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ABSTRACT

The mapping of the wiring diagrams of neural circuits promises to allow us to link structure and function of

neural networks. Current approaches to analyzing connectomes rely mainly on graph-theoretical tools, but these

may downplay the complex nonlinear dynamics of single neurons and networks, and the way networks respond

to their inputs. Here, we measure the functional similarity of simulated networks of neurons, by quantifying

the similitude of their spiking patterns in response to the same stimuli. We find that common graph theory

metrics convey little information about the similarity of networks’ responses. Instead, we learn a functional

metric between networks based on their synaptic differences, and show that it accurately predicts the similarity

of novel networks, for a wide range of stimuli. We then show that a sparse set of architectural features - the

sum of synaptic inputs that each neuron receives and the sum of each neuron’s synaptic outputs - predicts

the functional similarity of networks of up to 100 cells, with high accuracy. We thus suggest new architectural

design principles that shape the function of neural networks, which conform with experimental evidence of

homeostatic mechanisms.

Keywords: network theory, neural networks, graph similarity, dynamical systems, metric learning, connec-
tomics, spiking neurons

INTRODUCTION
Many biological systems can be described as networks of interacting elements where the function of the system
is determined by the nature of individual elements, the type of interactions between them, and the emerging
individual and collective behavior or phenotype. Mapping the relation between the structure and function of
such networks is a key goal in many areas of biology, and beyond. Because the number of possible architectures
is combinatorial in the size of the network, analyzing and understanding the design and function of biological
networks hinges on finding simplifying principles. Functional ‘design principles’ have been suggested to include
robustness to noise [1–3], resilience to attack [4], controllability [5], efficiency [6, 7], criticality [8, 9], and
learnability [10, 11]. Structural design principles have implied the nature of network growth [12], use of small
sub-network motifs [13], modular organization and power-law scaling [14, 15], sparseness of activity [16],
random connectivity [17, 18], and centrality or percolation properties of networks [19, 20]. However, how these
functional and structural design principles relate to one another is not immediately clear [21].

The reconstruction of the detailed wiring diagrams of full neural circuits at single cell resolution [22–26],
would enable direct exploration and characterization of the architectural design of neural modules and even
whole brains [27]. Importantly, very different connectivity structures may give rise to very similar function [28].
Thus, the ability to record the joint activity patterns of large populations of neurons [29, 30] whose connectome
has been reconstructed, is crucial for linking of neural network structure and function [31–34] - which would be
central to our understanding of development, coding, plasticity, and learning in biological neural networks.

Understanding the relations between network topology and the activity of networks of neurons requires ways
to measure both the functional similarity of networks and their architectural similarity, and to map the relations
between these two (potentially very different) metrics. It is not obvious what is the correct measure for either or
how we may extend tools from graph and network theories [12, 15, 35]. For limited classes of networks and of
interacting elements, links between the topology of a network and the nature of its dynamics have been elucidated,
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such as the number of fixed points or classes of attractor dynamics and their stability [36–40]. Towards the study
of real neural networks, we present here a general framework for linking the topology of networks and their
population spiking patterns for arbitrary classes of network architectures, in response to a wide range of stimuli.

Rather than assuming or guessing which structural metric should be used to compare networks - we learn
a functional similarity metric directly from the networks. We thus characterize the space of neural networks
in terms of their function and then seek the architectural principles that govern the organization of that space.
We develop this framework and validate it by studying simulated networks of spiking neurons, where we have
complete control over all parameters, no limits on experimental design and length, and the ‘ground truth‘ is
known. We show that we can learn the informative structural features that shape a network’s function, and that a
structural metric, based on these features, significantly outperforms a wide range of graph-theoretical measures
in predicting the functional similarity of neural circuits. We then show that the informative structural features
that we identified for small networks are highly informative also for networks of 100 neurons - suggesting them
as a general principle for the comparison of networks of neurons.
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RESULTS
To study the relation between structure and function in networks of neurons, we simulated the responses of
thousands of small networks of spiking neurons to a wide range of stimuli (Fig. 1a). Direct characterization of
the space of all network architectures is impossible for large networks, since for a group of N neurons there are
2N(N�1) different directed graphs of interactions (topologies); considering neurons of different types or diverse
strengths of synaptic connections, would make this number considerably larger. We therefore start by seeking the
principles that govern ensembles of small networks and later increase their size (Fig. 1b). The first two ensembles
are the exhaustive sets of all 4,096 topologies of networks of 4 all excitatory or all inhibitory leaky integrate
and fire neurons, with all synapses having the same strength (we simulated both current and conductance based
models for the neurons and both alpha and delta activation functions for the synapses - see SI). The next ensemble
was comprised of networks of 15 excitatory and inhibitory neurons, with ⇠ 20% inhibitory cells [41], where
synaptic strengths were drawn from a log-normal distribution [42]. Even for 15 neurons there are ⇠ 1063 directed
topologies, and so we used a random sample of 10,000 of networks of each size, and rely on cross-validation on
new networks to verify our results and models (see Methods).

