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Introduction

Here, we provide further detail on the motivation, methods, data acquisition, processing, and

analysis steps underlying the results presented in this work. Software, manuscript source, and

additional resources (e.g. genome assemblies, machine-readable text files with paths to data

downloads) are available at the following locations:

Purpose URL License

Genome assembly https://github.com/mcveanlab/mccortex MIT

Variant assembly https://github.com/mcveanlab/CortexJDK Apache 2.0

Additional resources https://github.com/mcveanlab/CortexJDK/tree/master/manuscript -

https://github.com/mcveanlab/mccortex
https://github.com/mcveanlab/CortexJDK
https://github.com/mcveanlab/CortexJDK/tree/master/manuscript
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S1 Missing novelty in reference-based scans for de novo mutations

Our main manuscript presents an analysis wherein genomic novelty in several P. falciparum

isolates is quantified using two separate methods and compared. This analysis is detailed below.

Consider a scenario in which genomic sequence sampled from an individual is absent or

sufficiently disparate from a canonical reference genome. Many sequenced reads may fail to align

to the reference correctly. Variants spanned by those reads may thus be rendered undiscoverable

by reference-based approaches to variant detection. However, quantifying this missingness —

the number of de novo mutations (DNMs) in a sample that remain to been discovered — is not

straightforward.

We hypothesized that this missingness could be quantified by comparing a reference-free

DNM novel sequence set (i.e. one constructed by performing de novo assembly on all members

of the pedigree and emitting haplotype sequences unique to the children) to a reference-based

novel sequence set (i.e. one constructed by aligning pedigree reads to a reference sequence,

identifying mutations, and emitting haplotype sequences implied by those mutations). In an

ideal scenario where divergence between samples and the reference is very low, the reference-

free and reference-based analyses should be equivalent. With real data, the lack of equivalence

can provide insight into how much novelty within a sample remains to be identified.

We performed such an analysis on P. falciparum progeny from the 3D7xHB3 experimental

cross (20 progeny, 76-bp reads, ∼100x coverage, see Table S5 for further detail). The analysis

workflow follows and is additionally diagrammed for clarity in Figure S1.

S1.1 Reference-free novel sequences

DNMs can be considered generators of novel genomic sequence — sequence that is present in

an individual’s genome but absent from their parents. Rather than counting mutational events

explicitly, we instead count sequences unique to the genome of the child. We used the McCortex

software(27) to split sequenced reads into fixed-length subsequences of length k = 47 (“k-mers“),

aggressively removed sequencing errors and other artifacts using McCortex’s k-mer-frequency-

based cleaning and additional filters described in section S2.4, and compute the disjoint between

child’s k-mers and parental k-mers (Figure S1a-c). This provides a conservative reference- and

alignment-free method of computing the total amount of novelty in a child’s genome.

S1.2 Reference-based novel sequences

We aligned parental and progeny reads to the canonical P. falciparum reference of the 3D7 isolate

using bwa mem(12), called SNVs and small indels using HaplotypeCaller(20) (GATK v4.0.2.1 with

the -ploidy 1 setting) and larger indels and structural variants using Delly(21) (v0.7.8). We did

not apply any filtration steps in an effort to generate a callset with maximum sensitivity.

To generate k-mers that could be compared with the reference-free analysis, we sought to

permute the reference sequence with mutations from the callset and emit k-mers spanning the

mutations. Given the high false discovery rate of the unfiltered callset, we could not rely on a

single haplotype with all variants incorporated. Instead, we generated nearly all possible variant

haplotypes within small genomic windows. At each putative mutation, we collected the previous

50-bp of reference sequence and a maximum of 10 variants within the immediately following

50-bp window. We combinatorically constructed all haplotypes from every possible subset of
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Figure S1. Procedure for comparing reference-free and reference-based scans for genomic novelty.

Reference-free pipeline: (a) Reads are assembled de novo and error-cleaned into a multi-color de Bruijn graphs

using the McCortex software. (b) Error-cleaned assemblies are converted to lists of parental and child

k-mers (k = 3 depicted). (c) Lists of k-mers are compared, and novel k-mers (the child’s disjoint) are ex-

tracted and subjected to additional filtering. Reference-based pipeline: (d) Reads are aligned to a reference

sequence and variants are called using maximum sensitivity settings and no application of filters. (e) Win-

dows around putative variants are chosen. (f) Variants within window are combinatorically used generate

all possible haplotypes, then distilled to k-mers of the same size used in the reference-free pipeline. No

further filtering is applied. Comparison: (g) All k-mers from other sites in the genome are aggregated. The

Venn diagram of k-mers from the reference-free and reference-based analyses is computed. (h) Shared k-

mers reflect those that are present in the reference-free analysis and recapitulated by the reference-based

analysis. Those unique to the reference-free analysis reflect those that could not be recapitulated by the

reference-based analysis. The k-mers unique to the reference-based analysis are discarded.
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variants collected. Assuming all sites are biallelic, this effectively imposed a theoretical limit of

210 = 1024 haplotypes from any given site. Additionally, as Delly emits a consensus haplotype

sequence for structural variants precisely identified, we included this sequence in the list of

haplotypes to be processed. We then emitted k-mers from these haplotypes, and advanced to the

next unprocessed variant. These steps are depicted in Figure S1d-f.

In our P. falciparum data, the restriction of processing the first 10 variants seen within each

50-bp window affected 0.26%± 0.06% of windows processed per sample (23277± 4325 windows

per sample, 62± 19 windows reduced per sample).

S1.3 Comparison

Finally, we examined the Venn diagram of reference-free and reference-based novel k-mer lists,

identifying shared k-mers (present in both analyses) and reference-free-unique k-mers (novel

k-mers not recapitulated by the reference-based analysis). Novel k-mers unique to the reference-

based analysis were discarded as these largely originate from the combinatoric haplotype con-

struction procedure and were not true genomic sequences. Figure S1g-h show these final com-

parison steps.
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S2 Methods for DNM discovery based on linked genome assembly graphs

S2.1 Overview

Our DNM calling strategy is based on identifying mutational motifs in a “multi-color linked

de Bruijn graph”, or LdBG(9; 26). This can be decomposed into three steps. First, we construct

LdBGs from short-read and long-haplotype datasets. Second, for each so-called “novel” k-mer

(those unique to a child and absent from its parents), we assemble a child contig and one or more

parental contigs containing k-mers shared with the child contig. Finally, we perform probabilistic

all-to-all alignment allowing for recombination, attempting to describe the child’s sequence as

a series of match, insertion, deletion, and recombination operations on a panel of candidate

parental sequences. Decoding the traceback of the probabilistic alignment yields variant calls.

Further detail on each step is provided below.

S2.2 Construction of the linked de Bruijn graph

Briefly, a de Bruijn graph for sample c is formulated as a set of vertices and edges, Gc = {Vc, Ec}.
Vertices Vc are input sequences are broken into fixed length substrings of length k (“k-mers”)

with unit stride, and edges Ec encode k− 1 overlaps of adjacent vertices. Each record is recorded

as three columns: a k-mer sequence, its coverage, and its incoming/outgoing edges. N sample

graphs constructed at identical k can be “stacked” by performing a full (outer) join on k-mer

sequences, each sample c’s coverage and edge information simply being recorded as two ad-

ditional columns in each k-mer record. Stacking facilitates easy comparison of the graphs of N

samples and formally yields a union graph G =
⋃N

c=1 Gc. This formulation encodes relation-

ships between two adjacent k-mers (the i-th and (i + 1)-th k-mers in a sequence, as well as the

(i− 1)-th and i-th), but relationships between non-adjacent k-mers are lost. Thus, even if an input

sequence spans a repeat when a single k-mer does not, the connectivity information inherent in

the sequence is not retained. We restore this connectivity by trivially aligning input sequences

Rc,d from dataset d to graph Gc. The addition of new vertices to the graph during alignment

is disallowed; the process merely amounts to lookups of shared k-mers between the input se-

quence and the graph, and bridging gaps over sequence differences with simple walks on Gc.

For all junctions (vertices with in-degree or out-degree > 1) spanned by an input sequence, we

record the series of disambiguating edge choices (referred to as “links”), exhaustively annotating

all participating junctions with relevant navigation information. We refer to this composite data

structure (graph and links) as a linked de Bruijn graph, Gc = {Vc, Ec,
⋃D

d=1 Lc,d}, where Lc,d is a

sparse set of links on graph color c derived from sequence dataset d.

S2.3 Using links during LdBG navigation

By exhaustively annotating all spanned junctions with links, we ensure that traversal initiated

anywhere in the graph has access to complete link information. Upon initiating a walk at vertex

vc, we collect each link we encounter. At a junction, we consult our list and extract the oldest

link (i.e. the link that was obtained earliest in the traversal), as this link establishes the greatest

context as to location in the genome. If there are multiple links with the same age that disagree

as to the next junction choice, we halt traversal.
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S2.4 Identification and filtration of novel k-mers

In a multi-color de Bruijn graph representing parents and children from a pedigree or an ex-

perimental cross, the locations of most DNMs will be signalled by the presence of novel k-mers:

sequences unique to a child’s genome and absent from both parental genomes. The set of novel

k-mers in a child should also provide an indication as to how much novelty in a genome remains

to be explained by some mutational process. As sequencing errors and sample contamination

will also contribute to the set of novel k-mers, we sought to identify all novel k-mers in a child’s

graph and remove potential errors and contaminants. We identified and developed filters for five

common graph or sequence motifs indicative of error:

1. Contamination: Contamination presents as a subset of novel k-mers that are unique to the se-

quencing data for a child but are irrelevant to the study at hand. To remove these sequences,

each entry in the initial set of putative novel k-mers was screened for contamination via

BLAST(1). We rejected any k-mer with a match of any quality to an organism other than

the species under study. To account for mutations present in our contaminants but absent

in the BLAST database, we used the contaminating k-mers as starting points for depth-first

searches (DFS) in our graphs, exploring the child’s graph until it rejoins a parent’s graph,

and rejecting all k-mers along the way.

2. Graph tips: Graph tips present as a series of novel k-mers that bifurcate from a parental

graph but never rejoin. They are typically the result of sequencing errors at the ends of reads,

but could also reflect true variation and subsequent coverage drop-out during sequencing.

However, in the latter case, such variation tagged by novel k-mers would still not be recov-

erable without further sequencing data to fill in the missing coverage. To remove graph tips,

we perform DFS from a putative novel k-mer, expecting to rejoin a parental graph on both

ends. If exploration on one end connects to a parent and fails on the other end, we reject all

child k-mers contained in the traversal.

3. Promiscuously connected sequences: Low-complexity sequence (or “dust”) may manifest

as k-mers promiscuously connected to many other low-complexity k-mers, presenting as a

unnavigable graphical tangle. We defined such dust k-mers as those having a sum of in-

degrees and out-degrees greater than 4. We initiated DFS at such k-mers, exploring until

we either run out of edges to navigate or rejoin a parental graph, and keeping track of

the number of k-mers traversed since the last time we observed one of low-complexity. If

we reach one of the aforementioned stopping conditions and the distance traversed since

the last low-complexity k-mer is less than the graph’s k-mer size, we consider the traversed

vertices to be dust and reject all elements.

4. Highly-compressible sequence: Additional low-complexity sequences are detected by com-

puting the compression ratio (“CR”) of the k-mer (gzip-compressed length vs uncompressed

length) and removing any putative novel k-mer with a CR less than a predefined threshold

(by default 0.703 for 47-bp k-mers).

5. Orphans: Graphical orphans are a series of novel k-mers that fail to ever connect to a parental

graph. They may include contaminants absent from the BLAST database or reads with un-

usually high sequencing error. We performed DFS at putative novel k-mers, rejecting k-mers

from traversals that joined one of the parental colors at any time.

We also removed putative novel k-mers from consideration based on two additional criteria:
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1. Shared k-mers: Putative novel k-mers, while absent from parents, may be shared amongst

children. Some of these may reflect recurrent de novo mutations, but the overwhelming ma-

jority stem from recurrent sequencing errors. We remove k-mers shared with other children

(omitting clones of a child from consideration).
2. Low coverage: A number of putative novel k-mers substantially less than the mean coverage

of the sample. Such k-mers may still permit navigation to flanking regions with coordinates

in a parental genome, despite arising from sequencing error. We remove k-mers with cover-

age less than a specified value (by default, 6x).

The bulk of sequences captured by these final two filters are likely to be recurrent sequenc-

ing error. However, we note that they could also remove a small number of DNMs from our

consideration.

