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1 Association between LD score and confounding

To simplify the presentation we only consider the LD score as defined in LDSC, and not the weighted
version used by SumHer, although similar issues do arise for SumHer. We assume without loss of
generality that X is orthonormal with < n columns, and Z is standardised. Let Z = XB + E. Then

Cor(Z) = Cov(Z) = Cov(XB +E) =B'Cov(X)B + Cov(E) = B'B + Cov(E), (1)
Cov(Z;,XB) = Cov(XBj,XB) = B,Cov(X)3 = BB, 2)

Hence (B} B)? = a; and we will write B3 = ,/a; which can be positive or negative. Now decompose
B, into a multiple of 3 plus a vector €; that is orthogonal to 8. Then the coefficient of 3 is
B'B;/B' B = /a;/B' 3. Substituting (1) into the LD score expression, we obtain

S = Z Cor(Z)% = Z(B4B4 + Cov(E);)* = ) _((Bvai/BB+ &) (8a;/ BB+ &) + Cov(E);)”

) %

- Z(\/M/ﬁﬁ-i-GGg‘i‘COV( )ii)?

7

Z\/a_,ee]—l—Cov ij +Z €.é; + Cov(E);;)*.

The middle line above uses the orthogonality (by deﬁnition) of B and ¢;. As Eq. 1 in the main text

does not accommodate dependence between a; and >, r?, resulting estimates of hyp are in general
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biased. As /a;, and €}€; + Cov(E);; can be either positive or negative, the sum associated with ,/a;
will tend to cancel so that LD score is almost always positively correlated with a;, which in LDSC
will inflate estimates of hdyp. As Y ,a; = Y., Cov(Z;,X3)?, the magnitude of inflation increases
with the square correlations between the genotypes Z and the ignored confounding effect X3 as well
as with the proportion of phenotypic variation attributed to the confounding effect.

To aid intuition about this effect, consider the widespread and successful use of principal compo-
nents of SNP genotypes to adjust for confounding due to population structure. In order to maximise
variation explained, the first principal component usually has high loadings from sets of SNPs in high
LD and it usually captures a large component of confounding, supporting our claim of an association
between LD and confounding. If the stratification is due to ignored sub-populations, SNPs with
greater allele frequency differences between sub-populations will have greater induced LD, so that
higher LD score will be associated with the SNPs more predictive of sub-population membership.

To illustrate the impact of the LD /confounding relationship on estimation of hZyp, we extracted
the confounding effects X3 from our simulations, and treated their standardised values as the phe-
notype in a GWAS analysis. The resulting estimate of hZyp was multiplied by 0.1 to have the same
scale as the confounding component in a C'1 phenotype. The positive relationship between LD and
confounding generates positive estimates of hiyp (Figure S10), although these estimates tend to be
lower than the observed inflation in hZyp estimates in the original analyses. This is consistent with
the expected cross-product of the confounding effect test statistic and confounding-free phenotype

test statistic also showing a positive relationship with LD score.

2 Approximate expectations of association statistics
We restate our general phenotype model
y=1lu+XB+Za+e, a~N0X)e~N(0,07T), (4)

here making no distributional assumption for 3 and assuming that columns of X are standardised.

2.1 Single-SNP analysis with no covariates fitted and Z known

In single-SNP regression of a quantitative phenotype,

T (y — ¥1)'2;(25Z;)"' Zi(y — y1)
Ty =y (= Z;(Z5Z;) 7 Z5) (y — y1)/ (n—=2)




Following [1], we consider the numerator and denominator of (5) separately. Some notation: J = 11’

is a matrix of ones, so that J?> = nJ, and Tr denotes the trace of a matrix. In particular if a is a

vector, Tr(aa’) = a’a. We require

Ely -y))(y-y1)] = (I-J/nE[yy]I-J/n)
= (I-J/n)(ZXZ + o1+ XBB'X )1 —J/n)
= ZX7 +0*(1-2J/n+3J/n?) + XBB'X (6)
= ZX7' + 21— J/n) + XBA'X (7)

with the final two equalities following from the standardisation of Z, which implies Z'J = 0,,, and

standardisation of X implying X'J = 0,,. Using (7), the expected value of the numerator of (5),
which following ANOVA conventions we call SSR;, is

E[SSR;|Z, X]

El(y — ¥1)'Z;(Z;Z;)"' Z(y — 31))]
Tr(Z;(Z5Z;) ' Z5E(y — y1))(y — y1)'])
(2;(252;)7' 2 {227 + 5%(1,—J /n) + XBB'X'})
(Z2;(22;)7' 2 {227 + 071, + XBB'X'})
((Z

5 2

/
J
/
J
/
J

Tr((Z,Z,;) ' 2,232/ 7; + o2(Z)Z;)"(Z,Z;) + (Z,Z;) ' 2/ XBB'X'Z;})
(Z,237'Z; + ZZXBB'X'Z;)/(n—1) + 0. (8)

