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1Laboratoire Reproduction et Développement des Plantes, Univ Lyon,
ENS de Lyon, UCB Lyon 1, CNRS, INRA, Inria, Lyon 69342, France

2Centre de Recherche de Biologie cellulaire de Montpellier (CRBM),
Univ Montpellier, CNRS, Montpellier 34293, France

3Laboratoire d’Informatique de Robotique et de Microélectronique de Montpellier (LIRMM),
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Developing biological structures are highly complex systems, within which shape dynamics at
different places is tightly coordinated. One key process at play during development is the regulation
of cell division orientation. In this work, through a reformulation of cell division in terms of its
energetic cost, we propose that oriented cell division is one mechanism by which cells can read
and react to mechanical forces propagating in a tissue even in the absence of interphase cellular
elongation in the direction of these forces. This view reproduces standard geometric division long-
axis rules as a special case of a more general behaviour, in which systematic deviations from these
rules can emerge. We show that states of anisotropic tension in multicellular systems can be the
cause of these deviations, as often experimentally found in living tissues. Our results provide a
unifying view on the different intracellular mechanisms at play in orienting cell division: they are
processes which minimize energy loss, reflecting a trade-off between local and long-range mechanical
signals. The consequences of this competition are explored in simulated tissues and confirmed in
vivo during both the development of the pupal epithelium of dorsal thorax in D. melanogaster and
the epidermal morphogenesis of ascidian embryos.

Author summary

In this work we reformulate the process of cell division orientation in development as a mechanical-
energy optimization. We show that classical rules for division orientation naturally emerge when
a cell minimizes the work performed against its local environment. Moreover, when multicellular
stress profiles are taken into account, observed systematic violations of these rules are explained in
correlation with states of anisotropic tension within the tissue. We confirm our findings experimen-
tally on developing systems imaged with cellular resolution. Our results provide a new paradigm
to understand cell division in multicellular contexts and contribute to building a physical view of
biological phenomena.

I. INTRODUCTION

During animal development, morphogenesis is driven by dynamical processes occurring at specific
positions.

These local processes, however, change the global shape of the system, indicating the presence
of mechanisms through which local shape changes are transmitted to - and interpreted by - cells
located at a distance [1–3]. In spite of the many works investigating the dynamics of shape change
in living systems [4–12], and several studies investigating the nature of the information regulating
these changes [13, 14], how such information propagates and is interpreted remains elusive.

Cell division orientation is one important component of morphogenesis. In animals it contributes
for instance in shaping and elongating tissues, maintaining tissue homeostasis, generating cellular
heterogeneity [15–19]. Cell division orientation is often correlated to cell shape. In both animals
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and plants, the orientation of a cell’s division plane (i.e., the direction orthogonal to the plane) often
aligns with to the long geometrical axis of the cell at interphase- a rule known as Hertwig’s rule
(HR) in animals [15, 20, 21] and Errera’s rule in plants [22, 23].

The division plane orientation is provided by the position of the mitotic spindle [24]. In animal cells,
spindles are anchored to the cell cortex through astral microtubules emerging from the centrosomes
and exerting mechanical forces on them. As a consequence, the spindle equilibrium position due to
these forces has been shown to depend on cell geometry, which provides a physical explanation of
long-axis rules for cell division [25–27]. It has further been shown that, in certain species [21, 28],
microtubles anchoring at the cortex is biased by protein accumulation at tricellular junctions. This
explains why, for instance, division orientation in the Drosophila epidermis is better predicted by
the interphase distribution of tricellular junctions than by the cell shape.

More generally, the action of intra- or extra-cellular mechanical forces on cell division orientation
has been extensively studied [12, 21, 23, 25–31]. In these studies, the predicted division orientation
is in very good agreement with the direction of the cell’s long-axis. These results suggest that it is
not directly cell shape, but rather complex biochemical and biomechanical processes which may be
affected by cell shape, that orient cell division. Despite the generality of such laws, systematic and
reproducible deviations from them are commonly observed experimentally and found to correlate
with states of anisotropic tension in the surrounding tissue [32–35]. These deviating cells often
coexist with cells following HR. To explain at once these two cell populations (respecting HR and
deviating from it), the existence of alternative intracellular mechanisms for spindle positioning has
been proposed, which can be biased by anisotropic tension in the tissue [6, 25, 33, 35].

In spite of these efforts, a unifying understanding of the regulation of division orientation is still
largely missing.

In animals, cell division itself is often accompanied by radical active changes of shape as the cell
proceeds to, through and out of mitosis [16, 36–39]. Mitosis usually does not affect the cell volume
(although exceptions have been reported [36, 39]), but can lead to an increase in apical surface and in
general alters cell form [38–41]. Frequently, an initial increase in cortical tension results in so-called
mitotic rounding, which is then followed by cell elongation along the direction orthogonal to the
division plane during the stage known as anaphase and, later, during the completion of cytokinesis.
Thanks to the burst of new imaging technologies [42–45], the dynamics of cell shape during mitosis
and its robustness against environmental and intrinsic noise can be now investigated in a quantitative
manner.

In tightly-packed tissues, dividing animal cells push against their neighbours to create space to
accommodate shape changes and volume increase during and after mitosis [36, 39]. If a cell’s en-
vironment is too stiff for the cell to deform it, the so-called spindle assembly checkpoint prevents
progression to anaphase and stalls the division process [36]. Division is thus a process in which the
cell’s surrounding feeds back information, used by the cell to control its mitosis. This implies that
the dividing cell spends a certain amount of energy in changing its shape against the mechanical
resistance of surrounding tissues. In [32], a mechanical model for the influence of direct neighbours
on cell division orientation was given: neighbours can change a cell’s long axis due to mechanical
forces depending on their topology. However, this model only accounted for the mechanical influence
of a cell’s long-axis, assuming HR as the standard division rule. Also, no connection to multicellular
mechanical stress patterns was considered. Yet, in light of the results of [36], the ability of a cell to
deform its environment is a key information regulating the progression of its mitotic process. Since
such deformation implies a flow of energy from the cell to its local neighbourhood under the form of
mechanical work, we make the hypothesis that a strong connection exists between the regulation of
cell division and the amount of a cell’s internal energy flowing to its environment through mechanical
forces. However, no physical model has been developed yet to study this phenomenon: filling this
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gap is the main contribution of our work.
In this work, we developed a theoretical model of the energetic cost of cell division and its effect on

cell division orientation. Our results show that cell division proceeds along the path that minimizes
(mechanical) energy dissipation due to a cell’s interaction with its local and remote environments.
This interaction provides the cell with information on the mechanical state of its surroundings. Such
information is mechanically supplied to (and integrated by) a dividing cell and used as a cue to
orient its division plane, which contributes to ensuring a global long-range coherence to evolving
biological forms. Through this energetic view, we can explain at once HR and deviations from it
as limiting cases of a general behaviour. We show that the competing intracellular mechanisms for
division orientation suggested to explain deviations from HR, can be given a unifying view as optimal
responses to minimize energy loss of the dividing cell. Hence, both the intracellular mechanisms
responsible for HR and those biased by tissue tension allow for cellular energy optimisation.

II. CELL DIVISION IN MULTICELLULAR SYSTEMS: AN ENERGETIC VIEWPOINT

Inspired by the shape dynamics observed during cell division in ascidian embryonic epidermis
(Section IV of Supporting Information) and by the results of [36], we assumed here that the portions
of space occupied by the mother cell just before mitosis and by the union of the two daughters just
after mitosis differ. In ascidian embryonic epidermis, for instance, cell division is accompanied by
an increase in the apical surface of the cellular clone (Fig. 4 of Supporting Information).

In our model of the energetics of cell division, we neglected the contribution of cell rounding around
mitosis. The reason for this is that mitotic rounding of apical shape is not always the dominant shape-
changing process: ascidian epidermal cells, as shown in Section IVB of the Supporting Information,
show little mitotic rounding at the level of their apical surface compared to the subsequent surface
elongation. While cells round up in 3D, their apical surfaces are only marginally affected by the
process and tend to keep memory of their interphase shape until anaphase.

In general, the less important are shape changes during mitotic rounding-up compared to the ones
at anaphase and cytokinesis, the more precise our formulation is.

We employed here a classical vertex-based representation of cellular shape [46], according to which
the shape of a 2D cell is abstracted as the positions Ri of its junctions, represented as vertices of a
polygon.

A. The role of local cellular environment

Biological tissues are usually modelled as non-equilibrium viscoelastic mechanical systems [47],
with properties changing with time and observation scale. In many circumstances one can, however,
model the resistance offered by biological matter to displacement as a viscous fluid with viscous
friction parameter η. This simplification allows to explicitly model the energetic cost of shape
changes. Such changes happen against the viscosity of the surroundings, and as such must entail
an energetic price paid by the internal energy of the cell. Interestingly, this view implies that the
direction and amount of deformation needed depends on the orientation of the division plane with
respect to the distribution of cell vertices.

Consider a dividing cell, described by its initial collection of vertices {xi} as represented in Fig. 1.
Once mitotic spindles are positioned and the division plane is fixed, the cell is virtually composed of

its two future daughters 1, 2 with vertices, respectively, {y(i)
1 } and {y(i)

2 }. During and after division,

cells change their shape by moving their vertices from initial positions {y(i)
1,2} to final positions

{z(i)
1,2}, determined by the regular shape of the daughter cells (see Fig. 1). Energy is consumed by
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<latexit sha1_base64="Ta1SzWJzKH8TPfHeqbOOw3QppJM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMn0ph06mYSZiVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udR1Sax/LBTBPsR3QkecgZNVby/YiacRBmT7PB5aBac+vuHGSVeAWpQYHmoPrlD2OWRigNE1Trnucmpp9RZTgTOKv4qcaEsgkdYc9SSSPU/WyeeUbOrDIkYazsk4bM1d8bGY20nkaBncwz6mUvF//zeqkJr/sZl0lqULLFoTAVxMQkL4AMuUJmxNQSyhS3WQkbU0WZsTVVbAne8pdXSfui7rl17/6y1rgp6ijDCZzCOXhwBQ24gya0gEECz/AKb07qvDjvzsditOQUO8fwB87nDy7skcM=</latexit><latexit sha1_base64="Ta1SzWJzKH8TPfHeqbOOw3QppJM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMn0ph06mYSZiVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udR1Sax/LBTBPsR3QkecgZNVby/YiacRBmT7PB5aBac+vuHGSVeAWpQYHmoPrlD2OWRigNE1Trnucmpp9RZTgTOKv4qcaEsgkdYc9SSSPU/WyeeUbOrDIkYazsk4bM1d8bGY20nkaBncwz6mUvF//zeqkJr/sZl0lqULLFoTAVxMQkL4AMuUJmxNQSyhS3WQkbU0WZsTVVbAne8pdXSfui7rl17/6y1rgp6ijDCZzCOXhwBQ24gya0gEECz/AKb07qvDjvzsditOQUO8fwB87nDy7skcM=</latexit><latexit sha1_base64="Ta1SzWJzKH8TPfHeqbOOw3QppJM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMn0ph06mYSZiVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udR1Sax/LBTBPsR3QkecgZNVby/YiacRBmT7PB5aBac+vuHGSVeAWpQYHmoPrlD2OWRigNE1Trnucmpp9RZTgTOKv4qcaEsgkdYc9SSSPU/WyeeUbOrDIkYazsk4bM1d8bGY20nkaBncwz6mUvF//zeqkJr/sZl0lqULLFoTAVxMQkL4AMuUJmxNQSyhS3WQkbU0WZsTVVbAne8pdXSfui7rl17/6y1rgp6ijDCZzCOXhwBQ24gya0gEECz/AKb07qvDjvzsditOQUO8fwB87nDy7skcM=</latexit><latexit sha1_base64="Ta1SzWJzKH8TPfHeqbOOw3QppJM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMn0ph06mYSZiVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udR1Sax/LBTBPsR3QkecgZNVby/YiacRBmT7PB5aBac+vuHGSVeAWpQYHmoPrlD2OWRigNE1Trnucmpp9RZTgTOKv4qcaEsgkdYc9SSSPU/WyeeUbOrDIkYazsk4bM1d8bGY20nkaBncwz6mUvF//zeqkJr/sZl0lqULLFoTAVxMQkL4AMuUJmxNQSyhS3WQkbU0WZsTVVbAne8pdXSfui7rl17/6y1rgp6ijDCZzCOXhwBQ24gya0gEECz/AKb07qvDjvzsditOQUO8fwB87nDy7skcM=</latexit>

x5
<latexit sha1_base64="EKfM1vpRoi6jhy0IkVkt3Rg9Qsg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzBwkcQ=</latexit><latexit sha1_base64="EKfM1vpRoi6jhy0IkVkt3Rg9Qsg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzBwkcQ=</latexit><latexit sha1_base64="EKfM1vpRoi6jhy0IkVkt3Rg9Qsg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzBwkcQ=</latexit><latexit sha1_base64="EKfM1vpRoi6jhy0IkVkt3Rg9Qsg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoseiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzBwkcQ=</latexit>

x6
<latexit sha1_base64="OKVMwfW0hqJ0J68e8/m8af+SsMg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzH0kcU=</latexit><latexit sha1_base64="OKVMwfW0hqJ0J68e8/m8af+SsMg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzH0kcU=</latexit><latexit sha1_base64="OKVMwfW0hqJ0J68e8/m8af+SsMg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzH0kcU=</latexit><latexit sha1_base64="OKVMwfW0hqJ0J68e8/m8af+SsMg=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU37F/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbvzWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPzH0kcU=</latexit>