To map the functional similarity between networks, we simulated their responses to the same stimulus s
and compared their respective population activity patterns (Fig. 1c). We denote each network by a weighted
connectivity graph or the matrix of synaptic connection G, where Gkl is the strength of the synapse from neuron
k to l. The external stimulus s to the networks was defined individually for each neuron, such that the i-th neuron
in each network received as an input a 30 seconds Poisson-distributed spike train with a rate li, weighted by
an input synaptic weight, winput (Fig. 1a). While the rate li of inputs to all neurons was identical, each neuron
in the network received its own realization of incoming spikes with that rate (where corresponding neurons in
different networks received the exact same input patterns, i.e. same realization). We explored the responses
of the networks to a wide range of stimuli (SI and Fig. S1) and focus henceforth on stimulus parameters and
synaptic strength values for which the networks’ behavior was not pathological, i.e. epileptic or completely silent.
The length of the stimulus was chosen to give an adequate sample of the responses that this class of stimuli
would elicit. To disentangle the effects of architectural differences between networks from the effects of the
initial conditions of networks on their responses - all networks were started with the same initial conditions, and
all network measures and similarity measures between networks are the average over many different random
initializations. We discretized the spiking patterns of the neurons in the network in response to the stimulus,
into small temporal bins of size Dt = 20ms, such that the activity of the network in each time bin is given by a
binary vector x = (x1, . . . ,xn), where xk = 1 if neuron k spiked in that bin and 0 otherwise (Fig. 1c, middle). We
then summarized the response of the network whose synaptic connections are given by G, to stimulus s by the
distribution of population activity patterns over the whole length of the stimulus (Fig. 1c, right), which we denote
by PG(x|s). For small networks we estimated these distributions by direct sampling, whereas for large ones we
fitted a pairwise maximum entropy model for the population activity (see Methods). Using different temporal bin
sizes gave similar results for the analyses that follow (SI and Fig. S2).

We quantified the functional similarity of pairs of networks whose synaptic weights are given by G and G0,
by the overlap of their population responses, conditioned on the stimulus s:

D f unc(G,G0|s) = DJS[PG(x|s)||PG0(x|s)] (1)

where DJS is the Jensen-Shannon divergence, which measures the differences between distributions in bits (see
Methods). Notably, this comparison of the networks’ population vocabulary to a particular stimulus or class
of stimuli is more general than overlap measures based only on individual firing rates, as it also considers
differences in correlation structure between neurons. As this does not take into account the temporal structure of
the responses, we also compared networks based on the similarity of the post-stimulus-time histogram (PSTH)
of the corresponding cells in the two networks to the same stimulus, DPST H (see SI). We found that DPST H was
strongly correlated with D f unc (see SI and Fig. S3), and we therefore focused on the latter for the rest of the
analyses.
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We computed the functional dissimilarity between all networks in our ensembles. Figure 1d shows a typical
example of the resulting matrix of dissimilarity between pairs of networks, D f unc(G,G0|s), for s with a normalized
input rate of h = 1.5 and winput = 20pA (which is equivalent to a total rate of incoming spikes to each neuron of
8Hz, see Methods). The structure of the matrix reflects a low dimensional organization of the space of networks
based on their response properties - evident by the spectrum of the eigenvalues of the matrix, which decayed
significantly faster than shuffled controls (SI and Fig. S4). We then asked what are the structural properties of the
networks that underlie this functional organization.

Common structural metrics fail to capture the functional similarity of networks of neurons
Given the plethora of graph theory measures of similarity, it might seem that a smart choice of one such measure
might be sufficient to predict the functional similarity of neural networks. The simplest intuitive way to compare
the topology of networks of the same size is by counting the fraction of links or synapses they share. For
weighted directed graphs, this can be interpreted in different ways, and we consider here two options: First,
the Graph Edit or Hamming distance between G and G0, dHamming(G,G0) = ÂN

k,l=1 signGkl 6=signG0
kl

, (where
is an indicator function), which compares the type of connections between neurons (inhibitory, excitatory, or
absent). Second, the L2 norm or Euclidean distance between the corresponding synapses in the networks,

dL2(G,G0) =
q

ÂN
k,l=1

�
Gkl �G0

kl
�2, where Gkl is the synapse from neuron k to l in network G. Both of these

metrics were poor predictors of the functional similarity of networks (Fig. 2b,f). In particular, while low Hamming
or Euclidean distance did imply low D f unc, medium and high values of Hamming or Euclidean distance were
practically non-informative of functional similarity.

