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Abstract
How do tubes — gut or neural tube — form from flat sheets of polarized cells? The
prevalent view is that it is a two-step process: first cells wedge to bend the sheet, then
cells intercalate and extend the initial invagination into a tube. We computationally
challenged this model by asking if one mechanism (either cell wedging or intercalation)
may suffice for the entire sheet-to-tube transition. Using a physical model with
epithelial cells represented by polarized point particles, we show that either cell
intercalation or wedging alone can be sufficient and each can both bend the sheet and
extend the tube. When working in parallel, the two mechanisms increase the robustness
of the tube formation. The successful simulations of Drosophila salivary gland, Sea
urchin gastrulation and mammalian neurulation support the generality of our results.

Introduction

1

Early tubes in embryonic development – gut and neural tubes – form out of epithelial
sheets. In mammalian embryos and Drosophila, the cell sheet wraps around the tube
axis until the edges make contact and fuse. As a result of such wrapping, a tube is
formed parallel to the sheet. In sea urchin, the gut is formed orthogonal to the
epithelial plane by budding out of the plane. Budding also appears to be a predominant
form of tube formation in organ development (lungs, kidneys, salivary gland and
trachea in Drosophila [1]. Both wrapping and budding sheet-to-tube transitions are
driven by the same key mechanisms: changes in cell shape, e.g. cell wedging by changes
in apical relative to the basal surfaces – apical constriction (AC) [2] or basal
constriction [3, 4]; contracting myosin cables spanning across cells and Convergent
Extension (CE) by directed cell intercalation [1, 5]. (In the following, we will refer to
apical or basal constriction as wedging and directed cell intercalation as CE).
Until recently, the consensus has been that wedging and CE each lead to distinct
morphological transformations: wedging bends the sheet and is a primary mechanism
for invagination in budding [6] and CE elongates the sheet and the eventual tube [1].
However, results by Chung et al. [5] and Sanchez-Corrales et al. [7] show that
invagination in Drosophila salivary gland can happen in the absence of wedging and
may result from radial CE. Furthermore, Nishimura et al. [8] suggested that In
mammalian neurulation CE and wedging are coupled. They argue that Planar Cell
Polarity (PCP) may be mediating this coupling: First, the direction of cell
intercalations, orthogonal to the tube axis, is set by PCP. Second, wedging has to be
anisotropic – have preferred direction parallel to PCP and intercalations – for the sheet
to wrap into a tube and not a sphere. The anisotropy of wedging, however, is rarely
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considered [8–10], possibly because the reported results are often limited to 2D
cross-sectional views. The anisotropy may stem from the coupling between PCP and
wedging – both apical and basal. This is supported by data at the molecular level (for
neural tube closure [8, 11], midbrain-hindbrain boundary in zebrafish [3, 4], gastrulation
in C. elegans [12], sea urchin [13], and Xenopus [14]).
This recent development opens for new questions: What are wedging and CE capable
of on their own? Can invagination by CE happen in systems other than salivary glands?
Is anisotropy in wedging important for tubulogenesis and, if so, when?
We here introduce a theoretical model to address these questions. Theoretical
models have been important for understanding tubulogenesis, however they are often
limited to 2D and thus focus on either wedging or CE [15–17]. While there are 3D
models for budding and neurulation [18, 19], they lack the coupling between PCP,
wedging and CE and do not capture the entire sheet-to-tube transition. To close this
gap we introduce a model of polarized cell–cell interactions where cells are treated as
point particles. As a starting point for our model, we consider the model suggested
in [20] which was used to study directional adhesion mediated by apical-basal (AB)
polarity and PCP. The model in [20], however, could not explicitly account for changes
in cell shapes. Here, we show that the effect of cell wedging can be modeled within a
point-particle representation by modifying cell-cell forces to favor a tilt in AB polarities.
In line with data in Chung et al. [5], simulations show that although CE alone can
lead to a budding transition, it is less reliable, with frequent failure of invagination and
misorientation. Our results suggest that the isotropic wedging orients the budding and
allows for robust invagination. When applied to wrapping in neurulation, we find that
anisotropic wedging alone was insufficient for final tube closure. However, both closure
and tube separation from the epithelium can be aided by differential proliferation.
Furthermore, we find that anisotropic wedging on its own may be sufficient for tube
elongation. Together, our results support the mutual complementarity of wedging and
CE in bending and elongation.