x7
<latexit sha1_base64="CH8DaWRJbmLLUYksDhZ8Fe3DZZ8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSEuiy6cVnBPqApZTKdtEMnkzBzI5bQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJbe53Hrk2IlYPOE14P6IjJULBKFrJ9yOK4yDMnmaD+qBSdWvuHGSVeAWpQoHmoPLlD2OWRlwhk9SYnucm2M+oRsEkn5X91PCEsgkd8Z6likbc9LN55hk5t8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU1lW4K3/OVV0r6seW7Nu7+qNm6KOkpwCmdwAR7UoQF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AzN4kcY=</latexit><latexit sha1_base64="CH8DaWRJbmLLUYksDhZ8Fe3DZZ8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSEuiy6cVnBPqApZTKdtEMnkzBzI5bQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJbe53Hrk2IlYPOE14P6IjJULBKFrJ9yOK4yDMnmaD+qBSdWvuHGSVeAWpQoHmoPLlD2OWRlwhk9SYnucm2M+oRsEkn5X91PCEsgkd8Z6likbc9LN55hk5t8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU1lW4K3/OVV0r6seW7Nu7+qNm6KOkpwCmdwAR7UoQF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AzN4kcY=</latexit><latexit sha1_base64="CH8DaWRJbmLLUYksDhZ8Fe3DZZ8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSEuiy6cVnBPqApZTKdtEMnkzBzI5bQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJbe53Hrk2IlYPOE14P6IjJULBKFrJ9yOK4yDMnmaD+qBSdWvuHGSVeAWpQoHmoPLlD2OWRlwhk9SYnucm2M+oRsEkn5X91PCEsgkd8Z6likbc9LN55hk5t8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU1lW4K3/OVV0r6seW7Nu7+qNm6KOkpwCmdwAR7UoQF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AzN4kcY=</latexit><latexit sha1_base64="CH8DaWRJbmLLUYksDhZ8Fe3DZZ8=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSEuiy6cVnBPqApZTKdtEMnkzBzI5bQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJbe53Hrk2IlYPOE14P6IjJULBKFrJ9yOK4yDMnmaD+qBSdWvuHGSVeAWpQoHmoPLlD2OWRlwhk9SYnucm2M+oRsEkn5X91PCEsgkd8Z6likbc9LN55hk5t8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU1lW4K3/OVV0r6seW7Nu7+qNm6KOkpwCmdwAR7UoQF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AzN4kcY=</latexit>

y
(2)
1<latexit sha1_base64="/SDzFAQZaGJZ19fXcVx0hcwl12o=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBHqpiRF0GXRjcsK9gFtDJPppB06mYSZiRhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jbX1jc2t7cpOdXdv/+DQPKr1ZJQITLo4YpEY+EgSRjnpKqoYGcSCoNBnpO/Pbgq//0iEpBG/V2lM3BBNOA0oRkpLnlkbhUhN/SBLc895yBqt89wz63bTnsNaJU5J6lCi45lfo3GEk5BwhRmScujYsXIzJBTFjOTVUSJJjPAMTchQU45CIt1snj23zrQytoJI6MeVNVd/b2QolDINfT1ZJJXLXiH+5w0TFVy5GeVxogjHi0NBwiwVWUUR1pgKghVLNUFYUJ3VwlMkEFa6rqouwVn+8irptZqO3XTuLurt67KOCpzAKTTAgUtowy10oAsYnuAZXuHNyI0X4934WIyuGeXOMfyB8fkDcLSUBw==</latexit><latexit sha1_base64="/SDzFAQZaGJZ19fXcVx0hcwl12o=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBHqpiRF0GXRjcsK9gFtDJPppB06mYSZiRhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jbX1jc2t7cpOdXdv/+DQPKr1ZJQITLo4YpEY+EgSRjnpKqoYGcSCoNBnpO/Pbgq//0iEpBG/V2lM3BBNOA0oRkpLnlkbhUhN/SBLc895yBqt89wz63bTnsNaJU5J6lCi45lfo3GEk5BwhRmScujYsXIzJBTFjOTVUSJJjPAMTchQU45CIt1snj23zrQytoJI6MeVNVd/b2QolDINfT1ZJJXLXiH+5w0TFVy5GeVxogjHi0NBwiwVWUUR1pgKghVLNUFYUJ3VwlMkEFa6rqouwVn+8irptZqO3XTuLurt67KOCpzAKTTAgUtowy10oAsYnuAZXuHNyI0X4934WIyuGeXOMfyB8fkDcLSUBw==</latexit><latexit sha1_base64="/SDzFAQZaGJZ19fXcVx0hcwl12o=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBHqpiRF0GXRjcsK9gFtDJPppB06mYSZiRhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jbX1jc2t7cpOdXdv/+DQPKr1ZJQITLo4YpEY+EgSRjnpKqoYGcSCoNBnpO/Pbgq//0iEpBG/V2lM3BBNOA0oRkpLnlkbhUhN/SBLc895yBqt89wz63bTnsNaJU5J6lCi45lfo3GEk5BwhRmScujYsXIzJBTFjOTVUSJJjPAMTchQU45CIt1snj23zrQytoJI6MeVNVd/b2QolDINfT1ZJJXLXiH+5w0TFVy5GeVxogjHi0NBwiwVWUUR1pgKghVLNUFYUJ3VwlMkEFa6rqouwVn+8irptZqO3XTuLurt67KOCpzAKTTAgUtowy10oAsYnuAZXuHNyI0X4934WIyuGeXOMfyB8fkDcLSUBw==</latexit><latexit sha1_base64="/SDzFAQZaGJZ19fXcVx0hcwl12o=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBHqpiRF0GXRjcsK9gFtDJPppB06mYSZiRhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHjxmVyra/jbX1jc2t7cpOdXdv/+DQPKr1ZJQITLo4YpEY+EgSRjnpKqoYGcSCoNBnpO/Pbgq//0iEpBG/V2lM3BBNOA0oRkpLnlkbhUhN/SBLc895yBqt89wz63bTnsNaJU5J6lCi45lfo3GEk5BwhRmScujYsXIzJBTFjOTVUSJJjPAMTchQU45CIt1snj23zrQytoJI6MeVNVd/b2QolDINfT1ZJJXLXiH+5w0TFVy5GeVxogjHi0NBwiwVWUUR1pgKghVLNUFYUJ3VwlMkEFa6rqouwVn+8irptZqO3XTuLurt67KOCpzAKTTAgUtowy10oAsYnuAZXuHNyI0X4934WIyuGeXOMfyB8fkDcLSUBw==</latexit>

y
(3)
1<latexit sha1_base64="DHK6s+rlUqLyYo0C22OqnuxTeew=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjcsK9gFtDJPppB06eTAzEUPIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+Z4MWdSWda3sbK6tr6xWdmqbu/s7u2bB7WujBJBaIdEPBJ9D0vKWUg7iilO+7GgOPA47XnTm8LvPVIhWRTeqzSmToDHIfMZwUpLrlkbBlhNPD9Lc9d+yBrnp7lr1q2mNQNaJnZJ6lCi7Zpfw1FEkoCGinAs5cC2YuVkWChGOM2rw0TSGJMpHtOBpiEOqHSyWfYcnWhlhPxI6BcqNFN/b2Q4kDINPD1ZJJWLXiH+5w0S5V85GQvjRNGQzA/5CUcqQkURaMQEJYqnmmAimM6KyAQLTJSuq6pLsBe/vEy6Z03batp3F/XWdVlHBY7gGBpgwyW04Bba0AECT/AMr/Bm5MaL8W58zEdXjHLnEP7A+PwBcjqUCA==</latexit><latexit sha1_base64="DHK6s+rlUqLyYo0C22OqnuxTeew=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjcsK9gFtDJPppB06eTAzEUPIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+Z4MWdSWda3sbK6tr6xWdmqbu/s7u2bB7WujBJBaIdEPBJ9D0vKWUg7iilO+7GgOPA47XnTm8LvPVIhWRTeqzSmToDHIfMZwUpLrlkbBlhNPD9Lc9d+yBrnp7lr1q2mNQNaJnZJ6lCi7Zpfw1FEkoCGinAs5cC2YuVkWChGOM2rw0TSGJMpHtOBpiEOqHSyWfYcnWhlhPxI6BcqNFN/b2Q4kDINPD1ZJJWLXiH+5w0S5V85GQvjRNGQzA/5CUcqQkURaMQEJYqnmmAimM6KyAQLTJSuq6pLsBe/vEy6Z03batp3F/XWdVlHBY7gGBpgwyW04Bba0AECT/AMr/Bm5MaL8W58zEdXjHLnEP7A+PwBcjqUCA==</latexit><latexit sha1_base64="DHK6s+rlUqLyYo0C22OqnuxTeew=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjcsK9gFtDJPppB06eTAzEUPIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+Z4MWdSWda3sbK6tr6xWdmqbu/s7u2bB7WujBJBaIdEPBJ9D0vKWUg7iilO+7GgOPA47XnTm8LvPVIhWRTeqzSmToDHIfMZwUpLrlkbBlhNPD9Lc9d+yBrnp7lr1q2mNQNaJnZJ6lCi7Zpfw1FEkoCGinAs5cC2YuVkWChGOM2rw0TSGJMpHtOBpiEOqHSyWfYcnWhlhPxI6BcqNFN/b2Q4kDINPD1ZJJWLXiH+5w0S5V85GQvjRNGQzA/5CUcqQkURaMQEJYqnmmAimM6KyAQLTJSuq6pLsBe/vEy6Z03batp3F/XWdVlHBY7gGBpgwyW04Bba0AECT/AMr/Bm5MaL8W58zEdXjHLnEP7A+PwBcjqUCA==</latexit><latexit sha1_base64="DHK6s+rlUqLyYo0C22OqnuxTeew=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlU0GXRjcsK9gFtDJPppB06eTAzEUPIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+Z4MWdSWda3sbK6tr6xWdmqbu/s7u2bB7WujBJBaIdEPBJ9D0vKWUg7iilO+7GgOPA47XnTm8LvPVIhWRTeqzSmToDHIfMZwUpLrlkbBlhNPD9Lc9d+yBrnp7lr1q2mNQNaJnZJ6lCi7Zpfw1FEkoCGinAs5cC2YuVkWChGOM2rw0TSGJMpHtOBpiEOqHSyWfYcnWhlhPxI6BcqNFN/b2Q4kDINPD1ZJJWLXiH+5w0S5V85GQvjRNGQzA/5CUcqQkURaMQEJYqnmmAimM6KyAQLTJSuq6pLsBe/vEy6Z03batp3F/XWdVlHBY7gGBpgwyW04Bba0AECT/AMr/Bm5MaL8W58zEdXjHLnEP7A+PwBcjqUCA==</latexit>

y
(4)
1<latexit sha1_base64="yNbykth+kmyI5HF+dFaKTpYxC4s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkoMuiG5cV7APaGCbTSTt08mBmIoaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98zxYs6ksqxvY219Y3Nru7JT3d3bPzg0j2o9GSWC0C6JeCQGHpaUs5B2FVOcDmJBceBx2vdmN4Xff6RCsii8V2lMnQBPQuYzgpWWXLM2CrCaen6W5q79kDVa57lr1q2mNQdaJXZJ6lCi45pfo3FEkoCGinAs5dC2YuVkWChGOM2ro0TSGJMZntChpiEOqHSyefYcnWlljPxI6BcqNFd/b2Q4kDINPD1ZJJXLXiH+5w0T5V85GQvjRNGQLA75CUcqQkURaMwEJYqnmmAimM6KyBQLTJSuq6pLsJe/vEp6F03batp3rXr7uqyjAidwCg2w4RLacAsd6AKBJ3iGV3gzcuPFeDc+FqNrRrlzDH9gfP4Ac8CUCQ==</latexit><latexit sha1_base64="yNbykth+kmyI5HF+dFaKTpYxC4s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkoMuiG5cV7APaGCbTSTt08mBmIoaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98zxYs6ksqxvY219Y3Nru7JT3d3bPzg0j2o9GSWC0C6JeCQGHpaUs5B2FVOcDmJBceBx2vdmN4Xff6RCsii8V2lMnQBPQuYzgpWWXLM2CrCaen6W5q79kDVa57lr1q2mNQdaJXZJ6lCi45pfo3FEkoCGinAs5dC2YuVkWChGOM2ro0TSGJMZntChpiEOqHSyefYcnWlljPxI6BcqNFd/b2Q4kDINPD1ZJJXLXiH+5w0T5V85GQvjRNGQLA75CUcqQkURaMwEJYqnmmAimM6KyBQLTJSuq6pLsJe/vEp6F03batp3rXr7uqyjAidwCg2w4RLacAsd6AKBJ3iGV3gzcuPFeDc+FqNrRrlzDH9gfP4Ac8CUCQ==</latexit><latexit sha1_base64="yNbykth+kmyI5HF+dFaKTpYxC4s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkoMuiG5cV7APaGCbTSTt08mBmIoaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98zxYs6ksqxvY219Y3Nru7JT3d3bPzg0j2o9GSWC0C6JeCQGHpaUs5B2FVOcDmJBceBx2vdmN4Xff6RCsii8V2lMnQBPQuYzgpWWXLM2CrCaen6W5q79kDVa57lr1q2mNQdaJXZJ6lCi45pfo3FEkoCGinAs5dC2YuVkWChGOM2ro0TSGJMZntChpiEOqHSyefYcnWlljPxI6BcqNFd/b2Q4kDINPD1ZJJXLXiH+5w0T5V85GQvjRNGQLA75CUcqQkURaMwEJYqnmmAimM6KyBQLTJSuq6pLsJe/vEp6F03batp3rXr7uqyjAidwCg2w4RLacAsd6AKBJ3iGV3gzcuPFeDc+FqNrRrlzDH9gfP4Ac8CUCQ==</latexit><latexit sha1_base64="yNbykth+kmyI5HF+dFaKTpYxC4s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkoMuiG5cV7APaGCbTSTt08mBmIoaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98zxYs6ksqxvY219Y3Nru7JT3d3bPzg0j2o9GSWC0C6JeCQGHpaUs5B2FVOcDmJBceBx2vdmN4Xff6RCsii8V2lMnQBPQuYzgpWWXLM2CrCaen6W5q79kDVa57lr1q2mNQdaJXZJ6lCi45pfo3FEkoCGinAs5dC2YuVkWChGOM2ro0TSGJMZntChpiEOqHSyefYcnWlljPxI6BcqNFd/b2Q4kDINPD1ZJJXLXiH+5w0T5V85GQvjRNGQLA75CUcqQkURaMwEJYqnmmAimM6KyBQLTJSuq6pLsJe/vEp6F03batp3rXr7uqyjAidwCg2w4RLacAsd6AKBJ3iGV3gzcuPFeDc+FqNrRrlzDH9gfP4Ac8CUCQ==</latexit>