Note that Z’Z = (n—1)Cor(Z;,Z), and if X is standardised, then 7. X = (n—1)Cor(Z;,X). Since

Y} is diagonal, we can write

E[SSR;|Z, X]

= (n—l){zm:ffjaf—k(ZCor (Z;,X,)8 >}+0

=1

= ol + (n—1)o] + (n—1) Y _#%07 + (n— <i00rzj,xk )2 (9)

1#£] =1

where 7;; = Cor(Z;, Z;). Write SSE; for n—2 times the denominator of (5). Then

B[SSE;|Z,X] = El(y —y1)(I1—Z;(Z;Z;) ' Z;)(y — y1)]

= E[(y —y1)(y —y1)] — E[SSR|Z,X]
= Tr(E[(y —y1l)y —y1)]) — E[SSR|Z,X]
= TH(Z2Z + 01— J/n) + XBA'X') — E[SSR;|Z,X]



= Tr(Z'ZX)+ (n—1)o? + Tr(B'X'XB) — E[SSR,|Z, X]

= gmj a2+ BVfX)B | -2~ (n-1){ > et - (Z Cor(2; X’“W")Q}

= (n—2)o? + (n—1) (1- TU Joi + Var[X]y—Cor(Z;, X;.)Cor(Z,;,X,))Br3 ¢ (10)
: PBLEDIPI

i#] k=1 I=1

2.2 Single-SNP analysis with no covariates fitted and Z unknown

The reported results from a GWAS typically do not include the sample SNP correlation matrix,

which is required for the expectations in section 2.1. Normally, it is replaced by an estimate from

a reference panel. Rather than use r - directly, [1] used a transformation to reduce bias: rfj =

((n—=1)7} —1)/(n—2). Substituting mto (9) for SNP-SNP and SNP-covariate correlations, we obtain

E[SSR;|X] = a§+(n—1)a§.+(n_1)z{(n—2)r% L }a +( (Zcm Z;,X1)Bx )2

n—1 n—1

i#]
- Ug + ZUJQ + (TL—Q)U? + (n_2) eraz + (n_l)ngAor(Zja XB)Z
i=1 i#j
(n—2)Cor(Z;, X3)? 1
:a—i—Za+n20—4—n2;rZJZ 2{ n—lj +n—1
2
= o, 40, + (n—2)0; + (n—2) eraz + (n—2) (Z Cor(Z;, Xk)ﬁk) . (11)
iF£] k=1

For large n,

E[SSR;|X] ~ op+0.+nos+nY 1 1+nZZCor Z;,X;)Cor(Z;, X))B:B.  (12)
1#] k=1 I=1
E[SSE;|X] = E[E[SSE,|Z,X]] = E[E[SST|Z,X]] — E[E[SSR;|Z, X]]

P 2
= (n=2) |0y + 0. —0f =) 1o, — (Z COT(ZpXk)ﬂk) ] (13)
1] k=1
= (n—2)c;(0; 4 a?), (14)
where ¢; =1—-> .7 Zh?, — ( 2:1 Cor(Z;, Xk)ﬁk)Q/(Uz + 02)-

zzyzb



2.3 Single-SNP analysis with covariates fitted and Z known

The sum of squares required to determine expectations when covariates are fitted corresponds to

quantities required for a partial F' test comparing the fit of the nested models:

= 1lu+XB+e (15)
— A+ XB+ Zyy e, (16)

where 3, 4; are fixed and £ ~ N(0,5°I). We use subscripts 1 and 2 to denote models (15) and (16).

E[SSR;.|Z,X]

E[SSR;2|Z,X]

[y y1)'X(X'X)™"' X' (y — y1)]
X)TXE[(y - y1))(y — yl)’])
X)) XNZEZ + 0?1, — —eJ +XBA'X'Y})
X)) XN{Z2Z' + 0’1, +XBB 'X'})
)TIX'ZEZ'X + o?(X'X)TIX'X + (X'X) ' X'XBAX'X]})
) 'X'ZXZ'X) + po? + B X'XB. (17)

(52 2) G-t )

—1
j X! / I~/
) z;.) (257 + %L, + XBBX'} (X 2,) >

Tr

-1
X'X X'Z; X'Z¥7'X X'ZXZ7'Z, 9
Tr (p+1)

Z'X 7.7; Z\237'X 7,277,

-1

o (XX X7 X'XBAX'X X'XBBX'Z; 18)

r .
Z/X 77 Z/XBBX'X Z/XBBX'Z,

To simplify, we expand the inverse in (18) using the block inversion formula, obtaining

-1
(X’X X’zj> _ ((X’X)1+(X'X)1X’szj—1z;X(X'X)1 —(X’X)lX’Zij_l> (19)

Z/X ZZ,

-1 _ -1
~B;'Z/X(X'X)™! B;



where B; = Z/(I — X(X'X)'X')Z;. Substituting (19) into (18) and noting that only the diagonal
blocks of (19) are of interest, we find for the blocks associated with ZXZ’,

