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Abstract
The patterned differentiation of endothelial cells into tip and stalk cells represents an important step in the process of angiogenic sprouting. Vascular biologists hypothesize that
changes in the density and overall structure of the vasculature can be traced in part to
changes in the number of tip cells selected in the endothelium prior to sprout formation.
However, the dominant hypotheses for tip cell selection invoke lateral inhibition via Notch;
this juxtacrine mechanism predicts that a fixed fraction of endothelial cells become tip cells
through a pattern-forming instability. Here, we present and analyze a hypothetical mechanism for tip cell selection that is based on endothelial competition for diffusible vascular
endothelial growth factor (VEGF); this mechanism predicts that variable densities of tip
cells emerge depending on the local (paracrine) production rate of VEGF. First, we hypothesize a network of VEGF signaling and trafficking based on previous experimental findings
that could allow internalization of VEGF to occur with positive feedback. We formalize the
hypothesis into a set of nonlinear ordinary differential equations and perform linear stability
analysis to elucidate a general criterion for tip cell pattern formation under the mechanism.
We use numerical integration to explore the nonlinear dynamics and final steady-states of
tip cell patterns under this mechanism; the observed density of tip cells can be tuned from
10% to 84%. We conclude with proposals of future experiments and computational studies
to explore how competitive consumption of diffusible VEGF may play a role in determining
vascular structure.
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Statement of Significance
The patterned differentiation of endothelial cells into tip and stalk cells represents an important step in the process of blood vessel growth. Vascular biologists hypothesize that changes
in the density and overall structure of the vasculature can be traced in part to changes in the
number of tip cells selected during angiogenesis. However, the dominant hypotheses for tip
cell selection predict that a locally fixed fraction of endothelial cells become tip cells following
stimulation by vascular endothelial growth factor (VEGF). Here, we present and analyze a
hypothetical mechanism for tip cell selection based on endothelial competition for diffusible
VEGF; this mechanism predicts that variable densities of tip cells emerge depending on the
local production rate of VEGF.

Introduction
Sprouting angiogenesis builds new blood vessels in early development, wound healing, and
tumor growth (1). The process requires a population of endothelial cells to perform repeated cycles of collective differentiation and sprouting (Fig. 1) (2). Continued advances of
angiogenesis-related therapies (3), methods for fabricating artificial tissues (4–6), and our
fundamental understanding of vascular development (2) depend on the ability to explain and
predict the multicellular processes governing angiogenesis.
Many early attempts to control blood vessel growth looked for an on-off switch – molecular
or biophysical stimuli that could halt or induce the formation of angiogenic sprouts (7).
However, commonly used angiogenesis inhibitors, such as the antibodies targeting vascular
endothelial growth factor (VEGF), have been most successful at reducing the density of
vascular sprouting, rather than eliminating it altogether (8–11). To explain how the density
of sprouts is governed in vivo, many researchers have pointed to changes in the density of
tip cell selection prior to sprouting (Fig. 1) (12, 13).
Upon stimulation by VEGF from nearby tissues, quiescent endothelial cells (ECs) spon1
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taneously differentiate into a pattern of cells with the competency to be become either
migratory tip cells or proliferative stalk cells (12). Given additional time, these tip- or stalkcompetent cells undergo morphological change to become the tips or stalks of new angiogenic
sprouts (14). A number of investigators have suggested that the balance of tip cell selection – the number of tip cells selected and their levels of activity – impacts the structure
of the vasculature produced by angiogenesis, in particular, whether the vascular network is
pathologically dense or sparse (13–16).
A dominant hypothesis in this field contends that tip cells are selected via a mechanism
of lateral inhibition: nascent tip cells express high levels of the Delta ligand, which activates
Notch in adjacent ECs to repress Delta expression and tip cell characteristics (12, 14, 17).
Previous computational studies have shown that lateral inhibition, while robust in its ability
to enable tip cell differentiation, is limited to forming fixed patterns of alternating tip and
stalk cells when simulated in regular grids; this pattern represents a “checkerboard” of 50%

