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Abstract. In type-I toxin-antitoxin (TA) systems, the action of growth-inhibiting toxin proteins
is counteracted by the antitoxin small RNAs (sRNAs) that prevent the translation of toxin
messenger RNAs (mRNAs). When a TA module is encoded on a plasmid, the short lifetime
of antitoxin sRNA compared to toxin mRNAs mediates post-segregational killing (PSK) that
contribute the plasmid maintenance, while some of the chromosomal encoded TA loci have been
reported to contribute to persister formation in response to a specific upstream signal. Some of
the well studied type-I TA systems such as hok/sok are known to have a rather complex regulatory
mechanism. Transcribed full-length toxin mRNAs fold such that the ribosome binding site is not
accessible and hence cannot be translated. The mRNAs are slowly processed by RNases, and the
truncated mRNAs can be either translated or bound by antitoxin sRNA to be quickly degraded.
We analyze the role of this extra processing by a mathematical model. We first consider the PSK
scenario, and demonstrate that the extra processing compatibly ensures the high toxin expression
upon complete plasmid loss, without inducing toxin expression upon acquisition of a plasmid or
decrease of plasmid number to a non-zero number. We further show that the extra processing
help filtering the transcription noise, avoiding random activation of toxins in transcriptionally
regulated TA systems as seen in chromosomal ones. The present model highlights impacts of the
slow processing reaction, offering insights on why the slow processing reactions are commonly
identified in multiple type-I TA systems.
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Slow-processing of toxin mRNAs in type-I TA systems
1. Introduction
Toxin-Antitoxin (TA) systems are ubiquitous among
free-living prokaryotes [1]. Toxin proteins in the
free form typically interfere with the cellular growth
process, making the cells to be dormant or even killing
the cell, while antitoxins neutralize the toxins [2–4].
The type-I TA module, where the antitoxin gene is
transcribed to produce regulatory non-coding small
RNAs (sRNAs) that prevent the translation of the
toxin messenger RNAs (mRNAs), was first discovered
as hok/sok of plasmid R1 in Escherichia coli [5]. The
module contributes to the plasmid stabilization via
post-segregational killing (PSK), causing the growth
arrest or cell death for the cells that had lost the
plasmid. Interestingly, hok/sok homologs, as well
as other TA modules, have also been found as
chromosomal genes [4]. The function of them is still
under debate, but it has been found that hokB/sokB
as well as tisB/istR-1 on chromosome increase the
persistence upon exposure to antibiotics by causing
growth arrest to the subpopulation of the cells in
response to specific upstream signaling [6, 7].
There are several layers of molecular regulations
that are important to achieve the functions mentioned
above. Firstly, for PSK, the toxins should be activated
when the plasmid is completely lost from the cell, but
neither when the number of the plasmid decreased
slightly with still keeping some in the cell, nor when
the cell acquires the plasmid with a TA system for the
first time. Secondly, for both PSK and signal-induced
persistence, random activations of toxins at unwanted
timing should be avoided.
One of the main mechanisms for the activation of
the toxins upon plasmid loss has been attributed to
the short lifetime of free antitoxin sRNAs compared
to toxin mRNAs [8]. When the plasmid is lost, the
antitoxin sRNAs disappear quicker than toxin mRNAs,
allowing the toxins to be translated. Theoretically,
this lifetime difference is possible in different forms.
Recently, it has been shown by a mathematical model
that, if the lifetime of the antitoxin sRNA-toxin mRNA
duplex is long enough compared to the free sRNA
and the complex can dissociate slowly, the toxins can
be activated upon the plasmid loss [9]. However,
for example in hok/sok of plasmid R1, the duplex
is degraded rapidly [10, 11]. Instead, it has been
found that, the full-length, stable toxin mRNAs form
a secondary structure that hinders ribosome binding
site. In order for the translation to occur, the 3’end of the full-length mRNA needs to be properly
processed. It is the translatable truncated mRNA that
can be bound by antitoxin sRNA and degraded quickly
(figure 1). The processing of the 3’-end is relatively
slow, allowing some of the full-length mRNAs pooled
in the cell. Upon plasmid loss, sRNAs disappear
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quickly, and the full-length mRNAs in the pool will
be truncated and expressed, resulting in the toxin
activation [12]. This slow processing of full-length