X'ZEZX
(%) + (X'X)'X'ZB ZX(X'X) ! —(X'X)'X'Z,B; ) ( )

7/73%7'X

J

= (X'X)"'X'Z2Z'X — (X'X)"'X'Z;B; 'Z,(1 - X(X'X)"'X")ZxZ'X (20)
X/zxz'zj)

=B;'Z/(1-X(X'X)"'X")ZxZ'Z;.  (21)

_BlZX(X/X)! Bfl)
( i LX(XX) i )\z 2527,

For the blocks associated with X33 X', we get

X'XBB/X'X
(%) + (X'X) ' X'Z, B} ' Z X (X'X) ! —(X’X)lX’Zij‘l)( o )

7/ XBBX'X
= BEX'X + (X'X)'X'Z;B;'ZXBAX'X — (X'X)'X'Z,B;'Z/XBAX'X = BAX(X)
X’Xﬁﬁ’X’Zj>

= —-B;'Z/XBB'X'Z; + B, 'Z;XB3'X'Z; = (3)

(-B'zx(x'%)! B;1)< X
ZXBBX'Z,

Substituting (20)-(23) into (18), we obtain

E[SSR;»|Z,X] = Tr((X'X)'X'Z¥Z'X — (X'X)"'X'Z;B;'Z/ (1 - X(X'X) 'X")ZXZ'X)
+ Tr(B;'Z(I - X(X'X) ' X")ZXZ'Z;) + (p + 1)o7 + Tr(B3'X'X)
= Tr(X'X)"'X'Z¥Z'X) - Tr(X(X'X)'X'Z;B; 'Z,(1 - X(X'X)'X)ZXZ')
+ Tr(Z,B;'Z,(1 - X(X'X)"'X")Z2Z) + (p+ 1)o? + B'X'XP

= Tr((X'X)"'X'ZEZ'X) + Tr((I - X(X'X)'X")Z;B;'Z)(I - X(X'X)'X')ZXZ')
+ (p+1)o? + BX'X. (24)

The difference in regression sum of squares between model 1 (15) and model 2 (16) is

E[SSR;s — SSR;1|Z,X] = Tr((I-X(X'X)"'X)Z,B;'Z}(I - X(X'X)'X)ZEZ') + (p + 1)0? — po?
+ Tr(X'X) ' X'ZEZ'X) — Tr(X'X)'X'ZEZ'X) + FX'X3 — #X'XS

= o2+ Tr((I - X(X'X)"'X')Z,B;'Z,(1 - X(X'X)'X)ZXZ)),

and the error sum of squares for model 2 is

(25)



E[SSE;2Z,X] = E[(y —y1)(y —y1)] — E[SSR;»|Z,X]
= Tr(ZZZ) + (n—1)0? + Tr(XBB'X') — E[SSR,|Z, X]
= Tr(ZZZ) + (n—1)0? + FX'XB - Tr(X(X'X) ' X'ZXZ)

— Tr((I - X(X'X)"'X")Z,B;'Z(I - X(X'X)"'X")Z2Z) — (p+ 1)o7 — BX'X}
= Tr((I-X(X'X)"'X)zZ2Z') - Tr(I - X(X'X)'X)Z;B; 'Z; (1 - X(X'X) ' X)ZXZ')

= (n—p—2)o?

2.4 Expected sums of squares when Z, X unknown and independent

Having marginalised expectations over Z in section 2.2, the next step is to marginalise over X in
order to deal with the case that X is not available. Since there are usually no reference panels of
covariates, stronger assumptions are needed than for Z. One plausible assumption is that X and Z
are independent, so the X includes covariates and not confounders. In addition, and without loss of

generality, we will assume that the columns of X are mutually independent.

2.4.1 Single-SNP analysis with no covariates fitted, Cor(X,Z) =0

The expected sum of squares when X is independent of Z and was included in the analysis model
correspond to (12) and (14) with Cor(Z;, X)) = 0 Vk. These expectations are,

E[SSR;] = E[E[SSRj|X]] = o) + 0.+ (n—2) (0 +Zr” Z) (27)
i#j

E[SSE,] = E[E[SSE;X]] = (n—2) <<7 tol—ot =) 1l a) (n—2)c;(02 + a2), (28)
i#]

where ¢; =1 — Y7, r7;h7y,.
2.4.2 Single-SNP analysis with covariates fitted, Cor(X,Z) = 0.
We note that ZXZ' = Z;%,;Z'+) , ,; Z;%,;Z; and substitute the result into the RHS of (25), obtaining

=02 4+ Tr((I— X(X’X)‘IX/)Z B'Z,(1- X(X'X) ' X)Z2Z)

(26)

(29)

= o2+ ) Tr((I - X(X'X)'X)Z,;B; ' Z)(I - X(X'X)"'X)Z;%,Z)) + Tr((I - X(X'X)'X')Z;5,Z))

i#]



For Tr((I - X(X'X)'X")Z;X%,Z)) = Z;(1 - X(X'X)'X)Z;%; = B;X;, we need

E[B;] = E[Z/(I - X(X'X)"'X")Z;] = n—1 — E[(n—1) zp: Cor(Z;,X;)? = n—1— (n—l)% = n—1-p,(30)

k=1

For the second trace in the expected value, rather than with Z; directly, we use the equivalent
Z; = L;ji;; + €y,

where 7;; is the sample correlation and the estimated coefficient for a simple linear regression of Z;

on Z;, since Z is standardised, and €;; is the estimated residual vector from the same regression.