Results
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To investigate the role of cell wedging in budding of salivary gland placoids and
neurulation we aimed at capturing both isotropic and anisotropic (PCP-driven) wedging
with as few parameters as possible.

Modelling wedging of a point particle by favoring tilt in AB
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Apical constriction leads to cell wedging and as a consequence the AB axes of
neighboring cells become tilted towards the wedged cell (Fig 1B–C). In [20] a flat
epithelial sheet was modelled by a cell-cell interaction force favouring parallel AB
polarities in neighboring cells (Fig 1A, Eq 4). To model the effect of wedging we modify
the force to favor AB polarity vectors pi in neighbor cells to tilt towards the wedged cell
(Fig 1B and 1C). That is, when the force is calculated, we replace pi by p̃i (Eqs 1-3).
p̃i = pi (for no wedging),
p̃i ∝ pi − αr̂ij (for isotropic wedging),
p̃i ∝ pi − α hq̂iij (for anisotropic wedging).

(1)
(2)
(3)

Here, r̂ij is the normalized displacement vector between cells i and j while hq̂iij is the
average PCP vector of the two interacting particles.
This change required only one parameter, α, setting the extent of the tilt (large α
corresponds to pronounced wedging). If the wedging is isotropic, i.e. equally
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Fig 1. Wedging is introduced through a cell-cell interaction that favors
tilted AB polarity vectors. α is the extent of the wedging. The blue-red gradient
indicates the apical-basal axis.
(A) No wedging (α = 0), AB polarities (arrows) tend to be parallel. (B) With isotropic
wedging, the tilt α is the same in all directions. (C) With anisotropic wedging, the tilt
has a preferred direction. Blue and red signify respectively basal and apical surfaces. pi
and pj are the AB polarities of cell i and j.
pronounced in all directions [7], all neighbors to the wedged cell tend to tilt equally. In
neurulation, the wedging is anisotropic: the wedging happens primarily parallel to the
cell’s PCP and perpendicular to the axis of the tube [8]. To capture this PCP-directed
anisotropy, we couple the direction of AB tilting to the orientation of the cell’s PCP (Eq
3, Fig 1C). See the Methods section for details of the model and simulations.
Note, that we aim to only capture the effect of wedging-PCP coupling and not the
molecular mechanism. Also, in an attempt to generalize our results, we focus on a
minimal set of conditions necessary for the final outcome.
To test the validity of our approach, we first consider the complementary roles of CE
and wedging in budding.

Complementary and unique roles of CE and wedging in budding
Reflecting the viewpoint that tube budding is a two stage process consisting of
wedging-driven invagination and subsequent convergent extension, computational
models have generally focused on either of the two stages [15–17]. However, to date no
computational models have managed to recapitulate the results by [7] and [5] suggesting
that CE contributes to invagination and may even drive it in the absence of wedging.
To validate our approach, we set out to reproduce these experimental observations.
We start with a flat sheet of AB polarized cells. Motivated by the possible link between
organizing signals (e.g. WNT), PCP and wedging [21, 22], we define a region of
”organizing signals” such that the cells within this region exhibit isotropic wedging and
PCP. In salivary glands, the apically constricting cells are distributed on a disk around
the future center of the tube. With this configuration, we did not find parameters where
both CE and wedging could act in parallel to form the tube. A two-step process,
wedging followed by CE, was able to produce invagination and tube extension. However,
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a ring of basally constricting cells (with or without apically constricting disk) remedied
this problem and allowed for wedging and CE to act in parallel. Supporting this, the
data by [7] suggests that there are basally constricting cells in the outer region of the
placoid. Furthermore, basal and apical constriction seem to be induced by the same
organizing signal [3] through PCP pathways. Also in sea urchin gastrulation, both types
of wedging seem to be at play [23]. For simplicity, we limit our simulations to basal
wedging, where basally constricting cells are distributed on a ring (Fig 2A and S5 Fig)
Our budding simulations thus show that successful invagination and tube elongation
can proceed if both wedging and PCP (and thus CE) act in parallel (S1 Video, Fig
2A-C). We have also succeeded in simulating sea urchin gastrulation where budding
starts from a sphere of cells (Fig 3, S5 Video, [24, 25]). This proceeds essentially like in
the planar case (see Methods for details).