y
(3)
2<latexit sha1_base64="3KH1C7vocvR+DiKWUOI6K70POQk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyWpgi6LblxWsA9oY5hMJ+3QySTMTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vcn93iMRkkb8Xs1i4oZozGlAMVJa8szqMERq4gfpLPOaD2n9/CzzzJrdsOewVolTkBoUaHvm13AU4SQkXGGGpBw4dqzcFAlFMSNZZZhIEiM8RWMy0JSjkEg3nWfPrFOtjKwgEvpxZc3V3xspCqWchb6ezJPKZS8X//MGiQqu3JTyOFGE48WhIGGWiqy8CGtEBcGKzTRBWFCd1cITJBBWuq6KLsFZ/vIq6TYbjt1w7i5qreuijjIcwwnUwYFLaMEttKEDGJ7gGV7hzciMF+Pd+FiMloxi5wj+wPj8AXPElAk=</latexit><latexit sha1_base64="3KH1C7vocvR+DiKWUOI6K70POQk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyWpgi6LblxWsA9oY5hMJ+3QySTMTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vcn93iMRkkb8Xs1i4oZozGlAMVJa8szqMERq4gfpLPOaD2n9/CzzzJrdsOewVolTkBoUaHvm13AU4SQkXGGGpBw4dqzcFAlFMSNZZZhIEiM8RWMy0JSjkEg3nWfPrFOtjKwgEvpxZc3V3xspCqWchb6ezJPKZS8X//MGiQqu3JTyOFGE48WhIGGWiqy8CGtEBcGKzTRBWFCd1cITJBBWuq6KLsFZ/vIq6TYbjt1w7i5qreuijjIcwwnUwYFLaMEttKEDGJ7gGV7hzciMF+Pd+FiMloxi5wj+wPj8AXPElAk=</latexit><latexit sha1_base64="3KH1C7vocvR+DiKWUOI6K70POQk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyWpgi6LblxWsA9oY5hMJ+3QySTMTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vcn93iMRkkb8Xs1i4oZozGlAMVJa8szqMERq4gfpLPOaD2n9/CzzzJrdsOewVolTkBoUaHvm13AU4SQkXGGGpBw4dqzcFAlFMSNZZZhIEiM8RWMy0JSjkEg3nWfPrFOtjKwgEvpxZc3V3xspCqWchb6ezJPKZS8X//MGiQqu3JTyOFGE48WhIGGWiqy8CGtEBcGKzTRBWFCd1cITJBBWuq6KLsFZ/vIq6TYbjt1w7i5qreuijjIcwwnUwYFLaMEttKEDGJ7gGV7hzciMF+Pd+FiMloxi5wj+wPj8AXPElAk=</latexit><latexit sha1_base64="3KH1C7vocvR+DiKWUOI6K70POQk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyWpgi6LblxWsA9oY5hMJ+3QySTMTMQS8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vcn93iMRkkb8Xs1i4oZozGlAMVJa8szqMERq4gfpLPOaD2n9/CzzzJrdsOewVolTkBoUaHvm13AU4SQkXGGGpBw4dqzcFAlFMSNZZZhIEiM8RWMy0JSjkEg3nWfPrFOtjKwgEvpxZc3V3xspCqWchb6ezJPKZS8X//MGiQqu3JTyOFGE48WhIGGWiqy8CGtEBcGKzTRBWFCd1cITJBBWuq6KLsFZ/vIq6TYbjt1w7i5qreuijjIcwwnUwYFLaMEttKEDGJ7gGV7hzciMF+Pd+FiMloxi5wj+wPj8AXPElAk=</latexit>

y
(4)
2<latexit sha1_base64="sL4Omusr0xoVGToKoTpFWKTa72w=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpBV0W3bisYB/QxjKZTtqhk0mYmYgh5FfcuFDErT/izr9x0mahrQcGDufcyz1zvIhRqWz72yhtbG5t75R3K3v7B4dH5nG1J8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vfpP7/UciJA35vUoi4gZoyqlPMVJaGpvVUYDUzPPTJBs3H9J66yIbmzW7YS9grROnIDUo0BmbX6NJiOOAcIUZknLo2JFyUyQUxYxklVEsSYTwHE3JUFOOAiLddJE9s861MrH8UOjHlbVQf2+kKJAyCTw9mSeVq14u/ucNY+VfuSnlUawIx8tDfswsFVp5EdaECoIVSzRBWFCd1cIzJBBWuq6KLsFZ/fI66TUbjt1w7lq19nVRRxlO4Qzq4MAltOEWOtAFDE/wDK/wZmTGi/FufCxHS0axcwJ/YHz+AHVKlAo=</latexit><latexit sha1_base64="sL4Omusr0xoVGToKoTpFWKTa72w=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpBV0W3bisYB/QxjKZTtqhk0mYmYgh5FfcuFDErT/izr9x0mahrQcGDufcyz1zvIhRqWz72yhtbG5t75R3K3v7B4dH5nG1J8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vfpP7/UciJA35vUoi4gZoyqlPMVJaGpvVUYDUzPPTJBs3H9J66yIbmzW7YS9grROnIDUo0BmbX6NJiOOAcIUZknLo2JFyUyQUxYxklVEsSYTwHE3JUFOOAiLddJE9s861MrH8UOjHlbVQf2+kKJAyCTw9mSeVq14u/ucNY+VfuSnlUawIx8tDfswsFVp5EdaECoIVSzRBWFCd1cIzJBBWuq6KLsFZ/fI66TUbjt1w7lq19nVRRxlO4Qzq4MAltOEWOtAFDE/wDK/wZmTGi/FufCxHS0axcwJ/YHz+AHVKlAo=</latexit><latexit sha1_base64="sL4Omusr0xoVGToKoTpFWKTa72w=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpBV0W3bisYB/QxjKZTtqhk0mYmYgh5FfcuFDErT/izr9x0mahrQcGDufcyz1zvIhRqWz72yhtbG5t75R3K3v7B4dH5nG1J8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vfpP7/UciJA35vUoi4gZoyqlPMVJaGpvVUYDUzPPTJBs3H9J66yIbmzW7YS9grROnIDUo0BmbX6NJiOOAcIUZknLo2JFyUyQUxYxklVEsSYTwHE3JUFOOAiLddJE9s861MrH8UOjHlbVQf2+kKJAyCTw9mSeVq14u/ucNY+VfuSnlUawIx8tDfswsFVp5EdaECoIVSzRBWFCd1cIzJBBWuq6KLsFZ/fI66TUbjt1w7lq19nVRRxlO4Qzq4MAltOEWOtAFDE/wDK/wZmTGi/FufCxHS0axcwJ/YHz+AHVKlAo=</latexit><latexit sha1_base64="sL4Omusr0xoVGToKoTpFWKTa72w=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpBV0W3bisYB/QxjKZTtqhk0mYmYgh5FfcuFDErT/izr9x0mahrQcGDufcyz1zvIhRqWz72yhtbG5t75R3K3v7B4dH5nG1J8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vfpP7/UciJA35vUoi4gZoyqlPMVJaGpvVUYDUzPPTJBs3H9J66yIbmzW7YS9grROnIDUo0BmbX6NJiOOAcIUZknLo2JFyUyQUxYxklVEsSYTwHE3JUFOOAiLddJE9s861MrH8UOjHlbVQf2+kKJAyCTw9mSeVq14u/ucNY+VfuSnlUawIx8tDfswsFVp5EdaECoIVSzRBWFCd1cIzJBBWuq6KLsFZ/fI66TUbjt1w7lq19nVRRxlO4Qzq4MAltOEWOtAFDE/wDK/wZmTGi/FufCxHS0axcwJ/YHz+AHVKlAo=</latexit>

y
(1)
1 /y

(1)
2<latexit sha1_base64="l3q6rdeJ3igtKNaPMkKedIowo68=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaUkFRKMFSyMRaIXqQ2R4zqtVceJbAcpivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozS2vrG5lZ5u7Kzu7d/YB4edWUYC0w6OGSh6HtIEkY56SiqGOlHgqDAY6TnTW/yeu+RCElDfq+SiDgBGnPqU4yURq5ZGwZITTw/TTLXfkjr9ll2voCac+SaVathzQRXjV2YKijUds3v4SjEcUC4wgxJObCtSDkpEopiRrLKMJYkQniKxmSgLUcBkU46OyeDNU1G0A+FflzBGV2cSFEgZRJ4ujPfVC7XcvhfbRAr/8pJKY9iRTief+THDKoQ5tnAERUEK5Zog7CgeleIJ0ggrHSCFR2CvXzyquk2G7bVsO8uqq3rIo4yOAGnoA5scAla4Ba0QQdg8ARewBt4N56NV+PD+Jy3loxi5hj8kfH1C09am5s=</latexit><latexit sha1_base64="l3q6rdeJ3igtKNaPMkKedIowo68=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaUkFRKMFSyMRaIXqQ2R4zqtVceJbAcpivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozS2vrG5lZ5u7Kzu7d/YB4edWUYC0w6OGSh6HtIEkY56SiqGOlHgqDAY6TnTW/yeu+RCElDfq+SiDgBGnPqU4yURq5ZGwZITTw/TTLXfkjr9ll2voCac+SaVathzQRXjV2YKijUds3v4SjEcUC4wgxJObCtSDkpEopiRrLKMJYkQniKxmSgLUcBkU46OyeDNU1G0A+FflzBGV2cSFEgZRJ4ujPfVC7XcvhfbRAr/8pJKY9iRTief+THDKoQ5tnAERUEK5Zog7CgeleIJ0ggrHSCFR2CvXzyquk2G7bVsO8uqq3rIo4yOAGnoA5scAla4Ba0QQdg8ARewBt4N56NV+PD+Jy3loxi5hj8kfH1C09am5s=</latexit><latexit sha1_base64="l3q6rdeJ3igtKNaPMkKedIowo68=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaUkFRKMFSyMRaIXqQ2R4zqtVceJbAcpivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozS2vrG5lZ5u7Kzu7d/YB4edWUYC0w6OGSh6HtIEkY56SiqGOlHgqDAY6TnTW/yeu+RCElDfq+SiDgBGnPqU4yURq5ZGwZITTw/TTLXfkjr9ll2voCac+SaVathzQRXjV2YKijUds3v4SjEcUC4wgxJObCtSDkpEopiRrLKMJYkQniKxmSgLUcBkU46OyeDNU1G0A+FflzBGV2cSFEgZRJ4ujPfVC7XcvhfbRAr/8pJKY9iRTief+THDKoQ5tnAERUEK5Zog7CgeleIJ0ggrHSCFR2CvXzyquk2G7bVsO8uqq3rIo4yOAGnoA5scAla4Ba0QQdg8ARewBt4N56NV+PD+Jy3loxi5hj8kfH1C09am5s=</latexit><latexit sha1_base64="l3q6rdeJ3igtKNaPMkKedIowo68=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaUkFRKMFSyMRaIXqQ2R4zqtVceJbAcpivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozS2vrG5lZ5u7Kzu7d/YB4edWUYC0w6OGSh6HtIEkY56SiqGOlHgqDAY6TnTW/yeu+RCElDfq+SiDgBGnPqU4yURq5ZGwZITTw/TTLXfkjr9ll2voCac+SaVathzQRXjV2YKijUds3v4SjEcUC4wgxJObCtSDkpEopiRrLKMJYkQniKxmSgLUcBkU46OyeDNU1G0A+FflzBGV2cSFEgZRJ4ujPfVC7XcvhfbRAr/8pJKY9iRTief+THDKoQ5tnAERUEK5Zog7CgeleIJ0ggrHSCFR2CvXzyquk2G7bVsO8uqq3rIo4yOAGnoA5scAla4Ba0QQdg8ARewBt4N56NV+PD+Jy3loxi5hj8kfH1C09am5s=</latexit>

y
(5)
1 /y

(2)
2<latexit sha1_base64="FJRiZMOYzO+KfojUbmscxSPJpEo=">AAACDnicbZC7TsMwFIadcivlFmBksagqtUtJKhCMFSyMRaIXqQ2R4zqtVceJbAepivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozC2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW6yeveRCElDfq+mEXECNOLUpxgpjVyzMgiQGnt+Mk1d+yGpXtTSswXU0KhRS12zbNWtmeCqsXNTBrlarvk9GIY4DghXmCEp+7YVKSdBQlHMSFoaxJJECE/QiPS15Sgg0klm56SwoskQ+qHQjys4o4sTCQqknAae7sw2lcu1DP5X68fKv3ISyqNYEY7nH/kxgyqEWTZwSAXBik21QVhQvSvEYyQQVjrBkg7BXj551XQadduq23fn5eZ1HkcRnIBTUAU2uARNcAtaoA0weAIv4A28G8/Gq/FhfM5bC0Y+cwz+yPj6BVdEm6A=</latexit><latexit sha1_base64="FJRiZMOYzO+KfojUbmscxSPJpEo=">AAACDnicbZC7TsMwFIadcivlFmBksagqtUtJKhCMFSyMRaIXqQ2R4zqtVceJbAepivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozC2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW6yeveRCElDfq+mEXECNOLUpxgpjVyzMgiQGnt+Mk1d+yGpXtTSswXU0KhRS12zbNWtmeCqsXNTBrlarvk9GIY4DghXmCEp+7YVKSdBQlHMSFoaxJJECE/QiPS15Sgg0klm56SwoskQ+qHQjys4o4sTCQqknAae7sw2lcu1DP5X68fKv3ISyqNYEY7nH/kxgyqEWTZwSAXBik21QVhQvSvEYyQQVjrBkg7BXj551XQadduq23fn5eZ1HkcRnIBTUAU2uARNcAtaoA0weAIv4A28G8/Gq/FhfM5bC0Y+cwz+yPj6BVdEm6A=</latexit><latexit sha1_base64="FJRiZMOYzO+KfojUbmscxSPJpEo=">AAACDnicbZC7TsMwFIadcivlFmBksagqtUtJKhCMFSyMRaIXqQ2R4zqtVceJbAepivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozC2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW6yeveRCElDfq+mEXECNOLUpxgpjVyzMgiQGnt+Mk1d+yGpXtTSswXU0KhRS12zbNWtmeCqsXNTBrlarvk9GIY4DghXmCEp+7YVKSdBQlHMSFoaxJJECE/QiPS15Sgg0klm56SwoskQ+qHQjys4o4sTCQqknAae7sw2lcu1DP5X68fKv3ISyqNYEY7nH/kxgyqEWTZwSAXBik21QVhQvSvEYyQQVjrBkg7BXj551XQadduq23fn5eZ1HkcRnIBTUAU2uARNcAtaoA0weAIv4A28G8/Gq/FhfM5bC0Y+cwz+yPj6BVdEm6A=</latexit><latexit sha1_base64="FJRiZMOYzO+KfojUbmscxSPJpEo=">AAACDnicbZC7TsMwFIadcivlFmBksagqtUtJKhCMFSyMRaIXqQ2R4zqtVceJbAepivIELLwKCwMIsTKz8TY4bYbS8kuWfn3nHPmc34sYlcqyfozC2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW6yeveRCElDfq+mEXECNOLUpxgpjVyzMgiQGnt+Mk1d+yGpXtTSswXU0KhRS12zbNWtmeCqsXNTBrlarvk9GIY4DghXmCEp+7YVKSdBQlHMSFoaxJJECE/QiPS15Sgg0klm56SwoskQ+qHQjys4o4sTCQqknAae7sw2lcu1DP5X68fKv3ISyqNYEY7nH/kxgyqEWTZwSAXBik21QVhQvSvEYyQQVjrBkg7BXj551XQadduq23fn5eZ1HkcRnIBTUAU2uARNcAtaoA0weAIv4A28G8/Gq/FhfM5bC0Y+cwz+yPj6BVdEm6A=</latexit>

