equations, we suppress the dependence of the term on the left hand side
472 on the stochastic action a that is actually chosen and the resulting reward R. 1,_ is the one-hot
a3 encoded action and assumes a value of 1 only if @ = k and is O otherwise. Hence, although we
474 sum over all possible actions, only the term corresponding to the action a that was taken is non
a5 zero. Interestingly, in the discrete action case, the loss function £ is reminiscent of the one
a7e used for supervised classification, see equation (S16). But it exhibits two differences: firstly,
s77  the indicator of the selected action 1, replaces the target label 7, and secondly, the loss is

a7s multiplied by the reward R.
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479 In order to optimize E, as given in (28), we also need to consider Ey = (R — V)2, for

1

2

a0 which we can reuse the result for regression (S14). By application of gradient descent using

ss1 equation (1), and using the estimator % given in (29), we obtain the synaptic plasticity rule
J

ss2 that implements reward-based e-prop in this case:

J Ji o

AWEe = =y [(R=V) Y Bjlm —lams) - Cv(R=V)BY | e, (528)
k

(. /

P

3 where we denote with B, the broadcast weights from output neurons yj, and with B]V the
ss4 broadcast weights from the output neuron that produces the value prediction V. The choice
a5 of these broadcast weights then defines which variant of reward-based e-prop is employed
a6 (reward-based symmetric e-prop, reward-based adaptive e-prop, or reward-based random e-
47 prop).

488 For the synaptic connections of output neurons, the loss gradient can be computed directly
a9 from the loss function (28). We also subtract the value prediction to reduce variance of the
w0 gradient estimate as in (29), and obtain for the update rules: AI/V,:;?Ollt = —n(R-V)(m, —
s Lomp) Fu(z) ), and AW} = nCy (R — V) F.(2]). Similarly, the updates of the biases of output
<2 meurons are: Abp " = —n(R — V)(m, — 1a=y), and ABY = nCy (R — V).

293 Continuous actions throughout the trial (Fig. 4A-C): In this setup, we assume that the
s94 agent can take at certain decision times ?, ..., t,,... real-valued actions a. We also assume
a9s that each component k of this action vector follows independent Gaussian distributions, with a
w6 mean given by the output y;, and a fixed variance 2.

497 We consider first the regression problem defined by the loss function Ey,, and note that
w8 a major difference to the previous case is that the return R! integrates future rewards arrive

s99 long after an action was taken. We begin with the result for regression from equation (S14).
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s Substituting the relevant variables, we obtain an estimation of the loss gradient:

o —

dEV t/ t/ Vout —t
Wrec = Z R V W ]z )

(S29)

s01  Where ij’Out are the weights of the output neuron V; predicting the value function E[R']. In
sz order to overcome the obstacle that an evaluation of the return R’ requires to know future
sos rewards, we introduce temporal difference errors §* = r* + 4V — V', and use that R* — V¥
so4 1s equal to the sum tht' 74~ §t. We then reorganize the two sums over ¢ and ¢’ (note that the
sos 1Interchange of the summation order amounts to the equivalence between forward and backward

ss  view of RL (Sutfon and Barto, 2018)):

dEZ3C _ Z (Z 7lf,—lt’ 5t) VVjV,out é;'/i (S30)
dW]l t >t
_ Z 5t Z WVout —5’1 (831)
t'<t
_ 2515 WVout =t ) ) (532)

so7  For the other part £ in the loss function E, we consider the estimator % given in (29), and use
J
so8 our previous definition that each component & of the action follows an independent Gaussian,

0o which has a mean given by the output 3, and a fixed variance 0. The estimator then becomes:

a/ir tn __ oitn
5 : _ Z W7r ,out Z %tn—t(Rtn . th) ak - yk ’ (833)
% k {n|tn>t} g

sio  where W,fj’out are the weights onto the output neurons y! defining the policy 7, and « is the

s11 constant of the low-pass filtering of the output neurons. Following a derivation similar to equa-
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si2 tions (S12) to (S14), we arrive at an estimation of the loss gradient of the form:

dE, OF, o,
rec (S34)

AW 82

_ Z WTr,out Z (Rtn . th) al;cn - y’in K;tnftet (535)