A

B

86
87
88
89
90
91
92
93
94
95
96

D

E

F
C

Fig 2. Isotropic and anisotropic wedging drive budding and wrapping,
respectively. Wedging cells are labeled in gray, with a shading that indicates the PCP
direction.
(A-C) Time evolution of budding simulation (similar to salivary glands). Here, gray
cells constrict basally and all cells on and inside the ring intercalate radially. Here,
λ3 = 0.1, |α| = 0.5.
(D-F) Time evolution of wrapping simulation (similar to neurulation). Here, gray cells
representing neuroepithelium, constrict apically and constriction is anisotropic, follows
the direction of PCP (Eq 3). Cells proliferate only at the gray/colored boundary (with 7
hour doubling time), mimicking differential proliferation at the
neuroepithelium/ectoderm boundary. Here, λ3 = 0, |α| = 0.5. Throughout, λ2 = 0.4.
97

In addition, we find that budding can proceed without wedging. However, robustness
of the outcome decreases in two ways. First, the proportion of failed invaginations is
higher (S1 Fig). Second, the tube can form on either side of the epithelial plane.
With loss of apical constriction, noise is necessary to break the symmetry between
the two sides of the plane and initiate the CE-driven tubulation in one of the two
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Fig 3. Isotropic wedging in conjunction with PCP is sufficient to drive sea
urchin gastrulation without external forcing. The gray ring shows cells with
(isotropic) basal constriction and the shading indicates the direction of planar cell
polarity, which curls around the vertical axis in our simulation. See section Modeling
Gastrulation for details.
directions orthogonal to the plane. Thus, it seems that the role of wedging is to aid in
the initial invagination and ensure correct orientation. This is a plausible explanation
for the results obtained in [5] where the authors knocked-out wedging in the context of
Drosophila salivary gland formation and observed that the budding process could still
proceed, but with reduced reliability and orientational stability. In contrast to our
results and the findings by [7], [5] do not consider cell intercalations by CE but propose
that supracellular myosin cables drive tissue bending in the absence of wedging. It will
be interesting to extend our approach to include an analog of myosin cables through
e.g. PCP-coupled supracellular forces, however, it is outside of the scope of the current
work.
Cell shape change, intercalation and tissue compression by supracellular myosin
cables are also key players in wrapping [8]. The differences that cause some tubes to
form parallel and others orthogonal to the epithelial plane appear to be encoded in the
geometrical arrangement of the cells that participate in these three processes. In
budding such cells are arranged on a ring or a disk (circular symmetry), while in
wrapping they are arranged on a band (axial symmetry).

Anisotropic wedging and differential proliferation are sufficient
for wrapping
To test if this difference in geometry alone is sufficient for wrapping, we choose a stripe
of cells in the middle of the epithelial sheet to represent the neuroepithelium (NE)
(shown by gray in Fig 2D-E) and the remaining cells to represent ectoderm (E) (colored
cells in Fig 2D-E). The NE cells are then assigned anisotropic apical constriction and
PCP pointing orthogonal to the future tube axis (S4 Fig).
Wrapping requires anisotropy in wedging In the case of isotropic wedging one
would expect a collection of NE cells to eventually form a round invagination or
spherical lumen — the minimum energy state (S4 Video). If we impose isotropic
wedging in our neurulation simulations, a bulging, rounded invagination is observed, see
S3 Video.
Motivated by the results of [8], showing that wedging is anisotropic (Eq 3) and cells
wedge primarily in the direction orthogonal to the tube axis, we asked if anisotropic
wedging can aid in tube closure. As expected, the tissue bends around the tube axis
without capping at the ends of the tube (Fig 1C, S2 Fig).

August 13, 2019

5/16

103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

119
120

121
122
123
124
125

126
127
128
129
130
131
132
133
134

bioRxiv preprint doi: https://doi.org/10.1101/699413; this version posted August 22, 2019. The copyright holder for this preprint (which was not
certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made available under
aCC-BY 4.0 International license.