S2.5 Query sequence assembly

To construct sequences spanning putative variants, we perform contig assembly at each novel

k-mer on the query sample (e.g. the child). Unless otherwise specified, these assemblies are

conducted using McCortex links generated by threading the sample’s paired-end read data and

the parental assembly data through the query sample’s graph(27). Optionally during graph

traversal, if we encounter a junction vertex that (1) is itself a novel k-mer, (2) cannot be traversed

with links, (3) one (and only one) of the outgoing vertices is also a novel k-mer, then we assume

both novel k-mers are part of the same mutational event and extend contig construction through

these vertices. As assemblies seeded by proximate novel k-mers may result in redundant contigs,

we post-process the contig set to remove redundant sequences and those fully contained by

other contigs. Finally, if multiple contigs share a novel k-mer, we remove all but the contig that

contains the largest number of novel k-mers. This effectively “partitions” the contig set into those

representing distinct mutational events.

S2.6 Source sequence assembly

For each query sequence, we build a panel of source sequences to which the query is aligned. At

each non-novel k-mer in the query sequence, we perform contig assembly on the source samples

(e.g. the parents). Unless otherwise specified, these assemblies are conducted using McCortex

links generated by threading the sample’s paired-end read data and the parental assembly data

through the child’s graph. During assembly, gaps at the boundaries of mutational events in the

query sample may be incompletely assembled due to sequencing error or graph homology. We

close these gaps via DFS between gap boundaries. If still not closed, we assemble gap flanks by

a maximum of 500 bp. Flanking sequence irrelevant to the query is trimmed by subsetting the

source within the boundaries of the earliest and latest k-mers shared with the query sequence.

Each source sequence is given a unique label, simply incrementing from first to last. If a

reference sequence is specified for the relevant sample in the LdBG, the source sequence is

aligned to that reference using bwa mem and relabelled with the resulting genomic coordinates.

Note that the relabelling step does not alter the source sequence in any way.

S2.7 Variant typing by simultaneous alignment to reference genome panels

Two general classes of graphical variant motifs concern us: “bubbles” (SNVs, short indels and in-

versions, multi-nucleotide polymorphisms), and “breakends” (large indels and inversions, non-
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allelic homologous recombinations, gene conversions, and allelic recombinations). We address

both classes of variants in a single probabilistic framework wherein a novel k-mer-spanning con-

tig (“query” sequence) is simultaneously aligned to a panel of candidate haplotypes (“source”

sequences). We achieve this by repurposing the Tesserae model (14, supplementary methods),

a pair-HMM combining models for global alignment with affine gap penalty (described in 5)

and haplotype diversity estimation via recombination(13), to the task of bubble and breakpoint

variant typing.

The model (including formal descriptions of the Viterbi, Forward, and Backward algorithms)

is fully specified in Zilversmit et al. 2013. Briefly, we assume a query sequence arises as an im-

perfect mosaic of source sequences. For each query and its candidate source sequences (collec-

tively referred to as the “sequence set”, h), we apply the Viterbi algorithm to find the maximum

likelihood path through our pair-HMM. The pair-HMM is specified by a transition matrix and

emission matrix, provided below. Terms are defined as follows:

Table S1. Definitions and defaults in the Tesserae pair-HMM.

Term Definition Default

δ probability of indel initiation 0.025

ε probability of indel extension 0.75

ρ probability of recombination 0.0001

πM probability of starting in match (M) state 0.75

πI probability of starting in insert (I) state 1− πM

τ probability of termination 0.001

|Y| Σn
k=1lk where lk is the length of sequence k -

The transition matrix is given by:

B Mx Ix Dx Mk Ik Dk T

B 0 πM
|Y|

πI
|Y| 0 πM

|Y|
πI
|Y| 0 0

Mx 0 1− 2δ− ρ− τ δ δ
ρπM
|Y|

ρπI
|Y| 0 τ

Ix 0 1− ε− ρ− τ ε 0 ρπM
|Y|

ρπI
|Y| 0 τ

Dx 0 1− ε 0 ε 0 0 0 0

Mk 0 ρπM
|Y|

ρπI
|Y| 0 1− 2δ− ρ− τ δ δ τ

Ik 0 ρπM
|Y|

ρπI
|Y| 0 1− ε− ρ− τ ε 0 τ

Dk 0 0 0 0 1− ε 0 ε 0

T 0 0 0 0 0 0 0 1

The emission probability of a nucleotide emitted from an insertion state is e(xi) = 0.2, while the

nucleotide emission matrix e(xi, yj) (where xi is the nucleotide at site i in sequence x and yj is

the nucleotide at site j in sequence y) is given by:

e(xi, yj) =


0.9 xi = yj

0.05 if nucleotide transition

0.025 if nucleotide transversion

.
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The trellis diagram for the model is provided in Figure S2.

�
<latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit>

1 � ✏� ⇢� ⌧
<latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit><latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit><latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit><latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit>

�
<latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit>

1 � ✏
<latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit><latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit><latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit><latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit>

Mk

Dx

Ix

1 � 2� � ⇢� ⌧
<latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit><latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit><latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit><latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit>

✏
<latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit>

Dk

✏
<latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit>
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1 � 2� � ⇢� ⌧
<latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit><latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit><latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit><latexit sha1_base64="yTmMFbhQF7/KXbUeHsoMYAb7ESs=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoRtLUgRdFty4rGAv0IQymUzaoZNMmDkRSilufBU3LhRx61O4822ctFlo64FhPv7/HGbOH6SCa3Ccb6u0tr6xuVXeruzs7u0f2IdHHS0zRVmbSiFVLyCaCZ6wNnAQrJcqRuJAsG4wvsn97gNTmsvkHiYp82MyTHjEKQEjDewTF1/ghhcyAcSQp0Yyv4BkA7vq1J154VVwC6iioloD+8sLJc1ilgAVROu+66TgT4kCTgWbVbxMs5TQMRmyvsGExEz70/kKM3xulBBHUpmTAJ6rvyemJNZ6EgemMyYw0steLv7n9TOIrv0pT9IMWEIXD0WZwCBxngcOuWIUxMQAoYqbv2I6IopQMKlVTAju8sqr0GnUXcN3l9VmrYijjE7RGaohF12hJrpFLdRGFD2iZ/SK3qwn68V6tz4WrSWrmDlGf8r6/AGQj5Tm</latexit>

1 � ✏
<latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit><latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit><latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit><latexit sha1_base64="7BLyz11+TNF4oMidFTxfSarwXFA=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAI3VhmRNBlwY3LCvYCnaFk0jNtaCYJSUYoQ1/DjQtF3Poy7nwb03YW2vpD4OM/53BO/lhxZqzvf3uljc2t7Z3ybmVv/+DwqHp80jEy0xTaVHKpezExwJmAtmWWQ09pIGnMoRtP7ub17hNow6R4tFMFUUpGgiWMEuusMMCXOARlGJdiUK35DX8hvA5BATVUqDWofoVDSbMUhKWcGNMPfGWjnGjLKIdZJcwMKEInZAR9h4KkYKJ8cfMMXzhniBOp3RMWL9zfEzlJjZmmsetMiR2b1drc/K/Wz2xyG+VMqMyCoMtFScaxlXgeAB4yDdTyqQNCNXO3YjommlDrYqq4EILVL69D56oROH64rjXrRRxldIbOUR0F6AY10T1qoTaiSKFn9IrevMx78d69j2VryStmTtEfeZ8/zkyQzA==</latexit> �

<latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit>

1 � ✏� ⇢� ⌧
<latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit><latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit><latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit><latexit sha1_base64="1AVZqkNPconFh+kC6JkgB+Z6kwc=">AAACA3icbZDLSgMxFIbPeK31NupON8EidGOZEUGXBTcuK9gLtEPJpJk2NJMMSUYoQ8GNr+LGhSJufQl3vo2ZdhbaeiDk4//PITl/mHCmjed9Oyura+sbm6Wt8vbO7t6+e3DY0jJVhDaJ5FJ1QqwpZ4I2DTOcdhJFcRxy2g7HN7nffqBKMynuzSShQYyHgkWMYGOlvnvso3PUo4lmXIoc1Ujml8Fp3614NW9WaBn8AipQVKPvfvUGkqQxFYZwrHXX9xITZFgZRjidlnuppgkmYzykXYsCx1QH2WyHKTqzygBFUtkjDJqpvycyHGs9iUPbGWMz0oteLv7ndVMTXQcZE0lqqCDzh6KUIyNRHggaMEWJ4RMLmChm/4rICCtMjI2tbEPwF1dehtZFzbd8d1mpV4s4SnACp1AFH66gDrfQgCYQeIRneIU358l5cd6dj3nrilPMHMGfcj5/AOUola4=</latexit>

�
<latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit><latexit sha1_base64="vswa1S2oYXdkvC++HX1lx0RwxdA=">AAAB7XicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjBfsBbSibzaZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFJphlvs0QmuhdQw6VQvI0CJe+lmtM4kLwbTG7n9e4T10Yk6gGnKfdjOlIiEoyitTqDkEukw2rNbbgLkXXwCqhBodaw+jUIE5bFXCGT1Ji+56bo51SjYJLPKoPM8JSyCR3xvkVFY278fLHtjFxYJyRRou1TSBbu74mcxsZM48B2xhTHZrU2N/+r9TOMbvxcqDRDrtjyoyiTBBMyP52EQnOGcmqBMi3sroSNqaYMbUAVG4K3evI6dC4bnuX7q1qzXsRRhjM4hzp4cA1NuIMWtIHBIzzDK7w5ifPivDsfy9aSU8ycwh85nz+JvI8C</latexit>

✏
<latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit>

✏
<latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit><latexit sha1_base64="aakE+3pzlQm4OWgH6UkD+nfBYoE=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF6KnsiqDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/MXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/Wjez8U045TLNLEq2/CjOBLGKzI8nA66RWTFxQJnmblfCRlRTZl1EJRdCsHryOrQua4Hj+6tKvZrHUYQzOIcqBHANdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fRQGQBg==</latexit>

⇡M

|Y |
<latexit sha1_base64="AI3E/SEphbTqLnRJhCP16EsjIAA=">AAAB+nicbZC7TsMwFIZPyq2UWwoji0UF6lQSFhgrsbAgFYleUBNFjuu0Vp2LbAdUpXkMRhYGEGLlSdjYeBTcywAtv2Tp03/O0Tn+/YQzqSzryyisrK6tbxQ3S1vbO7t7Znm/JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+8HJSb99TIVkc3apRQt0Q9yMWMIKVtjyz7AQCk8xJmHedZ+O7ce6ZFatmTYWWwZ5DpX7yePoNAA3P/HR6MUlDGinCsZRd20qUm2GhGOE0LzmppAkmQ9ynXY0RDql0s+npOTrWTg8FsdAvUmjq/p7IcCjlKPR1Z4jVQC7WJuZ/tW6qggs3Y1GSKhqR2aIg5UjFaJID6jFBieIjDZgIpm9FZIB1FkqnVdIh2ItfXobWWc3WfKPTqMJMRTiEI6iCDedQhytoQBMIPMATvMCrMTaejTfjfdZaMOYzB/BHxscPqgWWWw==</latexit><latexit sha1_base64="JWAKTZAIQWu4fhfH6c+Wdq9BmdI=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFhakItGbmipyXKe16lxkO6AqzWMwsjCAECtPwsbMI/AA4F4GaPklS5/+c47O8e/FnEllWR/G0vLK6tp6biO/ubW9s2sW9uoySgShNRLxSDQ9LClnIa0ppjhtxoLiwOO04Q0uxvXGLRWSReGNGsa0E+BeyHxGsNKWaxYcX2CSOjFzr7J01Bplrlm0ytZEaBHsGRQrx/cnn1+t76prvjvdiCQBDRXhWMq2bcWqk2KhGOE0yzuJpDEmA9yjbY0hDqjspJPTM3SknS7yI6FfqNDE/T2R4kDKYeDpzgCrvpyvjc3/au1E+eedlIVxomhIpov8hCMVoXEOqMsEJYoPNWAimL4VkT7WWSidVl6HYM9/eRHqp2Vb87VOowRT5eAADqEENpxBBS6hCjUgcAcP8ATPxsh4NF6M12nrkjGb2Yc/Mt5+AL5gmKk=</latexit><latexit sha1_base64="JWAKTZAIQWu4fhfH6c+Wdq9BmdI=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFhakItGbmipyXKe16lxkO6AqzWMwsjCAECtPwsbMI/AA4F4GaPklS5/+c47O8e/FnEllWR/G0vLK6tp6biO/ubW9s2sW9uoySgShNRLxSDQ9LClnIa0ppjhtxoLiwOO04Q0uxvXGLRWSReGNGsa0E+BeyHxGsNKWaxYcX2CSOjFzr7J01Bplrlm0ytZEaBHsGRQrx/cnn1+t76prvjvdiCQBDRXhWMq2bcWqk2KhGOE0yzuJpDEmA9yjbY0hDqjspJPTM3SknS7yI6FfqNDE/T2R4kDKYeDpzgCrvpyvjc3/au1E+eedlIVxomhIpov8hCMVoXEOqMsEJYoPNWAimL4VkT7WWSidVl6HYM9/eRHqp2Vb87VOowRT5eAADqEENpxBBS6hCjUgcAcP8ATPxsh4NF6M12nrkjGb2Yc/Mt5+AL5gmKk=</latexit><latexit sha1_base64="+lHkGXIzKEU8SRk1X3BiBwPgmB0=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NF6KokbnRZcONGqGAv0oYwmU7aoZNJmJkoJc2juHGhiFufxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbpY3Nre2d8m5lb//g8MiuHndUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0yu5/XuI5WKxeJeTxPqRXgkWMgI1sby7eoglJhkg4T5t3k2e5jlvl1zGs5CaB3cAmpQqOXbX4NhTNKICk04VqrvOon2Miw1I5zmlUGqaILJBI9o36DAEVVetjg9R+fGGaIwluYJjRbu74kMR0pNo8B0RliP1Wptbv5X66c6vPIyJpJUU0GWi8KUIx2jeQ5oyCQlmk8NYCKZuRWRMTZZaJNWxYTgrn55HToXDdfwnVNr1os4ynAKZ1AHFy6hCTfQgjYQeIJneIU3a2a9WO/Wx7K1ZBUzJ/BH1ucP6Z2UUQ==</latexit>