- kj o2 Ji

t,k {n|tn>t}
- Z(Rtn . vtn) ﬂ'OUt akz yk Z /itnft t . (536)
]z
t<tpn
t

Jji

si3 Like in the derivation of the gradient of E), this formula hides a sum over future rewards in
s1« R that cannot be computed online. It is resolved by introducing the backward view as in

515 equation (S32). We arrive at the loss gradient:

dwrec — Z 5t ( Z W™ out ak - yk é§z> ) (S37)

sis  Importantly, an action is only taken at times %, . .., ¢,, ..., hence for all other times, we set the
si7 term (al — yt) to zero.
518 Finally, the gradient of the loss function £ is the sum of the gradients of £, and Ey/, equa-

st9 tions (S32) and (S37) respectively. Application of stochastic gradient descent with a learning
s20 rate of 7 yields the synaptic plasticity rule given in the equations (30) and (31).

521 The gradient of E with respect to the output weights can be computed directly from equa-
s22  tion (28) without the theory of e-prop. However, it also needs to account for the sum over future
s23 rewards that is present in the term R’ — V. Using a similar derivation as in equations (S30)-

s24  (S32) the plasticity rule for these weights becomes:
AW — Z&t ( a’“]—"( )) (S38)
AW = ncvzyﬂ (Ful2h) - (S39)
t

s2s  Similarly, we also obtain for the update rules of the biases of the output neurons: Abz’out

o =30, 0, (M5 ), and AbVert = 5Cy 3, 4,
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27 95.2 Simulation details: evidence accumulation task (Fig. S4)

s2s The task considered in this experiment was the same as in Section S3.4, but while the task was
s29 there formulated as a supervised learning, the network is trained here using a reinforcement
ss0 learning setup. In this setup, the agent had to choose a side at the end of the trial, which
ss1 represented the two discrete action possibilities. A reward of 1 was given at the end of the trial
se2  1f the agent selected the side on which more cues than on the other had previously been given,
ss3  otherwise no reward was given. The network model remained the same as in the supervised

ss¢  setup. The result is shown in Fig. S4: The task can be learnt by reward-based e-prop.

sss  Details of the decision process: In the reinforcement learning setup of the task, one binary
ss action formalizes the decision of the agent (“left” of “right”) at the end of the trial. This decision
ss7 was sampled according to probabilities 7, that are computed from the network output using a

ss8  softmax operation, see “Case of a discrete action at the end of a trial” in Section S5.1.

ss9  Details of the learning procedure: For learning, we simulated batches of 64 trials, and ap-
ss0 plied weight changes at the end of each batch. Independent of the learning method, we used
s+ Adam to implement the weight update, using gradients that were accumulated in 64 trials using
s> a learning rate of 5 - 1072 and default hyperparameters (Kingma and Ba, 2014). For random
sa3  e-prop, we sampled broadcast weights B, from a Gaussian distribution with a mean of 0 and
se¢  a variance of 1. To avoid an excessively high firing rate, regularization, as described in Sec-

s45 tion S2.2, was applied with C\., = 0.1 and a target firing rate of f**'#** = 10 Hz.

s 95.3 Simulation details: delayed arm reaching task (Fig. 4)

57 Details of the arm model: The arm consisted of two links, with one link connected to the

ses oOther link by a joint, which is itself connected by a joint to a fixed position in space. The
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s49 configuration of this arm model at time ¢ can be described by the angles ¢! and ¢} of the two
ss0 joints measured against the horizontal and the first link of the arm respectively, see Fig. 4A.
sst For given angles, the position y* = (zf, 3") of the tip of the arm in Euclidean space is given by
ss2 1t = [ cos(d!) + [ cos(@! + ¢b) and 3y = [sin(¢t) + Isin(¢h + ¢%). Angles were computed by

sss  discrete integration over time: ¢! = 3, _, ¢L'0t + ¢? using 0t = 1 ms.