Interestingly, anisotropic wedging also leads to CE cell intercalation, narrowing and
elongating neuroepithelium (see S3 Fig), thus supporting the link between PCP-driven
wedging and cell intercalations. The simple intuitive argument for this comes from how
wedged cells pack in the tube. In the minimum energy state the extent of wedging, α,
determines how many cells can pack around the tube’s circumference (Fig 1). To
minimize energy, the ”extra” cells will be displaced along the tube axis (S3 Fig).
CE-driven narrowing of the epithelium was proposed to be important for tube
closure [26]. In our simulations, wedging and CE alone succeeded in bending the tissue
in an axially symmetric fashion (S2 Fig), however, we could not obtain successful tube
closure even with maximally possible CE and wedging (both tuned by the strength of α
in Eq 3). This suggests that additional mechanisms are necessary for final tube closure.
Buckling by proliferation at the NE boundary aids in tube closure Images
of neurulation cross-sections (see e.g. [27]) show a strong bending at the
neuroepithelium-ectoderm (NE) boundary with the curvature opposite to that inside of
neuroepithelium (neural folds) [28]. This is believed to be a result of combined forces
from the ectoderm due to i) change in cell shape (ectoderm cells become flatter and
neuroepithelial cells become taller); ii) adhesion between basal surfaces of NE and E
close to the neuroepithelium-ectoderm (NE-E) boundary [28] and iii) increase in cell
density at this boundary either due to cell proliferation or intercalation [29].
Our goal was to test if the model can capture full tube closure with at least one of
the mechanisms, so for simplicity, we focused on differential proliferation. When cells
were set to proliferate only at the NE-E interface [29], we found that the resulting
buckling can lead to successful neural tube closure (S2 Video). In the simulations, the
out-of-equilibrium buckling created by rapid cell proliferation is necessary to create a
narrow neck that allows epithelial folds to fuse. We find that tubulation is possible
within a rather broad range of cell cycles (3h–16h). Shorter or longer cell cycles
resulted in open-tube morphologies reminiscent of neural tube defects such as spina
bifida (Fig 4). In both cases the folds are too far apart to fuse, but for different reasons.
If proliferation is too slow, the folds are far apart because the buckling is too weak. On
the other hand, when proliferation is too fast, the sheet does not have time to
equilibrate and CE does not catch up in narrowing it. Because of this, some sections of
the tube become too wide to fuse. Interestingly this can sometimes lead to tube
doubling/splitting (S6 Fig).

3.3

23

Cell cycle/hrs

4 hours (Observed by McShane et al (2015))

Fig 4. The cell cycle length at the neuroepithelial-ectoderm boundary
affects tube closure. For cell cycle lengths below 3.3h and above 23h the neural tube
fails to close in our simulations. It should be noted that this broad interval also contains
the cell cycle length of 4h found for cells in the DLHP by [29]. The insets show outcomes
of simulations run at short (2.6h), intermediate (12h) and long (26h) cell cycle lengths.
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The effect of slow proliferation in our simulations is in line with the experimental
data. In [30] it was shown that low proliferation rates could lead to neural tube defects
in mice. In humans, mutations of the PAX3 transcription factor are implicated in
Waardenburg syndrome [31, 32] characterized by incomplete neural tube closure. The
same transcription factor has been shown to be essential in ensuring sufficient cell
proliferation [33]. The effect of increased (compared to wild-type) proliferation has not
been addressed experimentally and we hope that our predictions will motivate
experiments in this direction.