Figure 1: Overview of tip cell pattern
formation. (A-B) Quiescent endothelial cells
(A) are stimulated by angiogenic factors to differentiate into tip- (red) and stalk-competent
(blue) cells (B). (C) Endothelial cells that become tip-competent during pattern formation
become the tips of angiogenic sprouts during
sprout initiation.
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tip cells in square grids (18, 19) or a pattern that can flip between either 33% or 66% tip cells
in hexagonal lattices (20). This juxtacrine mechanism that only selects a fixed fraction (or
flips between two fixed fractions) of tip cells is not compatible with observations of variable
sprouting density (10, 16, 21).
Mechanisms that predict variable tip cell density while remaining dependent on lateral
inhibition via Notch have been proposed, but they face some challenges. A previous study
showed that by considering filopodia that may carry Delta ligand to distant neighbors,
lateral inhibition could create multicellular patterns less dense than the previously-mentioned
“checkerboards” (22); while endothelial tip cells do express filopodia, it remains to be shown
that these filopodia are essential for tip cell selection (23).
Another route to predicting variable numbers of tip cells selected via lateral inhibition
during angiogenesis is to spatially restrict tip cell pattern formation to “patches” within
the endothelium. In one previous example, Boareto et al. (24) proposed and simulated a
mechanism that included both lateral inhibition and lateral induction (the convergence of
neighboring cell phenotypes) via Notch. The final steady states in the model by Boareto
et al. were composed of patches of approximately 50% tips cells surrounded by uniformly
differentiated non-tip cell endothelium – the global numbers of tip cells varied according to
the total area of tip cell-containing patches relative to non-patterned endothelium (24). In
a previous computational study, Bentley et al. (18) proposed pathological angiogenesis as
a result of “patchy” tip cell formation in a manner that also relied on Notch-based lateral
inhibition. Recent experiments (19) have lent some support to aspects of this hypothesis
by showing that chronically high VEGF can result in patches of high Delta expression, but
experimental support for the existence of “checkerboard” patterns that locally select ∼50%
of endothelial cells in non-pathological angiogenesis has yet to emerge.
Alternative mechanisms of vascular patterning without juxtacrine signaling have been
explored. For example, early computational studies of angiogenesis, which did not invoke
tip cell selection, had no role for juxtacrine Notch signaling (25, 26). Rather, VEGF would
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stimulate endothelial cells to divide and migrate towards its source: sprouts would initiate
at whichever endothelial cell was exposed to the highest concentration of VEGF. As the
endothelial cells migrated and consumed the VEGF, branching vascular structures could
emerge . In contrast, most computational studies explicitly incorporating tip cell selection
have assumed that the concentration of extracellular VEGF is constant across the endothelium or is a fixed function of position (18, 24, 27). In this study, we explore a hybrid of
these two hypotheses: we attribute the sites of sprout initiation to patterning of tip and
stalk phenotypes, with this patterning being regulated by the reaction-diffusion of VEGF.
Relative to existing approaches, we invoke neither cell migration nor juxtacrine signaling.
Fig. 2A depicts a hypothetical mechanism of tip cell selection based on competition for
available VEGF in the local extracellular space. Briefly, an endothelial cell must internalize
VEGF at a high rate to become a tip cell, depleting the local concentration of VEGF and
thus preventing neighboring cells from become tip cells. The fraction of tip cells selected
depends on the rate at which VEGF is introduced from adjacent tissues: a stronger flux
of VEGF can sustain more tip cells in the final pattern. From a multicellular perspective,
this hypothesis, that limitations of VEGF control tip cell density, is consistent with previous
experiment observations showing that VEGF receptors (VEGFR2) displayed by adjacent
neurons act as strong sinks for VEGF that limit local formation of endothelial tip cells
(28, 29).
We hypothesize that the signaling network responsible for this reaction-diffusion patterning (Fig. 2B) begins with the binding of VEGF to VEGFR2 displayed by endothelial cells
themselves. Next, VEGF-VEGFR2 complexes move into dynamin-dependent vesicles; previous experiments have shown that movement of VEGF-VEGFR2 into such vesicles is required
for VEGF-stimulated activation of Akt (a.k.a. protein kinase B) (34, 37). Active Akt has
been shown to rapidly increase the production of nitric oxide (NO) in endothelial cells by activating endothelial nitric oxide synthase (eNOS) (31). NO enhances the ability of dynamin
to form vesicles (32) and is enriched in, and important for the formation of, endothelial tip
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cells (33). Together, these observations suggest that intracellular VEGF-VEGFR2 provides
signals to increase the activity of dynamin through Akt and NO; successful tip cells form
the most vesicles, have the strongest signaling from internalized VEGF-VEGFR2 complexes,
and produce the most NO (31–33). Finally, the action of Akt drives commitment to the tip
phenotype. Our hypothesis is consistent with experiments showing that endothelial internalization of VEGF is required for full VEGF-VEGFR2 activation and tip cell formation
(34–36).
In this study, we translate the hypothesis of Fig. 2 into a system of nonlinear ordinary differential equations (ODEs). We track the diffusion, internalization, and signaling of VEGF
to help understand whether the hypothesized mechanism can select variable densities of
endothelial tip cells. From these equations, we extract an exact stability criterion for the

Figure 2: Hypothetical VEGF reaction-diffusion mechanism for tip cell selection.
(A) Proangiogenic tissues continuously produce a flux of VEGF across the extracellular space
(with assumed height h0 [µm], not shown to scale) towards endothelial cells (ECs). When
exposed to high concentrations of VEGF, ECs spontaneously differentiate into tip- (red)
and stalk- (blue) competent cells (30). We hypothesize that nascent tip cells have a high
rate of VEGF consumption, creating a local sink in VEGF concentration that drives an
increased flux in VEGF towards their cell surface. (B) We propose a network of VEGF
trafficking and signaling that could enable the hypothesized reaction-diffusion mechanism:
endosomal VEGF signaling may accelerate the rate of VEGF capture in dynamin-dependent
vesicles (with Akt, eNOs, and NO performing intermediate signaling steps) causing cells with
high levels of endosomal VEGF to consume VEGF more quickly (31–33) and adopt the tip
phenotype (34–36).
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onset of spontaneous differentiation and we numerically simulate the full dynamics of tip
cell pattern formation. We show that the VEGF reaction-diffusion mechanism is capable
of generating tip cell patterns with densities that vary with increasing or decreasing VEGF
production rates, in a manner consistent with previous experimental observations that vascular structure is responsive to VEGF concentration – given that, at steady state, we expect
local concentration to vary linearly with flux (8–11).