toxin mRNAs into translatable truncated form appears
to be a rather robust regulatory mechanism of a type-I
TA system, since all the regulatory elements are found
in hokB/sokB locus on E. coli chromosome [13,14], and
also an almost completely equivalent mRNA processing
was found in another type-I TA system, AapA1/IsoA1
of Helicobacter pylori [15].
The slow-processing of toxin mRNA is relatively
complex, but the repeated appearance of the mechanism suggests that there are some benefits in this way
of regulation. In this paper, we explore the possible
advantage of the slow-processing mechanism in type-I
TA system by using a mathematical model. We first
consider PSK, and we show that the mechanism can
suppress the toxin expression very tightly as long as the
cell contains the gene, while upon the plasmid loss the
mechanism can allow a rather high peak of the toxin expression. Furthermore, the system can keep the toxin
expression low upon decrease of the plasmid number to
non-zero number, and also avoid the expression of the
toxins upon acquisition of the gene. We then analyze
the fluctuation of the toxin expression when the gene
copy number is a constant. We show that the slow
processing contributes significantly in a reduction of
noise, avoiding the unexpected activation of the toxin
in unstressed cells.
2. Model
We construct a model for type-I toxin-antitoxin
systems with the processing of full-length toxin mRNA
(figure 1). Hereafter, we refer the full-length toxin
mRNA and truncated toxin mRNA as ”inactive toxin
mRNA” and ”active toxin mRNA” based on the
translatability, respectively. Already known molecular
mechanisms of the type-I TA systems [5, 11, 12, 16–18]
leads to a simple model consists of the concentrations
of the inactive toxin mRNA (mi ), active toxin mRNA
(ma ), antitoxin sRNA (s), and toxin protein (p) given
by
dmi
= N αi − βi mi − vmi ,
(1)
dt
dma
= vmi − βa ma − kma s,
(2)
dt
ds
= N αs − βs s − kma s
(3)
dt
dp
= αp ma − βp p,
(4)
dt
where N , αi , αs , αp , βi , βa , βs , and βp represents
the number of plasmids, synthesis rate of inactive
toxin mRNA, antitoxin sRNA, toxin protein, the
spontaneous degradation or dilution rate of inactive
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toxin mRNA, active toxin mRNA, antitoxin sRNA,
and toxin protein, respectively. Transcribed inactive
toxin mRNAs are not translatable and do not interact
with antitoxin sRNA, while they are slowly processed
into the active toxin mRNA at rate v. Active toxin
mRNAs (ma ) are translationally active and interact
with antitoxin sRNA. An active toxin mRNA and an
antitoxin sRNA forms a RNA duplex. Because it is
reported that the RNA duplex is quickly degraded
[10, 11], we omit the dissociation reaction, as has
been done often in the modeling of sRNA regulations
[19–22]. Active free toxin mRNAs are translated, and
toxin proteins are synthesized at rate αp · ma . All
chemical components spontaneously disappear at rate
β∗ . Here, we incorporate the effect of dilution due
to the volume growth of the cell into the spontaneous
degradation rate.
In the result sections, we use the following
parameters values as a default. We consider E. coli
of volume 1µm3 as a typical cell, therefore 1 nM of
molecule concentration corresponds to one molecule
per cell [23]. The most of default parameter values are
determined based on the studies for hok/sok system,
which is the best characterized type-I TA system. The
hok mRNA is stable, while the quick degradation (halflife ≈ 30 seconds) is reported for sok sRNA [16, 17].
Additionally, the slow processing reaction of the fulllength hok mRNA into truncated hok mRNA was
around an hour [11]. Based on these reports, we set
βi = βa = ln 2/30 (min−1 ) (the effect of dilution with
the doubling time 30min), βs = ln 2/0.5 (min−1 ), and
v = ln 2/60(min−1 ). For the toxin proteins, we set
parameter values which are typically used for the study
of the protein dynamics [24]. The protein synthesis rate
per 1nM of mRNA is set to be αp = 5.0(min−1 ), and we
set βp = ln 2/30(min−1 ), as an effect of the dilution.
We set the second-order duplex formation rate to be
k = 6.0 (nM·min−1 ) based on the theoretically inferred
parameter range [9]. The results shown below are not
altered qualitatively as long as k ≥ 0.1 nM·min−1 holds
‡.
The production rates of two RNAs have not
yet been measured. Thus, we use values for other
mRNA/sRNA systems reported in [19], where the
transcription rates are inferred as in the order of
10−3 ∼ 1 (nM · min−1 ) for mRNAs and 10−1 ∼
10 (nM · min−1 ) for sRNAs. We use αs = 10.0 (nM ·
min−1 ), αi = 0.5 (nM · min−1 ) as a default parameter
values, whereas we also simulate large parameter range
to show the robustness of the results.