We examined a wide variety of other structural metrics, including ones that treat networks as vectors of
synaptic weights and compares them as vectors in RN(N�1), as well as explicit metrics of graphs, such as the
spectral distances between directed graph Laplacians. All structural metrics in our comparisons gave poor results,
for both N = 4 and N = 15 - as reflected by the green and orange bars in Fig. 2d,h (a larger set of failed metrics
can be found in SI and Fig. S5). We therefore asked whether instead of trying common similarity measures, we
could learn a metric directly from the data.

Learning to predict the functional similarity of networks from their synaptic connections
Metric learning approaches vary significantly in their assumptions and applications [43], and have been used to
model perceptual distances [44, 45], and to study the structure of neural codes [46–48]. Here, we asked how
well D f unc between networks’ responses to the same stimulus s can be approximated by a bi-linear function
of the synaptic differences between the networks, which we quantify as the difference of their connectivity

matrices DGkl = Gkl �G0
kl . To simplify mathematical notation, we denote by g =

 G12
...

GN(N�1)

!
2 N(N�1) the

vector corresponding to the “flattened” representation of the matrix G, without its diagonal elements (which are
all zero), and so Dg = g�g0 is the vector of synaptic differences between two networks. The problem of finding
the optimal bi-linear function is then translated into seeking the optimal matrix M⇤(s), which obeys

M⇤(s) = argmin
M⌫0

D�
D f unc(G,G0|s)�DgT ·M ·Dg

�2
E

G,G0
+akMk2 (2)

where M is a N(N �1)⇥N(N �1) positive semi-definite matrix (so defined in order for the distances between
networks to be non-negative), known as the Mahalanobis matrix [43]. The regularization term and its control
parameter a were chosen by cross-validation (SI and Fig. S6). Fortunately, M⇤(s) we seek is the solution to a
convex constrained optimization problem, which is therefore guaranteed to be the global optimum. We explicitly
note the dependence of M⇤ on s, and stress that different stimuli might require different metrics, which we
investigate below.

To find M⇤(s), we randomly split the networks in the ensemble into a training set and a test set (75% and
25% of the networks, respectively), and use the train set to find M⇤(s) using conjugate gradient descent on the
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Figure 1. Simulating the responses of ensembles of networks to the same stimuli and computing
functional similarity between networks. (a) Each of the N neurons in the simulated networks received as an
input a Poisson spike train with rate li; corresponding neurons in all networks in the ensemble received the same
exact i-th spike train as input. (b) Examples of the simulated networks: Networks of 4 neurons with identical
excitatory synapses, networks of 15 excitatory and inhibitory neurons where the synaptic weights were drawn
from a log-normal distribution, and networks of 50 excitatory and inhibitory neurons with log-normal distributed
synapses. (c) Examples of segments of the spike train responses of different networks (left) that were presented
with the same stimulus. The activity of the neurons was discretized into bins of length Dt = 20ms, and binarized
(middle; see text). The different responses of the networks result in different distributions of population activity
patterns (right). (d) The functional dissimilarity matrix D f unc(G,G0|s) for networks of size N = 4. The
normalized stimulus strength was h = 1.5 (see Methods), which resulted in firing rates ranging between
10Hz-20Hz over all networks in the ensemble. The structure of this matrix implies a low dimension organization
of the functional space of networks (see text).

manifold of positive semi-definite matrices (see Methods). To assess how well this learned measure captures
the functional dissimilarity between networks, we use it to predict the pairwise distances between all pairs of
networks in our held-out test set and compare these predictions to the empirical D f unc values (Fig. 2c,g). We find
that our model captures functional dissimilarity significantly better than all other metrics (Fig. 2d,h), for both
networks of size N = 4 and N = 15. We emphasize that the predictive accuracy of M⇤ stems from its ability to
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Figure 2. Common structural metrics fail to predict the functional similarity between networks of
neurons, whereas a learned bi-linear metric succeeds. (a) The first simulated ensemble, consisting of 4096
networks of 4 neurons with constant weights. (b) Hamming distances between all pairs of 4096 networks of size
N = 4 are plotted against the computed D f unc between networks (y-values are slightly jittered to show density of
points). We note the points on the upper-left part correspond to pairs of networks that have almost no overlap in
terms of synaptic connections, yet are functionally very similar. (c) Predictions of the bi-linear model on held out
test data, i.e. networks that were not used in finding M⇤. (d) We compare the prediction accuracy of different
structural metrics for networks of size N = 4, by computing their mean correlation with the functional similarity
of the networks (averaged over 30 different initial conditions). Our learned model (black) outperform multiple
graph-based models (green) and vector-based ones (orange). Error bars represent 1 standard deviation. (e) The
second simulated ensemble, consisting of 10000 networks of 15 neurons with both excitatory and inhibitory
weights. (f-h) Same as (b-d), but for the N = 15 ensemble. Since synaptic weights in this ensemble were
continuous, the Euclidean distance between synaptic weights was used instead of Hamming (see main text).

capture the geometry of the functional space of networks, and not from its computational expressive power (see
SI and Fig. S7).