⇡M

|Y |
<latexit sha1_base64="AI3E/SEphbTqLnRJhCP16EsjIAA=">AAAB+nicbZC7TsMwFIZPyq2UWwoji0UF6lQSFhgrsbAgFYleUBNFjuu0Vp2LbAdUpXkMRhYGEGLlSdjYeBTcywAtv2Tp03/O0Tn+/YQzqSzryyisrK6tbxQ3S1vbO7t7Znm/JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+8HJSb99TIVkc3apRQt0Q9yMWMIKVtjyz7AQCk8xJmHedZ+O7ce6ZFatmTYWWwZ5DpX7yePoNAA3P/HR6MUlDGinCsZRd20qUm2GhGOE0LzmppAkmQ9ynXY0RDql0s+npOTrWTg8FsdAvUmjq/p7IcCjlKPR1Z4jVQC7WJuZ/tW6qggs3Y1GSKhqR2aIg5UjFaJID6jFBieIjDZgIpm9FZIB1FkqnVdIh2ItfXobWWc3WfKPTqMJMRTiEI6iCDedQhytoQBMIPMATvMCrMTaejTfjfdZaMOYzB/BHxscPqgWWWw==</latexit><latexit sha1_base64="JWAKTZAIQWu4fhfH6c+Wdq9BmdI=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFhakItGbmipyXKe16lxkO6AqzWMwsjCAECtPwsbMI/AA4F4GaPklS5/+c47O8e/FnEllWR/G0vLK6tp6biO/ubW9s2sW9uoySgShNRLxSDQ9LClnIa0ppjhtxoLiwOO04Q0uxvXGLRWSReGNGsa0E+BeyHxGsNKWaxYcX2CSOjFzr7J01Bplrlm0ytZEaBHsGRQrx/cnn1+t76prvjvdiCQBDRXhWMq2bcWqk2KhGOE0yzuJpDEmA9yjbY0hDqjspJPTM3SknS7yI6FfqNDE/T2R4kDKYeDpzgCrvpyvjc3/au1E+eedlIVxomhIpov8hCMVoXEOqMsEJYoPNWAimL4VkT7WWSidVl6HYM9/eRHqp2Vb87VOowRT5eAADqEENpxBBS6hCjUgcAcP8ATPxsh4NF6M12nrkjGb2Yc/Mt5+AL5gmKk=</latexit><latexit sha1_base64="JWAKTZAIQWu4fhfH6c+Wdq9BmdI=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFhakItGbmipyXKe16lxkO6AqzWMwsjCAECtPwsbMI/AA4F4GaPklS5/+c47O8e/FnEllWR/G0vLK6tp6biO/ubW9s2sW9uoySgShNRLxSDQ9LClnIa0ppjhtxoLiwOO04Q0uxvXGLRWSReGNGsa0E+BeyHxGsNKWaxYcX2CSOjFzr7J01Bplrlm0ytZEaBHsGRQrx/cnn1+t76prvjvdiCQBDRXhWMq2bcWqk2KhGOE0yzuJpDEmA9yjbY0hDqjspJPTM3SknS7yI6FfqNDE/T2R4kDKYeDpzgCrvpyvjc3/au1E+eedlIVxomhIpov8hCMVoXEOqMsEJYoPNWAimL4VkT7WWSidVl6HYM9/eRHqp2Vb87VOowRT5eAADqEENpxBBS6hCjUgcAcP8ATPxsh4NF6M12nrkjGb2Yc/Mt5+AL5gmKk=</latexit><latexit sha1_base64="+lHkGXIzKEU8SRk1X3BiBwPgmB0=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NF6KokbnRZcONGqGAv0oYwmU7aoZNJmJkoJc2juHGhiFufxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbpY3Nre2d8m5lb//g8MiuHndUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0yu5/XuI5WKxeJeTxPqRXgkWMgI1sby7eoglJhkg4T5t3k2e5jlvl1zGs5CaB3cAmpQqOXbX4NhTNKICk04VqrvOon2Miw1I5zmlUGqaILJBI9o36DAEVVetjg9R+fGGaIwluYJjRbu74kMR0pNo8B0RliP1Wptbv5X66c6vPIyJpJUU0GWi8KUIx2jeQ5oyCQlmk8NYCKZuRWRMTZZaJNWxYTgrn55HToXDdfwnVNr1os4ynAKZ1AHFy6hCTfQgjYQeIJneIU3a2a9WO/Wx7K1ZBUzJ/BH1ucP6Z2UUQ==</latexit>

⇡I

|Y |
<latexit sha1_base64="FK/msTop2vQVcuSwt60vsHmirVI=">AAAB+nicbZC7TsMwFIZPyq2UWwoji0UF6lQSFhgrscBWJHpBTRQ5rtNadS6yHVCV5jEYWRhAiJUnYWPjUXAvA7T8kqVP/zlH5/j3E86ksqwvo7Cyura+UdwsbW3v7O6Z5f2WjFNBaJPEPBYdH0vKWUSbiilOO4mgOPQ5bfvDy0m9fU+FZHF0q0YJdUPcj1jACFba8syyEwhMMidh3nWeje/GuWdWrJo1FVoGew6V+snj6TcANDzz0+nFJA1ppAjHUnZtK1FuhoVihNO85KSSJpgMcZ92NUY4pNLNpqfn6Fg7PRTEQr9Ioan7eyLDoZSj0NedIVYDuVibmP/VuqkKLtyMRUmqaERmi4KUIxWjSQ6oxwQlio80YCKYvhWRAdZZKJ1WSYdgL355GVpnNVvzjU6jCjMV4RCOoAo2nEMdrqABTSDwAE/wAq/G2Hg23oz3WWvBmM8cwB8ZHz+j3ZZX</latexit><latexit sha1_base64="oDUalxU3B/YRO795/zmWX3tlGBM=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFtiKRG9qqshxndaqc5HtgKo0j8HIwgBCrDwJGzOPwAOAexmg5ZcsffrPOTrHvxdzJpVlfRhLyyura+u5jfzm1vbOrlnYq8soEYTWSMQj0fSwpJyFtKaY4rQZC4oDj9OGN7gY1xu3VEgWhTdqGNNOgHsh8xnBSluuWXB8gUnqxMy9ytJRa5S5ZtEqWxOhRbBnUKwc3598frW+q6757nQjkgQ0VIRjKdu2FatOioVihNMs7ySSxpgMcI+2NYY4oLKTTk7P0JF2usiPhH6hQhP390SKAymHgac7A6z6cr42Nv+rtRPln3dSFsaJoiGZLvITjlSExjmgLhOUKD7UgIlg+lZE+lhnoXRaeR2CPf/lRaiflm3N1zqNEkyVgwM4hBLYcAYVuIQq1IDAHTzAEzwbI+PReDFep61LxmxmH/7IePsBuDiYpQ==</latexit><latexit sha1_base64="oDUalxU3B/YRO795/zmWX3tlGBM=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFtiKRG9qqshxndaqc5HtgKo0j8HIwgBCrDwJGzOPwAOAexmg5ZcsffrPOTrHvxdzJpVlfRhLyyura+u5jfzm1vbOrlnYq8soEYTWSMQj0fSwpJyFtKaY4rQZC4oDj9OGN7gY1xu3VEgWhTdqGNNOgHsh8xnBSluuWXB8gUnqxMy9ytJRa5S5ZtEqWxOhRbBnUKwc3598frW+q6757nQjkgQ0VIRjKdu2FatOioVihNMs7ySSxpgMcI+2NYY4oLKTTk7P0JF2usiPhH6hQhP390SKAymHgac7A6z6cr42Nv+rtRPln3dSFsaJoiGZLvITjlSExjmgLhOUKD7UgIlg+lZE+lhnoXRaeR2CPf/lRaiflm3N1zqNEkyVgwM4hBLYcAYVuIQq1IDAHTzAEzwbI+PReDFep61LxmxmH/7IePsBuDiYpQ==</latexit><latexit sha1_base64="vSb81rP32aIsuDM/tC+pbi589Zk=">AAAB+nicbZC7TsMwFIZPyq2UWwoji0WF1KlKWGCsxAJbkegFtVHkuE5r1XEi2wFVaR6FhQGEWHkSNt4Gt80ALb9k6dN/ztE5/oOEM6Ud59sqbWxube+Udyt7+weHR3b1uKPiVBLaJjGPZS/AinImaFszzWkvkRRHAafdYHI9r3cfqVQsFvd6mlAvwiPBQkawNpZvVwehxCQbJMy/zbPZwyz37ZrTcBZC6+AWUINCLd/+GgxjkkZUaMKxUn3XSbSXYakZ4TSvDFJFE0wmeET7BgWOqPKyxek5OjfOEIWxNE9otHB/T2Q4UmoaBaYzwnqsVmtz879aP9XhlZcxkaSaCrJcFKYc6RjNc0BDJinRfGoAE8nMrYiMsclCm7QqJgR39cvr0LlouIbvnFqzXsRRhlM4gzq4cAlNuIEWtIHAEzzDK7xZM+vFerc+lq0lq5g5gT+yPn8A43WUTQ==</latexit>