Model formulation
The primary goal of this study is to understand if the mechanism hypothesized in Fig. 2
exhibits an instability that leads to spontaneous tip cell pattern formation when simulated
on a lattice of initially uniform endothelial cells. Tip cell selection can occur within a wall
of a mature blood vessel (Fig. 3A, bottom left) or in a growing vascular plexus (Fig. 3A, top
left); in both cases, the endothelium forms a 2D structure. We approximate the endothelium
as a lattice of square-shaped compartments (Fig. 3A, right) with length and width l [cm],
each representing an endothelial cell. Our approximation of the endothelium as a square
lattice (see Supplemental S1) allows us to employ a connectivity matrix (M ) to calculate
the average concentration of extracellular VEGF in neighboring cells (i.e., hV ii = Mij Vi ,
where hV ii is the average concentration of extracellular VEGF in fluid volumes neighboring
cell i ); following Othmer & Scriven (38), this construction also allows us to perform a linear
stability analysis to predict whether a pattern-forming instability can be created by the
hypothesized mechanism for the coupled dynamics of signaling, mass transport, and gene
expression.
Fig. 3B presents a cross-section of the local environment considered in the model: within
the fluid volume associated with each cell i within the endothelium, extracellular VEGF (Vi
[mol/cm3 ]) is introduced as a constant flux (V̇ [mol/cm2 ]) from nearby tissues. The height
of the fluid volume (h0 [cm]) defines the local capacitance of the system and thus deter-
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Figure 3: Cellular lattice and reaction-diffusion model. (A) Lattice representation
of interconnected endothelial (ECs). Tip cells can emerge in an immature vascular plexus or
in a mature vessel; in both cases the structure formed by the interconnected endothelial cells
is approximately two-dimensional. We approximate the endothelium as a two-dimensional
square lattice, where each square represents an endothelial cell. (B) Reaction-diffusion model
on cellular lattice. The diagram presents the idealized representation of the scenario depicted
in Fig. 2A. The hypothesis explored here tracks both intracellular (Ii ) and extracellular (Vi )
VEGF associated with each cell i, so each square in the lattice has both an intracellular
compartment and extracellular fluid volume of depth h0 . Extracellular VEGF is introduced
from adjacent tissues at a constant rate (V̇ ) and can diffuse between the fluid volumes
above adjacent cells or be internalized into intracellular VEGF. Intracellular VEGF activates
signaling processes that accelerate the rate of VEGF internalization in that cell. VEGF is
only removed from the system by first-order degradation within the cell.
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mines how sensitive the concentration of extracellular VEGF is to changes in the rate of
VEGF internalization. In this fluid volume, we approximate the concentration of VEGF (Vi
[mol/cm3 ]) as uniform in the direction normal to the cell membrane (z ), but that it diffuses
along gradients in the lateral directions (x, y) with a diffusivity DV [cm2 /s]. This approximation is reasonable for the geometry considered in this study, with a lateral dimension of cells
of 20 µm and a height of the adjacent fluid volume of h0 = 10 µm (see Supplemental S1).
Extracellular VEGF may reversibly bind to VEGFR2 at the endothelial cell surface. We
hypothesize that internalization of VEGFR2 occurs continuously via a dynamin-dependent
process (34, 37); when the internalized VEGFR2 is bound to extracellular VEGF, extracellular VEGF is captured into intracellular VEGF-VEGFR2 complexes (Ii [mol/cm2 ]) in
the approximately two-dimensional cell. We assume that the intracellular VEGF-VEGFR2
complexes degrade via a first-order process. We further hypothesize that signaling from intracellular VEGF-VEGFR2 complexes accelerates the rate of VEGFR2 internalization, and
by extension, increases the maximum rate at which extracellular VEGF can be internalized
(as discussed below).
We translated the hypothetical scenario in Fig. 3B into two ODEs governing the diffusion,
internalization, and intracellular signaling of VEGF; a full derivation of the equations is given
in Supplemental S2. The concentration of extracellular VEGF in the fluid volume of cell i
is governed by the following reaction-diffusion equation:
i
V̇ − κi KVV+V
4DV
dVi
i
=
+ 2 (Mij Vj − Vi )
dt
h0
l

(1)

where κi [mol/cm2 s] refers to the rate that VEGFR2 is internalized into the i th cell and
KV [mol/cm3 ] is the dissociation constant of VEGF-VEGFR2 binding. The term Mij Vj
represents the average concentration of extracellular VEGF in the fluid volumes of cells j
that are direct neighbors to cell i by employing the connectivity matrix Mij (38).
The concentration of intracellular VEGF-VEGFR2 is governed by the following differen-
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tial equation:
dIi
Vi
= κi
− kdeg Ii
dt
KV + V i

(2)

where k deg [s-1 ] is the first-order degradation rate of the complexes.
The final component of the diffusive mechanism relates the maximum internalization
rate (κ) to the concentration of intracellular VEGF-VEGFR2 complexes (I ). Full activation of certain pathways downstream of VEGFR2 (such as Akt) requires the receptor to be
contained in a dynamin-dependent vesicles or endosomes (34, 37), and dynamin activity is
under the control of Akt (through eNOS) (31–33). We hypothesized that the movement of
VEGFR2 into dynamin-dependent vesicles is the rate-limiting step, as mentioned above, and
that the activity of dynamin, and therefore the rate of dynamin-dependent vesicle formation, is governed by intracellular (i.e., in a vesicle or endosome) VEGF-VEGFR2 signaling.
We formalized this hypothetical link by making the maximum rate of internalization an
activating Hill function of intracellular VEGF-VEGFR2 concentration:
(Ii )n
κi = a + b
(KI )n + (Ii )n