Discussion
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Larger organisms rely on tubes for distributing nutrients across the body as well as for
exocrine functions. How these tubes reliably form is an open question, but a few
recurrent mechanisms are known, e.g. directed or differential proliferation, changes in
cell shapes, supracellular myosin cables, directed adhesion and cell rearrangements. As
evolution proceeds by tinkering rather than engineering, it is not surprising that these
mechanisms have overlapping functions. Recently quantitative experiments [5, 7, 8]
enabled us to look beyond a ”one mechanism, one function” relationship and towards a
map of where mechanisms overlap and how they complement each other.
In this work, we have made a step towards charting the functional overlap and
complementarity among CE, wedging, and proliferation. A phenomenological
point-particle representation allowed us for the first time to combine PCP-driven cell
intercalation (CE) and anisotropic wedging in thousands of cells in 3D and with a few
free parameters.
This allowed us to arrive at the following key results. First, our simulations
recapitulate that CE can drive invagination in the absence of wedging [5, 34]. Thus
suggesting that this is a general mechanism, that it does not require forces from
surrounding tissues and that it is also possible in invaginating systems other than the
salivary glands in Drosophila. The invagination is however unreliable and isotropic
wedging plays a complementary role by setting the direction of invagination.
Second, our results predict that anisotropic, PCP-coupled wedging may play a role
in tube formation and elongation. Our model predicts that anisotropy in wedging
maintains axial symmetry of the tube during wrapping. Remarkably, anisotropic
wedging can also effectively result in CE-like cell intercalation and lead to tube
elongation. While we have only tested the contribution of anisotropic wedging in
wrapping, the same principle may apply in budding, were the reported isotropic
wedging [7, 34] seems to become anisotropic along the axis of the tube as it is
elongating [35]. It will be interesting to explore this hypothesis theoretically and
experimentally. Such isotropic to anisotropic transition in wedging has been reported in
Drosophila furrow formation [9, 36]. The visual inspection of tube cross sections in the
pancreas and kidneys suggest that cells are wedged, and while by analogy to neurulation
it is reasonable to expect wedging to be anisotropic, it remains to be confirmed
experimentally by e.g. whole mount 3D imaging of stained tubes.
Third, buckling by differential proliferation (faster at the neuroepithelium/ectoderm
boundary than in the remaining tissue) together with anisotropic wedging within
neuroepithelium is sufficient for tube closure and separation. Differential proliferation
has been proposed by [29] as a mechanism for forming DLHP – regions where the tissue
curvature has the same sign as at medial hinge points (MHP). We find that modifying
the extent of apical constriction or how it is distributed – i.e. throughout entire
neuroepithelium, or combinations of DLHPs and MHP, could not result in tube closure.
Instead, our results highlight the importance of creating opposite curvature at the
boundaries. Our simulations suggest that differential proliferation buckles the
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boundaries and aids tube closure as it curves the epithelium opposite to the curvature
resulting from apical constriction.
Our simulations predict a wide range of proliferation rates capable of producing
sufficient buckling for closure. These results call for testing for differential proliferation
in systems without DLHP’s (by accelerating or reducing proliferation rate in mutants or
by molecular inhibitors [37]). While not immediately feasible, it is also interesting to
consider how to perturb the ”opposite” curvature by interfering with differences in cell
shapes or basal adhesion [28] of the neuroepithelium and ectoderm close to the
boundary.
Models of tubulogenesis date back to at least a few decades [38], however most of
them are limited to 2D and focus on either wedging or cell intercallation. Recently,
Inoue et al. [19] formulated a 3D vertex model of neurulation focusing on cell elongation,
apical constriction, and active cell migration. The model does not include either cell
proliferation, or PCP, but instead relies on active cell migration to pull the neural cells
towards the midline. While successful in bringing folds sufficiently close, it does not
cover the separation of the tube from the sheet. Also, a recent 3D model of tube
budding in lung epithelium arrived at the conclusion that anisotropic wedging can only
result in rounded tubes and is insufficient to drive the entire process [18].
We have demonstrated that cell wedging can be phenomenologically captured in a
point-particle representation. This is not restricted to apical constriction but also covers
e.g. basal constriction and can, in a similar spirit, be extended to capture changes in cell
height and width. This could allow for modeling a wider range of phenomena where
morphological changes are driven by these differences. Furthermore, we are now in a
position to address tube branching in e.g. lungs and vascularization, where cells forming
the tubes also are the ones that secrete organizing signals that locally re-orient PCP
polarities and may induce anisotropic changes in cell shapes.
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Methods
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Model
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Following [20], cells are treated as point particles interacting with neighboring cells
through a pair-potential Vij . The potential has a rotationally symmetric repulsive term
and a polarity-dependent attractive term. In terms of rij (the distance between two
cells i and j), the dimensionless potential can be formulated as
Vij = erij − [λ1 Sij (A) + λ2 Sij (AP ) + λ3 Sij (P )] e−rij /5 .