⇡I

|Y |
<latexit sha1_base64="FK/msTop2vQVcuSwt60vsHmirVI=">AAAB+nicbZC7TsMwFIZPyq2UWwoji0UF6lQSFhgrscBWJHpBTRQ5rtNadS6yHVCV5jEYWRhAiJUnYWPjUXAvA7T8kqVP/zlH5/j3E86ksqwvo7Cyura+UdwsbW3v7O6Z5f2WjFNBaJPEPBYdH0vKWUSbiilOO4mgOPQ5bfvDy0m9fU+FZHF0q0YJdUPcj1jACFba8syyEwhMMidh3nWeje/GuWdWrJo1FVoGew6V+snj6TcANDzz0+nFJA1ppAjHUnZtK1FuhoVihNO85KSSJpgMcZ92NUY4pNLNpqfn6Fg7PRTEQr9Ioan7eyLDoZSj0NedIVYDuVibmP/VuqkKLtyMRUmqaERmi4KUIxWjSQ6oxwQlio80YCKYvhWRAdZZKJ1WSYdgL355GVpnNVvzjU6jCjMV4RCOoAo2nEMdrqABTSDwAE/wAq/G2Hg23oz3WWvBmM8cwB8ZHz+j3ZZX</latexit><latexit sha1_base64="oDUalxU3B/YRO795/zmWX3tlGBM=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFtiKRG9qqshxndaqc5HtgKo0j8HIwgBCrDwJGzOPwAOAexmg5ZcsffrPOTrHvxdzJpVlfRhLyyura+u5jfzm1vbOrlnYq8soEYTWSMQj0fSwpJyFtKaY4rQZC4oDj9OGN7gY1xu3VEgWhTdqGNNOgHsh8xnBSluuWXB8gUnqxMy9ytJRa5S5ZtEqWxOhRbBnUKwc3598frW+q6757nQjkgQ0VIRjKdu2FatOioVihNMs7ySSxpgMcI+2NYY4oLKTTk7P0JF2usiPhH6hQhP390SKAymHgac7A6z6cr42Nv+rtRPln3dSFsaJoiGZLvITjlSExjmgLhOUKD7UgIlg+lZE+lhnoXRaeR2CPf/lRaiflm3N1zqNEkyVgwM4hBLYcAYVuIQq1IDAHTzAEzwbI+PReDFep61LxmxmH/7IePsBuDiYpQ==</latexit><latexit sha1_base64="oDUalxU3B/YRO795/zmWX3tlGBM=">AAAB+nicbZC7TsMwFIZPuJZyS2FksahAnUrCAmMlFtiKRG9qqshxndaqc5HtgKo0j8HIwgBCrDwJGzOPwAOAexmg5ZcsffrPOTrHvxdzJpVlfRhLyyura+u5jfzm1vbOrlnYq8soEYTWSMQj0fSwpJyFtKaY4rQZC4oDj9OGN7gY1xu3VEgWhTdqGNNOgHsh8xnBSluuWXB8gUnqxMy9ytJRa5S5ZtEqWxOhRbBnUKwc3598frW+q6757nQjkgQ0VIRjKdu2FatOioVihNMs7ySSxpgMcI+2NYY4oLKTTk7P0JF2usiPhH6hQhP390SKAymHgac7A6z6cr42Nv+rtRPln3dSFsaJoiGZLvITjlSExjmgLhOUKD7UgIlg+lZE+lhnoXRaeR2CPf/lRaiflm3N1zqNEkyVgwM4hBLYcAYVuIQq1IDAHTzAEzwbI+PReDFep61LxmxmH/7IePsBuDiYpQ==</latexit><latexit sha1_base64="vSb81rP32aIsuDM/tC+pbi589Zk=">AAAB+nicbZC7TsMwFIZPyq2UWwoji0WF1KlKWGCsxAJbkegFtVHkuE5r1XEi2wFVaR6FhQGEWHkSNt4Gt80ALb9k6dN/ztE5/oOEM6Ud59sqbWxube+Udyt7+weHR3b1uKPiVBLaJjGPZS/AinImaFszzWkvkRRHAafdYHI9r3cfqVQsFvd6mlAvwiPBQkawNpZvVwehxCQbJMy/zbPZwyz37ZrTcBZC6+AWUINCLd/+GgxjkkZUaMKxUn3XSbSXYakZ4TSvDFJFE0wmeET7BgWOqPKyxek5OjfOEIWxNE9otHB/T2Q4UmoaBaYzwnqsVmtz879aP9XhlZcxkaSaCrJcFKYc6RjNc0BDJinRfGoAE8nMrYiMsclCm7QqJgR39cvr0LlouIbvnFqzXsRRhlM4gzq4cAlNuIEWtIHAEzzDK7xZM+vFerc+lq0lq5g5gT+yPn8A43WUTQ==</latexit>

⌧
<latexit sha1_base64="XgdIo4nsPRqHPj4nTFAOlH7RE04=">AAAB63icbZA9SwNBEIbn4leMX1FLm8UgpAp3NtoZsLGMYj4gOcLeZi9Zsnt37M4J4chfsLFQxNbW2t9h579xL0mhiS8sPLzvDDszQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsYX+d5+4FrI+LoHicJ9xUdRiIUjGJu9ZCm/XLFrbkzkVXwFlC5+vi8A6tGv/zVG8QsVTxCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F2LEVXc+Nls1ik5s86AhLG2L0Iyc393ZFQZM1GBrVQUR2Y5y83/sm6K4aWfiShJkUds/lGYSoIxyRcnA6E5QzmxQJkWdlbCRlRThvY8JXsEb3nlVWid1zzLt26lXoW5inACp1AFDy6gDjfQgCYwGMEjPMOLo5wn59V5m5cWnEXPMfyR8/4DwOuQIQ==</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="sh/O9iZj6HOR9Aiy6cEfTGOv6gY=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF6KnsetFjwYvHCvYD2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pa3tnd6+8Xzk4PDo+qZ6edWySGcbbLJGJ6UXUcik0b6NAyXup4VRFknej6V1e7z5xY0WiH3GW8lDRsRaxYBRza4A0G1ZrfsNfimxCUEANCrWG1a/BKGGZ4hqZpNb2Az/FcE4NCib5ojLILE8pm9Ix7zvUVHEbzpe7LsiVc0YkTox7GsnS/T0xp8ramYpcp6I4seu13Pyv1s8wvg3nQqcZcs1WH8WZJJiQ/HAyEoYzlDMHlBnhdiVsQg1l6OKpuBCC9ZM3oXPdCBw/+LVmvYijDBdwCXUI4AaacA8taAODCTzDK7x5ynvx3r2PVWvJK2bO4Y+8zx8YHY4q</latexit>

⌧
<latexit sha1_base64="XgdIo4nsPRqHPj4nTFAOlH7RE04=">AAAB63icbZA9SwNBEIbn4leMX1FLm8UgpAp3NtoZsLGMYj4gOcLeZi9Zsnt37M4J4chfsLFQxNbW2t9h579xL0mhiS8sPLzvDDszQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsYX+d5+4FrI+LoHicJ9xUdRiIUjGJu9ZCm/XLFrbkzkVXwFlC5+vi8A6tGv/zVG8QsVTxCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F2LEVXc+Nls1ik5s86AhLG2L0Iyc393ZFQZM1GBrVQUR2Y5y83/sm6K4aWfiShJkUds/lGYSoIxyRcnA6E5QzmxQJkWdlbCRlRThvY8JXsEb3nlVWid1zzLt26lXoW5inACp1AFDy6gDjfQgCYwGMEjPMOLo5wn59V5m5cWnEXPMfyR8/4DwOuQIQ==</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="sh/O9iZj6HOR9Aiy6cEfTGOv6gY=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF6KnsetFjwYvHCvYD2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pa3tnd6+8Xzk4PDo+qZ6edWySGcbbLJGJ6UXUcik0b6NAyXup4VRFknej6V1e7z5xY0WiH3GW8lDRsRaxYBRza4A0G1ZrfsNfimxCUEANCrWG1a/BKGGZ4hqZpNb2Az/FcE4NCib5ojLILE8pm9Ix7zvUVHEbzpe7LsiVc0YkTox7GsnS/T0xp8ramYpcp6I4seu13Pyv1s8wvg3nQqcZcs1WH8WZJJiQ/HAyEoYzlDMHlBnhdiVsQg1l6OKpuBCC9ZM3oXPdCBw/+LVmvYijDBdwCXUI4AaacA8taAODCTzDK7x5ynvx3r2PVWvJK2bO4Y+8zx8YHY4q</latexit>

⌧
<latexit sha1_base64="XgdIo4nsPRqHPj4nTFAOlH7RE04=">AAAB63icbZA9SwNBEIbn4leMX1FLm8UgpAp3NtoZsLGMYj4gOcLeZi9Zsnt37M4J4chfsLFQxNbW2t9h579xL0mhiS8sPLzvDDszQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsYX+d5+4FrI+LoHicJ9xUdRiIUjGJu9ZCm/XLFrbkzkVXwFlC5+vi8A6tGv/zVG8QsVTxCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F2LEVXc+Nls1ik5s86AhLG2L0Iyc393ZFQZM1GBrVQUR2Y5y83/sm6K4aWfiShJkUds/lGYSoIxyRcnA6E5QzmxQJkWdlbCRlRThvY8JXsEb3nlVWid1zzLt26lXoW5inACp1AFDy6gDjfQgCYwGMEjPMOLo5wn59V5m5cWnEXPMfyR8/4DwOuQIQ==</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="sh/O9iZj6HOR9Aiy6cEfTGOv6gY=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF6KnsetFjwYvHCvYD2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pa3tnd6+8Xzk4PDo+qZ6edWySGcbbLJGJ6UXUcik0b6NAyXup4VRFknej6V1e7z5xY0WiH3GW8lDRsRaxYBRza4A0G1ZrfsNfimxCUEANCrWG1a/BKGGZ4hqZpNb2Az/FcE4NCib5ojLILE8pm9Ix7zvUVHEbzpe7LsiVc0YkTox7GsnS/T0xp8ramYpcp6I4seu13Pyv1s8wvg3nQqcZcs1WH8WZJJiQ/HAyEoYzlDMHlBnhdiVsQg1l6OKpuBCC9ZM3oXPdCBw/+LVmvYijDBdwCXUI4AaacA8taAODCTzDK7x5ynvx3r2PVWvJK2bO4Y+8zx8YHY4q</latexit>

⌧
<latexit sha1_base64="XgdIo4nsPRqHPj4nTFAOlH7RE04=">AAAB63icbZA9SwNBEIbn4leMX1FLm8UgpAp3NtoZsLGMYj4gOcLeZi9Zsnt37M4J4chfsLFQxNbW2t9h579xL0mhiS8sPLzvDDszQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsYX+d5+4FrI+LoHicJ9xUdRiIUjGJu9ZCm/XLFrbkzkVXwFlC5+vi8A6tGv/zVG8QsVTxCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F2LEVXc+Nls1ik5s86AhLG2L0Iyc393ZFQZM1GBrVQUR2Y5y83/sm6K4aWfiShJkUds/lGYSoIxyRcnA6E5QzmxQJkWdlbCRlRThvY8JXsEb3nlVWid1zzLt26lXoW5inACp1AFDy6gDjfQgCYwGMEjPMOLo5wn59V5m5cWnEXPMfyR8/4DwOuQIQ==</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="CJ8ahdwCq7x4UZanLhowFH1F2eQ=">AAAB63icbZC7SgNBFIZn4y3GW9RSkMEgpAq7NtoZsLFMwFwgWcLsZDYZMjO7zJwVwpLS1sZCEVtb6zyHnc/gSzibpNDEHwY+/v8c5pwTxIIbcN0vJ7e2vrG5ld8u7Ozu7R8UD4+aJko0ZQ0aiUi3A2KY4Io1gINg7VgzIgPBWsHoJstb90wbHqk7GMfMl2SgeMgpgczqAkl6xZJbcWfCq+AtoHT9Ma1/P5xOa73iZ7cf0UQyBVQQYzqeG4OfEg2cCjYpdBPDYkJHZMA6FhWRzPjpbNYJPrdOH4eRtk8Bnrm/O1IijRnLwFZKAkOznGXmf1kngfDKT7mKE2CKzj8KE4EhwtniuM81oyDGFgjV3M6K6ZBoQsGep2CP4C2vvArNi4pnue6WqmU0Vx6doDNURh66RFV0i2qogSgaokf0jF4c6Tw5r87bvDTnLHqO0R857z/K5pJm</latexit><latexit sha1_base64="sh/O9iZj6HOR9Aiy6cEfTGOv6gY=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF6KnsetFjwYvHCvYD2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pa3tnd6+8Xzk4PDo+qZ6edWySGcbbLJGJ6UXUcik0b6NAyXup4VRFknej6V1e7z5xY0WiH3GW8lDRsRaxYBRza4A0G1ZrfsNfimxCUEANCrWG1a/BKGGZ4hqZpNb2Az/FcE4NCib5ojLILE8pm9Ix7zvUVHEbzpe7LsiVc0YkTox7GsnS/T0xp8ramYpcp6I4seu13Pyv1s8wvg3nQqcZcs1WH8WZJJiQ/HAyEoYzlDMHlBnhdiVsQg1l6OKpuBCC9ZM3oXPdCBw/+LVmvYijDBdwCXUI4AaacA8taAODCTzDK7x5ynvx3r2PVWvJK2bO4Y+8zx8YHY4q</latexit>