(3)

where a [mol/cm2 s] is the basal internalization rate in the absence of feedback from intracellular VEGF-VEGFR2 signaling, b [mol/cm2 s] is the gain in the internalization rate that can
occur in the presence of strong intracellular VEGF-VEGFR2 signaling, KI [mol/cm2 ] is the
concentration of intracellular VEGF-VEGFR2 complexes when the gain is at 1/2 maximum,
and n is an effective Hill coefficient for the cumulative signaling and gene regulation processes
(Fig. 2B) that connect intracellular VEGF-VEGFR2 signaling to VEGFR2 internalization.
In this study, we use a Hill-type representation of the hypothesized signaling processes to
provide the necessary nonlinearity for an instability to occur; many regulatory pathways
have been successfully modeled with this functional form (20, 24, 39, 40).
We hypothesized that the positive feedback of intracellular VEGF-VEGFR2 complexes on
their own creation could cause an instability that enables a cell to have a high rate of VEGF

9

bioRxiv preprint doi: https://doi.org/10.1101/624999; this version posted May 2, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

internalization (and therefore a high concentration of intracellular VEGF, strong VEGFVEGFR2 signaling, and fast VEGFR2 internalization) despite having a low concentration of
extracellular VEGF in the local fluid volume. Simultaneously, another cell in the same lattice
could have a low rate of VEGF internalization despite having a relatively high concentration
of extracellular VEGF in the local fluid volume. When these cells are adjacent to one
another, the diffusivity of VEGF enables a continuous flux from the high extracellular (low
intracellular) VEGF concentration cell to the low extracellular (high intracellular) VEGF
concentration cell, creating a stable pattern. Based on previous literature, we hypothesize
that the cells with high levels of intracellular VEGF-VEGFR2 are destined to become tip
cells (34–36) and the remaining cells destined to become stalk cells (Fig. 3B, left).
We tested this hypothesis of pattern formation using linear stability analysis and numerical simulation of the non-dimensional form of the governing equations:
dṼi
=γ
dt̃

where Ṽi =
D̃ =

Vi
KV

, I˜i =

Ii
,
KI

Ṽi
Ṽ˙ − κ̃i
1 + Ṽi

!



+ D̃ Mij Ṽj − Ṽi = Ṽ 0

(4)

Ṽi
dI˜i
− I˜i
= κ̃i
dt̃
1 + Ṽi

(5)

 n
I˜i
 n
κ̃ = ã + b̃
1 + I˜i

(6)

t̃ = kdeg t, ã =

a
,
kdeg KI

b̃ =

b
,
kdeg KI

γ =

KI
,
KV h0

Ṽ˙ =

V̇
,
kdeg KI

and

4DV
.
l2 kdeg

Before performing the linear stability analysis or simulation, we first identify the uniform
steady-states of the governing equations that represent the quiescent endothelium – following
stimulation by VEGF but prior to tip cell differentiation. As derived in Supplemental S3),
the steady-state values for each species can be calculated as a function of the production
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rate of VEGF, Ṽ˙ :
I˜0 = Ṽ˙

(7)

Ṽ˙

Ṽ0 = 
ã +

 n
Ṽ˙
b̃  ˙ n
1+ Ṽ

− Ṽ˙



(8)

where the subscript 0 denotes the homogeneous steady-state values of each species.
Following Othmer & Scriven (38), the linear stability analysis (detailed in Supplemental
S4) transforms the dynamics of nonlinear Eqs. 1 & 2 at the uniform steady-state into a set
of N (where N is the number of cells in the lattice) independent 2 × 2 linear systems of
equations. Each independent 2 × 2 system corresponds to a different “structural mode” in
the cellular lattice – basic spatial patterns that can grow or shrink over time. As shown in
Supplemental S4, these structural modes are represented as the eigenvectors of the connectivity matrix, which have corresponding eigenvalues qk (that range from -1 to 1 on a square
lattice). Considering eigenvectors as a set of wave-like patterns, the structural eigenvalues,
qk are analogous to their wavelengths (see Supplemental Figure S2). For each system of 2 × 2
equations, we calculate a dynamic eigenvalue λk (where k = 1, 2, ..., N ) that determines the
stability of the 2 × 2 system at the uniform steady-state. When λk is positive, the system
is unstable and deviations from the uniform steady-state on the corresponding structural
mode will grow as spatial patterns; when λk is negative, the system is stable and deviations
from the uniform steady-state on the corresponding structural mode will vanish. The Jacobian matrices we use to calculate λk are functions of the structural eigenvalues (qk ) of the
connectivity matrix, such that each structural mode has differing degrees of stability.
We performed a numerical integration of the governing equations to understand the full
impact of the nonlinearity of the mechanism and probe the final steady-states following pattern formation (parameter selection is detailed in Supplemental S5). We primarily looked
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to the literature to estimate the magnitude of our parameters (provided in Supplemental
Table S1). In many cases, we made estimates based on previous computational and experimental studies of VEGF mass transfer and trafficking (41–44). However, where literature
estimates were not available, we chose parameters based on the ability of the resulting ODEs
to become unstable as predicted by the linear stability analysis. One notable parameter we
assign without direct literature precedent is the Hill coefficient (n) in our approximation of
the positive feedback mechanism in Eq. 3. We assumed a value of n = 4; while this number is
higher than those used in some previous studies of pattern formation (20, 40), other studies
have shown that Hill coefficients generated from numerical fits can be above 3 for single
mechanism (45) or effectively greater than 20 for systems of reactions (46).