Tr((I - X(X'X)"'X)Z;B;'Z)(1 - X(X'X)'X')Z;%,Z))
= (Fy 2+ &) (I - X(X'X)'X")Z;B; ' Z)(I - X(X'X) ' X)(Z;75 + €)% (31)

After expanding out terms and noting that by definition e};Z; = 0, (31) corresponds to
7B % — 276 X(X'X) ' X'Z;%; + &, X(X'X) ' X'Z;B;  ZEX (X'X) ' X% (32)

We can write (32) in sample covariance notation, which due to standardisation is equivalent to

correlation except for the case of Cov(é,;, X;) = Cor(&;;, Xx) 1—77. Thus we have

P
(n=1—p)i7,07 — 2(n—1)F;;, [ 1—7% Z Cor(&;5, Xy)Cor(Z;, Xy)o;

1
P P D A " oo a "
. Cor(é;;, X)Cor(Z;, X;)Cor(é;;, X;)Cor(Z;, X;)
1-72)(n—1 / —— —— 07 (33
( )( )ZZZZ 1-Cor(Z;,X,,)Cor(Z;,X,) ;- (33)

To take the expectation of (33) with respect to X, note if k = [ = m = o, we have to scale the square
of a t-distributed random variable (n—2)Cor(Z;, X;)?/(1—Cor(Z;, X;)?), giving us an approximate

expectation,

((n—l—p)r +(1-7%) (nfpw) o2, (34)

which, marginalising over Z and assuming n large, can be simplified:

n p((n 22 +1) +nf2<1—(n_2>”2"— 11)%2- (35)

n—1




The resulting approximation for E[SSR;s — SSR;4] is,

0’2 + (n—l—p)a? + { (n=1=p)(n=2) - p} Z r?jajz + —(n—i—_pl) P Z 0]2

1
n i i

:03+(n—1—p)0]2-+(n—2 P Z T ]—1—20

i#] i#]

(n—2—p ZTU o5 (36)

For E[SSE; 2], we need the expectation of Tr((I — X(X'X)'X")ZXZ’), which is,

m p m m

ZE[(n—l)JJZ—F(n—l)ZC;)r(Zi,Xk)QO?] %Z(n 1)0 + (n— 1)L 32 (n—l—p)Za? (37)
—1

i=1 k=1 i=1 i=1

Combined with (26) and (36), we obtain

E[SSE;s] =~ (n—2-p)o’+ (n—1-p) ZO‘? — (n—2—p)o; — (n—2—p Zrmaj - ZO’
=1 i#]

_ (o p>(a —0?—27“%0?) (38)

i#]

2.5 Single-SNP analysis with covariates fitted, Cor(X,Z) # 0

In a multiple regression, the t statistic for a covariate ¢ is conditional on all other covariates fitted in
the model. Hence, statistics about Z; from a regression with both Z; and X fitted can be written as

testing for an effect for the covariate €;, where €; is the estimated residual from the regression,
Z; = X4; +e;. (39)

Since Z is standardised, the estimated residual has sample variance 1—R]2, where RJZ- is the coefficient
of determination, or equivalently the inverse of the variance inflation factor [2]. Standardising €; to

€; we obtain to a linear model equivalent to (4):
y=1lp+éa+e, a~N(03X),e~N(0,a’d), (40)

where 3;; = (1-R3)o3, ¥ is the covariate corrected phenotype and a = (n—2—p)(n—2). We still

need to convert the LD score from the observed to the residualised scale. To do this, we note



#i; = Cor(Z;,Z;) = Cov(Z;,Z,)
= Cov(X4;, X¥4;) + Cov(XH;, &;) + Cov(é;, X7;) + Cov(e;, &)
= A/Var[X]¥; + 4Cov(X, &;) 4+ Cov(&;, X)¥; 4+ Cov(é;, &;)
= AVar[X5; + Cor(e;, &)/ (1- R} (1-R2), (41)

giving an “LD score” on the residualised scale of,

Py — yVarX]y, (42)
JO-R3)(1-R2)

722]- = COI‘(éi, é]) =

substituting (40) and (42) into (8) and (10) respectively, with X = 0, obtaining

E[SSR;|Z,X] = ao?+ (n—1)(1-R3)o; + (n—1) Z(f;j)Zu—Rf)af

i#]
2 2\ 2 (P55 — %VEH[X]’?')QO_R@?)UE
= ao, + (n—1)(1-R;)o; + (n—1) Z J (1—R2)(1J—R2)
i#] ¢ J
4 — AV [X4,)?
= a2+ (D) (1R + (n-1) 3 U8 (71@_:2[) ) g2 (43)
i j

For SSE;|Z,X, the expectation can be determined by taking the expectations of the individual
components, SST|X — SSR;|Z,X. These expected values are,

E[SSTIX] — (n_1)(aa§+§;(1—R?)a?)