⇢⇡I/|Y |
<latexit sha1_base64="oJve6M62LLQ5yqsDe2es1CeRBYQ=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EidFVn3Oiy4EZ3FexFOkPJpJk2NJOMSaZQ2z6HGxeKuPUZfAYXgm9jello6w+Bj/+cwzn5w4QzbVz328msrK6tb2Q3c1vbO7t7+f2DmpapIrRKJJeqEWJNORO0apjhtJEoiuOQ03rYu5zU632qNJPi1gwSGsS4I1jECDbWCnzVlX7CWteno7tRK19wS+5UaBm8ORTK2YevDwCotPKffluSNKbCEI61bnpuYoIhVoYRTsc5P9U0waSHO7RpUeCY6mA4PXqMTqzTRpFU9gmDpu7viSGOtR7Eoe2MsenqxdrE/K/WTE10EQyZSFJDBZktilKOjESTBFCbKUoMH1jARDF7KyJdrDAxNqecDcFb/PIy1M5KnuUbm0YRZsrCERxDETw4hzJcQQWqQOAeHuEZXpy+8+S8Om+z1owznzmEP3LefwDBy5Q4</latexit><latexit sha1_base64="Po6jBjItC4jC9ETdhIE/NJy+gxo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYoGtCHpBTVQ5rtNadexgO5VK2udgYQAhVl6EjQGJt8G9DNDyS5Y+/eccneM/iBlV2nG+rczK6tr6RjaX39za3tkt7O3XlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+xaTeGBCpqOC3ehgTP0JdTkOKkTaW78me8GLavjoZ3Y3ahaJTdqayl8GdQ7GSffj6uKnmqu3Cp9cROIkI15ghpVquE2s/RVJTzMg47yWKxAj3UZe0DHIUEeWn06PH9rFxOnYopHlc21P390SKIqWGUWA6I6R7arE2Mf+rtRIdnvsp5XGiCcezRWHCbC3sSQJ2h0qCNRsaQFhSc6uNe0girE1OeROCu/jlZaifll3D1yaNEsyUhUM4ghK4cAYVuIQq1ADDPTzCM7xYA+vJerXeZq0Zaz5zAH9kvf8AtrSU7w==</latexit><latexit sha1_base64="Po6jBjItC4jC9ETdhIE/NJy+gxo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYoGtCHpBTVQ5rtNadexgO5VK2udgYQAhVl6EjQGJt8G9DNDyS5Y+/eccneM/iBlV2nG+rczK6tr6RjaX39za3tkt7O3XlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+xaTeGBCpqOC3ehgTP0JdTkOKkTaW78me8GLavjoZ3Y3ahaJTdqayl8GdQ7GSffj6uKnmqu3Cp9cROIkI15ghpVquE2s/RVJTzMg47yWKxAj3UZe0DHIUEeWn06PH9rFxOnYopHlc21P390SKIqWGUWA6I6R7arE2Mf+rtRIdnvsp5XGiCcezRWHCbC3sSQJ2h0qCNRsaQFhSc6uNe0girE1OeROCu/jlZaifll3D1yaNEsyUhUM4ghK4cAYVuIQq1ADDPTzCM7xYA+vJerXeZq0Zaz5zAH9kvf8AtrSU7w==</latexit><latexit sha1_base64="Vj8fwR+sSX7zjne/D2yVDbndS1U=">AAAB9HicbZC7TsMwFIZPuJZyKzCyWFRInUrCAmMlFtiKRC+oiSrHdVqrjh1sp1KV9jlYGECIlYdh421w2wzQ8kuWPv3nHJ3jP0w408Z1v5219Y3Nre3CTnF3b//gsHR03NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzezemtElWZSPJhxQoMY9wWLGMHGWoGvBtJPWPfuYvI46ZbKbtWdC62Cl0MZctW7pS+/J0kaU2EIx1p3PDcxQYaVYYTTadFPNU0wGeI+7VgUOKY6yOZHT9G5dXookso+YdDc/T2R4VjrcRzazhibgV6uzcz/ap3URNdBxkSSGirIYlGUcmQkmiWAekxRYvjYAiaK2VsRGWCFibE5FW0I3vKXV6F5WfUs37vlWiWPowCncAYV8OAKanALdWgAgSd4hld4c0bOi/PufCxa15x85gT+yPn8AZh8keA=</latexit>

⇢⇡M/|Y |
<latexit sha1_base64="Jas4GSBw7dsuxaBMBnsHkPirUy8=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EidFVn3Oiy4MaNUMFepDOUTJppQzPJmGQKte1zuHGhiFufwWdwIfg2ppeFtv4Q+PjPOZyTP0w408Z1v53Myura+kZ2M7e1vbO7l98/qGmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2HvctJvd6nSjMpbs0goUGMO4JFjGBjrcBXXeknrHV9OrobtfIFt+ROhZbBm0OhnH34+gCASiv/6bclSWMqDOFY66bnJiYYYmUY4XSc81NNE0x6uEObFgWOqQ6G06PH6MQ6bRRJZZ8waOr+nhjiWOtBHNrOGJuuXqxNzP9qzdREF8GQiSQ1VJDZoijlyEg0SQC1maLE8IEFTBSztyLSxQoTY3PK2RC8xS8vQ+2s5Fm+sWkUYaYsHMExFMGDcyjDFVSgCgTu4RGe4cXpO0/Oq/M2a80485lD+CPn/QfH65Q8</latexit><latexit sha1_base64="kzFbU7Q3A8KOdvVWVzQSRMforyo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYmFBKoJeUBNVjuu0Vh072E6lkvY5WBhAiJUXYWNA4m1wLwO0/JKlT/85R+f4D2JGlXacbyuzsrq2vpHN5Te3tnd2C3v7dSUSiUkNCyZkM0CKMMpJTVPNSDOWBEUBI42gfzGpNwZEKir4rR7GxI9Ql9OQYqSN5XuyJ7yYtq9ORnejdqHolJ2p7GVw51CsZB++Pm6quWq78Ol1BE4iwjVmSKmW68TaT5HUFDMyznuJIjHCfdQlLYMcRUT56fTosX1snI4dCmke1/bU/T2RokipYRSYzgjpnlqsTcz/aq1Eh+d+SnmcaMLxbFGYMFsLe5KA3aGSYM2GBhCW1Nxq4x6SCGuTU96E4C5+eRnqp2XX8LVJowQzZeEQjqAELpxBBS6hCjXAcA+P8Awv1sB6sl6tt1lrxprPHMAfWe8/vNSU8w==</latexit><latexit sha1_base64="kzFbU7Q3A8KOdvVWVzQSRMforyo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYmFBKoJeUBNVjuu0Vh072E6lkvY5WBhAiJUXYWNA4m1wLwO0/JKlT/85R+f4D2JGlXacbyuzsrq2vpHN5Te3tnd2C3v7dSUSiUkNCyZkM0CKMMpJTVPNSDOWBEUBI42gfzGpNwZEKir4rR7GxI9Ql9OQYqSN5XuyJ7yYtq9ORnejdqHolJ2p7GVw51CsZB++Pm6quWq78Ol1BE4iwjVmSKmW68TaT5HUFDMyznuJIjHCfdQlLYMcRUT56fTosX1snI4dCmke1/bU/T2RokipYRSYzgjpnlqsTcz/aq1Eh+d+SnmcaMLxbFGYMFsLe5KA3aGSYM2GBhCW1Nxq4x6SCGuTU96E4C5+eRnqp2XX8LVJowQzZeEQjqAELpxBBS6hCjXAcA+P8Awv1sB6sl6tt1lrxprPHMAfWe8/vNSU8w==</latexit><latexit sha1_base64="gsiYiX9J4HTloQ7crqoYU2J1bSs=">AAAB9HicbZDLSgMxFIbPeK31VnXpJliEruqMG10W3LgRKtiLdIaSSTNtaCYZk0yhTPscblwo4taHcefbmLaz0NYfAh//OYdz8ocJZ9q47reztr6xubVd2Cnu7u0fHJaOjptaporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4fBmVm+NqNJMigczTmgQ475gESPYWCvw1UD6CeveXUweJ91S2a26c6FV8HIoQ656t/Tl9yRJYyoM4VjrjucmJsiwMoxwOi36qaYJJkPcpx2LAsdUB9n86Ck6t04PRVLZJwyau78nMhxrPY5D2xljM9DLtZn5X62Tmug6yJhIUkMFWSyKUo6MRLMEUI8pSgwfW8BEMXsrIgOsMDE2p6INwVv+8io0L6ue5Xu3XKvkcRTgFM6gAh5cQQ1uoQ4NIPAEz/AKb87IeXHenY9F65qTz5zAHzmfP56ckeQ=</latexit>

⇢⇡M/|Y |
<latexit sha1_base64="Jas4GSBw7dsuxaBMBnsHkPirUy8=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EidFVn3Oiy4MaNUMFepDOUTJppQzPJmGQKte1zuHGhiFufwWdwIfg2ppeFtv4Q+PjPOZyTP0w408Z1v53Myura+kZ2M7e1vbO7l98/qGmZKkKrRHKpGiHWlDNBq4YZThuJojgOOa2HvctJvd6nSjMpbs0goUGMO4JFjGBjrcBXXeknrHV9OrobtfIFt+ROhZbBm0OhnH34+gCASiv/6bclSWMqDOFY66bnJiYYYmUY4XSc81NNE0x6uEObFgWOqQ6G06PH6MQ6bRRJZZ8waOr+nhjiWOtBHNrOGJuuXqxNzP9qzdREF8GQiSQ1VJDZoijlyEg0SQC1maLE8IEFTBSztyLSxQoTY3PK2RC8xS8vQ+2s5Fm+sWkUYaYsHMExFMGDcyjDFVSgCgTu4RGe4cXpO0/Oq/M2a80485lD+CPn/QfH65Q8</latexit><latexit sha1_base64="kzFbU7Q3A8KOdvVWVzQSRMforyo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYmFBKoJeUBNVjuu0Vh072E6lkvY5WBhAiJUXYWNA4m1wLwO0/JKlT/85R+f4D2JGlXacbyuzsrq2vpHN5Te3tnd2C3v7dSUSiUkNCyZkM0CKMMpJTVPNSDOWBEUBI42gfzGpNwZEKir4rR7GxI9Ql9OQYqSN5XuyJ7yYtq9ORnejdqHolJ2p7GVw51CsZB++Pm6quWq78Ol1BE4iwjVmSKmW68TaT5HUFDMyznuJIjHCfdQlLYMcRUT56fTosX1snI4dCmke1/bU/T2RokipYRSYzgjpnlqsTcz/aq1Eh+d+SnmcaMLxbFGYMFsLe5KA3aGSYM2GBhCW1Nxq4x6SCGuTU96E4C5+eRnqp2XX8LVJowQzZeEQjqAELpxBBS6hCjXAcA+P8Awv1sB6sl6tt1lrxprPHMAfWe8/vNSU8w==</latexit><latexit sha1_base64="kzFbU7Q3A8KOdvVWVzQSRMforyo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYmFBKoJeUBNVjuu0Vh072E6lkvY5WBhAiJUXYWNA4m1wLwO0/JKlT/85R+f4D2JGlXacbyuzsrq2vpHN5Te3tnd2C3v7dSUSiUkNCyZkM0CKMMpJTVPNSDOWBEUBI42gfzGpNwZEKir4rR7GxI9Ql9OQYqSN5XuyJ7yYtq9ORnejdqHolJ2p7GVw51CsZB++Pm6quWq78Ol1BE4iwjVmSKmW68TaT5HUFDMyznuJIjHCfdQlLYMcRUT56fTosX1snI4dCmke1/bU/T2RokipYRSYzgjpnlqsTcz/aq1Eh+d+SnmcaMLxbFGYMFsLe5KA3aGSYM2GBhCW1Nxq4x6SCGuTU96E4C5+eRnqp2XX8LVJowQzZeEQjqAELpxBBS6hCjXAcA+P8Awv1sB6sl6tt1lrxprPHMAfWe8/vNSU8w==</latexit><latexit sha1_base64="gsiYiX9J4HTloQ7crqoYU2J1bSs=">AAAB9HicbZDLSgMxFIbPeK31VnXpJliEruqMG10W3LgRKtiLdIaSSTNtaCYZk0yhTPscblwo4taHcefbmLaz0NYfAh//OYdz8ocJZ9q47reztr6xubVd2Cnu7u0fHJaOjptaporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4fBmVm+NqNJMigczTmgQ475gESPYWCvw1UD6CeveXUweJ91S2a26c6FV8HIoQ656t/Tl9yRJYyoM4VjrjucmJsiwMoxwOi36qaYJJkPcpx2LAsdUB9n86Ck6t04PRVLZJwyau78nMhxrPY5D2xljM9DLtZn5X62Tmug6yJhIUkMFWSyKUo6MRLMEUI8pSgwfW8BEMXsrIgOsMDE2p6INwVv+8io0L6ue5Xu3XKvkcRTgFM6gAh5cQQ1uoQ4NIPAEz/AKb87IeXHenY9F65qTz5zAHzmfP56ckeQ=</latexit>