(4)

The parameters λi are coupling constants which define the strength of polar interactions
in the model. Sij (A) quantifies the coupling between AB polarity and position, whereas
Sij (AP ) and S(P )ij quantify the coupling of PCP with AB and position, respectively,
as described in [20]. These couplings are formulated in in terms of AB vectors pi , PCP
vectors qi and a unit vector r̂ij from cell i to j. The coupling
Sij (AP ) = (pi × qi ) · (pj × qj ) dynamically maintains the orthogonality of the PCP
unit vectors qi and qj to their corresponding AB polarity vectors while lateral
organization is favored by Sij (P ) = (r̂ij × qi ) · (r̂ij × qj ). In the absence of any cell
shape effects, the coupling between AB and position is given by
Sij (A) = (r̂ij × pi ) · (r̂ij × pj ), which favours a flat cell sheet. Wedging of cells is
introduced into our model by a single deformation parameter α, which describes an
attractive interaction between the AB polarity unit vectors pi and pj :
Sij (A) = (r̂ij × p̃i ) · (r̂ij × p̃j ),
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where p̃i is given by
p̃i = pi (for no wedging),
pi − αr̂ij
(for isotropic wedging),
p̃i =
|pi − αr̂ij |
pi − α hq̂iij
p̃i =
(for anisotropic wedging).
|pi − α hq̂iij |

(6)

Here, hq̂iij denotes the mean of PCP vectors qi and qj belonging to the two interacting
cells.
α = 0 favors a flat sheet (see Fig 1A–B) whereas a non-zero α favours bending of AB
polarity vectors towards (or away from) one another and induces curvature in a sheet of
cells (Fig 1C–D).
The time development is simulated by overdamped (relaxational) dynamics along
the gradient of the above potential, Eq (4). In the case of cell divisions, new daughter
cells are placed randomly around the mother cell at a distance of one cell radius.
The source code for the simulations is available on GitHub [39].

Parameter estimation and robustness

Vij = V0 [exp(−r/`) − S exp(−r/(β`))] .

(7)

The overdamped equation of motion (without noise) becomes
∂Vij
,
∂ri

(8)

where vi = ∂ri /∂t. We now introduce dimensionless (tilded) parameters
Vij = V0 Ṽij , ri = `r̃i , vi = v0 ṽi =

`
ṽi .
t0

(9)

and insert the dimensionless parameters in our equation of motion
ṽi = −

V0 ∂ Ṽij
.
`γv0 ∂r̃i

(10)

∂ Ṽ

We expect ∂r̃iji , and thus also |ṽi | to be of order 1 in sheet-orthogonal extrusion.
In [40], a typical value for the dynamical viscosity µ was reported to be on the order of
250Pa s. This can be related to the coefficient γ by Stokes’ Law of viscous drag,
γ = 6πµ`. We now compare our model with epithelial cell extrusion and use the typical
cell speed reported in [41], v0 ≈ 1mm h−1 and use the typical cell size reported in [42],
2` = 13µm. With these numbers, our model predicts a typical extrusion energy on the
order of
12V0 ≈ 12 × 6πµ`2 v0 ≈ 2 × 10−13 J.
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We have tested the robustness of our approach on a number of model cases and find
that, for example, budding can be reproduced with a broad range of wedging
parameters, α ∈ [0.1, 0.6] and for diverse PCP coupling strengths λ3 ∈ [0.8, 0.14]. For
these intervals, the budding is qualitatively similar to that illustrated in Fig 2A.
We further explore our model by re-instating dimensions in the formulation of the
potential and the equation of motion and estimating dimensionful quantities. With
dimensions reinstated, the pair-potential takes the form

0 = γvi +
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The factor of 12 = 2 × 6 is due to the hexagonal structure of the cell sheet. Note, that
our estimate of the extrusion energy is consistent with the finding in [41] for epithelial
cell extrusion. Here, an actomyosin ring is measured to exhibit a contraction force of the
order of 1kPa, which results in an extrusion energy of the order 1kPa × `3 ≈ 3 × 10−13 J.

Modeling neurulation/wrapping

272
273
274
275

276

The starting point for our simulation of neurulation is a planar sheet of cells where a
line with a width of six cell radii is given non-zero wedging strength |α| = α0 > 0 and
all other cells have α = 0. The line is centered at x = 0 and PCP is initialized
orthogonally to this line, along the x direction (q|t=0 = x̂). See S4 Fig.
Cell proliferation is simulated as a Poisson process by choosing a rate Γ for each cell
to divide in each time unit. Only cells at the neuroepithelium-ectoderm interface
(defined as cells with |α| > 0 who are neighbours of cells with α = 0) proliferate (with
rate Γ = Γ0 > 0) while the rest have Γ = 0. Daughter cells inherit all properties of their
mother cell and are initiated randomly in a distance of one cell radius from their mother
cell.
It should be noted that the initial width of the strip is not particularly important,
since wedging will ensure the correct tube width given sufficient proliferation.
All cells in the simulation have the same coupling constants, typically
λ = (0.6, 0.4, 0). Typical values for Γ0 and α0 are 2.8 × 10−4 and 0.5. respectively.