B ANV 52
E[SSE;|Z,X] = (n—1)(aa§+2(1—33>0—3—2 (s az_szz[)th) 03) —ac? (44)
i i#j J

2.6 Meta-analysis test statistics

We have shown that the definition of hZyp is dependent on the covariates fitted. Now, we show how
this impacts estimation of hyp from meta analysis summary statistics, including when there are

individuals shared between studies. We focus on two types of meta-analysis, sample size weighted

[3], where T peta 1s calculated as,
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T's s
Zs J:w (45)

VOIRT-S

with wy = /ng, the sample size of study s, and inverse variance weighted [4], where a new estimate

of the effect and the variance of the estimate is obtained and weights wy are equal to 1/Var[d; 4,

Qj Meta = %7 Var[@; veta] = Zslws' (46)
Ideally, each study s in the set S would have performed identical analyses. In practice models may
differ between studies. If the covariates missing from the analysis model in study s are independent
of the SNPs Z, then unbiasedness of the estimated SNP effect &;, would still hold for all s [5]
if the response is continuous [6]. This is sufficient for meta-analysis to gain statistical power at
identifying causal loci without introducing bias, but insufficient for hiyp estimation. To prove this
point, consider the case where there are always effects associated with X, where X is standardised
and independent of Z but y is not standardised. Now partition S into the set S; where the analysis

model ignored covariates and Sy which did not,

Vs = ]_/1, -+ Zj,sOéj + g, if s e Sl (47)
ys = lu+Z0,+XB+e ifseb,. (48)

For a sample-size weighted meta-analysis, and remembering that X3 is absorbed into €, for studies
S € Sl,

Ez[Ba e[, Tjows)’]]
25 WS
Ez[Bae[(32, djsws//Vard; o) ]’]
2, w3

E [E%Meta] =

Q

()]
e ]

S

= 1 (Ez [Z Eal(Q2; Pijs0) (O ﬁj,s/ai)]wswsf} LB, [Ea [(Z co(Z, 2. T e,

Yowi\ ULy VENarld,JJE[Var[a, ] - E[Var[a,.]

11
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2 (Z Z TAij,sfij,s/wsws/ i + Z (o2 + ﬂs,s’eslag)cscs/wwa/(HSS/ — }) (49)
w2 7 VENar[ayJIE[Varld; o] <7 (ns—1)(ny — 1)\/E[Var[a, JJE[Var[d;,y]]

where ¢, = 1 and ¢5 = /(ns—1)/(ns—p—1) for analysis models (47) and (48). To complete the

derivation of the approximate expectation, we need

2+U _Z’L T’L] ’L U§+UE ~ U§+Ug lf C. = 1
N o ns—1 ~ ns—1 7 w? CE
E[Var[aﬁs“ - 0272:7%01_2 ;2 025 (50)

yns—T ~ ns_;_l ~ 025;3 if ¢ = \/(ns—p—l)/(ns—l).

S

If ci = 1Vs or ¢ = y/(ns—p—1)/(ns—1) Vs and assume that p < n,¥s = ¢, ~ 1, (49) can be
reduced to,

A A /
BT = 1 ( Z 52 Z Tij,sTij,s' CsCsW
Meta - 2 % 2
Do wi \ 4 oF

S

2,,2
ss

, 9 5 A wiw? (ngy — 1)
reh- e D)

7

ﬁ(z Zfr”srwlww, ZU Znss) (51)

8,8’ s,s’ o

Q

2 _ 2 2 : 2 2 _ 2 2 : :
where o7 = o, + 07 and noting that o7 + 1, yes,0. = 07 — >, 07 when no covariate correction
was applied, and 05 if covariate correction was applied. When the approximate expectation for the

sample LD in studies s and ¢/,

A oA Ngs!
is substituted into (51), we find
1 rio; OF =300 + 301
BT : (z i zwszwg B D VL ).
s Ws ’ o1 s’ ot s,s’
T 0- s/ nSS/

_ Z B YL

1+ 2 Mgy + N fhf ifc,=1 Vs
~ Zs;és Zz 7'%.,b (53)

1+ =2 Zs#, Nes' + 1Y r”hfa if ¢ = \/(ns—l)/(ns—p—l) Vs '

Unlike the single study considered earlier, E[T7.,] can be inflated in such a way that the inclusion
of an intercept term is sufficient to obtain unbiased estimates of hiyp. However this inflation is due
to individuals being included in multiple studies, not the explicit ignoring of confounders we focus

on in this paper. If studies from sets S; and S5, are combined, a meaningful interpretation of the