Results
Analysis
We assume that the strength of pro-angiogenic signaling modulates the flux of VEGF towards
the endothelium in our model of reaction-diffusion driven tip cell selection (Fig. 2). We
sought to understand how the strength of the VEGF flux might impact the formation of
tip cell patterns. We analyzed and simulated the mechanism shown in Fig. 3B using the
non-dimensional governing equations, Eqs. 4 - 6. Fig. 4A shows the uniform steady-states
of VEGF concentration (Ṽ0 ) that exist for the given rates of extracellular VEGF production
(Ṽ˙ ), calculated using Eq. 8. Below, we discuss VEGF production rates relative to the
production rate where the steady-state VEGF concentration (Ṽ0 ) peaks at Ṽ˙ = Ṽ˙ C .
The segment of the curve in Fig. 4A sloping downwards (where 1 < Ṽ˙ /Ṽ˙ c < 1.26) opens up
the possibility for an instability: at a uniform initial condition that falls within the negative
slope segment, a cell that randomly starts internalizing VEGF faster than its neighbors
can sustain that rate of internalization at a lower extracellular concentration of VEGF than
neighboring cells; this scenario can occur provided that there is additional flux of VEGF into
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Figure 4: Analysis of uniform steadystates. (A) Uniform steady-states of Eqs. 4-6
as evaluated with Eq. 8 with parameter values
in Supplemental Table S1. The x-axis provides
the dimensionless production rate of VEGF
(Ṽ˙ ); the y-axis provides the dimensionless concentration of VEGF (Ṽ0 ) at steady-state. (B)
Stability of uniform steady-states. Dynamic
eigenvalues (λk ) of the uniform steady-state
are plotted against the structural eigenvalues (qk ) at various production rates of VEGF
Ṽ˙ /Ṽ˙ c . Instability occurs for steady-states with
moderate production rates of VEGF – falling
on the segment of the curve in (A) with a negative slope.
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the fluid volume associated with the cell to balance the increased rate of internalization at
steady state. As the cell with faster-than-average internalization depletes the VEGF in its
local extracellular volume, a VEGF gradient will begin to emerge that causes VEGF from
neighboring volumes to diffuse into its local volume, supplying the necessary additional flux
of VEGF.
We first confirmed the existence of this instability by deriving the following stability
criterion (full derivation given in Supplemental S4):

1 − D̃ (qk − 1)

1
γ

∂ Ṽ0
∂ Ṽ˙

!
>0

(9)

where D̃ is the dimensionless diffusivity, γ is the dimensionless first-order degradation rate
of internalized VEGF, Ṽ˙ is the dimensionless VEGF production rate, and Ṽ0 is the dimensionless VEGF concentration at the uniform steady-state. When the inequality in Eq. 9 is
satisfied, the uniform steady-state is stable and no patterns of tip cells will emerge from
the endothelium; when it is not satisfied, minor deviations in the initial concentration of
VEGF will be amplified until a pattern of tip cell selection emerges. The partial derivative
in Eq. 9 ( ∂ Ṽ˙0 ) captures the slope of the curve in Fig. 4A. It is clear from Eq. 9 that the partial
∂ Ṽ

derivative (and hence slope in Fig. 4A) must be negative for the system to become unstable:
the dimensional parameters γ and D̃ are always positive, and the structural eigenvalue (qk )
is always less than 1.
To further analyze the instability, we numerically calculated the dynamic eigenvalues of
the uniform steady-state at several representative production rates of VEGF, as shown in
Fig. 4B. Steady-states occurring below the critical production rate of VEGF (Ṽ˙ /Ṽ˙ c < 1;
solid curve in Fig. 4B) correspond to a region of Fig. 4A with a positive slope; they are
always stable (λk < 0). Steady-states which occur at intermediate production rates (1 <
Ṽ˙ /Ṽ˙ c < 1.26; dashed curve in in Fig. 4B) correspond to the region of Fig. 4A with a negative
slope; they can become unstable for lower values of qk . Steady-states with higher VEGF
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Figure 5: Simulation of tip cell patterning. Intracellular VEGF concentration in the
final pattern at various VEGF production rates (Ṽ˙ /Ṽ˙ c ). The red cells contain the highest
concentration of intracellular VEGF-VEGFR2 complexes, and are therefore the most tipcompetent.
production (Ṽ˙ /Ṽ˙ c > 1.26; dash-dot curve in Fig. 4B) again correspond to a region with a
positive slope; the initial conditions here are also stable of all λk .
Simulation
We simulated pattern formation under this mechanism for various points along the curve
in Fig. 4A. Fig. 5 shows the steady-states that result from simulating pattern formation
for several VEGF production rates which slightly exceed the local maximum in Fig. 4A
(1 < Ṽ˙ /Ṽ˙ c < 1.26). For lower rates of VEGF production (Fig. 5, Ṽ˙ /Ṽ˙ c = 1.01), the pattern
consists of a small number of tip cells (red) distributed irregularly around the endothelium,
with the remaining cells becoming stalk (blue) cells. As the production rate of VEGF
increases (Fig. 5, Ṽ˙ /Ṽ˙ c = 1.2), more tip cells emerge in the final endothelium; for high enough
VEGF production rates, tip cells outnumber stalk cells in the final steady-state. The location
of tip cells within the lattice varies between simulations due to random differences in initial
conditions, but the number of tip cells selected remains consistent for a given production
rate of VEGF (see Fig. 6B).
Fig. 6A shows the percentage of cells expressing concentrations of intracellular VEGF-
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VEGFR2 complexes within several ranges in the final steady-states of shown in Fig. 5. The
˜ I˜0 > 1) to stalk cells (I/
˜ I˜0 < 1) increases with the VEGF production
ratio of tip cells (I/
rate, but the concentration of intracellular VEGF-VEGFR2 complexes at either phenotype
remains relatively constant.
Fig. 6B shows the number of tip cells counted in the final endothelium as a function of
the VEGF production rate. Consistent with the linear stability analysis, distinct tip cells
only emerge for moderate VEGF productions rates (1 < Ṽ˙ /Ṽ˙ c < 1.26). The fraction of tip
cells selected jumps discontinuously from 0% to 10% upon increasing beyond Ṽ˙ /Ṽ˙ c = 1, and
drops from 84% to 0% as VEGF production increases beyond Ṽ˙ /Ṽ˙ c = 1.26. Note that we
define there to be 0% tip cells for high-VEGF conditions because we only define tip cells
as those having concentrations of intracellular VEGF-VEGFR2 complexes higher than the
uniform initial condition; for high production rates of VEGF, all cells will be uniformly
high in intracellular VEGF complexes – and under our hypothesis will be expressing tip cell
genes – but because the concentrations are equal to the initial condition we do not define
“selection” as having taken place. Between the limits of 1 < Ṽ˙ /Ṽ˙ c < 1.26, the fraction of tip
cells emerging from the endothelium varies continuously and monotonically with respect to
the VEGF production rate.