The sparse structure of the Mahalanobis matrix M⇤ for networks of 4 excitatory neurons (Fig. 3a), reflects
the architectural features that the model relies on. To uncover what these features are, we used the fact that M⇤

is a positive semi-definite matrix that can be decomposed into its Cholesky factor, M⇤ = RRT , such that R is
a lower-triangular matrix. Importantly, we can use R to find a decomposition of M⇤ that is easier to interpret:
M⇤ = LLT , with L = RU and U is unitary matrix that would make L as sparse as possible (see Methods). Using
this sparse decomposition, the distance between networks can be rewritten as kLT g�LT g0k2

2, which means that
LT implements a linear transformation that represents each network using a set of structural features. In this view,
our model measures the squared Euclidean distance between networks in the feature space induced by LT (which
interestingly is consistent with DJS being a squared metric). The interpretation of the structural features extracted
by L (Fig. 3b), is facilitated by the fact that each column of L defines a linear combination of synaptic weights.
For the ensemble of excitatory networks of size N = 4, a dominant type of structural features stands out - one of
the form Âl Glk, or the sum of synaptic inputs to the k-th neuron (this corresponds to the indegree in unweighted
networks). Thus, for example, the left column of L in Figure 3b is akin to the sum of synapses going into the
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third neuron. We identified two other types of features when using other stimuli and for networks with inhibitory
neurons: the sum of outgoing synapses from a neuron, Âk Glk, and the sum of synaptic weights along loops of
size 2, Gkl +Glk; the last type was dominant for example for the ensemble of all inhibitory networks of size
N = 4, as shown in Fig. 3d-e. Since each column of L corresponds to a single structural feature, we further asked
how many features are needed to accurately approximate the functional dissimilarity. We sorted the columns of L
by their norms (as vectors), and approximated M⇤ using the k-th highest norms columns, for different values of k.
We found that for both networks of size N = 4 and N = 15, the number of the required structural features was
small, and close to the number of neurons rather than the number of synapses (Fig. 3c).

Based on these results, we fitted a new model that uses just the dominant structural features of L to approximate
D f unc(G,G0|s):

D f eatures(G,G0|s) = Â
l

al ·
 

Â
k

DGkl

!2

| {z }
l-th neuron

synaptic input

+Â
k

bk ·
 

Â
l

DGkl

!2

| {z }
k-th neuron

synaptic output

+Â
k<l

gkl (DGkl +DGlk)
2

| {z }
kl neuron pair

(3)

where al,bk,gkl were learned from the data to minimize the mean squared error between the two measures. For
many stimuli, the features-based approximation was close to the full learned matrix M⇤. Furthermore, an even
simpler class of models that relied just on the first two terms of eq. (3), namely the set of sums of synaptic inputs
and sums synaptic outputs of each of the neurons - was nearly as good, as shown in Fig. 3f.

Scaling and universality of the functional space of networks for different classes of stimuli
The results above showed the success of learning a feature based metric for networks for a specific set of stimuli,
where all neurons received inputs from different realizations of Poisson distributed spike trains with the same
rate. Next, we asked how the functional similarity between networks depends on the nature of the stimulus used,
and in particular, whether the functional metric we learned for one class of stimuli would generalize to other
stimuli. We therefore repeated the mapping of functional distances between networks, D f unc, for a wide range of
Poisson-inputs with different mean values - from weak stimuli that elicited almost no responses, to very strong
stimuli that elicited very high firing rates (SI and Fig. S1), and from uncorrelated inputs to the different neurons
to highly correlated ones (Figure 4a). We found that the distances between networks were highly correlated for
different stimuli: Figure 4b shows an example of the tight correlation of D f unc(G,G0|s) for two different stimuli,
over all pairs of networks in the ensemble. Figure 4c shows the strong correlation between the distances of
networks for many different pairs of stimuli, which were high and significant for all stimulus classes we tested
(see SI and Fig. S8 for the correlation values of the dissimilarity of all the stimuli we used throughout the main
text). This implies that on average, changing the stimulus changes the dissimilarity between networks in a way
that preserves the relations between their relative distances: networks that are relatively close (far) under one
stimulus tend to be relatively close (far) under a different stimulus. Figure 4d shows this explicitly by using 2D
embedding of networks based on their functional distances, using an example of the same randomly selected 4
networks under 5 different stimuli - reflecting that the structure of relations between networks is preserved, while
the overall map of distances may stretch or shrink.

