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Figure 11. Attenuation of the SSNR due to the projection distribution for top-like cases characterized
by varying random views. As in Figures 9, for both HA and Apoferritin, we examined the effect of the
SCF on the SSNR for poorly sampled cases, where the projection distributions were constrained to the fixed
cone size of 45°, but the percent of random projections varies from 0%, 1%, 3% to 10%. (A-B) Decrement
of the SSNR for (A) HA and (B) Apoferritin with (C) the corresponding Euler angle distribution profiles.
(D) Table showing the decrement in SCF. For the first four rows in the table (and the corresponding SSNR
curves in A-B), the SCF, as defined theoretically by Eq (3.25) for 0%, and Eq (3.26) for the 1%, 3% and
10% cases, and numerically by Eq (3.22), approximately describes the observed change in the SSNR, as
given by the last two columns. There is the one serious issue, as discussed in the text, that the SSNR with
completely empty regions of Fourier space is significantly higher for 0% uniform rather than 1%. The text
explains a logical correction, given by the SCF theoretically by (3.27) and numerically by the same
algorithm. The correction to the SSNR is shown in the last row and appropriately predicts a large

multiplicative shift from uniform, as would be expected for such a poorly sampled case.
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Appendix A. Some details for calculations in Section 3: geometrical factor for
decay of density Eq (3.5), checking numerical sampling code Eq (3.9), creating
distributions according to some prescribed function Eq (3.15), proof that
uniform distribution maximizes the SCF Eq (3.22), derivation of Eq. (3.23) for the
SCF for modulated side-views

A.1 A general formula for the projection geometrical factor: Eq. (3.5)

Our claim in Eq (3.5) is that
~ T 1
<8(A-k) >4 =or (A.1)
where ¢, is a geometrical factor that we wish to calculate in general dimensions, especially for
D = 2,3.By| < ->3, we mean the average over the surface of the until ball in D dimensions. One

easy way is to integrate the above equation over all k with k < L in D dimensions. Then on the

left-hand side we get:

-

fE“L<SU%E)>ﬁ=<<fwﬂ6(ﬁja>>ﬁ,

(A.2)
= [ 5 (ky) , (A3)
_ fk,ksL,D—l dim 1 , (A4)
=LP7! Vpy , (A.5)

where Vp_; is the volume of the unit ball in D — 1 dimensions. Eq (A.3) holds because the
integrand in (A.2) is no longer dependent on the direction, 71, so the average over 71 seen in (A.2)
integrates to 1. Moreover 1 where it appears in the integral may be set to Z for convenience. On

the RHS of (A.1) we also perform the integration over the ball of radius L and get
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KksL 1 _ 1 (L p-11
[T = Ao fy ARk (A.6)
_ 1 L D-2
= Ap- [, dkk , (A.7)
1 LP-1
- ; AD * D_1 ) (AS)
where Ap is the surface area of the unit ball in D dimensions .
Equating the last two expressions shows that
Ap Ap
C, = = (A.9)
P (D - 1) : VD—1 AD—l
This gives
cp(D=2)= 2;” =m , (A.10)
and
D=3 —4”—2 (A.11)
cp,(D=3) = ek .

Therefore, the geometrical factor 2 that appears in Eq 3.5 is simply the ratio of the surface area

of a unit ball to the circumference of a great circle of the same ball.

A.2 Checking the Sampling Code Eq. (3.9)

We want to evaluate

L L L
s= [ dk, [ dk, " dk, (i) (A.12)
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S = (%) [k dk ["sin6de foz”dqb O(lkx| 1y |, 1k, < L) (A.13)

It is enough to consider the upper quadrant, where all the components are positive.

This is where both the azimuthal angle, ¢, and the spherical angle, 8, are in the range [O, %] This

gives us a symmetrization factor of 8. However, we may also consider a definite ordering for the

ky, ky, k, giving a symmetrization factor of 6. Putting this together we have

S= (%) fkdk [[*sin6d6 [ dp 0(0<k, <k <k <L) . (A.14)

We wish to reorder the integrations: first k, then 8 then ¢. The spherical representations for the

components may be written as: ky, ky, k, = (sin@ cos¢,sinf sing,cosbh )

Now 0 < k,, < k, is easily represented by 0 < ¢p < % . Let's write down what we have so far:

5= () frde fzsinodd [kdk Ok, <k, <L) L (A15)

To ensure the last two inequalities we need k < L/cos 8 and tanfcos¢ < 1. This last
inequality can be used to govern the upper limit of the @ integration, in place of the /2,

because tan 6 can always attain the value 1/ cos ¢ on the interval [0, /2].