Discussion
We proposed and analyzed a new hypothesis, depicted in Fig. 2, for the molecular underpinnings of spontaneous endothelial tip cell pattern formation. Our primary goal was to
understand if a hypothesis that did not include Notch signaling as the main driver of tip cell
selection could exhibit variable density of tip cell selection. The consensus view in the literature is that the density of tip cell selection responds to local stimuli (28, 47) and determines
angiogenic sprouting density and microvascular structure (13, 48). Juxtacrine mechanisms
based on Notch signaling do not predict this responsiveness they always lead to about 50%
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Figure 6: Simulation predictions of expression profile and fraction of tip cells.
(A) Histogram of intracellular VEGF concen˜ at the final steady-state for three
tration (I)
production rates of VEGF (Ṽ˙ /Ṽ˙ c ). (B) Final
fraction of tip cells versus VEGF production
rate (1 < Ṽ˙ /Ṽ˙ c < 1.26). Tip cells were defined
as those having a concentration of intracellular VEGF concentrations greater than that of
the uniform initial condition (I˜ > I˜0 ) at each
VEGF production rate (Ṽ˙ /Ṽ˙ c ). Parameter values given in Supplemental Table S1.
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of cells becoming tip cells (18, 20). We found that a reaction-diffusion mechanism involving
competition among endothelial cells to consume VEGF exhibited a wide range of densities
of tip cell selection (see Fig. 5). Below, we will discuss the implications of these results, with
an emphasis on interpreting past studies and designing future experiments on endothelial
tip cell formation.
A notable feature of this mechanism is the tunability of tip cell selection density with
VEGF production rate (Fig. 6B). Research from the early 2000s, oriented towards clinical
application of VEGF inhibitors, found that availability of VEGF quantitatively impacted the
density (or branching frequency) of the vasculature following angiogenesis (8–11) – including
the foundational study on endothelial tip cells (30). However, in the years following, the
tip cell selection community focused most experiments on exploring how Notch signaling
affected tip cell density (12, 16, 47, 49, 50). Only recently has the focus returned to VEGF:
a series of experiments showed that tight regulation of the endocytosis of VEGF receptors
was essential for proper tip cell formation and sprouting (28, 34–36).
The VEGF reaction-diffusion hypothesis proposed here states that tip cells create a local
sink in the concentration of freely-diffusing VEGF in the extracellular space, allowing them
to deplete VEGF (29) from their local environment and limit the formation of competing
tip cells in their vicinity. Experiments aimed at testing this hypothesis can occur on two
fronts: 1) dissecting the hypothetical positive feedback mechanism (shown in Fig. 2B) that
allows tip cells to form a local sink in VEGF (proposed here to involve Akt, eNOS, dynamin,
and endosomal trafficking), and 2) measuring multicellular outcomes matching the global
predictions of the model – such as the continuous dependence of tip cell selection density on
VEGF production rate (Fig. 6B). We elaborate on these two proposed paths forward in the
following paragraphs.
To dissect the molecular basis of our hypothesis, future studies can test the specific
functions we ascribe to the species in our model – namely Akt, eNOS, and dynamin. For
example, there are conflicting accounts about whether Akt activation following stimulation
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of endothelial cells with VEGF is dependent on VEGFR2 internalization: some studies have
shown that Akt continues to be activated if full endocytosis of VEGFR2 is prevented (35),
but other studies suggest that movement of VEGFR2 from the cell surface into a dynamindependent vesicle (not full endocytosis) is the required step before Akt is activated by VEGFVEGFR2 signaling (34, 37). If it could be shown that inclusion of VEGF-VEGFR2 complexes
in dynamin-dependent vesicles (and subsequent activation of Akt) is not tightly coupled to
VEGF endocytosis and degradation, our proposed mechanism would be incomplete – we
would need to identify a signaling pathway that is downstream of VEGF-VEGFR2 signaling
from endosomes (such as ERK1 (51)) and positively regulates VEGFR2 endocytosis and
trafficking to lysosomes (37).
A second avenue for testing our hypothesis is to experimentally examine the validity of
our global mechanism – tip cell competition for VEGF through the creation of local sinks
(Fig. 3B) – as a whole. We expect that in vitro experiments on primary endothelial cells