The approximate scaling of the map of functional distances with stimulus strength suggests that the structure
of the Mahalanobnis matrix M⇤ should also remain stable, up to a stimulus-dependent multiplicative factor.
Figure 4e-f show the accuracy of the models based on the sum of synaptic inputs and sum of synaptic outputs,
across the space of stimuli we explored. Indeed, for the vast majority of stimulus parameters, the prediction of
our model and the empirical D f unc values are highly correlated. Interestingly, the relative importance of the total
synaptic inputs and total synaptic outputs changes across stimulus space, and a transition from the domination of
the total synaptic output values to the total synaptic inputs occurs as the stimuli become stronger (SI and Fig. S9).
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Figure 3. Identifying the informative structural features that govern our learned model of network
similarity. (a) The optimal Mahalanobis matrix M⇤ for N = 4 networks of excitatory neurons. Each entry in the
matrix is the weight assigned to a pairwise term in the bi-linear function. (b) The sparsest L matrix from
Cholesky factor-based decomposition of M⇤ from (a). Each column represent a single structural feature. Matrix
entries correspond to the weights of the different synapses in each feature. First 4 features correspond to the total
synaptic inputs to each of the neurons; Columns are sorted by their Euclidean norm. (c) Accuracy of the model
when using only the k most important features (largest Euclidean norm), for networks of N=15 and different
stimuli. (d,e) Same as (a,b) but for networks of 4 inhibitory neurons. Here loops of length 2 emerge as the
dominant structural features. (f) A model based only on the sum of synaptic inputs to each neurons and the sum
of synaptic outputs of each neuron, predicts the functional similarity of networks of N = 15 neurons, as well as
the full model using M⇤; inset shows the high correlation between the bi-linear model and the feature-based
model. (g) An illustration of the informative structural features. (h) Prediction accuracy (mean pearson
correlation coefficient) using different subsets of structural features.

Predicting the similarity of large networks from their structural features
Finally, we asked whether the structural features we identified for small networks generalize to large ones.
Notably, for networks of 100 neurons there are 29900 possible unsigned topologies and 2100 possible activity
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Figure 4. The structure of the map of functional similarities between networks is conserved across
stimuli. (a) Illustration of the space of different stimuli for which we computed the pairwise similarity between
networks. The set of stimuli explored was parametrically characterized by the average rate of the external
Poisson input to the neurons, h , and the correlation between different inputs to different neurons, r . (b) An
example of the correspondence of D f unc for 1 million pairs of networks in the ensemble of networks of size
N = 15, is shown for two different stimuli; every dot represents one pair of networks. (c) Same as (b), but for
many pairs of stimuli, from the set space described in (a). The correlations between the distances between all
pairs of networks are shown for the whole range of r and h values . (d) 5 overlaid 2D MDS embeddings of 4
example networks of size N = 15, based on the functional dissimilarity between them. The networks in each
case are the same, and are marked by a dot of the same color. The colors of the lines between nodes denotes
which of the 5 stimuli this embedding relates to. Overlaying was done by anchoring the network marked by the
red dot. Overlaid maps show the geometric organization is preserved across stimuli space. (e) Pearson
correlation between the computed functional similarity D f unc between networks and predictions of the models
based on the sum of synaptic inputs and sum of synaptic outputs of each neuron, for 900 different combinations
of (h ,r) for networks of size N = 15 . (f) The interquartile ranges of the data shown in (e), is shown by
aggregating the values shown in (e) over h (up) and r (bottom). Percentage values of each bar denote the
parameter value between lowest strength/correlation (0%) and highest ones (100%) .

patterns of the network. Thus, whereas mapping all networks was intractable already for 15 neurons, here
even measuring the similarity of networks using the overlap of their sampled response distributions becomes
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impractical. We therefore fit second order maximum entropy models for each network’s activity (see Methods),
and use them to measure the functional dissimilarity between networks G and G0 by the average of the log-
likelihood ratio of the spiking response of G under a model that was learned from the spiking responses of G0,

and vice versa: D f unc (G,G0|s) = 1
2T ÂT

i=1


log PG(xi)

PG0 (xi)
+ log PG0 (x0i)

PG(x0i)

�
, where xi (x0i) denotes the i-th activity pattern

of network G (G0); This measure converges to the symmetric KL divergence between conditional response
distributions, as the number of samples increases.