z
(5)
1 /z

(2)
2<latexit sha1_base64="S9urVrj787LoLBbhMcmn7x/gx3M=">AAACDnicbZC7TsMwFIYdrqXcAowsFlWldilJBYKxgoWxSPQitSFyXKe16jiR7SCVKE/AwquwMIAQKzMbb4PTZigtv2Tp13fOkc/5vYhRqSzrx1hZXVvf2CxsFbd3dvf2zYPDtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XVW7zwQIWnI79QkIk6Ahpz6FCOlkWuW+wFSI89PHlPXvk8q59X0dA7VNapXU9csWTVrKrhs7NyUQK6ma373ByGOA8IVZkjKnm1FykmQUBQzkhb7sSQRwmM0JD1tOQqIdJLpOSksazKAfij04wpO6fxEggIpJ4GnO7NN5WItg//VerHyL52E8ihWhOPZR37MoAphlg0cUEGwYhNtEBZU7wrxCAmElU6wqEOwF09eNu16zbZq9u1ZqXGVx1EAx+AEVIANLkAD3IAmaAEMnsALeAPvxrPxanwYn7PWFSOfOQJ/ZHz9Alpxm6I=</latexit><latexit sha1_base64="S9urVrj787LoLBbhMcmn7x/gx3M=">AAACDnicbZC7TsMwFIYdrqXcAowsFlWldilJBYKxgoWxSPQitSFyXKe16jiR7SCVKE/AwquwMIAQKzMbb4PTZigtv2Tp13fOkc/5vYhRqSzrx1hZXVvf2CxsFbd3dvf2zYPDtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XVW7zwQIWnI79QkIk6Ahpz6FCOlkWuW+wFSI89PHlPXvk8q59X0dA7VNapXU9csWTVrKrhs7NyUQK6ma373ByGOA8IVZkjKnm1FykmQUBQzkhb7sSQRwmM0JD1tOQqIdJLpOSksazKAfij04wpO6fxEggIpJ4GnO7NN5WItg//VerHyL52E8ihWhOPZR37MoAphlg0cUEGwYhNtEBZU7wrxCAmElU6wqEOwF09eNu16zbZq9u1ZqXGVx1EAx+AEVIANLkAD3IAmaAEMnsALeAPvxrPxanwYn7PWFSOfOQJ/ZHz9Alpxm6I=</latexit><latexit sha1_base64="S9urVrj787LoLBbhMcmn7x/gx3M=">AAACDnicbZC7TsMwFIYdrqXcAowsFlWldilJBYKxgoWxSPQitSFyXKe16jiR7SCVKE/AwquwMIAQKzMbb4PTZigtv2Tp13fOkc/5vYhRqSzrx1hZXVvf2CxsFbd3dvf2zYPDtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XVW7zwQIWnI79QkIk6Ahpz6FCOlkWuW+wFSI89PHlPXvk8q59X0dA7VNapXU9csWTVrKrhs7NyUQK6ma373ByGOA8IVZkjKnm1FykmQUBQzkhb7sSQRwmM0JD1tOQqIdJLpOSksazKAfij04wpO6fxEggIpJ4GnO7NN5WItg//VerHyL52E8ihWhOPZR37MoAphlg0cUEGwYhNtEBZU7wrxCAmElU6wqEOwF09eNu16zbZq9u1ZqXGVx1EAx+AEVIANLkAD3IAmaAEMnsALeAPvxrPxanwYn7PWFSOfOQJ/ZHz9Alpxm6I=</latexit><latexit sha1_base64="S9urVrj787LoLBbhMcmn7x/gx3M=">AAACDnicbZC7TsMwFIYdrqXcAowsFlWldilJBYKxgoWxSPQitSFyXKe16jiR7SCVKE/AwquwMIAQKzMbb4PTZigtv2Tp13fOkc/5vYhRqSzrx1hZXVvf2CxsFbd3dvf2zYPDtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88XVW7zwQIWnI79QkIk6Ahpz6FCOlkWuW+wFSI89PHlPXvk8q59X0dA7VNapXU9csWTVrKrhs7NyUQK6ma373ByGOA8IVZkjKnm1FykmQUBQzkhb7sSQRwmM0JD1tOQqIdJLpOSksazKAfij04wpO6fxEggIpJ4GnO7NN5WItg//VerHyL52E8ihWhOPZR37MoAphlg0cUEGwYhNtEBZU7wrxCAmElU6wqEOwF09eNu16zbZq9u1ZqXGVx1EAx+AEVIANLkAD3IAmaAEMnsALeAPvxrPxanwYn7PWFSOfOQJ/ZHz9Alpxm6I=</latexit>

z
(1)
1 /z

(1)
2<latexit sha1_base64="gj9N4612rFpIL2myF5lxAgpH3E4=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaXEFRKMFSyMRaIXqQ2R4zqtVceJbAepRHkCFl6FhQGEWJnZeBvcNgO0/JKlX985Rz7n92POlHacb6uwsrq2vlHcLG1t7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3446tpvXNPpWKRuNWTmLohHgoWMIK1QZ5d6YdYj/wgfcg8dJdW0Ul2+gvV58izy07NmQkuG5SbMsjV9Oyv/iAiSUiFJhwr1UNOrN0US80Ip1mpnygaYzLGQ9ozVuCQKjednZPBiiEDGETSPKHhjP6eSHGo1CT0Ted0U7VYm8L/ar1EBxduykScaCrI/KMg4VBHcJoNHDBJieYTYzCRzOwKyQhLTLRJsGRCQIsnL5t2vYacGro5Kzcu8ziK4AgcgypA4Bw0wDVoghYg4BE8g1fwZj1ZL9a79TFvLVj5zCH4I+vzB1KHm50=</latexit><latexit sha1_base64="gj9N4612rFpIL2myF5lxAgpH3E4=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaXEFRKMFSyMRaIXqQ2R4zqtVceJbAepRHkCFl6FhQGEWJnZeBvcNgO0/JKlX985Rz7n92POlHacb6uwsrq2vlHcLG1t7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3446tpvXNPpWKRuNWTmLohHgoWMIK1QZ5d6YdYj/wgfcg8dJdW0Ul2+gvV58izy07NmQkuG5SbMsjV9Oyv/iAiSUiFJhwr1UNOrN0US80Ip1mpnygaYzLGQ9ozVuCQKjednZPBiiEDGETSPKHhjP6eSHGo1CT0Ted0U7VYm8L/ar1EBxduykScaCrI/KMg4VBHcJoNHDBJieYTYzCRzOwKyQhLTLRJsGRCQIsnL5t2vYacGro5Kzcu8ziK4AgcgypA4Bw0wDVoghYg4BE8g1fwZj1ZL9a79TFvLVj5zCH4I+vzB1KHm50=</latexit><latexit sha1_base64="gj9N4612rFpIL2myF5lxAgpH3E4=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaXEFRKMFSyMRaIXqQ2R4zqtVceJbAepRHkCFl6FhQGEWJnZeBvcNgO0/JKlX985Rz7n92POlHacb6uwsrq2vlHcLG1t7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3446tpvXNPpWKRuNWTmLohHgoWMIK1QZ5d6YdYj/wgfcg8dJdW0Ul2+gvV58izy07NmQkuG5SbMsjV9Oyv/iAiSUiFJhwr1UNOrN0US80Ip1mpnygaYzLGQ9ozVuCQKjednZPBiiEDGETSPKHhjP6eSHGo1CT0Ted0U7VYm8L/ar1EBxduykScaCrI/KMg4VBHcJoNHDBJieYTYzCRzOwKyQhLTLRJsGRCQIsnL5t2vYacGro5Kzcu8ziK4AgcgypA4Bw0wDVoghYg4BE8g1fwZj1ZL9a79TFvLVj5zCH4I+vzB1KHm50=</latexit><latexit sha1_base64="gj9N4612rFpIL2myF5lxAgpH3E4=">AAACDnicbZC7TsMwFIadcivlFmBksagqlaXEFRKMFSyMRaIXqQ2R4zqtVceJbAepRHkCFl6FhQGEWJnZeBvcNgO0/JKlX985Rz7n92POlHacb6uwsrq2vlHcLG1t7+zu2fsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3446tpvXNPpWKRuNWTmLohHgoWMIK1QZ5d6YdYj/wgfcg8dJdW0Ul2+gvV58izy07NmQkuG5SbMsjV9Oyv/iAiSUiFJhwr1UNOrN0US80Ip1mpnygaYzLGQ9ozVuCQKjednZPBiiEDGETSPKHhjP6eSHGo1CT0Ted0U7VYm8L/ar1EBxduykScaCrI/KMg4VBHcJoNHDBJieYTYzCRzOwKyQhLTLRJsGRCQIsnL5t2vYacGro5Kzcu8ziK4AgcgypA4Bw0wDVoghYg4BE8g1fwZj1ZL9a79TFvLVj5zCH4I+vzB1KHm50=</latexit>z

(2)
1<latexit sha1_base64="jvN6QQWK1/nUXBzKmysWITxJHGY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQa8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vc793gMRkkb8Ts1i4oZozGlAMVJa8szqMERq4gfpU+Y592m9eZZ5Zs1u2HNYq8QpSA0KtD3zaziKcBISrjBDUg4cO1ZuioSimJGsMkwkiRGeojEZaMpRSKSbzrNn1qlWRlYQCf24subq740UhVLOQl9P5knlspeL/3mDRAWXbkp5nCjC8eJQkDBLRVZehDWigmDFZpogLKjOauEJEggrXVdFl+Asf3mVdJsNx244t+e11lVRRxmO4QTq4MAFtOAG2tABDI/wDK/wZmTGi/FufCxGS0axcwR/YHz+AHJBlAg=</latexit><latexit sha1_base64="jvN6QQWK1/nUXBzKmysWITxJHGY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQa8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vc793gMRkkb8Ts1i4oZozGlAMVJa8szqMERq4gfpU+Y592m9eZZ5Zs1u2HNYq8QpSA0KtD3zaziKcBISrjBDUg4cO1ZuioSimJGsMkwkiRGeojEZaMpRSKSbzrNn1qlWRlYQCf24subq740UhVLOQl9P5knlspeL/3mDRAWXbkp5nCjC8eJQkDBLRVZehDWigmDFZpogLKjOauEJEggrXVdFl+Asf3mVdJsNx244t+e11lVRRxmO4QTq4MAFtOAG2tABDI/wDK/wZmTGi/FufCxGS0axcwR/YHz+AHJBlAg=</latexit><latexit sha1_base64="jvN6QQWK1/nUXBzKmysWITxJHGY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQa8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vc793gMRkkb8Ts1i4oZozGlAMVJa8szqMERq4gfpU+Y592m9eZZ5Zs1u2HNYq8QpSA0KtD3zaziKcBISrjBDUg4cO1ZuioSimJGsMkwkiRGeojEZaMpRSKSbzrNn1qlWRlYQCf24subq740UhVLOQl9P5knlspeL/3mDRAWXbkp5nCjC8eJQkDBLRVZehDWigmDFZpogLKjOauEJEggrXVdFl+Asf3mVdJsNx244t+e11lVRRxmO4QTq4MAFtOAG2tABDI/wDK/wZmTGi/FufCxGS0axcwR/YHz+AHJBlAg=</latexit><latexit sha1_base64="jvN6QQWK1/nUXBzKmysWITxJHGY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQa8ituXCji1h9x5984abPQ1gMDh3Pu5Z45fsyoVLb9bZTW1jc2t8rblZ3dvf0D87DalVEiMOngiEWi7yNJGOWko6hipB8LgkKfkZ4/vc793gMRkkb8Ts1i4oZozGlAMVJa8szqMERq4gfpU+Y592m9eZZ5Zs1u2HNYq8QpSA0KtD3zaziKcBISrjBDUg4cO1ZuioSimJGsMkwkiRGeojEZaMpRSKSbzrNn1qlWRlYQCf24subq740UhVLOQl9P5knlspeL/3mDRAWXbkp5nCjC8eJQkDBLRVZehDWigmDFZpogLKjOauEJEggrXVdFl+Asf3mVdJsNx244t+e11lVRRxmO4QTq4MAFtOAG2tABDI/wDK/wZmTGi/FufCxGS0axcwR/YHz+AHJBlAg=</latexit>