would be the most appropriate method for establishing an empirical relationship resembling
the curve in Fig. 4A; this relationship is critical to our biophysical explanation for the patternforming instability. Measuring VEGF concentrations in vivo is difficult (52), and attempts
to eliminate baseline VEGF expression in a whole organism (so that controlled amount
of VEGF can be released) are hindered by the embryonic lethality of eliminating even a
single allele of VEGF (53). In contrast, previous in vitro experiments using endothelial cell
monolayers have been successful in measuring the impact of VEGF concentration on cellular
responses including gene expression (54), migration (55, 56), and VEGFR2 signaling state
(57). The primary challenge in creating an empirical curve like that shown in Fig. 4A is that
VEGF flux into the cells (V̇ ) is the imposed parameter in our model, rather than local VEGF
concentration; each steady-state VEGF flux has only one possible VEGF concentration, but
an endothelial cell can have one of several VEGF fluxes for a given VEGF concentration.
Numerous studies have proposed biomaterials that can slowly release VEGF in vitro (58);
this controlled release could perhaps provide means to impose a steady-state flux of VEGF
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to a monolayer, but we are unsure how local VEGF concentration at the cell surface might
be measured in vitro.
We expect that the other important biophysical component of this reaction-diffusion
hypothesis – diffusion of VEGF – is better suited to validation through simulation. The
transport of a soluble protein like VEGF can be modeled from first principles, and numerous
computational studies have predicted how gradients of VEGF can form and be maintained in
a variety of contexts, including tip cell formation (41, 59, 60). A three-dimensional simulation
of this hypothesis, with accurate models for VEGF diffusion, might be possible once the
regulation and kinetics of VEGF endocytosis (i.e., with steady-states like this depicted in
Fig. 4A) is elucidated.
The global model prediction of tip cell density being a function of the flux (or production
rate) of VEGF might require in vivo experiments or tissue engineered in vitro constructs
which can recapitulate sprouting angiogenesis (6, 61). As mentioned previously, there are
limited tools available to measure tip cell selection patterns directly, so using more traditional methods of counting fully-formed tip cells (62) might be a first step towards validating
these predictions. One recent study began to test whether the density of tip cell formation
responded to changes in VEGF availability and found that spiking the mouse retinal vasculature with concentrated VEGF solutions (1 µg/ml) appeared to eliminate tip cell formation
altogether (19). The hypothesis presented here predicts that either adding or subtracting
large amounts of VEGF could disturb the endothelium to an extent that tip cell pattern
formation is no longer functional (see Fig. 6B). In the future, we hope that experiments will
be designed around adding or subtracting small amounts of VEGF to the endothelium to
confirm or refute that incremental changes in VEGF availability have incremental impact on
tip cell density.
This study suggests a mechanism for the selection variable tip cell density, a feature
missing from previous Notch-based hypotheses of tip cell selection (18, 24). Nonetheless,
our model does not explain the myriad previous observations that interfering with Notch
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has profound effects on endothelial tip cell formation (12, 16, 47). However, our intent is
not to disprove that Notch is essential to explaining physiological and pathological sprout
formation, but to suggest another biophysical mechanism that the endothelium may use to
ensure physiological sprout formation or that tumors may use to attract an aberrantly dense
vasculature. Our hope is that future work can reconcile the hypothetical roles of VEGF
reaction-diffusion and juxtacrine Notch signaling in coordinating endothelial cell fates as
part of a qualitatively new understanding of angiogenesis – giving us a theoretical foothold
to much-needed advances in biomedicine and fundamental developmental biology.
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T. Mäkinen, C. D. Nobes, and R. H. Adams, 2010. Ephrin-B2 controls VEGF-induced
angiogenesis and lymphangiogenesis. Nature 465:483–486.
[37] Gaengel, K., and C. Betsholtz, 2013. Endocytosis regulates VEGF signalling during
angiogenesis. Nature Cell Biology 15:233–235.
[38] Othmer, H., and L. Scriven, 1971. Instability and dynamic pattern in cellular networks.
Journal of Theoretical Biology 32:507–537.