We used randomly sampled networks of 50 and of 100 neurons, and created 300 variants for each one of
these origin networks, by manipulating their connectivity graphs (Fig. 5a): (1) 100 variants in which the sum
of synaptic inputs to each neuron was preserved, but the incoming synapses to each neuron were assigned to a
random neuron in the network (shuffle inputs). (2) 100 variants that preserved the sum of synaptic outputs of
each neuron, but the outgoing synapses of a each neuron were randomly connected to the other neurons (shuffling
the outputs). (3) 100 variants in which all synapses were randomly shuffled, regardless of their presynaptic or
postsynaptic neuron. As before, all networks were presented with the same stimulus, and had identical initial
conditions. Figure 5b-c show the 2D MDS embeddings of all the variant networks of one original network of 50
and of 100 neurons, based on their functional dissimilarity matrix - where closer points represent networks that
have a similar conditional response distributions. Figure 5d shows for 50 randomly chosen original networks
(with N=100 neurons) that variant networks with the same total synaptic inputs to each neuron (input shuffle)
were functionally more similar (smaller D f unc) to their original network compared to networks with the same
total synaptic outputs for each neurons, which in turn were more similar than networks where all synapses of the
original network were shuffled. Figure 5e shows this is the case for all networks we tested, and that this result
is consistent under different stimuli. Learning a functional metric as in eq. 2 and the decomposition of such
matrices for large networks is impractical, since M⇤ scales as O(N4). Instead, we asked whether the architectural
features we identified for small networks would generalize to large ones. We found that using the features based
model (eq. 3) we can accurately predict functional dissimilarity between networks of 50 (Figure 5f).
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Figure 5. The architectural features identified in small networks predict functional similarity of
networks of 50 and of 100 neurons. (a) We pick 100 randomly connected networks of size N = 50 and
N = 100, and use each of these networks as a ‘template’. From each such original network, we created 100
variants preserving the sum of synaptic inputs to each neuron, by shuffling the source of the synapses into each
neuron (red), 100 variants preserving the sum of synaptic outputs of each neuron, by shuffling outgoing synapses
(green), and 100 variants where all synapses shuffled (black). (b) A 2D MDS embedding of one original network
of 50 neurons and its 300 variants, based on the their log-likelihood based functional similarity values. (c) Same
as (b) but for a template network of 100 neurons. (d) D f unc between each template network of 100 neurons and
its 3 types of shuffled variants. Each of the 50 lines using different shades of red connects the values of the mean
D f unc between one original template network and its 100 shuffled variants of each type. Errorbars represent 1
standard deviation over the set of variants. (Small random horizontal jitter was added to the points for clarity).
(e) For each of the original network, we show the ratio between its average D f unc to all the output shuffle variants
against the average of its D f unc to the all shuffle variants, normalizing both values for each network by its
average D f unc to input shuffled variants. The colored dots mark the values for the networks under two different
stimuli, showing that all 100 original networks reside in the part of the ”phase space”, where their input shuffled
networks are closer to the original network than the output shuffled ones, which are closer than the all shuffled
ones. (The relations between variants in other parts of the phase space are labeled in each of the corresponding
parts of the figure). (f) Predicting functional dissimilarity, D f unc between randomly sampled pairs of networks of
50 neurons using the feature-based model (eq. 3) - showing high correlation with R=0.94.

DISCUSSION

Measuring the functional similarity of small neural networks in terms of their population spiking patterns, allowed
us to learn a structural metric on the space of networks that predicted functional similarity with high accuracy.
Our learned metric outperformed a wide range of commonly used graph-theory metrics, by very large margins.
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We then used the learned metric to identify features of the topology of networks that govern their function. The
total synaptic sum of inputs and total synaptic sum of outputs emerged as the key architectural features in small
networks, and generalized to predict the functional similarity of networks of up to 100 neurons. We further
found that the ‘geometrical organization’ of distances between networks is highly correlated over a wide range of
stimulus strengths and correlations.

Our results imply that within the space of networks there are subspaces or manifolds that retain similar
functional properties, and that these manifolds are the ones which contain networks that have the same sum of
synaptic inputs and sum of synaptic outputs. A network that would change its synaptic connections along a
trajectory contained within such a manifold, could therefore be very different structurally, without changing its
function. This implies a ‘neutral evolution’ path for neural networks’ organization and learning dynamics [49].
Interestingly, our results conform with the synaptic homeostatic mechanisms that have been extensively studied
both experimentally and theoretically [50, 51]. In particular, our model predicts that homeostatic mechanisms
that redistribute synaptic weights but preserve the total synaptic inputs to a neuron or its outputs - may not only
shape the computational properties of single cells, but play a crucial role in learning, plasticity, and development
at the level of the network.

While there are many potential extensions of our work in terms of more biologically-realistic neurons and
neuronal classes, we especially note that our analysis has focused on the cases where all neurons in a network
receive external stimuli that have the same statistical properties. Extending our work to the case of arbitrary
stimuli, such as different input rates to each of the neurons, or cases with higher order correlations among inputs,
would require learning a joint metric for stimulus space and the space of network architectures. These are likely
to reveal new, more intricate design features of neural circuits. In addition, while our analysis has focused on
stimulus values that did not result in pathological behavior of the network (silence or epilepsy), the framework
we introduced may be applied to identify which network topologies would be susceptible to such events.