s« Details of the delayed arm reaching task and of the input scheme: The agent could control
ss5 the arm by setting the angular velocities of the two joints to a different value at every ms. There
sss  was a total of 8 possible goal locations, which were evenly distributed on a circle with a radius
ss7 of 0.8. The arm was initially positioned so that its tip was equidistant from all the goals. In
sss  each trial, one of the 8 goals was chosen randomly, and indicated as the desired goal location
sso in the first 100 ms of the trial. Each possible goal location was associated with a separate input
ss0 channel, consisting of 20 neurons. They produced a Poisson spike train with a rate of 500
st Hz while the corresponding goal location was indicated. After this cue was provided, a delay
se2 period of a randomly chosen length between 100 — 500 ms started, during which the subject
ses  was penalized with a negative reward of —0.1 if it moved outside a central region of radius 0.3.
se« After this delay period, a go cue instructed the subject to move towards the goal location. This
ses cue was provided in a separate input channel of 20 neurons, which produced a Poisson spike
ses train with a rate of 500 Hz for 100 ms. Once the tip of the arm had moved closer than a distance
se7 of 0.1 to the goal location, a positive reward of 1 was given to signal a success. A negative
ses reward of —(0.01 was given for every ms after the go cue started while the arm did not yet reach
seo the goal, in order to encourage an efficient movement. Going far off the region of interest — a
s circle of radius 1 — was penalized with a negative reward of —0.1 at each ms. One trial lasted
st for a total of 1.5 seconds — i.e. the subject had 900 ms from the start of the go cue to reach the

572 goal.
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573 The agent also received its current configuration (angles of the arms ¢; and ¢», see Fig. 4A)
s74 as input at each time step in the following way: each one of the angles was encoded by a
s75  population of 30 neurons, where each neuron had a Gaussian tuning curve centered on values
s76  distributed evenly between 0 and 27, with a firing rate peak of 100 Hz. The tuning curve had a
s77  standard deviation of %.

578 In addition, if the goal position was successfully reached, the network received this infor-
s79 mation using a separate input channel consisting of 20 neurons that produced a Poisson spike

sso train with a rate of 500 Hz.

ss1 Details of the network model: The network consisted of 350 LIF neurons and 150 ALIF
ss2  neurons. The membrane time constant of all neurons was 7,,, = 20 ms, with a baseline threshold
sss Uy, = 0.6 and a refractory period of 3 ms. All synaptic delays were 1 ms. The adaptation time
ss« constant of ALIF neurons was set to 7, = 500 ms, and the adaptation strength was 3; = 0.07.
sss ' 1he membrane time constant of output neurons was given by 7,,; = 20 ms.

586 Actions (angular velocities for the 2 joints) were sampled from a Gaussian distribution with
se7 a mean of y!, and a standard deviation of o = 0.1, which was exponentially decayed over

sss iterations so that it reached o = 0.01 at the end.

ss0 Details of the learning procedure: The network was trained for a total of 16000 weight
so updates (iterations). In each iteration, a batch of 200 trials was simulated, and we applied
so1  weight changes at the end of each batch. Independent of the learning method, we used Adam to
s2  implement the weight update, with a learning rate of 10~3 and default hyperparameters (Kingma
ses and Ba, 2014). For training with BPTT, gradients were computed for the loss function given in
se4 equation (28) (using the variance reduction that is made explicit in equation (29)). In the case
ses  Of e-prop, we used equations (30) and (31). For random e-prop, the broadcast weights B, were

ses 1nitialized using a Gaussian distribution with mean 0 and variance 1. To avoid an excessively
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se7 high firing rate, regularization, as described in Section S2.2, was applied with C,., = 100 and a

sos target firing rate of f'*'¢t = 10 Hz.

= 56 KEvaluation of four variations of e-prop (Fig. S5)

s0 We evaluate here the performance of four variations of random e-prop. In these variations, we

so1 used

602 e truncated eligibility traces for LIF neurons,

603 e global broadcast weights,

604 e temporally local broadcast weights, and

605 e areplacement of the eligibility trace by the corresponding term of the Clopath rule,

esos respectively. The considered task, whose implementation details are described in Section S6.5,
07 1S an extension of the task used in (Nicola and Clopath, 2017). In this task, an RSNN was
s0s trained to autonomously generate a 3 dimensional target signal for 1 second. Each dimension
oo Of the target signal was given by the sum of four sinusoids with random phases and amplitudes.
st0  Similar to (Nicola and Clopath, 2017), the network received a clock input that indicated the
s11 current phase of the pattern.