26

bioRxiv preprint doi: https://doi.org/10.1101/624999; this version posted May 2, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[39] Plahte, E., 2001. Pattern formation in discrete cell lattices. Journal of Mathematical
Biology 43:411–445.
[40] Sprinzak, D., A. Lakhanpal, L. LeBon, J. Garcia-Ojalvo, and M. B. Elowitz, 2011. Mutual Inactivation of Notch Receptors and Ligands Facilitates Developmental Patterning.
PLoS Computational Biology 7:e1002069.
[41] Mac Gabhann, F., J. W. Ji, and A. S. Popel, 2006. Computational Model of Vascular Endothelial Growth Factor Spatial Distribution in Muscle and Pro-Angiogenic Cell
Therapy. PLoS Computational Biology 2:e127.
[42] Mac Gabhann, F., and A. S. Popel, 2007. Dimerization of VEGF receptors and implications for signal transduction: A computational study. Biophysical Chemistry 128:125–
139.
[43] Imoukhuede, P. I., and A. S. Popel, 2011. Quantification and cell-to-cell variation of
vascular endothelial growth factor receptors. Experimental Cell Research 317:955–965.
[44] Tan, W. H., A. S. Popel, and F. Mac Gabhann, 2013. Computational Model of Gab1/2Dependent VEGFR2 Pathway to Akt Activation. PLoS ONE 8:e67438.
[45] Prinz, H., 2010. Hill coefficients, dose-response curves and allosteric mechanisms. Journal of Chemical Biology 3:37–44.
[46] Krishna, S., M. H. Jensen, and K. Sneppen, 2006. Minimal model of spiky oscillations
in NF- B signaling. Proceedings of the National Academy of Sciences 103:10840–10845.
[47] Jakobsson, L., C. a. Franco, K. Bentley, R. T. Collins, B. Ponsioen, I. M. Aspalter,
I. Rosewell, M. Busse, G. Thurston, A. Medvinsky, S. Schulte-Merker, and H. Gerhardt,
2010. Endothelial cells dynamically compete for the tip cell position during angiogenic
sprouting. Nature Cell Biology 12:943–953.

27

bioRxiv preprint doi: https://doi.org/10.1101/624999; this version posted May 2, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[48] Logsdon, E. A., S. D. Finley, A. S. Popel, and F. MacGabhann, 2014. A systems
biology view of blood vessel growth and remodelling. Journal of Cellular and Molecular
Medicine 18:1491–1508.
[49] Caolo, V., N. M. S. van den Akker, S. Verbruggen, M. M. P. C. Donners, G. Swennen,
H. Schulten, J. Waltenberger, M. J. Post, and D. G. M. Molin, 2010. Feed-forward
Signaling by Membrane-bound Ligand Receptor Circuit: THE CASE OF NOTCH
DELTA-LIKE 4 LIGAND IN ENDOTHELIAL CELLS. Journal of Biological Chemistry
285:40681–40689.
[50] Bentley, K., C. A. Franco, A. Philippides, R. Blanco, M. Dierkes, V. Gebala, F. Stanchi,
M. Jones, I. M. Aspalter, G. Cagna, S. Weström, L. Claesson-Welsh, D. Vestweber, and
H. Gerhardt, 2014. The role of differential VE-cadherin dynamics in cell rearrangement
during angiogenesis. Nature Cell Biology 16:309–321.
[51] Simons, M., E. Gordon, and L. Claesson-Welsh, 2016. Mechanisms and regulation of
endothelial VEGF receptor signalling. Nature Reviews Molecular Cell Biology 17:611–
625.
[52] Gabhann, F. M., and A. S. Popel, 2008. Systems Biology of Vascular Endothelial
Growth Factors. Microcirculation 15:715–738.
[53] Carmeliet, P., V. Ferreira, G. Breier, S. Pollefeyt, L. Kieckens, M. Gertsenstein,
M. Fahrig, A. Vandenhoeck, K. Harpal, C. Eberhardt, C. Declercq, J. Pawling,
L. Moons, D. Collen, W. Risau, and A. Nagy, 1996. Abnormal blood vessel development and lethality in embryos lacking a single VEGF allele. Nature 380:435–439.
[54] Siemerink, M. J., I. Klaassen, I. M. C. Vogels, A. W. Griffioen, C. J. F. Van Noorden,
and R. O. Schlingemann, 2012. CD34 marks angiogenic tip cells in human vascular
endothelial cell cultures. Angiogenesis 15:151–163.

28

bioRxiv preprint doi: https://doi.org/10.1101/624999; this version posted May 2, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY-NC-ND 4.0 International license.

[55] Reddy, C. L., N. Yosef, and E. E. Ubogu, 2013. VEGF-A165 Potently Induces Human
Blood–Nerve Barrier Endothelial Cell Proliferation, Angiogenesis, and Wound Healing
In Vitro. Cellular and Molecular Neurobiology 33:789–801.
[56] Belair, D. G., J. A. Whisler, J. Valdez, J. Velazquez, A. James, V. Vickerman, R. Lewis,
C. Daigh, T. D. Hansen, A. Mann, J. A. Thomson, L. G. Griffith, R. D. Kamm, and
P. Michael, 2015. HHS Public Access 11:511–525.
[57] De Rosa, L., F. Finetti, D. Diana, R. Di Stasi, S. Auriemma, A. Romanelli, R. Fattorusso, M. Ziche, L. Morbidelli, and L. D. D’Andrea, 2016. Miniaturizing VEGF:
Peptides mimicking the discontinuous VEGF receptor-binding site modulate the angiogenic response. Scientific Reports 6:31295.
[58] Chen, R. R., E. A. Silva, W. W. Yuen, A. A. Brock, C. Fischbach, A. S. Lin, R. E.
Guldberg, and D. J. Mooney, 2007. Integrated approach to designing growth factor
delivery systems. The FASEB Journal 21:3896–3903.
[59] Hashambhoy, Y. L., J. C. Chappell, S. M. Peirce, V. L. Bautch, and F. Mac Gabhann, 2011. Computational modeling of interacting VEGF and soluble VEGF receptor
concentration gradients. Frontiers in physiology 2:62.
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