3. Results

‡ This rate is about 10-fold larger than the value obtained
for in vitro hok/sok system [16]. The in vivo reaction rate is
unknown for hok/sok system, but the values used in this paper
are consistent with other in vivo estimates of sRNA-mRNA
interactions [22].

Figure 2a shows temporal responses of the concentration of the toxin protein for the acquisition (N = 0 →
1) and loss (N = 1 → 0) of a plasmid. At t = −300
minutes, the cell acquires the plasmid and starts transcribing the toxin mRNA and antitoxin sRNA coded

3.1. Accumulation of toxin mRNAs without toxin
expression in the steady state
For the PSK mechanism to work, the steady state with
N > 0 should ensure very low toxin protein level,
and at the same time enough level of toxin mRNAs
should exist so that the toxin can be expressed without
additional transcription upon plasmid loss. In the
present model, the steady state concentration of the
full length toxin mRNAs is given by
mst
i = N α̃i /v,

(5)

with
α̃i = αi v/(v + βi )

(6)

representing the effective production rate of the active
toxin mRNA in the steady state.
The steady
state level of other quantities can also be exactly
calculated (Appendix A), but here we present a simpler
approximated solution. Since the duplex formation is
the dominant part of the degradation of active toxin
mRNA under the existence of the plasmid copies, we
can ignore the spontaneous degradation / dilution of
the active mRNA ma in (2). Under this approximation
with the condition that antitoxin sRNA production
rate is higher than that of the active mRNA (αs > α̃i ),
we get
βs α̃i
,
(7)
mst
a =
k αs − α̃i
sst = N (αs − α̃i )/βs ,
(8)
αp st
st
p =
m .
(9)
βp a
Note that the steady state concentrations of active
toxin mRNA and toxin protein are independent of
the plasmid copy number N because the increase of
production rate of active toxin mRNA is completely
compensated by the increased production of antitoxin
sRNA under this approximation.
The antitoxin
sRNA concentration sst is simply proportional to the
difference between the two production rates, α̃i and αs .
Since the inactive toxin mRNA does not interact with
sRNAs, it is possible to keep mst
i high and keep active
toxin mRNA concentration mst
a and hence the toxin
protein concentration pst low, by having large enough
αs .
3.2. The slow processing reaction helps to satisfy the
conflicting demand before and after plasmid loss
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Figure 1. A schematic illustration of the model. The toxin mRNA and antitoxin sRNA are transcribed from the corresponding genes
(at the rate αi and αs , respectively), whereas the toxin mRNA is not translatable because the ribosome binding site (represented by
the black boxes on the mRNAs) is hindered by the secondary structure of mRNA (inactive toxin mRNA). The following processing
reaction (at the rate v) changes the structure of toxin mRNA and the ribosomes can bind to it (active toxin mRNA). The toxin
protein is translated from the active toxin mRNA (at the rate αp ). The antitoxin sRNA interacts with the active toxin mRNA
leading to the pair degradation (at the rate k). Each component is spontaneously degraded in at the rate β∗ , whereas the spontaneous
degradations are not depicted in the illustration to avoid a complication of the figure.
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Figure 2. (a). Transient responses of the toxin protein concentrations to the plasmid acquisition(t = −300) and disappearance
(t = 0) events. Inset: A semi-log representation of the concentration of toxin protein. (b). The parameter region of the production
rate of the toxin mRNA and antitoxin sRNA in which the system works as PSK mechanism. Color indicates the concentration of the
toxin protein at the peak after the plasmid loss (N = 1 → 0). Inset: the comparison between the estimated value (B.5) in Appendix
B) and the numerical solution. The linear function is also plotted as a reference.

on the plasmid. Then, the toxin protein is produced
subsequently and its concentration reaches the steady
values. The increase of the toxin is slow and kept well
below 1 nM, because the slow processing of the inactive toxin mRNA gives enough time for the antitoxin
sRNAs to be produced and prevents the translation of
active mRNAs when they slowly appear.
The plasmid loss occurs at t = 0. The transient
response also comes from the delayed dynamics of the
toxin mRNA. At the steady state with N > 0, the
production rate of the active toxin mRNA is much
smaller than the transcription rate of antitoxin sRNA.
When the transcription of these two RNAs stops due
to the plasmid loss, the antitoxin sRNAs are quickly
degraded. On the other hand, the active toxin mRNA
is still produced by the processing of the inactive toxin

mRNA. This difference between the kinetics of the
toxin mRNA and the antitoxin sRNA implements the
drastic increase of the toxin protein after the plasmid
loss. In other words, after the plasmid loss, the inactive
toxin mRNA and slow processing process work as a
”reservoir” of active toxin mRNA.
We performed a parameter scanning to obtain
a parameter set of αi and αs at which the steady
concentration of the toxin protein is less than 1 nM
(one molecule per cell) with one plasmid, whereas it
exceeds 1nM after the plasmid loss. As shown in figure
2b, the present model can attain this condition in a
wide range of the parameter space.
For PSK to work properly, the number of toxin
protein should be lower than the certain threshold
as long as the cell carries plasmid copies, while it
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should go beyond the threshold once the cell loses
all plasmid copies. Although the threshold value is
unknown, the value should be significantly higher than
the steady concentration with plasmid and significantly
lower than the peak concentration upon plasmid loss.
The slow processing reaction plays a crucial role
to resolve these contradictory demands. For the
quantitative characterization of the necessity of the
slow processing reaction, we computed both the steady
state and the peak concentration of the toxin protein
as a function of the processing speed v (figure 3a).
For small enough v, the peak value of the toxin
protein concentration increases with v, and there is
a large difference between the steady and the peak
concentrations. As v increases further to approach
the antitoxin sRNA degradation rate βs (set to order
one), however, the peak concentration decreases and
finally becomes equal to the steady-state concentration
(i.e, no response to the plasmid loss event). This is
because the inactive toxin mRNA no longer works as a
”reservoir” of active toxin mRNA upon plasmid loss at
large v. The steady concentration of the inactive toxin
mRNA is given by mst
i = N αi /(βi + v) representing
the capacity of the ”toxin mRNA reservoir”, and it
decreases with an increase of v. Note that the value
of v also affects the parameter region of αi and αs in
which PSK mechanism works (figure 3b).
The relationship between the capacity of the reservoir and the necessity of the slowness of the processing
reaction can be analytically explored. In Appendix B,
we analytically estimate the concentration of the active toxin mRNA at the maximum value during the
transient response assuming v  βs . This assumption
gives us the estimate for the ratio between the peak
concentration mpeak,loss
(N ) and the steady state cona
centration of the active toxin mRNA mst
a as

simplified further by assuming βa (γ−1)/(ksst (N ))  1
holds§. By omitting this term and substituting the
approximated solutions (7) and (8) into (10), we obtain
γ
α̃i
N × γ − γ−1 .
mpeak,loss
(N ) ∼
a
βa
This simplified estimate shows that the peak concentration of the active toxin mRNA, and accordingly that
of the toxin protein, linearly increase with the number
of the lost plasmid copies. This linearity is numerically
verified as shown in the inset of figure 2b.

(N )
mpeak,loss
a
st
ma
ksst (N )
∼
βa

1 + βa (γ − 1)/(ksst (N ))
γ

γ
! γ−1

.