612 In Fig. S5A, we show the spiking activity of a randomly chosen subset of 20 out of the
st 600 neurons in the RSNN along with the output of the three output neurons after application
s14 of random e-prop for 1, 100, and 500 seconds, respectively. In this representative example, the

s15 network achieved a very good fit to the target signal (normalized mean squared error 0.01).

ss 56.1 A truncated eligibility trace for LIF neurons

s17 A replacement of the term Z! with z! in equation (21) yields a performance that is reported in

e1s  panel B of Fig. S5 as “Trunc. e-trace”. Its performance is for the considered task only slightly
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st worse than that of random e-prop.

2 956.2 Global broadcast weights

e21  Since 3-factor rules have primarily been studied so far with a global 3rd factor, we asked how the
22 performance of e-prop would change if the same broadcast weight would be used for broadcast

23 connections between all output neurons & and network neurons 5. We set this global broadcast

1
Vn

e2s than that of random e-prop. We have also tested this on TIMIT with LSNNs and found there an

24 weight equal to —=. Fig. S5B shows that the performance for the considered task is much worse
e26 increase of the frame-wise error rate from 36.9% to 52% when replacing the broadcast weights
27 of random e-prop with a global one. On the harder version of same task, the error rate at the

e2s sequence level increased from 34.7% to 60%.

2 56.3 Temporally local broadcast weights

s0 One can train RNNs also by applying the broadcast alignment method of (Lillicrap et al., 2016)
st and (Ngkland, 2016) for feedforward networks to the unrolled version (see Fig. 1B) of the RNN.
ss2 In contrast to e-prop, this approach suggests to draw new random broadcast weights for each
sss layer of the unrolled network, i.e., for each time step of the RNN. Fig. S5C shows that this
e3¢ variation of random e-prop performs much worse. However an intermediate version where the
sss random broadcast weights are redrawn every 20 ms performs about equally well as random

36 e-prop for the considered task.

7 56.4 Replacing the eligibility trace by the corresponding term of the Clopath
638 rule

ss9 The dependence of the synaptic plasticity rules from e-prop on the postsynaptic membrane
ss0 potential through the pseudo-derivative in the eligibility traces yields some similarity to some

ss1  previously proposed rules for synaptic plasticity, such as that of (Clopath et al., 2010), which
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ss2  were motivated by experimental data on the dependence of synaptic plasticity on the postsy-
ss3 nhaptic membrane potential. We therefore tested the performance of random e-prop, where the

s« eligibility trace was replaced by the corresponding term from the “Clopath rule”:

[11; — vjh]+[@§ T (S40)

sss  where 1_13- is an exponential trace of the post synaptic membrane potential, with a time constant
s4s of 10 ms chosen to match their data. [T is the rectified linear function. The thresholds v,
ez and v, were =t and 0 respectively. Fig. S5B shows that the resulting synaptic plasticity rule

sss  performed quite well.

s 56.5 Simulation details: pattern generation task

sso The performance in this task is reported as a normalized mean squared error (nmse) that we

ot
Wi —uy)?

— 1 *,1
v where we set i = = "
Senlu =up)?’ Ui = 7 2 Y

es1 defined for this task as: nmse =

es2  Details of the network model and of the input scheme: We used a network that consisted of
ess 600 LIF neurons. Each neuron had a membrane time constant of 7,,, = 20 ms and a refractory
es¢ period of 3 ms. The firing threshold was set to vy, = 0.41. Output neurons used a membrane
ess time constant of 7,,; = 20 ms. The network received input from 20 input neurons, divided
es6  1nto 5 groups, which indicated the current phase of the target sequence similar to (Nicola and
es7 Clopath, 2017). Neurons in group i € {0,4} produced 100 Hz regular spike trains during the

ess time interval [200 - ¢, 200 - ¢ + 200) ms and were silent at other times.

sso Details of the target pattern: The target signal had a duration of 1000 ms and each compo-
ss0 nhent was given by the sum of four sinusoids, with fixed frequencies of 1 Hz, 2 Hz, 3 Hz, and

est 5 Hz. At the start of learning, the amplitude and phase of each sinusoid in each component
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2 was drawn uniformly in the range [0.5, 2] and [0, 27] respectively. This signal was not changed

es3 afterwards.

s« Details of the learning procedure: For learning, we computed gradients after every 1 second
ess Of simulation, and carried out the weight update using Adam (Kingma and Ba, 2014) with a
ees learning rate of 3 - 1072 and default hyperparameters. After every 100 iterations, the learning
ss7 rate was decayed by a factor of 0.7. For random e-prop, the broadcast weights B;;, were sampled
ess from a Gaussian distribution with a mean of 0 and a variance of %, where n is the number of
s network neurons.