12



slope as a function of a heritability parameter is no longer possible, as in

E[TQMeta] _ z g; ( Z \/ _1 1)TZ]STZj8/waS Z \/(ns_p_]-)(ns’_p_l)rij,srij,s’wsws’

2 2 2
U 0- g
s,8'€51 T 5,5'€5> Y

N Z \/ /—p—l)wsws’fij,s/ﬁ’ij,sl)

s€S1,8'€Ss \/1‘}‘0’2/0'2

o? wsw wsw! o2 +o? wsw!
R M e e
Zs W s,8'€S5 Uy s€S1,8'€S2 0-@2, 1+ 0-2/0-@2/ Zs W s,8'€S Uy + Oe
the denominator changes depending on the study’s choice of S} or S5. Similar problems arise in the
case of inverse variance weighting, both for the test statistic 77, and the effect size éjypeta- The
expected value of &7 ., from an inverse variance weighted meta-analysis is,
E[d2 ] = [(Z aj sw8)2] ~ Zs,s/ E[(&j,s@jﬁ/]wswsl
j,Meta Z Wy (ZS ws)2
Z S o —|— nzsrj; Jwswg . Z( 2, 2) Ngs' CsCot WsWyr
= o; . g, §'€550,
s ws)2 ~ e s,8'€52V ¢ (ns_l)(ns’ o 1)(25 ws)2
~ 2 nss’cscs’wsws NggtWsWygr
~ ZTU g; ) +;U +]135652 C)nsn/ Z anns )2
Ngs'CsCst WsW ! Nggr WgWygr
= er Z+Za + L5 s7e5,0 ?)M Z Z =3 (55)
Ny ( Nty (32, Ws)
S, s’ S, s’
The expected values of the weights in (55) are,
ns—1 ns—1
ws ~ 1/E[Var|q,]] = ~— ifcs =1 (56)
s 7,8 0'5—1—0'2 Z,L U Z 0_:3+0_027 S
R ns—p—1 ns—p—1 c2(ns—1 .
ws ~ 1/E[Var|d;]] = ﬁ N = i > ) if ¢y = \/(ns—p—1)/(n,{50)
00— iTi0; o; o;

which upon substitution into (55) and again assuming p < n so that ¢s &~ 1 Vs gives,

(
(E 3)‘_1_’_ 22‘5#5/” /)(0_ +0_ ) ZZ Zj z lfcszl \V/S
s (ans_l)

A 225 s/ Mg/ 3 [ _Ns—

2, 2
(Uy+UC)Zssesl Mgg! +0yzs,5/652nss/ +0yzsesl,s/€52nssl
Zz ij 0;

I .
. (ZS ”5*1) (Zs"s*1)2 (Zs rlrl)2 1 genera
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Similarly, the test statistic T7yjoa = G pera O Ws has an approximate expected value of

r1+2zi¢s;?ss/ +Z nSZzT’L]h if ¢, = 1Vs

223 s/ Mss! : ng—1
E[T2 ]% 1+ Ef’L—l +Z nszz ,?]hga 1ch:,/n_—pl‘v’s

Jfeta (5+02) 5 metoi( T mt T ngy)
s,s'eSq s,s' €Sy s€S1,s'€Sy ns—p—1\:
< 2 + ZTU Z) ( z UQ+02 + > ™—£—)in general.
\ (o) s€5y Y
S

so like sample weighted meta-analysis shows additive inflation in the presence of shared individu-
als, and cannot estimate a meaningful heritability parameter when different studies did not apply
equivalent covariate corrections. The presence of additive inflation should be viewed as analogous
to the expectation of the cross product of test statistics given in Bulik-Sullivan et al. [7] in order to
estimate genetic correlation.

In the main text we showed that if Cov[X,Z]=0, the SumHer model intercept is 1 and there is
no need to fit A/C. In Figure S9, we show what happens if we repeat this analysis with sample
overlap. Specifically the meta-analysis now consists of two studies, one with all 8000 individuals and
the with 4000 of the individuals. Based on the theory given in section 2.6, either hiyp, or hdyp,
can still be estimated without/with covariate correction in both studies, but with model intercept
2x4000/12000 = 5/3. Our simulations are consistent with this theory under both LDAK and GCTA

models.

2.7 Mixed model test statistics

For the purposes of this section, we will assume the phenotype model
y=1lu+Za+e, a~N(0Z), &~ N(0,0T), (60)

where 4 is an intercept, Z a n X m matrix of standardised SNP genotypes, a a vector of SNP effect

sizes, and X a diagonal matrix with jth entry 032».