(10)

with a rescaled parameter γ = (v + βi )/βa . The
estimated value is an increasing function of the
intensity of the RNA duplex formation, ksst (N ), as
long as γ > 1 and ksst (N ) > βa hold (Note that the
latter condition is assumed to obtain the approximated
solutions).
The peak concentration of the toxin protein is
roughly estimated by multiplying mpeak,loss
by αp /βp ,
a
and this is plotted in figure 3a against v. Although
the time-scale separation between the active toxin
mRNA and toxin protein is not clearly held with our
default parameter set, the estimated value captures the
characteristics of the concentration of the toxin protein
reasonably well. Also, the estimated value can be

3.3. Response to the decrease of plasmid number
For the plasmid maintenance, plasmid-free cells
should be removed from the bacterial population,
whereas cells should be protected from the host-killing
mechanism as long as they carry the plasmid. In other
words, a strong increase of the host-killing proteins
should happen only when the plasmid copies are
completely lost, but not when the number decreases
to a non-zero number at the cell division.
Figure 4 shows the dynamics of the concentration
of the toxin protein during sequential loss events of
plasmids. We set the initial condition at t = 0 so that a
cell is in the steady state with N = 10, and the cell loses
Ndec plasmid(s) (Ndec = 1, 2, 5, and 10) simultaneously
for every τ = 300 × Ndec minutes intervals. The
cells lose all plasmids at the time t = 3000 minutes.
As shown in figure 4(a) and (b), the peak values of
the toxin protein at the every plasmid decrease events
occurring t < 3000 minutes are at most 1nM level,
while the response to the final event is in µM order.
The peak values of the toxin protein concentration
during the response to the plasmid decrease events are
determined not by the absolute numbers of plasmid
copies before and after the events, but by the ratio
of the plasmid number between before and after the
events. The peak value during the plasmid decrease
event in which the number of plasmid copies changes
N to N 0 is analytically estimated by assuming βa = 0
as
N βs α̃i
mpeak,dec
(N, N 0 ) ∼ 0
a
N k αs − α̃i
vmst (N )
= sti 0
ks (N )
N vmst (1)
(11)
= 0 sti
N ks (1)
(Appendix D for detail), which is a reasonable
estimate compared to the numerical results (figure
4b). Interestingly, the peak value depends not on the
§ This condition is typically satisfied if the parameters are
chosen so that the PSK mechanism works. With such parameter
values, γ ∼ 1 (otherwise, the ratio between the peak- and steady
concentration of the active toxin mRNA is small), hence the term
βa (γ − 1)/(ksst (N )) is much smaller than 1.
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both the concentrations increase as v increase, while two values collapse at v ∼ 1/min. (b) The parameter regions of the production
rate of the toxin mRNA and antitoxin sRNA in which the system works as PSK mechanism.
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Dots are obtained by computing the peak concentration of the active toxin mRNA (the toxin protein for inset) during the transient
response of the plasmid decrease event (N → N 0 ), and plotted against N/N 0 . The peak value is computed for all N 0 values while
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absolute number of the plasmid copies, but the fold
change of the copy number, as shown in figure 4b k.
The peak toxin protein concentration also depends on
the fold change N/N 0 , but the actual value deviates
from the estimate obtained by multiplying αp /βp to
Eq. (11) (figure 4b inset) because the lack of the clear
timescale separation between the active toxin mRNA
and toxin protein affects the protein dynamics.
Clearly, our analytical estimates (10) and (11)
k For larger N/N 0 (N/N 0 ≥ 40), the peak value also depends on
the absolute number of the plasmid copies, see Appendix D