⇢⇡I/|Y |
<latexit sha1_base64="oJve6M62LLQ5yqsDe2es1CeRBYQ=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EidFVn3Oiy4EZ3FexFOkPJpJk2NJOMSaZQ2z6HGxeKuPUZfAYXgm9jello6w+Bj/+cwzn5w4QzbVz328msrK6tb2Q3c1vbO7t7+f2DmpapIrRKJJeqEWJNORO0apjhtJEoiuOQ03rYu5zU632qNJPi1gwSGsS4I1jECDbWCnzVlX7CWteno7tRK19wS+5UaBm8ORTK2YevDwCotPKffluSNKbCEI61bnpuYoIhVoYRTsc5P9U0waSHO7RpUeCY6mA4PXqMTqzTRpFU9gmDpu7viSGOtR7Eoe2MsenqxdrE/K/WTE10EQyZSFJDBZktilKOjESTBFCbKUoMH1jARDF7KyJdrDAxNqecDcFb/PIy1M5KnuUbm0YRZsrCERxDETw4hzJcQQWqQOAeHuEZXpy+8+S8Om+z1owznzmEP3LefwDBy5Q4</latexit><latexit sha1_base64="Po6jBjItC4jC9ETdhIE/NJy+gxo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYoGtCHpBTVQ5rtNadexgO5VK2udgYQAhVl6EjQGJt8G9DNDyS5Y+/eccneM/iBlV2nG+rczK6tr6RjaX39za3tkt7O3XlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+xaTeGBCpqOC3ehgTP0JdTkOKkTaW78me8GLavjoZ3Y3ahaJTdqayl8GdQ7GSffj6uKnmqu3Cp9cROIkI15ghpVquE2s/RVJTzMg47yWKxAj3UZe0DHIUEeWn06PH9rFxOnYopHlc21P390SKIqWGUWA6I6R7arE2Mf+rtRIdnvsp5XGiCcezRWHCbC3sSQJ2h0qCNRsaQFhSc6uNe0girE1OeROCu/jlZaifll3D1yaNEsyUhUM4ghK4cAYVuIQq1ADDPTzCM7xYA+vJerXeZq0Zaz5zAH9kvf8AtrSU7w==</latexit><latexit sha1_base64="Po6jBjItC4jC9ETdhIE/NJy+gxo=">AAAB9HicbZC7TsMwFIZPyq0ttwIjS0SF1KkkLDBWYoGtCHpBTVQ5rtNadexgO5VK2udgYQAhVl6EjQGJt8G9DNDyS5Y+/eccneM/iBlV2nG+rczK6tr6RjaX39za3tkt7O3XlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+xaTeGBCpqOC3ehgTP0JdTkOKkTaW78me8GLavjoZ3Y3ahaJTdqayl8GdQ7GSffj6uKnmqu3Cp9cROIkI15ghpVquE2s/RVJTzMg47yWKxAj3UZe0DHIUEeWn06PH9rFxOnYopHlc21P390SKIqWGUWA6I6R7arE2Mf+rtRIdnvsp5XGiCcezRWHCbC3sSQJ2h0qCNRsaQFhSc6uNe0girE1OeROCu/jlZaifll3D1yaNEsyUhUM4ghK4cAYVuIQq1ADDPTzCM7xYA+vJerXeZq0Zaz5zAH9kvf8AtrSU7w==</latexit><latexit sha1_base64="Vj8fwR+sSX7zjne/D2yVDbndS1U=">AAAB9HicbZC7TsMwFIZPuJZyKzCyWFRInUrCAmMlFtiKRC+oiSrHdVqrjh1sp1KV9jlYGECIlYdh421w2wzQ8kuWPv3nHJ3jP0w408Z1v5219Y3Nre3CTnF3b//gsHR03NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzezemtElWZSPJhxQoMY9wWLGMHGWoGvBtJPWPfuYvI46ZbKbtWdC62Cl0MZctW7pS+/J0kaU2EIx1p3PDcxQYaVYYTTadFPNU0wGeI+7VgUOKY6yOZHT9G5dXookso+YdDc/T2R4VjrcRzazhibgV6uzcz/ap3URNdBxkSSGirIYlGUcmQkmiWAekxRYvjYAiaK2VsRGWCFibE5FW0I3vKXV6F5WfUs37vlWiWPowCncAYV8OAKanALdWgAgSd4hld4c0bOi/PufCxa15x85gT+yPn8AZh8keA=</latexit>

j 2 N ^ j 6= k
<latexit sha1_base64="hDwbnuANSOp+vfol71xOCdL67yQ=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr13iz0m8BX27iHsAzZXAXjYs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAOycZSC</latexit><latexit sha1_base64="hDwbnuANSOp+vfol71xOCdL67yQ=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr13iz0m8BX27iHsAzZXAXjYs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAOycZSC</latexit><latexit sha1_base64="hDwbnuANSOp+vfol71xOCdL67yQ=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr13iz0m8BX27iHsAzZXAXjYs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAOycZSC</latexit><latexit sha1_base64="hDwbnuANSOp+vfol71xOCdL67yQ=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr13iz0m8BX27iHsAzZXAXjYs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAOycZSC</latexit>

k 2 N ^ k 6= j
<latexit sha1_base64="zMeo0NPxRrZDL5I94GBuonOyuY4=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr03xB4T+Ap79xD2AZurAHzbs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAO0EJSD</latexit><latexit sha1_base64="zMeo0NPxRrZDL5I94GBuonOyuY4=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr03xB4T+Ap79xD2AZurAHzbs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAO0EJSD</latexit><latexit sha1_base64="zMeo0NPxRrZDL5I94GBuonOyuY4=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr03xB4T+Ap79xD2AZurAHzbs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAO0EJSD</latexit><latexit sha1_base64="zMeo0NPxRrZDL5I94GBuonOyuY4=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYFFclEUGXBTeupIK9QBPKZHLSjp1MwsxEKbELX8WNC0Xc+hrufBunbRZa/WHgm/+cw5z5g5QzpR3nyyotLC4tr5RXK2vrG5tb9vZOSyWZpNCkCU9kJyAKOBPQ1Exz6KQSSBxwaAfDi0m9fQdSsUTc6FEKfkz6gkWMEm2snr03xB4T+Ap79xD2AZurAHzbs6tOzZkK/wW3gCoq1OjZn16Y0CwGoSknSnVdJ9V+TqRmlMO44mUKUkKHpA9dg4LEoPx8uv8YHxonxFEizREaT92fEzmJlRrFgemMiR6o+drE/K/WzXR07udMpJkGQWcPRRnHOsGTMHDIJFDNRwYIlczsiumASEK1iaxiQnDnv/wXWic11/D1abV+VMRRRvvoAB0jF52hOrpEDdREFD2gJ/SCXq1H69l6s95nrSWrmNlFv2R9fAO0EJSD</latexit>

  B

Figure S2. The Tesserae model trellis diagram for simultaneous alignment with recombination. Each

plate denotes a global alignment model for input query and source sequences. Match, insert, and delete

states are connected within single sequences. To permit recombination, all sequences are exhaustively con-

nected through match and insert (but not delete) states. Dashed lines indicate internal (intra-plate) transi-

tions. Solid lines indicate external (inter-plate) transitions.

By keeping pointers through the recursion process of the Viterbi algorithm, we trace back

the most probable path through h. This path through the resulting traceback matrix can be in-

terpreted as specifying the background haplotype for subsequences and variants in the query

sequence against this background. Figure S3 depicts the overall process on a toy example con-

sisting of a short query sequence and two candidate source sequences. The query sequence is

constructed by initiating assembly on the LdBG in the query color at one or more novel k-mers.

The two candidate source haplotypes are constructed by initiating assembly at non-novel k-mers
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found in the query sequence. Redundant contigs are removed (this step is not shown). The se-

quence set is processed with the Tesserae model, and decoding of the resulting traceback matrix

reveals two recombination breakends and an insertion.

    query  (0-61) CGAACAGGATGTAGGCGAGATGACGCCATTTATTCTTTTCGTGCATAACAAAACGATAGTAG
                  |||||||||||||||||||||||||||||||||||||||||||||||||^^^||||||||||
  source0   (0-9) CGAACAGGAT
  source1 (11-34)           GTAGGCGAGATGACGCCATTTATT
  source0 (34-58)                                   CTTTTCGTGCATAAC---ACGATAGTAG

    query  CGAACAGGATGTAGGCGAGATGACGCCATTTATTCTTTTCGTGCATAACAAAACGATAGTAG
  source0  CGAACAGGATCAGGGATAAAACAAATTGATTATTCTTTTCGTGCATAACACGATAGTAG
  source1 GTCATACGACCGTAGGCGAGATGACGCCATTTATTACGGATATTATATTTATATA

BND BND INS

a.

b.

c.

Figure S3. Assembly, alignment, and variant decoding process for a toy example. (a) A 61-bp query

sequence with three regions of sequence novelty (nucleotides with a red background). To assemble candi-

date source sequences, k-mers in the non-novel regions are used to seed contig traversals on the LdBG in

the source colors (in this example, k = 7). Sequences with yellow backgrounds indicate the seed k-mers

for these traversals. For visual clarity, sequences shown here are positioned manually, and source subse-

quences that are not present in the query sequence are shown in grey. (b) All sequences in the sequence

set aligned with the Tesserae model, with breakends depicted as linebreaks and variants shown on their

haplotypic background. (c) Putative mutations spanned by novel k-mers are emitted as breakend (“BND”)

variant calls.
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S3 Data processing: long-read sequencing, assembly, and alignment

S3.1 Data availability

PacBio RSII raw read ERA accession numbers, processed assembly download paths, and anno-

tation file download paths are provided below:

Table S2. Pacbio read and assembly metadata and download paths.

source code secondary sample accession origin culturing sequencing chemistry fasta

HB3 ERS712858 Honduras SI SI P6C4 FASTA

DD2 ERS639545 Vietnam SI SI P6C4 FASTA

7G8 ERS686280 Brazil SI SI P6C4 FASTA

GB4 ERS3566948 Ghana NIH CSHL P6C4 FASTA

803 ERS3566949 Cambodia NIH CSHL P6C4 FASTA

36F11 ERS3119776 803xGB4 progeny NIH CSHL P6C4 FASTA

A machine-readable version of this manifest is available at https://github.com/mcveanlab/

CortexJDK/blob/master/manuscript/manifest.pacbio.txt.

S3.2 Library preparation

To facilitate draft reference genome construction, we obtained high molecular weight genomic

DNA (HMW gDNA) for seven P. falciparum parasites: all six parental clones spanning the four

experimental crosses (3D7, HB3, DD2, 7G8, GB4, 803) and one progeny clone from the 803xGB4

cross (36F11). Parasite lines for 3D7, HB3, DD2, and 7G8 were produced by the Kwiatkowski

lab at the Wellcome Trust Sanger Institute (SI). Lines for 803, GB4, and 36F11 were produced

by the National Institute of Allergy and Infectious Diseases at the NIH (NIH). All cultures were

maintained under standard conditions(25).

We obtained 6− 20 µg of HMW gDNA from each haploid parasite culture. QC was performed

with NanoDrop spectrophotometers (Thermo Fisher Scientific) to verify gDNA purity. 20 kbp

insert SMRTbell libraries were generated per sample with a Blue-Pippin (Sage Science) size

selection range of 10− 50 kbp.

For additional assembly polishing of the HB3, DD2, and 7G8 genomes, we generated short

fragment libraries using 0.5 µg of DNA and a PCR-free library construction method(10). These

libraries were sequenced using on MiSeq Illumina instruments, generating 250 bp paired-end

reads and mean fragment length of 500 bp.

PacBio RSII sequencing of each library took place at two facilities. 3D7, GB4, 803, and 36F11

were sequenced at Cold Spring Harbor Laboratory’s Next Generation Genomics Shared Resource

(CSHL). HB3, DD2, and 7G8 were sequenced at the Sanger Institute.

S3.3 De novo assembly

3D7, HB3, DD2, and 7G8 assemblies on the libraries described above have been previously re-

ported and publicly released(17). Summarizing, raw reads were assembled using the HGAP2

software using default parameters and a genome size of 23.5 Mbp. The HGAP assemblies were

http://ftp.sanger.ac.uk/pub/project/pathogens/Plasmodium/falciparum/PF3K/ReferenceGenomes_Version1/GENOMES/PfHB3.April2018.fasta.gz
http://ftp.sanger.ac.uk/pub/project/pathogens/Plasmodium/falciparum/PF3K/ReferenceGenomes_Version1/GENOMES/PfDd2.April2018.fasta.gz
http://ftp.sanger.ac.uk/pub/project/pathogens/Plasmodium/falciparum/PF3K/ReferenceGenomes_Version1/GENOMES/Pf7G8.April2018.fasta.gz
https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/data/PfGB4.Jul2019.fasta.gz?raw=true
https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/data/Pf803.Jul2019.fasta.gz?raw=true
https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/data/Pf36F11.Jul2019.fasta.gz?raw=true
https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/manifest.pacbio.txt
https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/manifest.pacbio.txt
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further improved by removing contaminating sequences, short contigs, and overlapping contigs;

merging contigs with substantial overlap length; and polishing using the 250 bp Illumina reads

aligned to the assembly.

Remaining samples GB4, 803, and 36F11 were assembled with the HGAP3 software.

S3.4 Contaminant removal

To remove possible contaminants from all assemblies, we ran contigs through BLAST(2), exclud-

ing any contig with a match to an organism other than P. falciparum in the nt database (updated

Oct 2017).