670 Firing rate regularization, as described in Section S2.2, was applied with C,., = 0.5 and a

e71 target firing rate of f**'¢°* = 10 Hz.

«» References

e7s  Amodei et al., 2016. Amodei, D., Ananthanarayanan, S., Anubhai, R., Bai, J., Battenberg, E.,
674 Case, C., Casper, J., Catanzaro, B., Cheng, Q., Chen, G., Chen, J., Chen, J., Chen, Z.,
e7s  Chrzanowski, M., Coates, A., Diamos, G., Ding, K., Du, N., Elsen, E., Engel, J., Fang, W.,
e Fan, L., Fougner, C., Gao, L., Gong, C., Hannun, A., Han, T., Johannes, L., Jiang, B., Ju, C.,
e77  Jun, B., LeGresley, P, Lin, L., Liu, J., Liu, Y., Li, W., Li, X., Ma, D., Narang, S., Ng, A.,
e Ozair, S., Peng, Y., Prenger, R., Qian, S., Quan, Z., Raiman, J., Rao, V., Satheesh, S., Seeta-
e79  pun, D., Sengupta, S., Srinet, K., Sriram, A., Tang, H., Tang, L., Wang, C., Wang, J., Wang,
e0 K., Wang, Y., Wang, Z., Wang, Z., Wu, S., Wei, L., Xiao, B., Xie, W,, Xie, Y., Yogatama, D.,
st Yuan, B., Zhan, J., and Zhu, Z. (2016). Deep speech 2 : End-to-end speech recognition in
es2  english and mandarin. In Balcan, M. F. and Weinberger, K. Q., editors, Proceedings of The
es3  33rd International Conference on Machine Learning, volume 48 of Proceedings of Machine

es¢«  Learning Research, pages 173—-182, New York, New York, USA. PMLR.

33


https://doi.org/10.1101/738385

bioRxiv preprint doi: https://doi.org/10.1101/738385; this version posted August 19, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

ess Bellec et al., 2018. Bellec, G., Kappel, D., Maass, W., and Legenstein, R. (2018). Deep
sss  rewiring: Training very sparse deep networks. International Conference on Learning Rep-

687 resentations.

sss Clopath et al., 2010. Clopath, C., Biising, L., Vasilaki, E., and Gerstner, W. (2010). Connec-
ess  tivity reflects coding: a model of voltage-based stdp with homeostasis. Nature Neuroscience,

690 13(3):344.

1 Glass et al., 1999. Glass, J., Smith, A., and K. Halberstadt, A. (1999). Heterogeneous acoustic

6

©

s2  measurements and multiple classifiers for speech recognition.

ses Graves, 2012. Graves, A. (2012). Supervised sequence labelling. In Supervised Sequence

s« Labelling with Recurrent Neural Networks, pages 5—13. Springer.

sos QGraves et al., 2006. Graves, A., Fernandez, S., Gomez, F., and Schmidhuber, J. (2006). Con-
sos  nectionist Temporal Classification: Labelling Unsegmented Sequence Data with Recurrent
eo7  Neural Networks. In Proceedings of the 23rd International Conference on Machine Learning,
698 ICML ’06, pages 369-376, New York, NY, USA. ACM. event-place: Pittsburgh, Pennsylva-

699 nia, USA.

700 Graves et al., 2013. Graves, A., Mohamed, A.-r., and Hinton, G. (2013). Speech recognition
701 with deep recurrent neural networks. In Acoustics, Speech and Signal Processing (ICASSP),

702 2013 IEEE International Conference on, pages 6645-6649. IEEE.

703 Graves and Schmidhuber, 2005. Graves, A. and Schmidhuber, J. (2005). Framewise phoneme
704 classification with bidirectional LSTM and other neural network architectures. Neural Net-

705 works, 18(5-6):602-610.