show that an increase of the steady concentration
of the antitoxin sRNA or the rate of the duplex
formation (k) have only positive effect to the PSK
mechanism: Enhancing the duplex formation not only
magnifies the difference between the steady- and the
peak concentration of the toxin protein in the loss of
plasmid copies, but also makes the mechanism accurate
so that the mechanism responds only if all plasmid
copies are lost.
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3.4. Slow processing as a noise reducer
Type-I TA systems are found not only in plasmid
copies but also in bacterial chromosomes. The slow
processing of inactive toxin mRNA into active mRNA
is observed also for several chromosomal type-I TA
systems such as tisB/istR-1, dinQ/agrA(agrB), and
AapA1/IsoA1 [4,12,15,18,25]. In this section, we study
the role of the processing reaction for chromosomal TA
systems.
The regulatory design of TA genes in the
chromosomes is somewhat different from that of
plasmid-borne TA systems.
The toxin gene is
repressed by a specific transcription factor under nonstressed conditions, whereas the repression level is
down-regulated by a specific signal (for example, the
expression of tisB gene is repressed by LexA protein,
and the SOS signal facilitates the degradation of LexA
protein to enhance the tisB expression [25–27]). Then,
the toxin mRNA, and accordingly, the toxin protein is
synthesized to interfere with the vital cellular processes
and leads to the persister formation.
Recall that the slow processing of inactive toxin
mRNA leads to the formation of the ”reservoir”. Since
large reservoirs of molecules typically contribute to
reducing noise in stochastic chemical reaction systems,
here we focused on the possible scenario that the
processing reaction act as a noise reducer of the toxin
protein, and performed stochastic simulations.
We constructed a model for chromosomal type-I
TA systems with transcriptional regulation by slightly
modifying our model for the plasmid-borne type-I TA
systems: The number of plasmid copies N is considered
as the number of TA genes on the chromosome, and it
is set to unity. Also, the dynamics of the repression by
repressor is modeled by introducing two distinct states
(ON and OFF) into the toxin gene locus. In ON state,
the toxin gene is not inhibited by the repressor, and
the inactive toxin mRNA is produced at the rate αi ,
whereas there is no production of the inactive toxin
mRNA in OFF state. The toxin gene transits ON
and OFF states in the rates l− (ON to OFF; typically
increase with the repressor concentration) and l+ (OFF
to ON; typically decrease with the binding strength
of the repressor to the operator site); The average
repression factor for the gene is then given by l− /(l+ +
l− ). For the quantitative characterization of the role
of the processing reaction, a TA model which lacks the
processing reaction is constructed additionally. The
inactive toxin mRNA is eliminated from the model, and
thus, the translatable toxin mRNA was transcribed
from the toxin gene directly at the rate α̃i in (6) so
that the translatable toxin mRNAs are produced at the
same rate in the steady state for both of the models.
We compare the Fano factor (the ratio of the
variance to the mean) of the number of toxin protein
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for with- and without processing. The Fano factor
for each model is computed from the model via the
Gillespie algorithm [28] (the detailed model equations
are shown in Appendix E.). As shown in figure 5, the
Fano factor of the model with the processing reaction
is always smaller than that of without the processing
reaction.
The transcription noise coming from the ONOFF dynamics directly affects the probability of the
toxin protein production in the model without slowprocessing reaction. Therefore, if the number of the
antitoxin sRNA is few by chance, the transition from
OFF state to ON state can lead to the considerable
amounts of the toxin protein production. In contrast,
if the cell has the toxin mRNA is produced in inactive
form and activation is slow, the fluctuation of the
transcription of the toxin mRNA is buffered by a large
number of the inactive toxin mRNA, and is averaged
out over time by the slow processing reaction. In other
words, the production rate of the active toxin mRNA is
roughly approximated by v < mi >1/v with < mi >1/v
being the time average of the inactive toxin mRNA for
1/v (min.). < mi >1/v approaches a constant value
as 1/v becomes longer, and the active toxin mRNA
production approaches to a Poisson process, buffering
the bursty production of inactive toxin mRNA.¶
The only difference between the models with and
without slow processing is the existence of this ”buffer”
variable, and thus, the difference in the noise should be
reflected in the production of the active toxin mRNA.
Therefore, we analytically calculated the Fano factors
Fwith and Fw/o of the number of the active toxin
mRNA for simplified version of each model where the
anitoxin sRNA is set to zero (For the model equation
see Appendix F). The ratio of Fano factors is given by
a3 v 3 + a2 v 2 + a01 v + a0
Fwith
=
,
Fw/o
a3 v 3 + a2 v 2 + a1 v + a0

(12)

where ai ’s and a01 are constants independent of v.
The detailed expression of these constants given in
Appendix F show that all of these constants are
positive and a1 > a01 holds regardless of parameter
values. This means FFwith
< 1, i.e., the combination
w/o
of the inactive toxin mRNA and the slow processing
reaction always reduces the fluctuations in the number
of the active toxin mRNA. The expression (12) is
plotted in figure 5b, demonstrating that it captures
the noise reduction effect in the toxin protein in the
full model.
¶ The Fano factors obtained from (F.1) and (F.2) cannot become
smaller than 1 regardless of parameter values, meaning that
the inactive toxin mRNA and the slow processing reaction can
reduce the noise at most to the same level as the simple Poisson
processes.
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Figure 5. Comparisons of the Fano factor of the number of toxin protein between with- and without the processing reaction of
the inactive toxin mRNA. (a). The Fano factors for the two models are plotted against the processing rate v. l− is set to unity.
(b). The ratio of the Fano factor with the processing reaction to that without processing reaction for several values of ON→OFF
transition rate. The ratio of the Fano factor of the number of the active toxin mRNA without the effect of antitoxin sRNA (12) is
also plotted against v (dashed lines). The parameter values are set to αi = αs = 1.0 and l+ = 10−2 (l− values are shown in the
plot) while others are same with the default values.

4. Discussion
We have constructed a simple model for the type-I
TA system where the slow processing of the inactive
toxin mRNA to a translatable form is explicitly taken
into account. The analysis of the model highlighted
an outstanding role of the untranslatable form of toxin
mRNAs and slow processing reaction. Thanks to the
time delay between the production of active toxin
mRNA and that of antitoxin sRNA, the model attained
contradicting demands needed for the PSK to work:
the toxin protein is kept low concentration at the
acquisition of plasmid and also as long as the cell
carries plasmid copies, whereas a drastic increase of
the toxin protein was achieved when the cell becomes
plasmid-free. In addition, we have shown that such
a strong increase of the toxin protein concentration
does not take place when the number of plasmid copies
decreases but the cell still carries at least one plasmid.
Having the inactive mRNA and slow processing
reaction is not only beneficial for the plasmid-borne
TA systems, but also for the TA systems on bacterial
chromosomes. We introduced an ON/OFF kinetics
of the toxin gene transcription into our model to
emulate the noise from regulation of type-I TA
systems on bacterial chromosomes. To highlight the
role of the slow-processing, we compared the result
with a simpler model where the transcribed mRNAs
are already translatable and interact with antitoxin
sRNAs. Stochastic simulations of the two models
showed that the slow processing reaction reduces the
stochastic burst of the toxin protein copy number.
In general, TA systems accomplish the need to
produce toxins after the loss of the TA genes by the