We assume the model fitted in the association
study is,

y=1p+ Zjaj + Zafj +e a_j~ N(07 2)75 ~ N<O7&§I)7 (61)

where the effect of SNP j is treated as a fixed effect, and the elements of 3 and 2 need not match
the equivalent entries in the true model. The test statistic for testing the hypothesis whether a;; = 0
calculated under the assumed model of (61) is,

T2 pm = ylvflzj(zgvilzj)flzgvfly (62)

2>
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where V = Z_ijZ’_j + ¢2I. Note that part of the simplicity of (62) is due to the centring required

to standardise Z, which implies cov(ji, &;) = 0. Now

BT uml = EYVT'Z(ZV72;)7 2V Y]
= TT(V_lzj(Z;‘V_lzj)_1Z;V_lE[yy’])
TV LY N Y T 7T o)

= Tr(V'Zy(Z\VN'Z) ' 2N (02 2;Z) + Z_;5 ;7 + o21))
= Z\VT'Z(ZNT'Z) T 2N T 2o} + Tr(VT 2, (2 T 2y) T N TN 232 + oll))
= Z\V 20l + Tr(V'Zy(Z,V'2,) 7 2V 252 + 0l0)). (63)

Lastly, define Ve = Z ;3 7", + 0’T and E = Ve — V. Then we can write (63) as,

Z:NV 205 + Tr(V'Z;(Z5V~'2;) ' 2V (V + E))
Z.N 207 + 1+ ZV'EV T Z,(ZV T Z) 7 (64)

E [T]%LMM]

For the purposes of trying to re-estimate hyp from mixed model association statistics, while Z;-V_IZ i =
Var[B] is a readily obtainable quantity, Z;V_1 is not. More importantly, re-estimation of hZyp would

only be of interest in the case E # 0.

3 Additional simulation results

3.1 Phenotypes generated assuming under a GCTA model

To show that our conclusions are not dependent on the simulation model, we simulated phenotypes
using a GCTA model and analysed using LDSC. Results are presented in Figures S1-S4.

In Figure S1(a-c), we see the same patterns as in the LDAK simulations, namely ignoring covari-
ates means only hiyp;, can be estimated, while conditioning on covariates, means only hZyp, can be
estimated from 77, while both hgyp, and hgypy, can be estimated from né3. By changing the subset
of SNPs, the degree of negative bias when estimating hyp from n@]z- and fixing the intercept to one
when covariates were adjusted for is less than for the LDAK simulations presented in the main paper.

For meta-analysis test statistics (Figure S2), we find as expected the same patterns as in the
LDAK simulations. If there is consistency in the GWAS analysis method, a meaningful definition
of hiyp is estimated. If there is inconsistency in analysis models between component GWAS s, the
estimate of hiyp obtained from a meta-analysis is not interpretable.

In Figure S3, we see that only full adjustment for confounders in the original GWAS results
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in an unbiased estimate of hiyp,. As with the LDAK simulations, biased estimates of hiyp were
obtained with both the case of no adjustment or partial adjustment at the GWAS stage. Compared
to the LDAK simulations, the level of bias in hZyp was lower when simulating under a GCTA model
(Figures S3 and S4).

Like the LDAK simulations, we find that the positive bias in the estimate of hZyp, and the scale
of A/C (Figure S4) for C'1, C2, and C3 phenotypes correspond to the proportion of phenotypic
variation attributed to confounding. Again like the LDAK simulations, and as expected both from
the positive linear relationship between LD score and a; and from results in [8], the estimates of A/C

were below the mean level of confounding.

3.2 Estimation of hiyp when applying filtering

In many of the simulations with unaccounted confounding, we generate S; with values sufficiently
high that SNP j would be removed from analysis using the filtering methods proposed in [9] as an
outlier. We applied this filtering approach to see what impact it had on the estimate of hiyp and
A/C from phenotypes simulated under both a GCTA and LDAK model.

The results presented for LDAK simulations in Figures S5-S6 are equivalent to Figures 3-4 in
the main paper, but with filtering applied before summary statistic hyp analysis. The filtering
consisted of removing SNPs where S; > 80 and also those SNPs in linkage disequilibrium (defined
as r?j > 10) with such SNPs from analysis. Similarly the results presented for GCTA simulations in
Figures S7-S8 are equivalent to Figures S3-S4 in the main paper, but with filtering applied before
summary statistic hdyp analysis.

While as expected, the estimates of hdyp drop compared to the no filtering case for both LDAK
and GCTA simulations, in no case was the drop sufficient to eliminate bias. While some of the GCTA
simulations may appear to be unbiased, with the average estimate of hiyp sitting on the black line,
it is always the red line that is the estimable definition of h3yp in these simulations. Furthermore, as
the filtering is based on a fixed cut-off, as the proportion of phenotypic variation, o2/ (a; + 02) due
to confounding increased, an increasing number of SNPs were removed in the filtering process. This
meant the patterns linking o2/ (05 + 02) to the level of bias in the estimate of hZyp are broken as
seen in Figures S6 and S8. From a statistical perspective, this indicates ad-hoc filtering approaches

may be insufficient to remove all influential SNPs that could bias the estimation of parameters.
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4 Supporting Figures
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Figure S1: Estimates of h3yp obtained from LDSC analysis of GWAS summary statistics constructed for phenotypes
simulated under a GCTA model. The black and red horizontal lines indicate the values of h3yp, and hiyp,. Zero,
CEPT and GC refer to no, A and C confounding terms in the analysis model. (a) Phenotypes with no covariate
effects. (b) Phenotypes with covariate effects but X ignored in the analysis. (¢) Phenotypes with covariate effects and
X adjusted for in the analysis.
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Figure S2: Estimates of hZyp obtained from LDSC analysis of summary statistics calculated from a meta-analysis
of two GWAS constructed from phenotypes simulated under a GCTA model.