The metric we have learned gave accurate results by relying only on the differences between corresponding
synapses of two networks. To explain the small residual part of the functional similarity between networks that
our metric did not account for would require to go beyond pairwise relations between synapses. Such extensions
could elucidate the functional importance of longer loops and global structural properties, which our current
model cannot account for. Moreover, our metric also implies the functional difference between networks would
be ‘translation invariant’ in dG, i.e. D f unc(G,G0|s) = D f unc(G+dG,G0+dG|s) for any dG. This is unlikely to
be true in general, especially for large dG. We thus expect that refinements of the approach we presented here,
such as learning different local metrics, would be important for analyzing larger networks and real networks, and
are likely reveal additional design principles.

The growing abundance of connectomics data, would make it imperative to combine theoretically grounded
computational frameworks and experimental measurements in understanding networks’ structure and function.
The approach we presented here is a step towards building such a framework. While we relied on simulated
networks, our results suggest testable predictions about fundamental design principles of real neural networks.
Ultimately, this kind of approach would be extendable to asking how to design neural circuits that would perform
a desired function, or how to interface and control neural circuits in the brain. Finally, we note that the framework
we presented here would be immediately extendable to studying other biological and non-biological networks.
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MATERIALS AND METHODS

Simulating neural networks. All networks were simulated using the NEST simulator for spiking neural
network models [52]. Networks of 4 neurons -either all excitatory or all inhibitory ones - were simulated
using the following parameters for an integrate and fire neuron model (which are the default Integrate and Fire
model parameters in NEST; ”iaf psc alpha”): resting membrane potential EL = �70mV ; membrane capacity
Cm = 250pF ; membrane time constant tm = 10ms; refractory period tre f = 2ms; spike threshold Vth =�55mV ;
reset potential Vreset =�70mV ; rise time of the synaptic alpha function tsyn = 2ms. Networks of 15 excitatory and
inhibitory neurons were simulated using the biophysical parameters taken from [41]: EL = 0mV ; Cm = 250pF ;
tm = 20ms; tre f = 2ms; Vth = 20mV ; Vreset = 0mV ; tsyn = 0.5ms. Networks of 50 and of 100 neurons were
simulated using the same biophysical parameters as for networks of 15 neurons.

Mean synaptic weight were chosen such that an input spike to a neuron results in a 0.1mV increase in its
membrane potential. Other mean synaptic weights (ranging from 0.05mV to 0.5mV increase per spike) were also
considered and gave similar results.

The external stimulus to each neuron was a sequence of spikes drawn from a Poisson distribution with rate li,
with a fixed synaptic strength (winpu = 20pA). The rate was chosen such that li = h ·lth, where lth is the external
rate that would fix the membrane potential of the receiving neuron around its threshold and h is the the ratio
between the external rate and the threshold rate, as in [41]. Stimulus values ranged from 5000Hz to 15000Hz
(thus simulating the inputs from hundreds to thousands of external neurons), yielding average firing rates in the
simulated neurons that range from 1Hz to 50Hz (see SI and Fig. S1). Correlated stimuli were generated using a
multiple interaction process [53]; we considered stimulus correlations ranging from 0 (independent stimuli) to
0.99.

Generating ensembles of networks. For the all excitatory and all inhibitory networks of 4 neurons, we
simulated the all 4096 unweighted and directed topologies. For networks of 15 neurons, the number of different
unweighted directed topologies is larger than 1063. We therefore estimated the similarity metrics for an ensemble
of 10,000 unweighted directed networks, sampled from an Erdős–Rényi random graph model [12], where the
probability of forming a synapse between any two neurons in a network was psyn = 0.5. Each of the 15 neurons
was randomly assigned a “type” - excitatory or inhibitory - with the probability of a random cell being inhibitory
was pinhib = 0.2. This determined the sign of each synapse in the network. Synaptic weights were drawn
from a log-normal distribution s = 0.5 [42]. The mean strength of inhibitory synapses was scaled to ensure
pinhib hwinhibi= (1� pinhib)hwexi, where the average is over the entire ensemble of networks. Networks of 50 or
100 neurons were randomly generated in a similar manner such that the probability of forming a synapse between
two arbitrary neurons is psyn = 0.1 , and pinhib = 0.2. (psyn = 0.5 and psyn = 0.05 were also considered and gave
similar results).