time-scale difference between the antitoxin life-time
and the toxin life-time. The examples include not
only type-I but also type-II TA systems, where the
transient toxin excitation is accomplished by using
the dissociable toxin-protein and antitoxin-protein
complex as a reservoir of the active toxin proteins [4,29,
30]. The uniqueness of the present model TA system
is that the inactive toxin mRNA works as a non-toxic
”reservoir”. If the translatable mRNAs should work as
a non-toxic reservoir as a dissociable complex with the
antitoxin sRNAs, the demand for high-peak of toxin at
the plasmid loss requires relatively high concentration
of the complex in a cell with the TA gene and the
dissociation rate faster than the disappearance rate of
the duplex [9]. Such requirements increase the chance
of the toxin protein production before the plasmid loss.
The situation is similar in the type-II systems where
the toxic proteins need to be preserved in the reservoir
before plasmid loss. The slow-processing mechanism
neatly decouples the trade-off between the low chance
of the toxin protein production in a cell with the TA
genes and the high concentration of toxin level after the
plasmid loss. The high level of the inactive mRNAs
can be buffered easily by enough level of antitoxin
sRNA concentration before plasmid loss, while after
the plasmid loss the free sRNAs are degraded quickly
to allow production of active toxin mRNAs. It should
be noted, however, that in some of type-I TA systems
the intermediate state has not been found [31,32]. Such
systems may make use of the dissociable complex as a
way to keep toxin mRNAs after plasmid loss [9].
The slow-processing of toxin mRNAs is commonly
identified in a large variety of type-I TA systems even
among those found in different classes of proteobacteria
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[15, 18, 25]. Thus far, the regulations by small noncoding RNAs have been extensively studied [9, 19–22],
while the role of the intermediate state has not been
highlighted theoretically. The present model provides
an essential feature of the state offering insight to
explore the factors which make the intermediate state
a well-conserved feature.

First, we start with the dynamics of inactive toxin
mRNA concentration. By knowing (A.1), the exact
dynamics is given by
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Appendix A. steady solution
The exact steady solutions of the chemical species are
straightforwardly calculated from (3), and given by
αi N
,
(A.1)
=
v + βi
1
mst
a (N ) =
2kβa (v + βi )


p
× −C0 − C1 + C2 + (C0 + C1 )2 , (A.2)
mst
i (N )

1
2kβs (v + βi )


p
× −C0 + C1 + C2 + (C0 + C1 )2 , (A.3)
αp st
pst (N ) =
m (N ),
(A.4)
βp a
sst (N ) =

where
C0 = βa βs (v + βi ),
C1 = k(αs N (v + βi ) − αi N v),
C2 = 4kαi N βa βs v(v + βi ).
Note that the exact solution and the approximated
solution for the inactive toxin mRNA are identical. By
setting βa = 0, we get the approximated steady-state
solutions presented in the main text.
Appendix B. Analytical approximation of the
peak concentration for a plasmid loss event
Assume that up to time t = 0, the cell has N copies
plasmid, and the concentration of the molecules are
the steady state values. Then, the copy number of
the plasmid immediately drops to 0. We evaluate the
approximate solution of the dynamics of the molecular
species after t = 0. Here, we use the approximated
steady solutions (7)-(9) obtained by assuming βa = 0
for calculations, whereas βa is not ignored for t > 0
because this approximation is no longer valid after the
cell becomes plasmid-free.

−(βi +v)t
mi (t) = mst
.
i (N )e

(B.1)

Note that the production of the antitoxin sRNA is
halted for t > 0, and the spontaneous degradation has
greater effect than the duplex formation to the decrease
of antitoxin RNA concentration at the beginning of the
relaxation because the concentration of active toxin
mRNA is strongly suppressed under the existence of
plasmid (ma ∼ 0 at t = 0), and the timescale of
the accumulation of the active toxin mRNA after
the plasmid loss (∼ 1/v) is much longer than that
of spontaneous degradation of antitoxin RNA (∼
1/βs ). Thus, we can approximate the dynamics of the
antitoxin sRNA concentration as
ṡ ∼ −βs s,

(B.2)

and it leads to s(t) ∼ sst (N )e−βs t . The active toxin
mRNA is rate-limiting substrate of the toxin:antitoxin
duplex formation up to t ∼ 1/βs . Thus, we can
estimate the amount of active toxin mRNA which
form the duplex with antitoxin RNA and degraded
by assuming that the all toxin mRNA produced from
the inactive toxin mRNA within the timescale forms
duplex and degraded. The amount is calculated as
Z 1/βs
st
vmst
i (N )dt = vmi (N )/βs ,
0

and the fraction of this value to the total production of
active toxin mRNA during the relaxation timecourse
is (βi + v)/βs . With our default parameter settings,
this fraction is about 2.5%. Therefore, the duplex
formation has only minor effect to the peak value of
the toxin protein, and thus, we assume that s reaches
to zero instantaneously at t = 0.
Then, we get an approximated differential equation for ma as
dma
−γτ
= umst
− ma (τ ),
(B.3)
i (N )e
dτ
where we rescaled parameters such that τ = βa t,
u = v/βa , and γ = (v + βi )/βa . The time-dependent
solution of ma = ma (τ ) can be obtained from this
equation. By solving dma /dτ = 0 for finite τ , the
peak value of ma for the plasmid lost (N → 0) event
is estimated as
! γ
mst
1 + (γ − 1) umsta(N ) γ−1
i
mpeak,loss
(N ) = umst
(B.4)
a
i (N )
γ
By dividing this expression by mst
a and using the
st st
relation 0 = vmst
−
ks
m
,
we
get
(10). The peak
a
i
value of the toxin protein concentration is estimated
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−βa t
From (C.1), we get ma (t) = m̃st
, and the
a (N )e
dynamics of the toxin protein is given by

as
ppeak,loss

αp
=
× mpeak,loss
a
βp
=

αp
× umst
i (N )
βp

10

mst

1 + (γ − 1) umsta(N )
i

γ

−βa t
ṗ = αp m̃st
− βa p,
a (N )e

γ
! γ−1

(B.5)
.