34


https://doi.org/10.1101/738385

bioRxiv preprint doi: https://doi.org/10.1101/738385; this version posted August 19, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

706 Qreff et al., 2017. Greff, K., Srivastava, R. K., Koutnik, J., Steunebrink, B. R., and Schmidhu-
707 ber, J. (2017). LSTM: A search space odyssey. IEEE Transactions on Neural Networks and

708 Learning Systems, 28(10):2222-2232.

700 Hochreiter and Schmidhuber, 1997. Hochreiter, S. and Schmidhuber, J. (1997). Long short-

710 term memory. Neural computation, 9(8):1735-1780.

711 Kappel et al., 2018. Kappel, D., Legenstein, R., Habenschuss, S., Hsieh, M., and Maass, W.
712 (2018). A dynamic connectome supports the emergence of stable computational function of

713 neural circuits through reward-based learning. eNeuro, 5(2):ENEURO-0301.

712 Kingma and Ba, 2014. Kingma, D. P. and Ba, J. (2014). Adam: A method for stochastic opti-

715 mization. arXiv preprint arXiv:1412.6980.

716 Lillicrap et al., 2016. Lillicrap, T. P., Cownden, D., Tweed, D. B., and Akerman, C. J. (2016).
717 Random synaptic feedback weights support error backpropagation for deep learning. Nature

718 Communications, 7:13276.

719 Marszatek et al., 2009. Marszatek, M., Laptev, 1., and Schmid, C. (2009). Actions in context.

720  In IEEE Conference on Computer Vision & Pattern Recognition.

721 Morcos and Harvey, 2016. Morcos, A. S. and Harvey, C. D. (2016). History-dependent vari-
722 ability in population dynamics during evidence accumulation in cortex. Nature Neuroscience,

723 19(12)11672.

724 Nicola and Clopath, 2017. Nicola, W. and Clopath, C. (2017). Supervised learning in spiking

725 neural networks with force training. Nature Communications, 8(1):2208.

726 Ngkland, 2016. Ngkland, A. (2016). Direct feedback alignment provides learning in deep neu-

727 ral networks. In Advances in neural information processing systems, pages 1037-1045.

35


https://doi.org/10.1101/738385

bioRxiv preprint doi: https://doi.org/10.1101/738385; this version posted August 19, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

728 Sutton and Barto, 2018. Sutton, R. S. and Barto, A. G. (2018). Reinforcement Learning: An

729 Introduction. MIT press.

36


https://doi.org/10.1101/738385

bioRxiv preprint doi: https://doi.org/10.1101/738385; this version posted August 19, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

A
Output 1s Target Output 4s Target

2
X
s
2
Q
z

10 TN T T SO T " 1 1 T T ] ' 1wy RN T 1
tral Ill : , : ¥ ! ! | II I i ] I:l ’I\‘ }“\ ‘ " |HlII,I\I !
~ il L e el e e gyl e R T ih

0 T 1 T 1 T |\ 1 | I_ 1

-0

. 10 " | ||x|||H ‘| ) LR "I\ 1, i W | o !;_-71
B 1 Tl | ‘ .;.:\ {'. 1 i !