S3.5 Pseudochromosome contiguation and gene annotation

To reorient contigs to match canonical reference orientation, build scaffolds representing whole

chromosomes, and annotate genes, we ran all assemblies through the Companion webserver(24).

We set the Reference organism setting as Plasmodium falciparum 3D7. We specified that both ab

initio gene finding and existing gene model transfer be performed, specifying the Strain option

for the RATT(18) gene model transfer tool. All other settings remained as software defaults. Note

that Companion produced scaffolds representing all 14 autosomes in the P. falciparum genome,

but does not automatically recognize and circularize the mitochondria and apicoplast genomes.

These linear contigs, along with contigs that could not be placed in an autosome, are concate-

nated in a separate contig named with a “_00" suffix. Hence, scaffolding by pseudochromosome

contiguation results in 15 total scaffolds per assembly.

S3.6 Annotation of repetitive regions and accessory compartments

We annotated repetitive sequences by applying the RepeatMasker(23) software to each genome

using the maximum sensitivity -s option and the -species ’plasmodium falciparum’ argu-

ment. We annotated core and accessory regions of each genome with the (19) software, process-

ing each chromosome across all parental genomes simultaneously.

S3.7 Quality assessment

We first estimated the overall quality of our assemblies by performing a scaffold-to-chromosome

alignment of our proof-of-principle 3D7 draft to the finished reference genome of the same

parasite(6) using MUMmer(11). The alignments are visualized as a multi-dotplot in Figure S4,

an extension of a dot plot that depicts alignments as two dimensional matrices with target

and query sequences on the x and y axes respectively(7). Most chromosomes are assembled

completely, and the overwhelming majority of the assembly appears on-diagonal (indicating

successful one-to-one reconstruction). Elements appearing off-diagonal could represent misas-

sembly. However, note that most of these off-diagonal elements occur towards the extremes of

each chromosome. Given that the reference genome was constructed with Sanger reads an or-

der of magnitude shorter than the PacBio reads, it is possible some repetitive regions have been

collapsed or misplaced, contributing to this nominal error rate.

We called variants between the two assemblies to quantify errors using MUMmer, finding

3, 357 SNPs, 11, 620 insertions, and 4, 603 deletions. Overall, the SNP, insertion, and deletion rates

are exceedingly low: amounting to 19, 580 events in a 23 Mbp genome (0.17%). The insertion
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rate is much higher than that of deletions and SNPs, perhaps due to the dominant insertion

error mode of the PacBio sequencing instrument. All chromosomes appear reasonably similar

in performance. Based on these measurements of the error rate, we estimate the quality of the

PacBio assembly of the 3D7 isolate to be approximately Q31
1, or less than one error per thousand

bases.
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Figure S4. Alignment of contigs from the 3D7 draft to the finished reference assembly, with sequences

from reference and draft assembly on the x and y-axis, respectively. Each contig from the draft assembly

is represented by a line segment terminated at either end with circles. Red denotes forward alignment of

contigs to the reference, blue denotes reverse alignment.

As we did not have high-quality, finished genomes against which to compare the other assem-

blies, we devised a quality metric approximation based on k-mer counting. We used our graph

processing software to find k-mers present in the PacBio assembly and absent in the Illumina

1 Q = −10log10(q) = −10log10((11, 620 + 4, 603 + 3, 357)/23, 332, 831)
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Table S3. Metrics on PacBio sequencing and assemblies

3D7 (ref) 3D7 (draft) HB3 DD2 7G8 GB4 803 36F11

Assembler − HGAP2 HGAP2 HGAP2 HGAP2 HGAP3 HGAP3 HGAP3

Contigs − 34 28 16 17 104 35 33

Scaffoldsa 16 15 15 15 15 15 15 15

Length (bp) 23332839 23729641 22813863 22682439 22832395 27105702 23074973 23429077

Length (autosomes) (bp) 22671410 23194002 22671410 22641998 22775193 24613844 22772320 22989675

Core genome (bp) 20574502 − 21047328 21058329 21137184 21514228 21093156 −
Accessory genome (bp) 2096908 − 1624082 1583669 1638009 3099616 1679164 −
Genes (autosomes) 5561 5141 5130 5166 5219 5041 4501 4174

Quality (MUMmer) − 31 − − − − − −
Quality (Graph) − 28 29 31 27 23 28 25

a In the draft reference sequences, the circular mitochondrial and apicoplast genomes are grouped

together in a non-autosomal scaffold, resulting in one less scaffold than the canonical reference.

data for the same sample. We retained only one k-mer per variant event, discarding adjacent

k-mers that tag the same event. We computed assembly quality using the number of retained

k-mers as an estimate of the number of bases different between the PacBio and Illumina data.

We note that both measurements of assembly quality are pessimistic estimates. Our MUMmer-

based estimates are predicated on the assumption that any differences between our 3D7 assem-

bly and the canonical reference assembly indicate errors in our draft. In long, repetitive regions

of the genome, this assumption may not be accurate as the Sanger reads used to assemble the

reference were an order of magnitude shorter than the PacBio reads, potentially leading to col-

lapsed repeats. Similarly for the k-mer counting estimate, while the PacBio RSII reads are known

to have a much higher error rate than Illumina reads, it is not necessarily the case that all dis-

crepancies between PacBio assemblies and Illumina reads should be adjudicated in favor of the

latter.

Per-sample sequencing and final assembly details are presented in Table S3.
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S4 Data processing: short-read sequencing, alignment, and assembly

Table S4: Illumina metadata and download paths.

cross sample source code accession fastq end1 ftp fastq end2 ftp

3D7xHB3 PG0051-C 3D7_Glasgow ERR019061 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0052-C HB3_Glasgow ERR019054 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0053-C XP3 ERR019067 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0054-C XP4 ERR019062 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0055-C XP5 ERR019066 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0056-C XP8 ERR019068 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0057-C XP9 ERR019069 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0058-C XP24 ERR019063 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0060-C XP52 ERR019058 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0061-C X2 ERR019059 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0062-C X4 ERR019070 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0063-C X5 ERR019060 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0064-C X6 ERR019071 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0065-C X10 ERR019064 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0066-C X11 ERR019072 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0067-C X12 ERR019073 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0068-C X30 ERR019065 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0069-C X33 ERR019055 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0070-C X35 ERR019056 FASTQ (END1) FASTQ (END2)

3D7xHB3 PG0071-C X39 ERR019074 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0004-CW HB3_Ferdig ERR012788 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0008-CW DD2_Ferdig ERR012840 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0015-C B1SD ERR019044 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0016-C QC13 ERR012895 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0017-C QC01 ERR019050 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0018-C B4R3 ERR019042 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0019-C SC05 ERR019051 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0020-C TC08 ERR019052 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0021-C GC03 ERR015447 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0024-C 3BD5 ERR019053 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0027-C TC05 ERR015450 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0030-C 7C188 ERR019046 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0031-C 7C408 ERR015458 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0034-C 7C3 ERR019047 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0037-C 7C20 ERR015451 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0038-C 7C111 ERR015457 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0039-C 7C140 ERR015454 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0040-Cx 7C159 ERR107475 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0041-C 7C170 ERR015446 FASTQ (END1) FASTQ (END2)

http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019061/ERR019061_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019061/ERR019061_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019054/ERR019054_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019054/ERR019054_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019067/ERR019067_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019067/ERR019067_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019062/ERR019062_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019062/ERR019062_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019066/ERR019066_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019066/ERR019066_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019068/ERR019068_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019068/ERR019068_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019069/ERR019069_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019069/ERR019069_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019063/ERR019063_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019063/ERR019063_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019058/ERR019058_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019058/ERR019058_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019059/ERR019059_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019059/ERR019059_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019070/ERR019070_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019070/ERR019070_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019060/ERR019060_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019060/ERR019060_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019071/ERR019071_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019071/ERR019071_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019064/ERR019064_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019064/ERR019064_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019072/ERR019072_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019072/ERR019072_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019073/ERR019073_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019073/ERR019073_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019065/ERR019065_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019065/ERR019065_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019055/ERR019055_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019055/ERR019055_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019056/ERR019056_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019056/ERR019056_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019074/ERR019074_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019074/ERR019074_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012788/ERR012788_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012788/ERR012788_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012840/ERR012840_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012840/ERR012840_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019044/ERR019044_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019044/ERR019044_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012895/ERR012895_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012895/ERR012895_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019050/ERR019050_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019050/ERR019050_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019042/ERR019042_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019042/ERR019042_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019051/ERR019051_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019051/ERR019051_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019052/ERR019052_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019052/ERR019052_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015447/ERR015447_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015447/ERR015447_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019053/ERR019053_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019053/ERR019053_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015450/ERR015450_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015450/ERR015450_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019046/ERR019046_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019046/ERR019046_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015458/ERR015458_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015458/ERR015458_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019047/ERR019047_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019047/ERR019047_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015451/ERR015451_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015451/ERR015451_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015457/ERR015457_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015457/ERR015457_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015454/ERR015454_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015454/ERR015454_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR107/ERR107475/ERR107475_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR107/ERR107475/ERR107475_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015446/ERR015446_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015446/ERR015446_2.fastq.gz
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HB3xDD2 PG0042-C 7C183 ERR015448 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0043-C 7C421 ERR015459 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0044-C 7C424 ERR019043 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0045-C QC23 ERR012892 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0046-Cx 7C46 ERR107476 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0047-C 7C126 ERR015452 FASTQ (END1) FASTQ (END2)

HB3xDD2 PG0048-C 7C7 ERR019049 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0077-C JC3 ERR027112 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0077-CW JC3 ERR045636 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0078-C QF5 ERR029092 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0078-CW QF5 ERR045638 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0079-C JF6 ERR027102 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0079-CW JF6 ERR045637 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0080-C TF1 ERR027103 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0081-CW DEV_18_05_11 ERR045633 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0082-C WC4 ERR029093 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0083-C 7G8_NIH ERR027099 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0084-C GB4_NIH ERR027100 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0087-C JB8 ERR029091 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0088-C KH7 ERR027111 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0090-C KC2 ERR027116 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0091-C KA6 ERR027117 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0093-C XB3 ERR029105 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0094-C D2 ERR027106 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0094-CW D2_18_05_11 ERR045632 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0095-C NIC ERR027107 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0096-C NF10 ERR027108 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0097-C WF12 ERR027109 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0098-C DAN ERR027110 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0099-C JB12 ERR029146 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0100-C JE11 ERR029404 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0101-C KC5 ERR029147 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0102-C XF12 ERR029143 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0102-CW XF12_18_05_11 ERR045635 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0104-C KB8 ERR029148 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0105-C XD8 ERR029144 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0105-CW XD8_13_05_11 ERR045628 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0107-C JON ERR029408 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0109-C XG10 ERR029405 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0110-C LC12 ERR171454 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0111-C JC9 ERR029409 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0111-CW JC9_18_05_11 ERR045634 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0112-C AUD ERR029406 FASTQ (END1) FASTQ (END2)

7G8xGB4 PG0113-CW JH6_12_05_11 ERR045626 FASTQ (END1) FASTQ (END2)

http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015448/ERR015448_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015448/ERR015448_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015459/ERR015459_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015459/ERR015459_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019043/ERR019043_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019043/ERR019043_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012892/ERR012892_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR012/ERR012892/ERR012892_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR107/ERR107476/ERR107476_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR107/ERR107476/ERR107476_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015452/ERR015452_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR015/ERR015452/ERR015452_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019049/ERR019049_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR019/ERR019049/ERR019049_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027112/ERR027112_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027112/ERR027112_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045636/ERR045636_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045636/ERR045636_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029092/ERR029092_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029092/ERR029092_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045638/ERR045638_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045638/ERR045638_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027102/ERR027102_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027102/ERR027102_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045637/ERR045637_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045637/ERR045637_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027103/ERR027103_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027103/ERR027103_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045633/ERR045633_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045633/ERR045633_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029093/ERR029093_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029093/ERR029093_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027099/ERR027099_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027099/ERR027099_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027100/ERR027100_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027100/ERR027100_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029091/ERR029091_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029091/ERR029091_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027111/ERR027111_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027111/ERR027111_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027116/ERR027116_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027116/ERR027116_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027117/ERR027117_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027117/ERR027117_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029105/ERR029105_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029105/ERR029105_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027106/ERR027106_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027106/ERR027106_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045632/ERR045632_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045632/ERR045632_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027107/ERR027107_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027107/ERR027107_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027108/ERR027108_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027108/ERR027108_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027109/ERR027109_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027109/ERR027109_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027110/ERR027110_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR027/ERR027110/ERR027110_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029146/ERR029146_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029146/ERR029146_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029404/ERR029404_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029404/ERR029404_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029147/ERR029147_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029147/ERR029147_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029143/ERR029143_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029143/ERR029143_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045635/ERR045635_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045635/ERR045635_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029148/ERR029148_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029148/ERR029148_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029144/ERR029144_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029144/ERR029144_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045628/ERR045628_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045628/ERR045628_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029408/ERR029408_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029408/ERR029408_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029405/ERR029405_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029405/ERR029405_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR171/ERR171454/ERR171454_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR171/ERR171454/ERR171454_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029409/ERR029409_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029409/ERR029409_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045634/ERR045634_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045634/ERR045634_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029406/ERR029406_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR029/ERR029406/ERR029406_2.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045626/ERR045626_1.fastq.gz
http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR045/ERR045626/ERR045626_2.fastq.gz
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803xGB4 PG0443-C 803 ERR570006 FASTQ (END1) FASTQ (END2)