17



B#0, X ignored B #0, partial adjustment for X B #0, full adjustment for X
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Figure S3: Similar to Figure S1, but here GWAS phenotypes (specifically C1) are subject to confounding: phenotype
means differ among three subpopulations that each consist of three sub-subpopulations. The sub-populations were
the same as used in the LDAK simulations. Estimates of h3yp from a GWAS with (a) no covariate adjustment, (b)
adjustment for the three subpopulations but not the sub-subpopulations, (¢) full covariate adjustment. Note that the
y-axis differs among (a), (b) and (c).
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Figure S4: Estimating hixp and confounding parameters from phenotypes with differing proportion of phenotypic
variation due to confounding when hZyp, = 0.5. The confounding corresponds to ignoring sub-populations, which are
the same as used in the LDAK simulations. The black lines in (a,b) indicates the simulated value of hiyp, and the
red lines the simulated value of hZyp,. In (c), the black line corresponds to A/C = 1, which is normally assumed to
indicate no confounding and the red line the mean level of confounding, estimated as S; —1 — ny rizj hib. Note that
the y-axis differs between plots.
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B#0, X ignored B #0, partial adjustment for X B #0, full adjustment for X
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Figure S5: Same as Figures 3 in the main paper, but with filtering out of SNPs where S; > 80 prior to summary
statistic hdyp analysis. Estimates of hZyp from a GWAS with (a) no covariate adjustment, (b) adjustment for the three
subpopulations but not the sub-subpopulations, (¢) full covariate adjustment. Note that the y-axis differs between
plots.
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Figure S6: Same as Figure 4 in the main paper, but with filtering out of SNPs where S; > 80 prior to summary
statistic h3yp analysis. The black lines in (a,b) indicates the simulated value of hZyp, and the red lines the simulated
value of hZyp,,. In (c), the black line corresponds to A/C = 1, which is normally assumed to indicate no confounding
and the red line the mean level of confounding, estimated as S; —1—n)_, 77,k . Note that the y-axis differs between
plots.
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Figure S7: Same as Figure S3, but with filtering out of SNPs where S; > 80 prior to summary statistic h3yp analysis.
Estimates of hdyp from a GWAS with (a) no covariate adjustment, (b) adjustment for the three subpopulations but
not the subsubpopulations, (¢) full covariate adjustment. Note that the y-axis differs among (a), (b) and (c).
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Figure S8: Same as Figure S4, but with filtering out of SNPs where S; > 80 prior to summary statistic h3yp analysis.
The black lines in (a,b) indicates the simulated value of h3yp, and the red lines the simulated value of hZyp,. In (c),
the black line corresponds to A/C = 1, which is normally assumed to indicate no confounding and the red line the

mean level of confounding, estimated as S; —1 —n)_, rfjh?,b. Note that the y-axis differs between (a,b) and (c).
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Figure S9: Similar as Figure 2 in the main paper, but now the meta-analysis includes overlapping 4000 individuals
out of a total of 12,000. The black and red horizontal lines in (a,c) indicate the values of hiyp, and hdyp,. The
black horizontal line in (b,d) indicates the expected intercept. CEPT and GC refer to A and C confounding terms
in the analysis. Plots (a) and (c) gives estimates of hdyp obtained under either an A or C view of the confounding
parameter, while plots (b) and (d) gives estimates of the confounding parameter. Plots (a,b) are obtained from
phenotypes simulated from a LDAK model, (¢,d) from phenotypes simulated from a GCTA model.
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Confounding only phenotypes

L]
a
zZ
N
<
7]
.©
m
I I I I
0.1 0.2 0.3 0.4
2 2 2 2
O X hconfound/ (Gy + oc)
Figure S10: Estimates of hixp (called hZ .. ) when the phenotype is the confounding effect X3 only, scaled to

match the contribution of confounding to a C1 phenotype compared to the observed bias in hyp when confounding
correction was not and was included in the GWAS. The y = « line is shown in black, which corresponds to the bias in
h%NP being completely explained by the confounding-only test statistic. The red line is the fit of simple linear regression

of the bias on scaled h2,, ¢ 4. Bias was calculated for each phenotype using hA2xp i.nored — P3NP corrected (RENPL/ MENPa)>
i.e by comparing estimates from a confounding ignored and a confounding corrected GWAS while accounting for the

change in estimable h%NP parameter. One confounding-only phenotypes did not produce convergent estimates so was

removed for comparison purposes.
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