Permutation of synapses for networks of 50 and 100 neurons. The original random networks (see main
text) were shuffled to generate variants that retained the total sum of synaptic input to the i-th neuron, by
permuting all 49 (or 99) off-diagonal elements of the i-th column in the network’s connectivity matrix. Variants
that retained total sum of synaptic outputs were similarly generated by permuting off-diagonal elements of each
rows. Control networks were generated by shuffling all off-diagonal elements, irrespective of their original row
or column.

Fitting pairwise maximum entropy models. For large networks, direct estimation of Pemp (x|s) would require
prohibitive or unrealistic long stimuli (since for a network of N neurons, the number of possible activity patterns
is 2N). We therefore used pairwise maximum entropy models to describe the response distributions. These
models have been shown to be highly accurate for the activity patterns of groups of this scale [10], and we
validated that this was the case for our networks. For each network and stimulus, we learned the maximum
entropy model of its responses to the stimulus based on the firing rates and pairwise correlations between cells,
given by P(x|s) = 1

Z exp
⇥
�Âi aixi �Âi< j bi jxix j

⇤
; Models were learned using the MaxEnt toolbox software [54].
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Finding a sparse representation of structural features based on Cholesky decomposition. The Cholesky
decomposition of a Hermitian positive-definite matrix [55] factorizes it uniquely into the product of a lower
triangular matrix and its conjugate transpose. To interpret the structure of the matrix M⇤ based on the decomposi-
tion M⇤ = R ·RT , we used the fact that right-multiplying R by any unitary matrix U results in a decomposition
M⇤ = (RU)(RU)T , which means kRT g�RT g0k2 = k(RU)T g� (RU)T g0k2. We therefore solved the constrained
optimization problem: L = argminU2{Q|QQT=I} kRUk1 over the manifold of all possible unitary matrices [56, 57],
and found a matrix U such that L = RU is maximally sparse and yet remains an exact decomposition of M.

Multidimensional Scaling. Given an N ⇥N dissimilarity matrix D f unc and a desired number of dimensions p
(p=2 in the main text), we found the N⇥ p embedding matrix such that the pairwise distances in the p-dimensional
space minimize the mean squared error with respect to the dissimilarities specified by D. MDS was implemented
using the scikit-learn python package [58].

Divergences between probability distributions. The Kullback-Leibler divergence between probability distri-
butions P,Q is defined as DKL (P;Q) = Âx P(x) log

⇣
P(x)
Q(x)

⌘
, which measures the distinguishability of distributions

in bits, and has multiple information theory and statistics motivations and interpretations [59]. The Jensen-
Shannon divergence [60] is a symmetric and bounded extension of the Kullback-Leibler divergence, defined as
DJS (P;Q) = 1

2 DKL (P;M)+ 1
2 DKL (Q;M) where M = P+Q

2 . This is a measure of dissimilarity between probability
distributions, which is 0 bits for identical distributions, and 1 bit for non-overlapping distributions.
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7. Tkačik, G., Prentice, J. S., Balasubramanian, V. & Schneidman, E. Optimal population coding by noisy
spiking neurons. Proceedings of the National Academy of Sciences of the United States of America 107,
14419–14424 (2010).

8. Mora, T. & Bialek, W. Are Biological Systems Poised at Criticality? Journal of Statistical Physics 144,
268–302 (2011).

9. Rubinov, M., Sporns, O., Thivierge, J.-P. & Breakspear, M. Neurobiologically Realistic Determinants of
Self-Organized Criticality in Networks of Spiking Neurons. PLoS Computational Biology 7, e1002038
(2011).

10. Ganmor, E., Segev, R. & Schneidman, E. Sparse low-order interaction network underlies a highly correlated
and learnable neural population code. Proceedings of the National Academy of Sciences 108, 9679–9684
(2011).

11. Zurn, P. & Bassett, D. S. Network architectures supporting learnability. Philosophical Transactions of the
Royal Society B: Biological Sciences 375, 20190323 (2020).

12. Newman, M. E. J. The Structure and Function of Complex Networks. SIAM Review 45, 167–256 (2003).

13. Milo, R. et al. Network motifs: simple building blocks of complex networks. Science 298, 824–827 (2002).

14. Barabási, A.-L. & Albert, R. Emergence of Scaling in Random Networks. Science 286, 509–512 (1999).

15. Bullmore, E. T., Sporns, O. & Solla, S. A. Complex brain networks: graph theoretical analysis of structural
and functional systems. Nature Reviews Neuroscience 10, 186–98 (2009).

16. Olshausen, B. A. & Field, D. J. Sparse coding with an overcomplete basis set: A strategy employed by V1?
Vision Research 37, 3311–3325 (1997).

17. Ganguli, S. & Sompolinsky, H. Compressed Sensing, Sparsity, and Dimensionality in Neuronal Information
Processing and Data Analysis. Annual Review of Neuroscience 35, 485–508 (2012).
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