Putting this all together and developing we get

8.6 /4 atan(——)
SZTI dqbf > sin 9 d6 f dk . (A16)
0
atan(cos ¢) sin 6
== 2 . (A17)
L f dcp.f COSZGdB
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1
/4 atan(———x)
=4L2-3f d¢( 1 ) cos . (A1)
0 cos 8/l
/4 1+ cos?
=412 -3 d¢<—¢—1 . (A.19)
0 cos ¢
=412 -3] . (A20)

1  To evaluate the last integral, I we use the substitution cos¢ = Veos y. The limits for y now

2 become p=0y=0,p=n/4oy=mn/3. We also have sin¢g =
_ 2 _ . _ siny dy .
3 J1—cosy, 1+cos2¢p =,/1+cos y. This leads to de = AT which can be

4  simplified tod¢ = JIrosvdy o,

2\/cos y
[ - n+f”/3,/1+cosydy J1+cosy (A2])
4, 24/cos y Jcos y ’ '
1 (™31 + d
=_E+_f (1 + cos y) dy . (A22)
4 2), cos y
- 7T+7T+1fn/3 & (A23)
4 6 2), cosy ’ '
= n+1fn/2 do A24
© 12 2)ysing (A2
- +1(ln tan (a/2))|"/? (A.25)
12 02 m/6 ’ '
T 1
__r 1 . (A26
3 2lntan(7t/12) ( )
T 1
__r. 1 . (A27
12+21n(2+\/§) (A.27)
s
=—E+ln(1+\/§)—ln\/§ . (A298)
= 0.39667956 . (A29)
5  Finally, now
Y _31=119 (A.30)
412 = 7 7 T
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This factor is the empirically observed excess area of an average plane embedded into a cube.
This is the approximately 20 per cent increase in actively sampled points. It is a larger factor than

the comparable 1.12 that would appear in a similar 2D problem.

S 4 T 4
Z—;logcotg—;ln(1+\/§) = 1.122 . (A3

Another approach to evaluating (A.9) is to introduce an auxiliary variable via %z

% fooo da exp —(a?(kZ + k2 + k2)) . Then there are just a few steps to a single integral and a

. . S T 0 erf(a)
numerical evaluation: — =~ [ da (
412 0

4

3
)’ = 1190038, which is (A.30).

A.3 Creating distributions according to some prescribed function Eq (3.15)

In order to create a numerical sampling map for modulated side views, we would like to assign
azimuthal angles to projections such that the oscillatory azimuthal distribution density indicated
by (3.11) is achieved. This is well known how to do: for completeness, we include the argument
here. From the density function (3.11), the cumulative distribution function can be found which

is

cdf(@) = [(1+Acos2 ) dp = ¢ +3sin2¢ . (A32)

Now the azimuthal angle should be given by
cdf~1(¢ € [0,2m]) . (A.33)
That is, numbers should be drawn evenly between 0 and 2, resulting in an array given by (A.33).
These are the angle labels to be given to achieve the desired distribution (3.11). Solongas 1 < 1,

this is easy to do, because the distribution is positive and the cdf is monotonically increasing
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(graphically, the inverse corresponds to flipping across the diagonal, which maps a function into

another function due to monotonicity). The python pseudo code would read: phiO= cdf0=
np.linspace(0,2*np.pi,NumPoints); cdf = phi0 +'E1 sin (2 phi0), cdflnv = np.interp(phi0,cdf,

cdf0). That is, map the array phiO to the desired phi (which is the desired cdfinv), in the same

manner that cdf was mapped to cdf0, where phi0, cdf0 are both regularly spaced.

A.4 Proof that uniform distribution maximizes the SCF Eq (3.22).

Consider a set of positive numbers { a;} that satisfy a constraint C: Y., a; = M. The set are to

represent the sampling on the unit sphere. We wish to maximize }; %subject to C. We begin by
L

writing the usual variational:

L=Yi—+u (Tia—M) (A.34)

where p is a Lagrange parameter. Extremizing £ wrt the a; yields

oL 1
a—a]_‘u—a—]z_o - a] —V'L[. (A.35)
The second variation is:
0%L 1 3
@—Za—?—Zuz >0 . (A.36)

Since the second variation is positive, the uniform solution a; = constant, corresponds to a

minimum.

The argument supplied here implies why the SCF attains its maximum (1/SCF attains its minimum

as in the above calculation), when the sampling (which is a conserved quantity on every shell of

69


https://doi.org/10.1101/635938
http://creativecommons.org/licenses/by/4.0/

D

O 00 N O W»

10
11
12

13

14
15
16

17

18

19
20
21
22
23

24

25

26

27

bioRxiv preprint doi: https://doi.org/10.1101/635938; this version posted May 13, 2019. The copyright holder for this preprint (which was not
certified by peer review) Is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under

aCC-BY 4.0 International license.

Fourier space) is distributed as uniformly as possible, or equivalently the projections are

distributed uniformly.