subsequently with the assumption of timescale separation between p and ma .
Appendix C. Necessity of the processing
reaction
To show the necessity of the processing reaction to
generate a large gap between the concentration of
protein at the steady-state and at the peak after the
plasmid loss, we study a model derived by eliminating
the processing reaction from the original model (3)
in which the active toxin mRNA is produced at
the rate N α̃i directly. Here we assume the rate of
duplex formation is infinitely fast so that the results
are obtained analytically. First, the steady-state
concentrations of chemicals with N ≥ 1 plasmid copies
st
st
(written as m̃st
a (N ), s̃ (N ), and p̃ (N )) are given by
|α̃i − αs | + (α̃i − αs )
,
2βa
|α̃i − αs | − (α̃i − αs )
s̃st (N ) = N ·
,
2βs
αp st
m (N ).
p̃st (N ) =
βp a

m̃st
a (N ) = N ·

From the steady solution, it is clearly seen that the
concentration of only either toxin or antitoxin RNA
can be larger than zero.
After the plasmid loss, the dynamics of the active
toxin mRNA and antitoxin sRNA are given in a simple
form if we choose the concentrations at the steady state
as the initial condition. They are divided into two cases
shown below
case I : s̃st (N ) = 0
ṁa = − βa ma ,
s(t) = 0.
case II : m̃st
a (N ) = 0
ma (t) = 0,
ṡ
= − βs s.
It is obvious that in the case II the concentration of the
toxin protein stays zero after the plasmid loss. Thus,
we study whether the concentration of toxin protein to
have a peak value after the plasmid loss.

accordingly. The concentration of the toxin protein at
time t is given as
p(t) =



αp m̃st
αp m̃st
a (N )
a (N ) −βp t
e−βa t − e−βp t .
e
+
βp
βp − βa

By differentiating p(t) respect to t, it is seen that
p(t) is monotonically decreasing function regardless of
parameter values, indicating that there is no peak of
the toxin protein concentration during the plasmid loss.
Appendix D. Analytical approximation of the
peak concentration for a plasmid decrease
event
For the quantitative estimate of the peak value of
the toxin protein for each plasmid decrease event, we
recall the timescale separation between the dynamics
of the active toxin mRNA and antitoxin sRNA. This
timescale separation allows us to assume that the
concentration of the antitoxin sRNA quickly respond
the change of the plasmid copy number (N → N 0 ),
and s relaxes to sst (N 0 ) instantaneously. Because
ksst (N 0 )  βa holds, we ignore the sponaneous
degradation term, and thus, here we use the
approximated ones for the steady concentration of the
molecules. In addition, the time-dependent solution of
the inactive toxin mRNA is exactly calculated. Thus,
we get an approximated differential equation for ma
given by
!


st
0
st
st
0
−(βi +v)t
ṁa ∼ v mi (N ) + mi (N ) − mi (N ) e
− kma sst (N 0 )
st
0
where mst
i (N ) and s (N ) represent the steady
concentration under the given number of plasmid
copies indicated in the parenthesis. By substituting
the steady concentrations with the βa = 0 assumption
(8) to this equation, we get


dma
= 1 + (r − 1)e−ṽτ − k̃ma ,
(D.1)
dτ

where τ, ṽ, k̃, and r are defined as follows : τ = N 0 α̃i t,
ṽ = (βi + v)/(N 0 α̃i ), k̃ = k(αs − α̃i )/(α̃i βs ), and
r = N/N 0 . By solving (D.1), we get

1
r − 1  −ṽτ
e
− e−k̃τ ,
(D.2)
ma (τ ) = +
k̃ k̃ − ṽ
and the time τ ∗ at which ma reaches its peak is
calculated as τ = ln(k̃/ṽ)/(k̃ − ṽ). By substituting
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τ ∗ into (D.1) and setting its left-hand side to zero, the
peak value of ma is obtained as

−1
1
ma (τ ∗ ) =
1 + (r − 1)(k̃/ṽ)(1−k̃/ṽ)
.
(D.3)
k̃

QL = QL (ni , na , ns , np ; t) represents the probability
of state at which there are ni inactive toxin mRNA,
na active toxin mRNA, ns antitoxin sRNA, np toxin
proteins, and the toxin gene locus is in the Lth state
(L = 0 and L = 1 corresponds to the OFF and ON
state, respectively) at the time t. Then, the master
equation for the model is given as
dQL
= δ1L αi (IE−1
i − 1)QL + βi (IEi − 1)ni QL
dt
+ v(IEi IE−1
a − 1)ni QL + βa (IEa − 1)na QL
+ αs (IE−1
s − 1)QL + βs (IEs − 1)ns QL
+ k(IEa IEs − 1)na ns QL
+ v(IE−1
p − 1)na QL + d(IEp − 1)np QL
+ σ(L)(−l+ Q0 + l− Q1 ),
(E.1)