z
(3)
1<latexit sha1_base64="1gfE8iw/GhUivHaT5V6w21AUb70=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkqigi6LblxWsA9oY5hMJ+3QyYOZiVhDfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHizmTyrK+jdLK6tr6RnmzsrW9s7tn7lc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtNrnO/+0CFZFF4p6YxdQI8CpnPCFZacs3qIMBq7PnpU+ba92n97CRzzZrVsGZAy8QuSA0KtFzzazCMSBLQUBGOpezbVqycFAvFCKdZZZBIGmMywSPa1zTEAZVOOsueoWOtDJEfCf1ChWbq740UB1JOA09P5knlopeL/3n9RPmXTsrCOFE0JPNDfsKRilBeBBoyQYniU00wEUxnRWSMBSZK11XRJdiLX14mndOGbTXs2/Na86qoowyHcAR1sOECmnADLWgDgUd4hld4MzLjxXg3PuajJaPYOYA/MD5/AHPHlAk=</latexit><latexit sha1_base64="1gfE8iw/GhUivHaT5V6w21AUb70=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkqigi6LblxWsA9oY5hMJ+3QyYOZiVhDfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHizmTyrK+jdLK6tr6RnmzsrW9s7tn7lc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtNrnO/+0CFZFF4p6YxdQI8CpnPCFZacs3qIMBq7PnpU+ba92n97CRzzZrVsGZAy8QuSA0KtFzzazCMSBLQUBGOpezbVqycFAvFCKdZZZBIGmMywSPa1zTEAZVOOsueoWOtDJEfCf1ChWbq740UB1JOA09P5knlopeL/3n9RPmXTsrCOFE0JPNDfsKRilBeBBoyQYniU00wEUxnRWSMBSZK11XRJdiLX14mndOGbTXs2/Na86qoowyHcAR1sOECmnADLWgDgUd4hld4MzLjxXg3PuajJaPYOYA/MD5/AHPHlAk=</latexit><latexit sha1_base64="1gfE8iw/GhUivHaT5V6w21AUb70=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkqigi6LblxWsA9oY5hMJ+3QyYOZiVhDfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHizmTyrK+jdLK6tr6RnmzsrW9s7tn7lc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtNrnO/+0CFZFF4p6YxdQI8CpnPCFZacs3qIMBq7PnpU+ba92n97CRzzZrVsGZAy8QuSA0KtFzzazCMSBLQUBGOpezbVqycFAvFCKdZZZBIGmMywSPa1zTEAZVOOsueoWOtDJEfCf1ChWbq740UB1JOA09P5knlopeL/3n9RPmXTsrCOFE0JPNDfsKRilBeBBoyQYniU00wEUxnRWSMBSZK11XRJdiLX14mndOGbTXs2/Na86qoowyHcAR1sOECmnADLWgDgUd4hld4MzLjxXg3PuajJaPYOYA/MD5/AHPHlAk=</latexit><latexit sha1_base64="1gfE8iw/GhUivHaT5V6w21AUb70=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkqigi6LblxWsA9oY5hMJ+3QyYOZiVhDfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHizmTyrK+jdLK6tr6RnmzsrW9s7tn7lc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtNrnO/+0CFZFF4p6YxdQI8CpnPCFZacs3qIMBq7PnpU+ba92n97CRzzZrVsGZAy8QuSA0KtFzzazCMSBLQUBGOpezbVqycFAvFCKdZZZBIGmMywSPa1zTEAZVOOsueoWOtDJEfCf1ChWbq740UB1JOA09P5knlopeL/3n9RPmXTsrCOFE0JPNDfsKRilBeBBoyQYniU00wEUxnRWSMBSZK11XRJdiLX14mndOGbTXs2/Na86qoowyHcAR1sOECmnADLWgDgUd4hld4MzLjxXg3PuajJaPYOYA/MD5/AHPHlAk=</latexit>

z
(4)
1<latexit sha1_base64="lgh1e0lFXgbY+UjruVq5qyB2PcE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoiBV0W3bisYB/QxjCZTtqhkwczE7GG/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6W19Y3NrfJ2ZWd3b//APKx2ZZQIQjsk4pHoe1hSzkLaUUxx2o8FxYHHac+bXud+74EKyaLwTs1i6gR4HDKfEay05JrVYYDVxPPTp8y179N68yxzzZrVsOZAq8QuSA0KtF3zaziKSBLQUBGOpRzYVqycFAvFCKdZZZhIGmMyxWM60DTEAZVOOs+eoVOtjJAfCf1Chebq740UB1LOAk9P5knlspeL/3mDRPmXTsrCOFE0JItDfsKRilBeBBoxQYniM00wEUxnRWSCBSZK11XRJdjLX14l3fOGbTXs22atdVXUUYZjOIE62HABLbiBNnSAwCM8wyu8GZnxYrwbH4vRklHsHMEfGJ8/dU2UCg==</latexit><latexit sha1_base64="lgh1e0lFXgbY+UjruVq5qyB2PcE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoiBV0W3bisYB/QxjCZTtqhkwczE7GG/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6W19Y3NrfJ2ZWd3b//APKx2ZZQIQjsk4pHoe1hSzkLaUUxx2o8FxYHHac+bXud+74EKyaLwTs1i6gR4HDKfEay05JrVYYDVxPPTp8y179N68yxzzZrVsOZAq8QuSA0KtF3zaziKSBLQUBGOpRzYVqycFAvFCKdZZZhIGmMyxWM60DTEAZVOOs+eoVOtjJAfCf1Chebq740UB1LOAk9P5knlspeL/3mDRPmXTsrCOFE0JItDfsKRilBeBBoxQYniM00wEUxnRWSCBSZK11XRJdjLX14l3fOGbTXs22atdVXUUYZjOIE62HABLbiBNnSAwCM8wyu8GZnxYrwbH4vRklHsHMEfGJ8/dU2UCg==</latexit><latexit sha1_base64="lgh1e0lFXgbY+UjruVq5qyB2PcE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoiBV0W3bisYB/QxjCZTtqhkwczE7GG/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6W19Y3NrfJ2ZWd3b//APKx2ZZQIQjsk4pHoe1hSzkLaUUxx2o8FxYHHac+bXud+74EKyaLwTs1i6gR4HDKfEay05JrVYYDVxPPTp8y179N68yxzzZrVsOZAq8QuSA0KtF3zaziKSBLQUBGOpRzYVqycFAvFCKdZZZhIGmMyxWM60DTEAZVOOs+eoVOtjJAfCf1Chebq740UB1LOAk9P5knlspeL/3mDRPmXTsrCOFE0JItDfsKRilBeBBoxQYniM00wEUxnRWSCBSZK11XRJdjLX14l3fOGbTXs22atdVXUUYZjOIE62HABLbiBNnSAwCM8wyu8GZnxYrwbH4vRklHsHMEfGJ8/dU2UCg==</latexit><latexit sha1_base64="lgh1e0lFXgbY+UjruVq5qyB2PcE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahbkoiBV0W3bisYB/QxjCZTtqhkwczE7GG/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOF3MmlWV9G6W19Y3NrfJ2ZWd3b//APKx2ZZQIQjsk4pHoe1hSzkLaUUxx2o8FxYHHac+bXud+74EKyaLwTs1i6gR4HDKfEay05JrVYYDVxPPTp8y179N68yxzzZrVsOZAq8QuSA0KtF3zaziKSBLQUBGOpRzYVqycFAvFCKdZZZhIGmMyxWM60DTEAZVOOs+eoVOtjJAfCf1Chebq740UB1LOAk9P5knlspeL/3mDRPmXTsrCOFE0JItDfsKRilBeBBoxQYniM00wEUxnRWSCBSZK11XRJdjLX14l3fOGbTXs22atdVXUUYZjOIE62HABLbiBNnSAwCM8wyu8GZnxYrwbH4vRklHsHMEfGJ8/dU2UCg==</latexit>

z
(3)
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Environment as a homogenous 
viscous fluid

Cell determines 
its division plane

Mother and/or daughter cells 
undergo specific shape changes 

against viscous resistance

FIG. 1: 2D representation of cell division in a viscous environment. A cell with 5 neighbours and a given rest shape (vertex

positions {xi}) divides, creating two daughter cells with, respectively, 5 and 4 neighbours and shapes given by vertices {y(i)
1 }

and {y(i)
2 }. These two cells deform their surrounding environment to achieve specific regular shapes (for instance, spherical

cells), given by vertex positions {z(i)1 } and {z(i)2 }. The latter depend on the orientation n of the division plane. Each vertex

follows a trajectory τ i(n̂) from its initial position y(i) to its final position z(i).

the viscosity of the medium due to viscous friction forces −ηv acting on each vertex moving with
velocity v. We stress here that, due to our representation of cells as a collection of vertices, these
viscous forces act on point particles (the vertices) rather than on extended objects. The work Wη of
friction forces is

Wη

η
=

κ1∑
i=1

∫
τ i1(n̂)

v
(i)
1 · dp(i)

1 +

κ2∑
j=1

∫
τ j2 (n̂)

v
(j)
2 · dp(j)

2 , (1)

where τ ik(n̂), k = 1, 2 is the trajectory followed by the i-th vertex of daughter cell 1 (2), which

depends on the division orientation n̂, p
(i)
1(2)(t) its instantaneous position along the trajectory, v

(i)
1(2)(t)

its finite velocity,
∑κ1 (

∑κ2) runs over all κ1 (κ2) vertices of daughter cell 1 (2) (common vertices
contribute with weight 1/2 in both sums). Here and in what follows, a cell division orientation is
defined as the direction orthogonal to the cell division plane (i.e., the direction orthogonal to the
segment x6 − x7 in Fig. 1). The work in Eq. (1) depends on the amount of deformation required
to accommodate the daughters’ final shapes. A natural consequence of this is that different division
orientations correspond to different amounts of energy consumed by the dividing cell ∆U c(n̂) = −Wη.
This formulation of the energetic cost of cell division (and its generalization, see Eq. (3) in the
following) is the first contribution of this work.

B. Long-range mechanical contribution to the energetics of cell division

Cells or tissues also actively change their shape, as a result of intra-cellular processes and/or
the effect of external interactions [1, 2, 30, 47–50]. Like any movement of matter, an active local
change in shape implies the build-up of mechanical forces within the tissue, whose distance of
propagation depends on the properties of the cellular medium [47]. These forces create mechanical
stress within the tissue, whose magnitude decreases with the distance from the center of the active
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process. We formalize these ideas considering a generic morphodynamic process σ at position rσ (for
instance, a cell actively changing its shape) which exerts a force Fσ(r, rσ) = ψσ(r, rσ)ŵσ(r, rσ) at any
position r in the tissue, of intensity ψσ(r, rσ) and direction ŵσ(r, rσ). Writing ψσ = Fσh

(
d(r, rσ)

)
,

where Fσ is the force intensity at the position of the process σ, h(x) is a monotonically decreasing
function with h(0) = 1 (accounting for the decrease of stress magnitude with distance, due to the
viscoplastic properties of living tissues [47, 51, 52]), d(r, rσ) is the euclidean distance between r and
the process σ and fσ(r, rσ) = ŵσ(r, rσ)h

(
d(r, rσ)

)
, the total force at a position r exerted by all active

morphodynamic processes at play within the tissue is

F(r) =
∑
σ

ψσ(r, rσ)ŵσ(r, rσ) =
∑
σ

Fσfσ(r, rσ). (2)

In what follows, to simplify notation, we often kept the dependence of Fσ on rσ implicit and simply
wrote Fσ=Fσ(r). The effect of the total force in Eq. (2) is also “felt” by dividing cells as it alters
the mechanical state of their environment. Along its trajectory from y(i) to z(i) during cell division,
a vertex at instantaneous position p(i)(t) will feel the force F(p(i)(t)) acting on it, on top of the
viscous friction η of the local environment. This force exerts mechanical work on the vertex and
alters the energetic cost of the dividing cell: the more intense the force F(p(i)(t)), the easier for the
vertex to move along its direction. As a result, the long-range forces of Eq. (2) supply a part of
the energy needed for shape changes during and after mitosis. The total change in a cell’s internal
energy during division is thus due to the energy spent against friction forces plus the work performed
by the external forces in Eq. (2). This can be quantified as

∆U c(n̂)

η
=

κ1∑
i=1

∫
τ i1(n̂)

(∑
σ

φσfσ(p
(i)
1 )− v

(i)
1

)
· dp(i)

1 +

κ2∑
j=1

∫
τ j2 (n̂)

(∑
σ

φσfσ(p
(j)
2 )− v

(j)
2

)
· dp(j)

2 . (3)

This is the energy that a dividing cell actively employs to change its shape. ∆U c stems from the
multiscale competition between the passive resistance of the local cellular neighbourhood (against
which the dividing cell actively spends the energy given in Eq. (1)) and the long-range mechanical
stress produced by the other concurrent active processes in Eq. (2), external to the dividing cell.
∆U c is also a function of the cell’s division orientation through the trajectories τ i(n̂). This compe-
tition between the viscous friction η of the local environment and the force Fσ generated by active
morphological changes is captured by the ratio φσ = Fσ

η
. Be vm a typical value of vertex displacement

speed during cell division. Then, when φσ � vm, the force exerted by the process σ dominates over
the local resistance of the environment to deformation; on the other hand, when φσ � vm, the force
Fσ is negligible and viscosity dominates. This competition, captured by Eq. (3), is the cornerstone
of our work and provides an energetic standpoint to understand energy fluxes between a dividing
cell and its local and distant environments. Equation (3) quantifies the change in the internal energy
of a dividing cell, as a function of the orientation of its mitotic plane. In the next Section, we will
employ this equation to characterize the energetic behaviour of proliferating tissues in developing
biological systems.

It is worth stressing at this point that the effect of mechanical forces in Eq. (3) is fully independent
of the possible interphase strain they induce on the cell: in Eq. (3) the consequences of stress
anisotropy are independent on whether the cell elongates during interphase in the direction of stress.
This is indeed what was observed in several in vivo situations [34, 35]: mechanical stress in a tissue
correlates with division orientations even in the absence of cellular interphase elongation in the
direction of stress, leading to systematic violations of geometric rules for cell division.
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FIG. 2: Distribution of deviation angles between predictions of Eq. (1) and cell main elongation ((a), χHR) or main direction
of tricellular junctions distribution ((b), χTCJ). Specifically, χHR = arccos |n̂0 · n̂HR|, χTCJ = arccos |n̂0 · n̂TCJ|. Results are
obtained for 104 randomly simulated cells. Here n̂0 minimizes Eq. (1); n̂HR is the cell’s main elongation axis and n̂CJ the main
direction of its tricellular junctions. Red points (right vertical scale) give the average eccentricity of the ellipses approximating
each cell in each histogram bar. 90% of cells have χTCJ < 22◦ and χHR < 30◦, in agreement with what is found in vivo [21].

III. EMERGING BEHAVIOURS

A. Isolated tissues

Equation (3) has several interesting consequences. For isolated tissues in the absence of mechanical
cues (φσ = 0), cell geometry is expected to guide the orientation of cell division. The local part of
Eq. (3), i.e., Eq. (1), is able to account for and physically explain this fact, as shown in Fig. 2 for
104 cells, whose shape and vertices distribution were randomly simulated as explained in Section I of
the Supporting Information. For each of them, Eq. (1) was numerically minimized with the help of
biologically-relevant simplifying assumptions, as explained in details in Section II of the Supporting
Information. As shown in Fig. 2, the energetically optimal direction n̂0 minimizing Eq. (1) correlates
with both the main elongation axis n̂HR and the principal direction of the distribution of tricellular
junctions (in our model, cell vertices) n̂TCJ. Interestingly, the agreement of Eq. (1) to n̂TCJ is higher
than to n̂HR, supporting tricellular junctions as the main geometrical cue for division orientation
in 2D structures, as shown in [21]. This shows how the direction determined by cell elongation is
often also the one along which shape changes can happen at the lowest energetic cost in viscous
environments. Cells following HR (or the tricellular-junction rule) are the ones minimizing their
energy loss.

This illustrates that cells following geometric rules have an energetic advantage.