A.5 Derivation of Eq. (3.23); SCF for modulated side-views

From Eg. 3.16, we have

2(1-Acos2¢)

2k sp(k,0,¢) = — (A.37)
Using the definition of SCF, 1/SCF = < (1/(2k sp )>, then (A.37) becomes
“_ ” 1 _ 1 /2 T ., 1 sin 6
side-modulated =7 Jo do J;sin6do Yirc0s3d) ' (A.38)

where the last term in the integrand of (A.38) is the reciprocal of (A.37). The integration over

6, can be easily performed (fon sin? 8 dg = /2) leaving:

d¢o

“_: ” L _ E /2
side-modulated = . Jy Thcosid) (A.39)
n? 1 (m dv
~ 8 ;fo (1-Acosv) '’ (A.40)

Integrals of the sort that appear in (A.40) are easily reduced by means of the so-called

42
L tz . The integral in (A.40) becomes
1+t

Weierstrass half angle formula: t = tanv/2 ;cosv =

2 o) dt 2 o dw 2 T . .
ey Jy oy == Jy o7 “7—=3, S0 theexpression in (A.40) becomes:
2
“side-modulated” L= L . (A.41)
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1  whichis (3.23).
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Appendix B Derivation of Eq. (3.12) and (3.18): sampling distributions from
projection distributions

Eq (3.11) reads

sp(k) = [ “4q §(A-K)/Cysige (B.1)

where integrations are taken over all unit vectors, 71, in 3D. Also Cy sijqe 1S @ normalization

constant ensuring Eq (3.8): < 2k sp(z) >=1, where <->; denotes angular average over the

angles in k with the uniform measure on the sphere. The integration in B.1 is over the set of normal

vectors to the sphere, with the given constraint. Putting this together with B.1 yields:

Cnside = Cside < 2ksp(k) >, (B.2)
=2k [PPSO 4 < 5(A-K) > . (B.3)
=2 M an < s(A-R)>p (B.4)

Now < 8(#i- k) > cannot be a function of the direction of Ai. So it can be conveniently
calculated when i = Z, which does not depend on an azimuthal angle in the integration over 71 ,

and therefore leads only to the average over the altitude. This leads to:

< 8(f-k)>p=- [sino do §(k,) (B.5)
= - ["sin® do &(cosh) |, (B.6)

1
= - (B.7)
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Eq. B.7 is a natural result. It is the ratio of the circumference to the surface area of the unit circle:
2 /4 = 1/2. Returning to (B.4) we get:

|fi-2|<cos a , A

Crnside = J dn ; (B.8)
=2n fon sin@, d@, 0(|cosb, | <cosa), (B.9)
=2n [ “sing, do, : (B.10)
=4mcosa . (B.11)

So, substituting (B.11) into (B.1) yields

sp(k) = —— [ "4 5(n- k) . (B.12)
It is easy to argue that sp(l_c)) does not depend on the azimuthal angle of k , which we can
therefore take to be zero in order to evaluate (B.12): k =sinf %+ cos@ Z . Instead of the
integration over the sphere given by the unit vector, 7, we need to perform the integral in (B.12)
over the great circle perpendicular to k. Therefore, we can parametrize 7 , in the integration in
(B.12) by

. =(— cos@ sinf ,cosf , sinfsinf) . (B.13)
Eq. (B.13) is a parametrization of all the unit vectors perpendicular to k as described in the last
paragraph. By changing 5, we can sweep out the unit vector given by (B.13): these are the locus

of normals to k and outside the cone of half angle . So from (B.12)
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1
4mcosa

k sp(E) = fozn dp O©(|sinfsinf|<cosa) . (B.14)

The criterion ©( | sin 8 sin 8 | < cos «) in B.14 is a rewrite for the constraint of the projection

directions, |7 - Z| < cos a, from Eq. B.12. Continuing from Eq. B.14.

ksp(E) S fn/zd,BG)(sin,B<cosa/sin0) . (B.15)

TCcosa 0

If cos @ > sin 0, then the argument of the indicator function in (B.15) is always true. If not the

upper limit of B in the integral must be reduced to asin (cos a /sin 8). This leads to:

. —1(cosa
ksp (k 0) = = % 56| < a (B.16)
W e 1 1 n
("side-like") S Toen |5_ 9| > a,
which is (3.12).
Finally
sp(k) = [ 47 5(R-K)/Curop - (B.17)

Using (B.8) and (B.17) using the parallel argument to (B.1)-(B.7) together, we note that

|fAi-Z|<cos a | A +f|ﬁ-2|>cosa ~

CN,side + CN,top = f dn din=4m . (B.18)

So

Chntop = 4T — Cysige =4m(1—cosa) = 8m sina/2 . (B.19)
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The parallel derivation to (B.14) now becomes:

> 1 2 o
k sp(k) = SrenTan fondﬁ O( |sin 8 sin B8] > cos @) : (B.20)

This is the integration around the locus of points normal to k and inside the cone of half-
angle, . However, sin f may be replaced by cos f by shift of origin, and an overall factor of 4

introduced due to the 4 equivalent quadrants:

ksp(E) =—1 fn/zd,B O(cos B > cosa /sinBh) . (B.21)

2mwsin2a/2 Y0
If cos @ > sin @, then the condition of the indicator function cannot be fulfilled, and the left-

hand side = 0. Otherwise

ksp(E) =m fon/z dp ©(pB < acos(cosa /sinB) ) .(B.22)

So
k sp(k) = xoled for [f-6|<a (B.23)
("top-like") =0 for [Z-6|> a . (B.24)
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1 Thisis (3.18). Thus, the sampling is zero in directions close to along the z-axis, for the top like
2  cases.

3

4

5
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