Modeling gastrulation

277
278
279
280
281
282
283
284
285
286
287
288
289
290

291

In our gastrulation simulation, the assignment of PCP and cell wedging is characterized
by two radii, describing an annulus (see S5 Fig):
r0 = 7,
r1 = 3r0 = 21.
PCP is assigned within the disk Ω1 given by
n
o
p
Ω1 = (x, y, z) x2 + y 2 < r1 .
The PCP coupling strength λ is taken to be
(
(0.5, 0.5 − λ3 , λ3 ) inside Ω1 ,
λ=
(1, 0, 0)
everywhere else.

(12)
(13)

(14)

(15)

where a typical value for λ3 is between 0.08 and 0.12.
The PCP vector field q is initially assigned so that it spirals around the axis of tube
formation (the z-axis):
q|t=0 = ẑ × r,

(16)

In the gastrulation simulations, the PCP vector field is fixed on a per-cell basis.
Nonzero apical constriction parameter α is assigned in an annulus Ω2 , which shares
its outer radius with the disk Ω1 :
n
o
p
Ω2 = (x, y, z) r0 < x2 + y 2 < r1 .
(17)
The magnitude of α for the cells in Ω2 is taken as 0.4:
(
0.4 inside Ω2 ,
|α| =
0
everywhere else.

293

(18)

The regions Ω1 and Ω2 are fixed in space and not on a particle basis. The number of
particles in this simulation is N = 4000.
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Modeling budding from plane

296

The budding simulation is, apart from global topology, very similar to the gastrulation
simulation.
The relevant length parameters are
r0 = 5,
r1 = 3r0 = 15.
Two regions are correspondingly defined – the disk Ω1 and the annulus Ω2 :
n
o
p
Ω1 := (x, y, z) x2 + y 2 < r1 ,
n
o
p
Ω2 := (x, y, z) r0 < x2 + y 2 < r1 .
The PCP coupling strength λ is taken to be
(
(0.5, 0.5 − λ3 , λ3 ) inside Ω1 ,
λ=
(1, 0, 0)
everywhere else.

In the gastrulation simulations, the PCP vector field is fixed on a per-cell basis.
Nonzero apical constriction parameter α is assigned in the annulus Ω2 with
magnitude 0.5:
(
0.5 inside Ω2 ,
|α| =
0
everywhere else.

(21)
(22)

(23)

299

(24)
300

(25)

The total number of particles in the simulation is 1384.
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(19)
(20)

where a typical value for λ3 is between 0.08 and 0.12.
The PCP vector field q is initially assigned so that it spirals around the center of
invagination (the origin of coordinates):
q|t=0 = ẑ × r,
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Supporting information
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S1 Fig.

303

Budding outcomes in the absence of wedging.
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Budding outcomes without wedging at high and low noise as well as in the absence
of noise. The first column shows the proportion of normal initiations of tubulation, the
middle column shows failed invaginations while the last column shows misoriented
invaginations.
S2 Fig.

Lack of proliferation.
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307
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309

310

The fate of the neural sheet in our simulations in the absence of proliferation.
S3 Fig.

T1 transition induced by wedging.

311

312

313

The initial configuration of the cell sheet for neurulation.

314

d

}

S4 Fig.

PCP

315

The initial configurations of the cell sheet for neurulation. Wedging is turned on in a
band of width d (gray) with PCP running orthogonal to this band.
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S5 Fig.

The initial configuration of the cell sheet for budding.

318

r1PCP
r0

319

The initial configurations of the cell sheet for budding. Wedging is turned on in an
annulus (gray) where PCP curls around tangentially.
S6 Fig.

Tube splitting observed with excessive proliferation rate.
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S1 Video.

Video of budding simulation.
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S2 Video.

Video of neurulation simulation.
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S3 Video.

Video of neurulation simulation with isotropic wedging.
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S4 Video. Video of a sheet of isotropically apically constricting cells
forming a spherical lumen.
S5 Video.

327
328

Video of sea urchin gastrulation simulation.
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