803xGB4 PG0050-CX2 GB4 ERR570014 FASTQ (END1) FASTQ (END2)

803xGB4 PG0445-C 11H5 ERR570030 FASTQ (END1) FASTQ (END2)

803xGB4 PG0446-C 36F11 ERR570038 FASTQ (END1) FASTQ (END2)

803xGB4 PG0447-C 36H9 ERR656280 FASTQ (END1) FASTQ (END2)

803xGB4 PG0448-C 37D9 ERR656283 FASTQ (END1) FASTQ (END2)

803xGB4 PG0450-C 39A4 ERR656289 FASTQ (END1) FASTQ (END2)

803xGB4 PG0451-C 39C5 ERR656292 FASTQ (END1) FASTQ (END2)

803xGB4 PG0453-C 43H3 ERR656298 FASTQ (END1) FASTQ (END2)

803xGB4 PG0455-C 46G9 ERR570015 FASTQ (END1) FASTQ (END2)

803xGB4 PG0458-C 61A12 ERR570039 FASTQ (END1) FASTQ (END2)

803xGB4 PG0459-C 61D3 ERR656281 FASTQ (END1) FASTQ (END2)

803xGB4 PG0460-C 61E6 ERR656284 FASTQ (END1) FASTQ (END2)

803xGB4 PG0461-C 61E8 ERR656287 FASTQ (END1) FASTQ (END2)

803xGB4 PG0462-C 71D6 ERR656290 FASTQ (END1) FASTQ (END2)

803xGB4 PG0463-C 76H10 ERR656293 FASTQ (END1) FASTQ (END2)

803xGB4 PG0464-C 85D3 ERR656296 FASTQ (END1) FASTQ (END2)

803xGB4 PG0465-C 87A11 ERR656299 FASTQ (END1) FASTQ (END2)

803xGB4 PG0466-C 87E7 ERR570008 FASTQ (END1) FASTQ (END2)

803xGB4 PG0467-C 40G11 ERR570016 FASTQ (END1) FASTQ (END2)

803xGB4 PG0469-C 50C5 ERR570032 FASTQ (END1) FASTQ (END2)

803xGB4 PG0470-C 24G11 ERR570040 FASTQ (END1) FASTQ (END2)

803xGB4 PG0471-C 36D5 ERR656282 FASTQ (END1) FASTQ (END2)

803xGB4 PG0472-C 36E5 ERR656285 FASTQ (END1) FASTQ (END2)

803xGB4 PG0473-C 38G5 ERR656288 FASTQ (END1) FASTQ (END2)

803xGB4 PG0474-C 39C3 ERR656291 FASTQ (END1) FASTQ (END2)

803xGB4 PG0475-C 4E8 ERR656294 FASTQ (END1) FASTQ (END2)

803xGB4 PG0476-C 34F5 ERR656297 FASTQ (END1) FASTQ (END2)

803xGB4 PG0492-C 34B1 ERR905451 FASTQ (END1) FASTQ (END2)

803xGB4 PG0494-C 35C2 ERR905453 FASTQ (END1) FASTQ (END2)

803xGB4 PG0495-C 38A6 ERR905454 FASTQ (END1) FASTQ (END2)

803xGB4 PG0496-C 38E11 ERR905455 FASTQ (END1) FASTQ (END2)

803xGB4 PG0498-C 39G5 ERR905457 FASTQ (END1) FASTQ (END2)

803xGB4 PG0499-C 39H5 ERR905458 FASTQ (END1) FASTQ (END2)

803xGB4 PG0500-C 40A6 ERR905459 FASTQ (END1) FASTQ (END2)

803xGB4 PG0501-C 40B12 ERR905460 FASTQ (END1) FASTQ (END2)

803xGB4 PG0502-C 40F4 ERR905461 FASTQ (END1) FASTQ (END2)

803xGB4 PG0503-C 40G2 ERR905462 FASTQ (END1) FASTQ (END2)

803xGB4 PG0504-C 43E5 ERR905463 FASTQ (END1) FASTQ (END2)

803xGB4 PG0505-C 44D4 ERR905464 FASTQ (END1) FASTQ (END2)

803xGB4 PG0508-C 76H10-Tk13 ERR905468 FASTQ (END1) FASTQ (END2)

803xGB4 PG0509-C 85G7 ERR905469 FASTQ (END1) FASTQ (END2)

803xGB4 PG0510-C 88C9 ERR905470 FASTQ (END1) FASTQ (END2)

803xGB4 PG0512-C 37F12 ERR905473 FASTQ (END1) FASTQ (END2)

http://ftp.sra.ebi.ac.uk/vol1/fastq/ERR570/ERR570006/ERR570006_1.fastq.gz
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S4.1 Data availability

Raw reads for P. falciparum parents and progeny were provided to us by the MalariaGen project(16).

ERA accession numbers and fastq download paths are provided in Table S4.

A machine-readable version of this manifest is available at https://github.com/mcveanlab/

CortexJDK/blob/master/manuscript/manifest.illumina.txt.

S4.2 Library preparation

We obtained short-read, paired-end whole genome sequence data for parent and progeny clones

of the 3D7xHB3(28), HB3xDD2(29), 7G8xGB4(8), and 803xGB4(22) crosses. All samples were

sequenced on Illumina platforms between 2010 and 2014 using a PCR-free library preparation

protocol intended to reduce coverage biases associated with AT-rich templates. Avoiding PCR

during library construction also removes the issue of replication errors that occur in early cycles

being propagated to all subsequent copies, thus masquerading as DNMs. Across all four crosses,

and excluding parasite clones, we obtained 127 samples (8 parents, 119 progeny). The data is

summarized in Table S5.

S4.3 Alignment

Table S5. Summary of sequencing data for four P. falciparum crosses

3D7xHB3 HB3xDD2 7G8xGB4 803xGB4

Parents 2 2 2 2

Progeny 18 24 35 42

Read length (bp) 76 76 76 100

Insert size (bp) 300± 29 253± 48 293± 21 222± 10

Coverage 99± 38 121± 91 110± 40 205± 106

Platform Illumina GAII Illumina GAII Illumina GAII Illumina HiSeq 2000

Sequencing date 2010 2009-2012 2010-2011 2014

We obtained the P. falciparum reference sequence(6) obtained from PlasmoDB(3) (build 32.0,

April 2017). For reference-based analyses, we aligned all reads with bwa mem to this reference

using default settings. We marked duplicate reads using the MarkDuplicates tool in the Picard

suite, and applied the GATK base quality score recalibrator (BQSR) to improve the accuracy of

the base quality scores(4). We computed coverage metrics with the GATK’s DepthOfCoverage

tool, and insert size metrics with Picard’s CollectInsertSizeMetrics tool2. A summary of the

sample data is presented in Table S5.

S4.4 Reference-based variant calls

For later comparison to our de Bruijn graph-based DNM calls, we applied two software pack-

ages to the 20 samples in the 3D7xHB3 cross. For SNVs and small indels, we applied the GATK’s

2 http://broadinstitute.github.io/picard/

https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/manifest.illumina.txt
https://github.com/mcveanlab/CortexJDK/blob/master/manuscript/manifest.illumina.txt
http://broadinstitute.github.io/picard/


Supplemental Material 21

HaplotypeCaller(20), specifying a ploidy of 1 and leaving all other parameters as software de-

faults. For larger and more complex structural variants (insertions, deletions, tandem duplica-

tions, inversions, and translocations), we applied the Delly2 software(21). No additional filtering

was applied to these callsets in order to preserve maximum sensitivity for later comparison to

our k-mer-counting analyses.

S4.5 De novo assembly

We constructed multi-color linked de Bruijn graphs (LdBGs) for all 127 samples using McCortex(26)

with a four-step pipeline. First, to build raw (un-error-cleaned) graphs, we applied the build

command with a k-mer size parameter of 47 bp for all samples. Next, we ran the clean com-

mand with default settings to produce error-cleaned graphs. Substantial coverage variation in

the P. falciparum samples caused the default error-cleaning process to erroneously remove true

genomic k-mers. Unaddressed, this lead to gapped assemblies with unusually short contigs, as

k-mers necessary for haplotype threading were not present in the graph. We implemented a re-

pair module (RecoverExcludedKmers) in Corticall, recovering k-mers that were present in the raw

graph, absent in the clean graph, and present in the canonical reference or either parental PacBio

draft assembly for the cross. We ran the McCortex inferedges tool on the error-recovered graph,

ensuring adjacencies between records in the graph were properly recorded. Finally, the parents,

children, PacBio draft references, and reference genome were joined into a single multi-color

graph to facilitate downstream processing using the Corticall Join command (a low-memory

equivalent to McCortex’s join command). All graphs were output in sorted order to facilitate

random access over the dataset in Corticall.

We constructed three link annotation sets for each sample graph using the McCortex thread

command: one for each parental PacBio draft and one for a sample’s paired end reads. For PacBio

assemblies and reads, we constructed links using the two-way gap-filling option. For paired-end

reads, we further improved these links by re-threading links using thread’s paired-end mode

and minimum (maximum) fragment size parameters 0 bp (1000 bp). We then filtered out low-

coverage links likely arising from sequencing errors according to McCortex’s documentation.

S5 Simulation of progeny genomes

We simulated progeny genomes from a synthetic crossing of HB3 and DD2 parasites with known

allelic recombinations and DNMs using the Corticall module SimulateHaploidChild. Our simu-

lations output a VCF describing recombination operations and other permutations to the appro-

priate reference sequences. The newly generated progeny reference genomes were then used to

simulate reads for de novo assembly and DNM calling.

S5.1 Homologous recombination

We began with the pseudochromosome contiguated assemblies of HB3 and DD2 from sec-

tion S3.5, for which homologous chromosomes suitable for recombination were easily paired.

Crossover number c was taken to be Poisson-distributed, parameterized with values as deter-

mined in Miles et al. 2016(15) and shown in Equation 1 with rate parameter µ = λd, average

crossover rate λ = 0.0135 cM−1 and map length d(`) = 0.74` − 0.11, where ` is chromosome

length. Map length and crossover probability distributions are shown in Figure S5.
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Figure S5. Simulated map lengths per chromosome (left) and crossover probability distribution per chro-

mosome (right).

S5.2 Non-homologous allelic recombination

We simulated non-homologous allelic recombination (NAHR) events between members of the

var gene family annotated in the HB3 and DD2 draft genome assemblies. While true NAHR

events appear to be mediated by microhomology and possibly 5′ upstream promoter sequence,

we deemed random pairings sufficient for our needs. For each simulated progeny, we chose at

random two var genes from each genome, computed exact homology maps at k = 21 between the

two sequences, and simulated a random number (between 1 and 6) of crossover events between

the two sequences constrained to the homologous regions. We emitted two VCF entries for each

NAHR event, the first replacing one var sequence with our new sequence, the other removing

the second var gene from the progeny reference.

S5.3 Other variants

We simulated SNVs, short indels and inversions, multi-nucleotide polymorphisms. For the non-

point mutations, we simulated a range of allele sizes up to 1, 000 bp. To evaluate our capabilities

in expansions or contractions of repetitive sequence, we scanned the parental reference assem-

blies for series of repeating sequence units up to length 6 bp, adding or removing units up to

the maximum number of units present in the repeat. All events were added to the VCF used for

draft reference sequence permutation.
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S5.4 Read simulation

Reads were simulated using 76 bp reads, insert size of 250 bp, a mean read depth of 120x, and

per-base error rate of 0.5%. All processing steps proceeded identically to the procedure specified

in section S4.5.

S5.5 Evaluation

To evaluate performance of our mutation caller, we developed the EvaluateCalls module in Cor-

ticall. To overcome issues regarding different (but effectively equivalent) descriptions of alleles

between the simulation VCF and the Corticall output VCF, we reused the reference permuta-

tion concept from S1.2. We permuted the indicated draft reference genomes with the simulated

and called VCFs and evaluated local sequence equivalence between the two callsets. We emitted

precision and recall metrics for each variant, and additional information regarding variants that

had been incompletely assembled.
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