B. 2D tissue development: Drosophila dorsal thorax pupal epithelium

To further test the predictions of Eq. (1), we studied division orientation distribution during the
development of the pupal epithelium of dorsal thorax of D. melanogaster. Using the dataset from
[7], we reconstructed and tracked cells from the central patch of the developing tissue, during 14h
of development. From this reconstruction, using the DRACO-STEM library [53], we further built a
polygonal approximation of each cell which respects the original topology, as shown in Fig. 3, from
which cell-junction (vertex) positions were extracted. As shown in [7], cell patches in the central
zone of the pupal dorsal thorax develop with an isotropic, square-like geometry. This suggests that
mechanical stress, if present, is highly isotropic in that zone. In turn, this means that the total
external force in Eq. (2) acting at all positions in the reconstructed zone of the tissue is negligible
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and Eq. (1) should alone be able to recapitulate the observed division orientations.
The observed dynamics of shape change during and after cell division is highly variable. Both the

daughter cell shape and the surface change after division do not show conserved patterns. We have
nevertheless assumed that the “desired” shape of daughter cells is regular, and that deviations from
this assumptions are due to strong mechanical interactions with neighbouring cells. To account for

cell-to-cell variability, we optimized for each cell division the surface area ratio
Sdaughters

Smother
in a small

range between 0.8 and 1.1: this range is what we most frequently observe in the dataset for the

dynamics of the ratio
Sdaughters

Smother
over few timepoints after division.

Excluding cells at the border of the reconstructed patch, to avoid reconstruction artefacts, left
us with 3664 cell divisions. For each of them, we compared the division orientation with the main
direction of the interphase distribution of cell-junctions, obtained by studying the vertex positions
at two-third of each cell’s cell cycle duration. This geometry was also used to run the model of
Eq. (1) as detailed in Section II of the Supporting Information. Specifically, a constant vertex speed
v has been assumed. For comparison, we also run the model with non-negligible external forces in
Eq. (3), assuming a a main direction of stress anisotropy along the y-axis of Fig. 3. Different choices
of stress anisotropy direction led to similar results. Agreement results for both models are shown in
Fig. 4.

x

y

FIG. 3: Reconstruction and polygonal approximation of the Drosophila pupal dorsal thorax epithelium. Data from [7].

The blue histograms in Fig. 4(a,b) show the distribution of angles between the actual division
orientation and the cell-junction geometric rule. One finds a marked peak at low angles, with a low
long-tail distribution at high angles, in accordance to what previously reported [21]. As expected,
the best agreement of the model to observed orientations was obtained with Eq. (1), i.e., with
no contribution of external forces or φσ = 0. Figure 4(a) shows the deviation angle distributions
between the actual division orientation and the predictions of Eq. (1) (red), compared with the
deviations from the main direction of cell-junction distribution (blue). Figure 4(b) shows the same
comparison Eq. (3) and φσ = 10v (yellow). The model predicts no stress anisotropy to be present
in the developing tissue. Both TCJ rule and the model with φσ = 0 work well in explaining the
observed distribution of division directions, with average deviation angles of ∼ 29◦ for Eq. (1) and
∼ 30◦ for TCJ distribution. As expected from the results of subection III A, our model agrees with
geometric rules (and in particular with cell-junction distribution) in absence of stress anisotropy. In
addition, Eq. (1) predicts a higher fraction of orientations within 3◦ from the actual direction, and
has fewer high-angle deviations (> 80◦) than the distribution of TCJ. The result shows well that the
model is able to infer the mechanical stress state of the tissue and to reproduce, and at the same
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time provide physical bases to, the correlation between tricellular junction positions and regulation
of division orientation in epithelia, showing that cells follow the most energetically-favourable path
during shape changes in mitosis.
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FIG. 4: Distribution of deviation angles (deg) between TCJ directions and cell division orientation (blue bars), the predictions
of Eq. (3) with φσ = 0 (red bars, panel (a)) and the predictions of Eq. (3) with φσ = 10v (yellow bars, panel (b)).

C. Multicellular structures under mechanical stress: a paradigm to understand embryonic morphogenesis

a. Ascidian epidermal morphogenesis during gastrulation. In many organisms, major morphogenetic pro-
cesses are at play during key stages of development. These processes arguably produce markedly
anistropic stress profiles in neighbouring tissues. Such is the case in developing animal embryos,
during the morphogenetic process known as gastrulation [54]. Figure 5(a) illustrates the process of
gastrulation in embryos of the ascidian P. mammillata, a model organism to study animal morpho-
genesis [55]. Around 4 hours after fertilization, these embryos undergo major shape change processes,
collectively known as gastrulation, which begin with the invagination of a group of cells [56], whose
active shape changes drive the whole process as schematically depicted in Fig. 5(a) for control (Ctrl)
conditions (see also Fig. 2 of the Supporting Information). Part of the epidermis of these embryos is
at one- to few-cell distance from the gastrulating core and is hence strongly subjected to the induced
mechanical stress. Interestingly, during these processes no cell migration nor cell death is known to
happen.

To evaluate the role of mechanical stress in epidermal morphogenesis, we also partly blocked
gastrulation by FGF/ERK signalling inhibition (U0126 inhibitor). Affecting the balance between
FGF and Eph signaling was previously shown to impair gastrulation [57] by a fate switch of A-line
endoderm precursors to trunk lateral cells [58]. Embryo treated with U0126 would undergo the first
of the two sequential processes of gastrulation (apical shrinking) but would not proceed through the
second one (baso-lateral shortening), as depicted in Fig. 5(a) for U0126 treatment and as shown in
Fig. 2 of the Supporting Information. This arguably produces a weaker stress profile propagating to
epidermal precursors, since the contribution to mechanical forces of baso-lateral shortening is missing.
The morphogenesis of embryonic ascidian epidermis is a quasi-2D process, in spite of the global 3D
curved structure of the developing embryo (Section IV and Fig. 3 of Supporting Information).

To study the consequences of the competition between local viscosity and long-range propagation
or transmission of mechanical forces in this system, we analysed the theoretical situation depicted in
Fig. 5(b) in which one shrinking structure (in blue) (representing for instance a group of cells) exerts
a force F0f0 on a simulated system initially composed of n cells, with characteristic linear dimension
L0, undergoing three rounds of cell divisions.
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FIG. 5: (a): Gastrulation in embryos of P. mammillata in both Control and U0126 treatment conditions (adapted from [56]).
Panel (b): system of 20 cells, of characteristic linear dimension L0, in contact with a shrinking structure (panel (a)), with
exponentially-decaying stress profile of length scale ζL0. This serves as a model to study the morphogenesis of the epidermis
of embryos of P. mammillata during gastrulation. Thanks to the invariant lineage of ascidian embryos, homologous cells can
be identified in different embryos. Panels (c) (for Control) and (d) (for U0126 treatment) show the average angular deviation
∆HR (in degree) from HR for three rounds of divisions in ascidian epidermis. The average for each cell is taken over all divisions
and across two embryonic datasets for Control conditions (taken from [19]) or one dataset for U0126 treatment and visualised
through the morphological browser MorphoNet [45]. To facilitate comparison and exploiting the invariant lineage of ascidian
embryos, the deviations in panels (c)-(d) are projected onto the same wild-type embryo reconstruction.

Thanks to the transparency of P. mammillata embryos and to state-of-the-art 3D reconstruction
of live embryonic development, high-quality 3D dynamic data on their development is now available
[19]. Remarkably, ascidian embryos develop with a fixed lineage, which allows to identify homologous
cells across several different embryos. We have hence calculated, as detailed in Section III of the Sup-
porting Information, the angular deviation ∆HR of division orientation from HR for each epidermal
cell across three rounds of cell divisions in two different control embryos and in the U0126-treated
embryo. The average value across all divisions within each clone (i.e., the set of progeny of a single
initial cell) and across the two control embryos is shown in Fig. 5(c), projected onto the 22 cells at
the 64-cell stage which will give rise to epidermis. A pattern of deviations emerges, for cells mostly
localised around the tissue border.

We performed the same analysis on the U0126-treated embryo. The average value per clone is
reported in Fig. 5(d), represented on the same embryo used in Fig. 5(c) to facilitate comparison. The
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deviations observed in Ctrl conditions at the interface between epidermis and mesendodermal tissues
are far less present in the U0126 treated embryo: affecting the stress profile induced by gastrulation
seems to have an impact on the division orientation of epidermal cells.

These observations make the epidermal morphogenesis of P. mammillata an ideal system to test
our theory.

b. Application of the model to ascidian epidermis. We hence set out to study the toy model of Fig. 5(b)
with different magnitudes of external mechanical forces, in order to understand whether the divi-
sion orientation and the global shapes thus produced can explain the phenomenology of ascidian
epidermis. Orientation of each cell division is determined according to our model, hence minimiz-
ing Eq. (3) as explained in Section II of the Supporting Information. After division, due to the
concurrent changes in cell shape, the total tissue is out of mechanical equilibrium. This produces,
during interphase, a dynamics of relaxation towards the tissue rest shape, which comes from the
competition between interacting cells trying to minimize their configurational energy. Under normal
conditions, this energy for an isolated cell is minimized for spherical shape due to the cell’s cortical
tension [59]. The dynamics of a 2D tissue has largely been studied and is well captured by the
many-cell energy function [46] ∑

c

Hc = λcPc + κc
(
Ac − A(0)

c

)2
, (4)

in terms of cortical tension λc along the cells perimeter Pc and surface elasticity κc of the cells area

Ac around an equilibrium surface A
(0)
c . The latter accounts at once for volume compressibility and

for the actomyosin-mediated elastic properties of a cell surface. The final rest shape is achieved as
the minimum of the multicellular energy in Eq. (4).

Viscous forces during cell division depend on the speed at which each vertex trajectory is travelled.
To keep things as simple as possible, we assume here a constant vertex displacement speed ν.
Recalling the definition of the parameters φσ = Fσ

η
in Eq. (3), one can introduce the dimensionless

version of φσ as the order parameter ρ = φσ
ν

, measuring the relative intensity of external to viscous
forces: ρ � 1 means dominating contribution of external forces. Note that ρ can also be seen as a
measure of the amount of anisotropy of mechanical stress compared to the viscosity of the medium.
This is because an isotropic mechanical stress would imply that each direction of vertex movement
is equally affected by long-range forces and hence no bias in the choice of optimal division direction
would be produced. At the same time, one expects that the effect of localized morphogenetic
processes is not perceived with the same intensity everywhere in a tissue. This means that the
stress profile induced by each of these processes decays with the distance from the position of the
process itself, as described by the function h

(
d(r, rσ)

)
in Eq. (2). Stress decay is assumed here to be

an exponential function e−d(r,rσ)/Lδ(t), with a time-dependent length-scale Lδ(t) = δ(t)Ld (δ(t) = 1
for the first two divisions and δ(t) = 2 for the last). This time-dependence account both for the
increasing density of cell junctions with cell divisions, known to help propagating tissue-scale stress
profiles [60]. The fractional stress decay lengthscale is ζ = Ld/L0. Between divisions, the system
evolves towards its interphase equilibrium according to the Hamiltonian in Eq. (4), with parameters

initially fixed at λc/(κcS
3/2
cell ) = 5 × 10−5 (Scell being the surface of each of the 20 initial cells), to

account for cell volume incompressibility. We will however show that the results of the model are
highly robust against noise in this ratio.

We characterize the dynamics of cell divisions by two main quantities: how much each cell deviates
from the predictions of pure cell geometrical rules, and how aligned consecutive divisions within
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<latexit sha1_base64="94wfdLRRBjCkyTC3Y5p5yTs2egQ=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT2eyQeSwzs0II+QUvHhTx6g9582+cTfagiQUNRVU33V1Rypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obYUM5k7RlmeW0m2qKRcRpJxrf5X7niWrDlHy0k5SGAo8kixnBNpf6OlGDStWv+XOgVRIUpAoFmoPKV3+oSCaotIRjY3qBn9pwirVlhNNZuZ8ZmmIyxiPac1RiQU04nd86Q+dOGaJYaVfSorn6e2KKhTETEblOgW1ilr1c/M/rZTa+CadMppmlkiwWxRlHVqH8cTRkmhLLJ45gopm7FZEEa0ysi6fsQgiWX14l7XotuKzVH66qjdsijhKcwhlcQADX0IB7aEILCCTwDK/w5gnvxXv3Phata14xcwJ/4H3+ACD6jks=</latexit>

⇢c
<latexit sha1_base64="caZ/O24uiMpFq+zHgXrhtkpHNps=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq6dHqk/75YpX9ebAq8TPSQVyNPrlr95A0TRm0lJBjOn6XmKDjGjLqWDTUi81LCF0TIas66gkMTNBNr92is+cMsCR0q6kxXP190RGYmMmceg6Y2JHZtmbif953dRG10HGZZJaJuliUZQKbBWevY4HXDNqxcQRQjV3t2I6IppQ6wIquRD85ZdXSatW9S+qtfvLSv0mj6MIJ3AK5+DDFdThDhrQBAqP8Ayv8IYUekHv6GPRWkD5zDH8Afr8AZSQjyE=</latexit>

Stress 
-dominated 
(long-range)

⇣ = 1/6
<latexit sha1_base64="wRyUkKAVUZoh1MeBv+ngEyy1nXU=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BIvgqe5WUS9C0YvHCvZD2qVk09k2NMkuSVaoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uaXlldS2/XtjY3NreKe7uNXSUKAp1GvFItQKigTMJdcMMh1asgIiAQzMY3kz85iMozSJ5b0Yx+IL0JQsZJcZKD50nMOTKOznvFktu2Z0CLxIvIyWUodYtfnV6EU0ESEM50brtubHxU6IMoxzGhU6iISZ0SPrQtlQSAdpPpweP8ZFVejiMlC1p8FT9PZESofVIBLZTEDPQ895E/M9rJya89FMm48SApLNFYcKxifDke9xjCqjhI0sIVczeiumAKEKNzahgQ/DmX14kjUrZOy1X7s5K1essjjw6QIfoGHnoAlXRLaqhOqJIoGf0it4c5bw4787HrDXnZDP76A+czx/G+o+7</latexit>

increasing ⇢
<latexit sha1_base64="OHeJm8+pyht+k66wihhCdh5EMcw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KCWpgi6LblxWsA9oQplMJ+3QySTM3IglFNz4K25cKOLWn3Dn3zhts9DWAwOHc+7hzj1BIrgGx/m2lpZXVtfWCxvFza3tnV17b7+p41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheT/zWPVOax/IORgnzI9KXPOSUgJG69qEH7AEyLqlJaS77Y6/slbGnBnHXLjkVZwq8SNyclFCOetf+8noxTSMmgQqidcd1EvAzooBTwcZFL9UsIXRI+qxjqCQR0342vWGMT4zSw2GszJOAp+rvREYirUdRYCYjAgM9703E/7xOCuGlbw5MUmCSzhaFqcAQ40khuMcVoyBGhhCquPkrpgOiCAVTW9GU4M6fvEia1Yp7VqnenpdqV3kdBXSEjtEpctEFqqEbVEcNRNEjekav6M16sl6sd+tjNrpk5ZkD9AfW5w8O75fE</latexit>