0 11} T Il T L il | I Il

0 1000 2000 3000 4000 5000

Time in ms

B

— BPTT

—— random e-prop
symmetric e-prop
adaptive e-prop

Correlation
o
w

T T T 1
3000 5000
Training iteration

T
1000

Figure S1: Performance comparison of BPTT and e-prop on the episodic memory task
from (Nicola and Clopath, 2017). A) Input spikes, network activity (for 20 sample neurons),
learning signals, and network outputs (at 1s and 4s, shown at the top) of an LSNN after 1000
training iterations. For comparison we also show learning signals after just 100 iterations, where
their amplitude is still large. B) Performance of BPTT and e-prop.
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Figure S2: LSTM trained with BPTT and e-prop on the TIMIT task. Performance of BPTT
and the three versions of e-prop frame-wise phoneme classification (left) and for phoneme se-
quence recognition (right).
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Figure S3: Learning architecture for reward-based e-prop: The network input x' consists
of the current joint angles and input cues. The network produces output y* which is used to
stochastically generate the actions a’. In addition, the network produces the value prediction,
which, along with the reward from the environment, is used to calculate the TD-error 6%, The
learning signals and the TD-errors are used to calculate the weight update, as denoted by the
green dotted lines.
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Solving the task from Fig. 3 using RL
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Figure S4: Performance of reward based random e-prop and BPTT for the RL version of the
task from Fig. 3, applied to an LSNN consisting of 50 LIF and 50 ALIF neurons.
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Figure S5: Evaluation of several variants of random e-prop A) The task is a classical bench-
mark task for learning in recurrent SNNs: learning to generate a target pattern, extended here
to the challenge to simultaneously learn to generate 3 different patterns, which makes credit
assignment for errors more difficult. Learning performance with random e-prop is shown after
training for 1, 100, 500 s. B) Normalized mean squared error of several learning algorithms for
this task after 500 s of training. “Clopath rule” denotes a replacement of the eligibility trace of
random e-prop by a corresponding term proposed in (Clopath et al., 2010) based on experimen-
tal data. C) Learning curves for variations of random e-prop with temporally local broadcast
weights.
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730 Movie S1

731 Rodent task from (1, 2) that requires long-term credit assignment for learning: a rodent has
732 to learn to run along a linear track in a virtual environment, where it encounters several cues
733 on the left and the right side along the way. It then has to run through a corridor without cues
724 (giving rise to delays of varying lengths). At the end of the corridor, the rodent has to turn to
735 either the left or the right side of a T-junction, depending on which side exhibited more cues

73 along the way.
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737 Movie S2

738 Dynamics of (BPTT) for the evidence accumulation task: First, a simulation of the network
73 has to be carried out in order to produce the network state of all neurons for all time steps.
720 After that the loss function £ can be evaluated. Then the simulated network activity is replayed
741 backwards in time to assign credit to particular spikes that occurred before the loss function
722 became non-zero. One sees that the slow time constants that are present in the dynamics of
723 adapting thresholds of ALIF neurons result in slowly decaying non-vanishing gradients during
724 the backpropagation through time. In contrast, for LIF neurons the backpropagated gradients

745 vanish rather quickly.
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746 Movie S3

747 The computation of the LSNN is accompanied by the computation of synapse specific eligi-
78 bility traces. An error in the computation only becomes apparent during the so-called decision
749 period at the end of a trial. In this last phase, a learning signal (L) that transmits deficiencies
750 of the network output is provided separately to each neuron. As can be seen from the video
751 that synapses that project to neurons with adapting thresholds (ALIF neurons) still have non-
752 vanishing eligibility traces during the last phase, and hence can be combined with the learning

753 signals at that time to implement long-term credit assignment.
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754 Movie S4

755 Episodic memory task from (25) trained with random e-prop. The top row presents the
756 actual movie clip, and the output produced by the trained LSNN. The middle row shows the
757 input that is presented to the network: a channel that indicates which of the three learned clips
758 had to be replayed, and an array of input neurons that indicate the current timing in the clip.
75 The bottom row shows the spiking activity of a subset of the neurons in the LSNN (20 neurons
760 out of 1000). As can be seen, the network learned via e-prop to distinguish well between the
761 different clips and also, the LSNN was able to deal with scene cuts, which require the network

762 to change its output abruptly.
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763 Movie S5

764 [lustration of the delayed arm-reaching task from Fig. 4: The agent gets the position of the
765 goal as the GOAL CUE during the first 100ms of a trial. This is followed by a delay period of
766 variable length during which the arm receives a negative reward for moving outside the area in
767 the center denoted by the dotted line. Noisy arm movements arise from the stochastic action
768 selection of policy gradient, and the arm needs to be actively steered back into the circle to
760 avoid further negative penalties. After the delay period, the agent gets a GO cue (the screen
770 turns yellow), after which no further negative rewards occur. The agent gets a large positive

771 reward if it reaches the small circle that was initially marked by the GOAL CUE.
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772 Movie S6

773 A trial of the delayed arm-reaching task after training with random e-prop: One sees that
774 the arm moves to the goal immediately after the GO cue is received. The spike encoding of all
775 the inputs including the position of the arm (top), the GOAL CUE (bottom left), and the GO cue
776 (middle right) is shown in the middle panel of the video. The instantaneous rewards are shown

777 1n the bottom panel of the video.
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