The ratio ṽ/k̃ is given by a different form as ṽ/k̃ =
st
0
βs (βi + v)/(N 0 k(αs − α̃i )) = mst
a /mi (N ) × (1 +
st
st
0
βi /v). ma /mi (N ) should be much less than one
for the postsegrefational-killing mechanism to work,
and βi and v are in the same order of magnitude.
Interestingly, v ≈ βi gives the highest peak in varying
v. Thus, we set the ratio ṽ/k̃ as zero (k̃/ṽ as infinity)
leading to
N
βs
α̃i
r
×
.
(D.4)
mpeak,dec
(N, N 0 ) ∼ = 0 ×
a
N
k
αs − α̃i
k̃
The maximum concentration of the toxin protein is
also roughly estimated as ppeak,dec ∼ αp /βp ×mpeak,dec
a
accordingly+ .
As shown in figure D1, the peak value of the
active toxin mRNA is approximately independent to
the absolute number of the plasmid copies, whereas
for large N/N 0 region, the peak value is not determined
only by the ratio N/N 0 and deviates from the estimated
value. This deviation happens because the assumption
for the dynamics of the antitoxin sRNA is no longer
valid for large N/N 0 region. We assumed that the
concentration of the antitoxin sRNA quickly reaches
to the new steady state with N 0 plasmid copies
(sst (N 0 )) at t = 0. For large N/N 0 region, however,
the concentration stays at values much lower than
the steady state value, because the huge amount of
the active toxin mRNA is still produced from the
”reservoir” while the production rate of the antitoxin
sRNA has dropped to the new production rate with
N 0 plasmid copies. Since there is less antitoxin sRNA
than the steady state, the larger peak of the active
toxin mRNA than the estimated value appears.
Appendix E. The master equation for the
model of type-I TA systems on bacterial
chromosomes
We introduced the ON/OFF dynamics of the toxin
gene transcription, and write down the model by
using master equation to consider the stochasticity of
chemical reactions.
+

The result (D.4) itself is also obtained by a simple calculation
as following : First we assume that the dynamics of mi is much
slower than that of ma so that mi (t) ∼ mst
i (N ) holds within a
certain timescale, and approximate dma /dt (D.1) as
st
0
ṁa ∼ vmst
i (N ) − kma s (N ).

In addition, by regarding that the peak value of ma is obtained
by setting ṁa = 0, we get
mpeak,dec
∼
a

vmst
i (N )
= N/N 0 × βs /k × α̃i /(αs − α̃i ).
ksst (N 0 )

where IEj is a step operator of chemical species j which
acts as IEj f (· · · , nj , · · ·) = f (· · · , nj + 1, · · ·). δab is
Kronecker’s delta, and σ(L) is sign function of L which
is given as σ(0) = 1 and σ(1) = −1.
For the model lacking the inactive toxin mRNA
and the processing reaction, the probability of the
states is defined as QL = QL (na , ns , np ; t), and the
master equation is slightly modifies as
dQL
= δ1L α̃i (IE−1
t − 1)QL + βa (IEa − 1)na QL
dt
+ αs (IE−1
s − 1)QL + βs (IEs − 1)ns QL
+ k(IEa IEs − 1)na ns QL
+ v(IE−1
p − 1)na QL + d(IEp − 1)np QL
+ σ(L)(−l+ Q0 + l− Q1 ).
(E.2)
Appendix F. Calculation of the noise intensity
of translationally active toxin mRNA amount
Here, we show the models to obtain the Fano factor
of the number of the active toxin mRNA. Since the
pair degradation of the active toxin mRNA and the
antitoxin sRNA and the translation of the active toxin
mRNA are shared with the models with- and without
the intermediate step (the inactive toxin mRNA and
the slow processing reaction), it is not likely to have
any roles in the difference in the noise in the number
of the toxin protein. Thus, we removed the antitoxin
sRNA and the toxin protein, and accordingly all the
reactions which relate to these variables. This results
in two simple models, namely the model consists of
the inactive and active toxin mRNA, and the model
consists of only the active toxin mRNA given as
dQ̃L
(na ; t) = α̃i δ1L (IE−1
(F.1)
a − 1)Q̃L
dt
+ βa (IEa − 1)na Q̃L + σ(L)(−l+ Q̃0 + l− Q̃1 ),
for the model without the intermediate step and
dQ̂L
(ni , na ; t) = αi δ1L (IE−1
i − 1)Q̂L
dt
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Figure D1. A comparison between the estimated value (D.3) and numerical results of the peak concentration of the active toxin
mRNA for large N and N 0 . Numerical data are generated by the same method with figure 4 in main text.

+ βi (IEi − 1)ni Q̂L + v(IEi IE−1
a − 1)ni Q̂L
+ βa (IEa − 1)na Q̂L
+ σ(L)(−l+ Q̂0 + l− Q̂1 ),
(F.2)
for the model with the intermediate step. Q̃L (na ; t)
and Q̂L (ni , na ; t) represent the probabilities of the
indicated states.
Here, we introduce the generating functions defined as
FL (z, t) =

∞
X

z na Q̃L (na ; t),

na =0

for (F.1), and
GL (x, y) =

∞
∞ X
X

xni y na Q̂L (ni , na , t),

ni =0 na =0

for (F.2).
We solved the equations for the generating functions in
steady-state with the normalization condition F0st (1) +
st
F1st (1) = 1 and Gst
0 (1, 1) + G1 (1, 1) = 1. We obtained
(12) in the main text with the coefficients given by
a3 = αi l− + λ(βa + λ),
a2 = αi l− (2βi + βa + λ) + λ(βa + λ)(3βi + βa + λ),
a1 = αi l− (βi + βa )(βi + λ)
+ λ(βa + λ)(3βi2 + 2βi (βa + λ) + βa λ),
a0 = βi λ(βi + βa )(βi + λ)(βa + λ),
a01 = a1 − αi βa l− λ,
where λ is defined as λ = l+ + l− . It can be easily seen
that all the five coefficients have positive values and
a1 > a01 holds regardless of parameter values.
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