⇢c
<latexit sha1_base64="caZ/O24uiMpFq+zHgXrhtkpHNps=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq6dHqk/75YpX9ebAq8TPSQVyNPrlr95A0TRm0lJBjOn6XmKDjGjLqWDTUi81LCF0TIas66gkMTNBNr92is+cMsCR0q6kxXP190RGYmMmceg6Y2JHZtmbif953dRG10HGZZJaJuliUZQKbBWevY4HXDNqxcQRQjV3t2I6IppQ6wIquRD85ZdXSatW9S+qtfvLSv0mj6MIJ3AK5+DDFdThDhrQBAqP8Ayv8IYUekHv6GPRWkD5zDH8Afr8AZSQjyE=</latexit>

(c)

� = 0.2
<latexit sha1_base64="XCxxiP/Ja2y7dZffsbXaDQAhOGE=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8haQKehGKXjxWsB/YhjLZbtqlu5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbXz/21lZXVvf2CxsFbd3dvf2SweHDZ1kitA6SXiiWhFqypmkdcMMp61UURQRp81oeDv1m09UaZbIBzNKaSiwL1nMCBorPXb6KARe+16lWyr7nj+Du0yCnJQhR61b+ur0EpIJKg3hqHU78FMTjlEZRjidFDuZpimSIfZp21KJgupwPLt44p5apefGibIljTtTf0+MUWg9EpHtFGgGetGbiv957czEV+GYyTQzVJL5ojjjrknc6ftujylKDB9ZgkQxe6tLBqiQGBtS0YYQLL68TBoVLzj3KvcX5epNHkcBjuEEziCAS6jCHdSgDgQkPMMrvDnaeXHenY9564qTzxzBHzifP12QkA4=</latexit>

� = 0.5
<latexit sha1_base64="8XKKM+pGqW3Uvz1AwR+OWFVWoKY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07JbFb0IRS8eK9gPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WDGCQ0EHkgWMYKNlR67AywEvvbci1654rneDGiZ+DmpQI56r/zV7cckFVQawrHWHd9LTJBhZRjhdFLqppommIzwgHYslVhQHWSziyfoxCp9FMXKljRopv6eyLDQeixC2ymwGepFbyr+53VSE10FGZNJaqgk80VRypGJ0fR91GeKEsPHlmCimL0VkSFWmBgbUsmG4C++vEyaVdc/c6v355XaTR5HEY7gGE7Bh0uowR3UoQEEJDzDK7w52nlx3p2PeWvByWcO4Q+czx9iHJAR</latexit>

� = 0.8
<latexit sha1_base64="9WFFeamY1zYzkgL4LtbtjoPO4I8=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgadmtgr0IRS8eK9gPbJcym2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhOCppxJ2jTMcNpJFAURctoOx7czv/1ElWaxfDCThAYChpJFjICx0mNvCELAtefW+uWK53pz4FXi56SCcjT65a/eICapoNIQDlp3fS8xQQbKMMLptNRLNU2AjGFIu5ZKEFQH2fziKT6zygBHsbIlDZ6rvycyEFpPRGg7BZiRXvZm4n9eNzVRLciYTFJDJVksilKOTYxn7+MBU5QYPrEEiGL2VkxGoIAYG1LJhuAvv7xKWlXXv3Cr95eV+k0eRxGdoFN0jnx0heroDjVQExEk0TN6RW+Odl6cd+dj0Vpw8plj9AfO5w9mqJAU</latexit>

↵ = 0.9
<latexit sha1_base64="j7h3u182i6BGTWu7n/34gmrrZzQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRVUA9C0YvHCvYD21Am2027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63Cyura+kZxs7S1vbO7V94/aKo4lYQ2SMxj2Q5QUc4EbWimOW0nkmIUcNoKRrdTv/VEpWKxeNDjhPoRDgQLGUFtpMcu8mSI165z1StXXMedwV4mXk4qkKPeK391+zFJIyo04ahUx3MT7WcoNSOcTkrdVNEEyQgHtGOowIgqP5tdPLFPjNK3w1iaEtqeqb8nMoyUGkeB6YxQD9WiNxX/8zqpDi/9jIkk1VSQ+aIw5baO7en7dp9JSjQfG4JEMnOrTYYokWgTUsmE4C2+vEyaVcc7c6r355XaTR5HEY7gGE7BgwuowR3UoQEEBDzDK7xZynqx3q2PeWvBymcO4Q+szx9szpAY</latexit>

↵ = 0.6
<latexit sha1_base64="nWitMcVs+FjcxJqokwjxHgicmvU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRV1ItQ9OKxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsrq2vlHcLG1t7+zulfcPmipOJaENEvNYtgNUlDNBG5ppTtuJpBgFnLaC0e3Ubz1RqVgsHvQ4oX6EA8FCRlAb6bGLPBnitetc9MoV13FnsJeJl5MK5Kj3yl/dfkzSiApNOCrV8dxE+xlKzQink1I3VTRBMsIB7RgqMKLKz2YXT+wTo/TtMJamhLZn6u+JDCOlxlFgOiPUQ7XoTcX/vE6qwys/YyJJNRVkvihMua1je/q+3WeSEs3HhiCRzNxqkyFKJNqEVDIheIsvL5Nm1fHOnOr9eaV2k8dRhCM4hlPw4BJqcAd1aAABAc/wCm+Wsl6sd+tj3lqw8plD+APr8wdoQpAV</latexit>

↵ = 0.4
<latexit sha1_base64="CKrCSiEprtnfnCyruMG/6s8m1SM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSS1oBeh6MVjBfuBbSiT7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4XdrZ3ds/KB8etVScSkKbJOax7ASoKGeCNjXTnHYSSTEKOG0H49uZ336iUrFYPOhJQv0Ih4KFjKA20mMPeTLCa9ep9csV13HnsFeJl5MK5Gj0y1+9QUzSiApNOCrV9dxE+xlKzQin01IvVTRBMsYh7RoqMKLKz+YXT+0zowzsMJamhLbn6u+JDCOlJlFgOiPUI7XszcT/vG6qwys/YyJJNRVksShMua1je/a+PWCSEs0nhiCRzNxqkxFKJNqEVDIheMsvr5JW1fEunOp9rVK/yeMowgmcwjl4cAl1uIMGNIGAgGd4hTdLWS/Wu/WxaC1Y+cwx/IH1+QNlOpAT</latexit>

� = 0.2
<latexit sha1_base64="XCxxiP/Ja2y7dZffsbXaDQAhOGE=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8haQKehGKXjxWsB/YhjLZbtqlu5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbXz/21lZXVvf2CxsFbd3dvf2SweHDZ1kitA6SXiiWhFqypmkdcMMp61UURQRp81oeDv1m09UaZbIBzNKaSiwL1nMCBorPXb6KARe+16lWyr7nj+Du0yCnJQhR61b+ur0EpIJKg3hqHU78FMTjlEZRjidFDuZpimSIfZp21KJgupwPLt44p5apefGibIljTtTf0+MUWg9EpHtFGgGetGbiv957czEV+GYyTQzVJL5ojjjrknc6ftujylKDB9ZgkQxe6tLBqiQGBtS0YYQLL68TBoVLzj3KvcX5epNHkcBjuEEziCAS6jCHdSgDgQkPMMrvDnaeXHenY9564qTzxzBHzifP12QkA4=</latexit>

� = 0.2
<latexit sha1_base64="XCxxiP/Ja2y7dZffsbXaDQAhOGE=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8haQKehGKXjxWsB/YhjLZbtqlu5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbXz/21lZXVvf2CxsFbd3dvf2SweHDZ1kitA6SXiiWhFqypmkdcMMp61UURQRp81oeDv1m09UaZbIBzNKaSiwL1nMCBorPXb6KARe+16lWyr7nj+Du0yCnJQhR61b+ur0EpIJKg3hqHU78FMTjlEZRjidFDuZpimSIfZp21KJgupwPLt44p5apefGibIljTtTf0+MUWg9EpHtFGgGetGbiv957czEV+GYyTQzVJL5ojjjrknc6ftujylKDB9ZgkQxe6tLBqiQGBtS0YYQLL68TBoVLzj3KvcX5epNHkcBjuEEziCAS6jCHdSgDgQkPMMrvDnaeXHenY9564qTzxzBHzifP12QkA4=</latexit>

� = 0.5
<latexit sha1_base64="8XKKM+pGqW3Uvz1AwR+OWFVWoKY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07JbFb0IRS8eK9gPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WDGCQ0EHkgWMYKNlR67AywEvvbci1654rneDGiZ+DmpQI56r/zV7cckFVQawrHWHd9LTJBhZRjhdFLqppommIzwgHYslVhQHWSziyfoxCp9FMXKljRopv6eyLDQeixC2ymwGepFbyr+53VSE10FGZNJaqgk80VRypGJ0fR91GeKEsPHlmCimL0VkSFWmBgbUsmG4C++vEyaVdc/c6v355XaTR5HEY7gGE7Bh0uowR3UoQEEJDzDK7w52nlx3p2PeWvByWcO4Q+czx9iHJAR</latexit>

↵ = 0.9
<latexit sha1_base64="j7h3u182i6BGTWu7n/34gmrrZzQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRVUA9C0YvHCvYD21Am2027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63Cyura+kZxs7S1vbO7V94/aKo4lYQ2SMxj2Q5QUc4EbWimOW0nkmIUcNoKRrdTv/VEpWKxeNDjhPoRDgQLGUFtpMcu8mSI165z1StXXMedwV4mXk4qkKPeK391+zFJIyo04ahUx3MT7WcoNSOcTkrdVNEEyQgHtGOowIgqP5tdPLFPjNK3w1iaEtqeqb8nMoyUGkeB6YxQD9WiNxX/8zqpDi/9jIkk1VSQ+aIw5baO7en7dp9JSjQfG4JEMnOrTYYokWgTUsmE4C2+vEyaVcc7c6r355XaTR5HEY7gGE7BgwuowR3UoQEEBDzDK7xZynqx3q2PeWvBymcO4Q+szx9szpAY</latexit>

↵ = 0.8
<latexit sha1_base64="ovE+hoJB5sQU8jDAUCFvyML0Nm8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRVsBeh6MVjBfuBbSiT7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4XdrZ3ds/KB8etVScSkKbJOax7ASoKGeCNjXTnHYSSTEKOG0H49uZ336iUrFYPOhJQv0Ih4KFjKA20mMPeTLCa9ep9csV13HnsFeJl5MK5Gj0y1+9QUzSiApNOCrV9dxE+xlKzQin01IvVTRBMsYh7RoqMKLKz+YXT+0zowzsMJamhLbn6u+JDCOlJlFgOiPUI7XszcT/vG6qw5qfMZGkmgqyWBSm3NaxPXvfHjBJieYTQ5BIZm61yQglEm1CKpkQvOWXV0mr6ngXTvX+slK/yeMowgmcwjl4cAV1uIMGNIGAgGd4hTdLWS/Wu/WxaC1Y+cwx/IH1+QNrSpAX</latexit>

↵ = 0.6
<latexit sha1_base64="nWitMcVs+FjcxJqokwjxHgicmvU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRV1ItQ9OKxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsrq2vlHcLG1t7+zulfcPmipOJaENEvNYtgNUlDNBG5ppTtuJpBgFnLaC0e3Ubz1RqVgsHvQ4oX6EA8FCRlAb6bGLPBnitetc9MoV13FnsJeJl5MK5Kj3yl/dfkzSiApNOCrV8dxE+xlKzQink1I3VTRBMsIB7RgqMKLKz2YXT+wTo/TtMJamhLZn6u+JDCOlxlFgOiPUQ7XoTcX/vE6qwys/YyJJNRVkvihMua1je/q+3WeSEs3HhiCRzNxqkyFKJNqEVDIheIsvL5Nm1fHOnOr9eaV2k8dRhCM4hlPw4BJqcAd1aAABAc/wCm+Wsl6sd+tj3lqw8plD+APr8wdoQpAV</latexit>

ASTEC-pm2

Gastrulation

(d)

� = 0.3
<latexit sha1_base64="xjBPhU7SO3mCyU0fL9GQ0O1HJ9M=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgadltBb0IRS8eK9gPbJcym2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhOCppxJ2jTMcNpJFAURctoOx7czv/1ElWaxfDCThAYChpJFjICx0mNvCELAtefW+uWK53pz4FXi56SCcjT65a/eICapoNIQDlp3fS8xQQbKMMLptNRLNU2AjGFIu5ZKEFQH2fziKT6zygBHsbIlDZ6rvycyEFpPRGg7BZiRXvZm4n9eNzXRVZAxmaSGSrJYFKUcmxjP3scDpigxfGIJEMXsrZiMQAExNqSSDcFffnmVtKquX3Or9xeV+k0eRxGdoFN0jnx0ieroDjVQExEk0TN6RW+Odl6cd+dj0Vpw8plj9AfO5w9fFJAP</latexit>

� = 0.5
<latexit sha1_base64="8XKKM+pGqW3Uvz1AwR+OWFVWoKY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07JbFb0IRS8eK9gPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVjm6nfuuJKs1i+WDGCQ0EHkgWMYKNlR67AywEvvbci1654rneDGiZ+DmpQI56r/zV7cckFVQawrHWHd9LTJBhZRjhdFLqppommIzwgHYslVhQHWSziyfoxCp9FMXKljRopv6eyLDQeixC2ymwGepFbyr+53VSE10FGZNJaqgk80VRypGJ0fR91GeKEsPHlmCimL0VkSFWmBgbUsmG4C++vEyaVdc/c6v355XaTR5HEY7gGE7Bh0uowR3UoQEEJDzDK7w52nlx3p2PeWvByWcO4Q+czx9iHJAR</latexit>

↵ = 0.7
<latexit sha1_base64="IQcRz9pVKTuxgKXGmVk+m6t397c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRVqBeh6MVjBfuBbSiT7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4XdrZ3ds/KB8etVScSkKbJOax7ASoKGeCNjXTnHYSSTEKOG0H49uZ336iUrFYPOhJQv0Ih4KFjKA20mMPeTLCa9ep9csV13HnsFeJl5MK5Gj0y1+9QUzSiApNOCrV9dxE+xlKzQin01IvVTRBMsYh7RoqMKLKz+YXT+0zowzsMJamhLbn6u+JDCOlJlFgOiPUI7XszcT/vG6qwys/YyJJNRVksShMua1je/a+PWCSEs0nhiCRzNxqkxFKJNqEVDIheMsvr5JW1fEunOr9ZaV+k8dRhBM4hXPwoAZ1uIMGNIGAgGd4hTdLWS/Wu/WxaC1Y+cwx/IH1+QNpxpAW</latexit>

↵ = 0.6
<latexit sha1_base64="nWitMcVs+FjcxJqokwjxHgicmvU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgKSRV1ItQ9OKxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6uwsrq2vlHcLG1t7+zulfcPmipOJaENEvNYtgNUlDNBG5ppTtuJpBgFnLaC0e3Ubz1RqVgsHvQ4oX6EA8FCRlAb6bGLPBnitetc9MoV13FnsJeJl5MK5Kj3yl/dfkzSiApNOCrV8dxE+xlKzQink1I3VTRBMsIB7RgqMKLKz2YXT+wTo/TtMJamhLZn6u+JDCOlxlFgOiPUQ7XoTcX/vE6qwys/YyJJNRVkvihMua1je/q+3WeSEs3HhiCRzNxqkyFKJNqEVDIheIsvL5Nm1fHOnOr9eaV2k8dRhCM4hlPw4BJqcAd1aAABAc/wCm+Wsl6sd+tj3lqw8plD+APr8wdoQpAV</latexit>

� = 0.2
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FIG. 6: Panels (a) and (b) show the predictions of Eq. (3) for the simulated system of Fig. 5(b). A marked transition is found
between two phases, (panel (a)), for both the agreement of Eq. (3) to geometrical rules α and the average time-correlation of
division orientations in clones γ, as a function of the order parameters ρ and ζ. The first phase, (viscosity-dominated, low ρ)
shows a high agreement α to the geometrical rules for cell division and a low time-correlation parameter γ. The second phase
(stress-dominated, high ρ) shows poor agreement to geometrical rules and high temporal correlations. The transition between
the two is continuous, as seen in panel (b), showing the transition at fixed stress fractional penetration length ζ = 1/6 (γ in red
triangles, right vertical scale; α in blue dots, left vertical scale). Black vertical bars give the standard deviations for 20 randomly
simulated values of the ratio λc/(κcL

3
0). Panel (c) shows the consequences of this transition on the global tissue shape: above

the critical value ρc, the shape of the whole tissue start being affected by the externally-induced mechanical stimuli. This is
a consequence of the time correlations of division orientations, building up in the tissue due to long-range mechanical cues.
The dynamics of stress propagation can be clearly read in the shape of the clones (collection of all progeny) of each of the 20
initial cells. These predictions were tested in the development of the epidermis of embryos of P. mammillata (panel (d)), in
both control condition (ASTEC-Pm1, ASTEC-Pm2) and U0126 treatment. Due to the force produced by shape changes of
invaginating cells during gastrulation, Ctrl embryos show the same transition in clones shape and cellular distribution as the
one predicted by the model at intensities ρ slight past the critical value. The U0126-treated epidermis shows no such transition,
in agreement with the prediction of the model at low ρ values due to the absence of baso-lateral shortening. Control-conditions
embryonic 3D reconstruction from [19].

the same clone are. The latter quantity gives information on whether cells tend to orient their
division plane along a fixed axis, independently on their shape. This quantity is also correlated to
deviations from geometrical rules: it is known that the agreement to geometrical rules often gives
rise to alternating orthogonal directions for division orientations within one clone [27]. We measure
here the cellular elongation as the main direction of the distribution of its vertices, since cell shape
itself is defined by its vertices in the vertex-based model we employ. At the same time, this is
biologically relevant as it corresponds to the main direction of tricellular junction distribution, as
already commented in previous Sections. The first quantity is measured by the parameter α =

.CC-BY-NC-ND 4.0 International licenseavailable under a
not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprint (which wasthis version posted March 4, 2020. ; https://doi.org/10.1101/785337doi: bioRxiv preprint 

https://doi.org/10.1101/785337
http://creativecommons.org/licenses/by-nc-nd/4.0/


12

1 − 〈χCJ〉/90, with 〈χCJ〉 = 〈arccos |n̂0 · n̂CJ|〉 being the average angle between the direction of
division and the main direction of distribution of tricellular junctions. The average is taken over
every cell at each round of division. α is 1 for perfectly aligned and 0 for fully orthogonal predictions.

To define a measure for the second quantity (the alignment of consecutive divisions within a clone)

consider, for a set of initial cells S
(0)
c , the parameter

γ =
〈
|n(c)
t · n(c)

t+1|
〉
t,c∈S(0)

c
, (5)

measuring the correlation between the orientations n of any two consecutive divisions at t and t+ 1

within the same clone of any cell c ∈ S
(0)
c . The average is taken over all cells and all pairs of

consecutive division rounds.
We use these two parameters to study the influence of external forces on the initial set of 20 cells

of Fig. 5(b). Based on what we observe in ascidian epidermis (see Sections III and IV of Supporting
Information and results in [19]), we assume that a dividing cell increases its surface area by a factor
21/3 (representative of what measured during embryonic development, as shown in Section IV of
the Supporting Information) and that daughter cells, after divisions, tend to acquire regular shapes.
The left plot of Fig. 6(a) shows α as a function of ρ (ratio of intensity of active to viscous forces) and
ζ (penetration length of mechanical stress in the tissue). Two phases appear in the response of the
system: as expected at low ρ (dominant viscosity), Eq. (3) correlates very well with individual-cell
geometry and α reaches high values; increasing ρ, however, the system undergoes a behavioral phase
transition of the continuous type at a critical value ρc of the order parameter. As shown in Fig. 6(a),
this critical value is only weakly dependent on ζ, provided ζ itself is above a critical value ζc. At high
ρ a new phase emerges in which the agreement between Eq. (3) and geometrical rules is rapidly lost
(α sharply decreases). To understand the cause of this phase transition we looked at the correlations
between cells within the simulated tissue.

Figure 6(a) (right) and 6(b) show that the transition to the new phase in the tissue is correlated
to the appearance of time-correlations within each clone, as measured by the parameter γ [Eq. (5)].
These time-correlations are in turn induced by the stress dynamics within the tissue.

To test the influence of mechanical relaxation parameters of Eq. (4), simulations at fixed ζ = 1/6

were run with random values for λc/(κcS
3/2
cell ), drawn out of a Gaussian distribution centered around

5 × 10−5 and of standard deviation 10−5. Figure 6(b) shows, for each simulated value of ρ, the

average and the standard deviation (in black vertical bars) for 20 random values of λc/(κcS
3/2
cell ).

The onset of time correlations γ past the critical value ρc suggests that the shape of clones may
be strongly altered in the presence of external forces, even without single-cell elongation in the
direction of these forces, simply due to time correlations between division orientations and shape
changes during cytokinesis. This is indeed the case, as shown in Fig. 6(c): past the critical value ρc,
clones start showing a more elongated form, tending to a linear shape at high ρ values. This in turn
affects the global tissue shape, which tends to follow the change in shape of the external shrinking
structure. The two phases can coexist in the same tissue, as shown in the rightmost example of 6(c),
in which the cells facing away from the external force are in the viscosity-dominated phase and follow
geometrical rules (α = 0.9, γ = 0.2), while the ones directly facing the force are in a stress-dominated
phase with high temporal correlations and high deviations from geometry (α = 0.4, γ = 0.8).

Thanks to the availability of several 3D reconstructions of live embryonic development [19], we
analysed division orientations and apical geometry of epidermal cells in two embryos of P. mammil-
lata (see also Fig. 2 of the Supporting Information): the coexistence of these two phases is observed
in vivo, and elongated epidermal clones are built up while following the active shape changes of gas-
trulation as exemplified in Fig. 6(d) for the two Control embryos ASTEC-Pm1 and ASTEC-Pm2.
The cellular distribution in each clone observed in this process is the same as the one predicted by
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Eq. (3). In addition, the overall tissue shape shows the same structure as the high-stress tissues of
Fig. 6(e), with a similar phase transition marked by a change in α from 0.7± 0.01 to 0.6± 0.03 and
in γ from 0.3± 0.03 to 0.51± 0.04.

On the other hand, such transition is much weaker in the U0126-treated embryo ASTEC-U0126-
Pm1, in which gastrulation is largely blocked (rightmost embryo in Fig. 6(d)): the value of γ is
constant everywhere in the analysed epidermis and the clones shape is everywhere similar to what
expected at low ρ (weak external forces). The overall shape of the tissue, in spite of some noise
due to the marked change in global embryonic geometry (Fig. 2 of Supporting Information), closely
resembles what predicted by our model before the behavioural transition (leftmost simulation in
Fig. 6(c)), where clones have rectangular shapes and γ = 0.2 everywhere: this is exactly what we
observed in the U0126-treated embryo.

IV. CONCLUSIONS

In this work, we propose a mechanism by which developing biological structures maintain a global
shape consistency in spite of major local changes in their form. Through a reformulation of the
process of cytokinesis in terms of its energetic cost, we show that cells can read shape dynamics of
their local and remote environments, and react by orienting their division in a way that minimizes
the work spent against the passive resistance of their surrounding. The cell main geometrical axis
emerges as the direction along which the work performed by a cell during division and against the
passive resistance of its local environment is minimal. Which mechanisms are at play for a cell to
be able to choose the “path of least resistance” for its division is an open question.

Division orientation is determined by the position and orientation of mitotic spindle. These, in
turn, are known to be determined by forces exerted by microtubules as they interact with the cell
cortex. In our view, the mechanisms guiding a cell to its energetically-favourable trajectories during
mitosis are able to bias these forces following external mechanical cues.

As shown in a number of recent works [61, 62], cells are able to sense the mechanical state of their
environment by mechanosensing pathways. Specifically during cell division, one of these pathways
involves the state of tension of astral microtubules [36], which is affected by how easily the dividing
cell can deform its local environment. The cell could thus probe a number of division orientations to
identify in which direction small deformations produce the optimal tension on the spindle-assembly
microtubules.

We remark that cells dividing along energetically-optimal directions have an advantage over the
ones who do not. The complex machinery of spindle positioning might have been developed under
such evolutionary pressure. In D. melanogaster [21], the accumulation of certain proteins at three-
cellular junctions is used by the cell to orient its spindle poles. As we have shown in this work,
in the absence of external stress such orientation correlates with the energetically-optimal direction
minimising Eq. (1). We can further suppose that a state of mechanical stress can bias the distribution
of such proteins and, hence, influence the division orientation reproducing the predictions of Eq. (3).
These proteins might be the mechanisms selected by evolution because energetically favourable.

When applying our theory to the development of the pupal epithelium of dorsal thorax of D.
melanogaster, we were able to infer the absence of stress anisotropy in the tissue and to recapitulate
the known rule for division orientation based on interphase distribution of tricellular junctions [21].

However active processes of shape dynamics can bias such energetic cost and provide multiscale cues
to guide cell division, in agreement with what is observed, for instance, in the Arabidopsis meristem
[33]. In these cases, reproducible and systematic deviations from long-axis rules emerge, as repeatedly
experimentally reported [33–35]. We provide a theoretical framework to explain and understand these
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deviations: the competition between local and long-range stimuli gives rise to a transition between
two distinct phases of a multicellular system, marked by the onset of time-correlations within cellular
clones. Remarkably the co-existence of these two phases, predicted by our model, is found in vivo in
the epidermis of the developing embryo of the ascidian P. mammillata. Our model is further able to
account for the phenotype of ascidian embryos after FGF/ERK signalling inhibition, which partially
inhibits endoderm invagination and as a consequence changes the orientation of cell divisions in
epidermis.

Our model can thus explain both the known geometrical rules for cell division and the systematic
deviations from them observed in certain developmental contexts. We note however that, due to
the lack of shape changes during plant cell division, the extension of this framework to vegetal
cells is yet an open question and deserves further analysis. Both geometrical rules and deviations
emerge as particular cases of a more general rule, which is the consequences of an energy exchange
between a dividing cell and its environment. This exchange provides a way by which cells can
sense and react to external mechanical forces, fully independent of the presence of interphase cell
elongation in the direction of these forces. In this way, tissue deformation and shape dynamics
can be produced without the need of individual cell deformations. Our result sheds new light on
the physics of morphogenesis and on the mutual interplay between morphodynamics and mitosis,
and suggest that oriented cell division is one of the contributing mechanisms allowing long-range
transfer of information in biological structures. Such information transfer, under the form of internal
mechanical stress, can be read in the shape of cellular clones within a proliferating tissue, providing
a new paradigm to infer and follow force dynamics in living systems.

Supporting information

Section I. Random simulations of dividing cells. The section provides details on the model
applied to randomly simulated cells in Fig. 2.

Section II. Implementation of the optimal division model. The section provides details on
the mathematical and numerical implementation of the models given by Eqs. (1) and (3).

Figure 1. Scheme of cell division process. Schematic representation of the simulated process
of cell division.

Section III. P. mammillata embryonic epidermal cells and analysis of their division
directions. The section provides details on how epidermal cell divisions in the datasets of ascidian
embryonic development have been analysed.

Figure 2. Reconstruction of gastrulating embryos of P. mammillata. Reconstructed as-
cidian embryos before, during and after gastrulation, both in WT conditions and after U0126 treat-
ment.

Section IV. Geometrical properties of epidermal precursors in developing ascidian em-
bryos. The section provides details on the geometry of epidermal cells in ascidian embryos. Specif-
ically, their clonal shapes, their apical surface and their volumes are analysed.

Figure 3. Departure from planar geometry for each clone of epidermal precursors.
Figure 4. Schematic view of apical surface changes after cell division in ascidians.
Figure 5. Dynamics of the average elongation of apical surface of epidermal cells in

ascidian embryos.
Figure 6. Dynamics of the average relative variation of the elongation of apical surface

of epidermal cells in ascidian embryos.
Figure 7. Distribution of sister cells volume ratio in ascidian epidermis.
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Section V. U0126-treated P. mammillata embryo and its phenotype. The section pro-
vides details on the U0126 treatment of ascidian embryos.

Table 1. Parameters and variables of the model.
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