SUPPLEMENTAL MATERIAL
A. Derivation of the storage capacity

We start by considering a single threshold-linear unit whose activity is denoted by u. The neuron receives C' inputs
vj, for j = 1---C through synaptic weights J;. The activity of the neuron is determined through the threshold-linear
activation function as

u = glh; —9]*"
h{iv} = % ZJJ‘% (1)

We assume that we have p patterns, indexed as pu = 1---p, of activity over the inputs that we denote by f;‘ . To
each input pattern p we also consider a desired output activity by the neuron that we denote n*. We are interested
in finding how many patterns can be stored in the synaptic weights, such that the input activity elicits the desired
output activity, assuming that the synaptic weights satisfy the spherical constraint

M Jp=c. (2)
J#i
This task, essentially boils down to calculating the expectation of the logarithm of the fractional volume V' of the
interaction space over the distribution of 77 and &, defined as
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For calculating (logV'), ¢, we use the replica trick. The initial task is to compute the replicated average (V")e,
namely
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We first compute the numerator. To compute the averages over £ in the numerator, we note that the delta function
can be written as

(4)

dx
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For the average of the Heaviside function, we write

O — h™H) = /0 N dALO[A, — (0 = h™H)]
N / e / dy,, expliyy, (A, — (0 — h*H))] (6)
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We now use the above identities in Egs. (5) and (6) to compute the following quantity that appears in the numerator
of Eq. (4), assuming independently drawn ¢ as
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In order to compute the average of the delta functions in Eq.(7), we use the approximation

fexp(o)) = exp { (o) + 1 - 1 ®

to calculate the following average
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where in going from the second to third line in Eq. (9), we have used the fact that (£j'¢)) = (£})({)). Expanding the
second exponential in the second line of Eq. (5), we can write in the large C limit
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in which we have assumed symmetric replicas and defined d\"? = (), d dy’? = = ((&§)?), d A5 = di*P — (d")? and

¢ =L, I8 (11a)
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Similarly, using the identity in Eq. (6) we have
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Using Eq. (10) and (12), the quantity M (¢*®,m®) defined through Eq. (7) can be written as
M(q**,m*) = %log [((1 = 6y ,0) 11 ("%, m™ ) + G 0 L2 (g, %)) ] - (13)
We now insert Eq. (13) back to Eq. (4) and enforce the definitions of m and ¢ in Eq. (11) using the identities
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and the normalization of Eq. (4) using
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such that the numerator in Eq. (4) can be written as
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Defining the function
W (G, m", B%) log/ [H @] exp (-5 Z E(J%)? + Z eI+ Y g (17)
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we can write
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We can then compute A in Eq. (18) using the saddle point approximation, by maximizing the argument of the
exponential, that is maximising
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In order to proceed to make this extremisation we assume a replica symmetric ansatz:

¢ =q
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with these assumptions
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In the above Eq. (21), W and M are calculated using the limits for n — 0 of the expressions in Eq. (13) and (17),
as follows. For W, we use the Gaussian trick

G(q7 q\’ m7 m? E) = M(q7 m) + W(qA7 m7 E) +
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combined with the replica symmetric expression for W to get

W (. d. IOg/[HdJ“] exp(_fz Py (;Jay_g;(wz)
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Using a™ = 1 + nloga and log(1 + a) ~ a, we have

W(m,cj,E):n/\z% et /210g UdJexp( B4y oy Van )} (24)

In order to perform the Guassian integrals one can show that for general a, b parameters:
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Therefore, integrating over J in Eq. (24), leads to:

W (i, 4, E) = n ( —**” F / 5= m(;f;))) (25)

and over t, finally leads to:

G+ m?
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Computing M is a bit more tricky.
p
M(q,m) = 5 log [<(1 — (577u,0)]1(q,m, T]#) + (577;4,70[2(q,m)>77u} . (27)

as one have to compute I (g, m,n*) and (g, m). Using the Gaussian trick in Eq. (22) and assuming replica symmetry
we rewrite Eq. (10) as
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with Dt = j%e‘t2/2. In a very similar way we can write Eq. (12) as
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We define P(n* > 0) = f and rewrite Eq. (13) as
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Simplifying for the sake of visualization Eq. (28) and (29) as

where
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one can use again a” ~ 1+ nloga and log(1 + a) ~ a, which is valid for n — 0, to write M (g, m) as
M(g,m log </DtY"> +(1- f)/DtK"}
/Dt (1+nlogY),. + (1 - f)(1 +nlogK)}
log [1+n f/Dt(logY)nu -l—(l—f)/DtlogK)}

/Dt logY) g+ /DtlogK

(32)

(33)

Q\@ Q\@ Q\



Turning back to the original notation we can further develop the terms composing the above approximation. The

first one yields:
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and the second one yields:
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where in the last passage we made a simple change of variables. Therefore we can rewrite Eq. (30) as
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Now we can evaluate the derivatives
d d d dG  d

G dG dG G G _0 (37)
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where G = G(q, §, m, 7, E) given by Eq. (21), and set them to zero to find the maximum of Eq. (21), with W (m, ¢, E)
given by Eq. (26) and M (g, m) given by Eq. (36).

With the first three derivatives equalized to zero, which are applied only to the second and third term of Eq. (21),
and assuming Cq > m? and |C(1 — 2¢)| > m? as C — oo, we obtain the relations
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Substituting them into Eq. (21) we have to perform the last two derivatives.

dG can be simply evaluated, applying the Leibniz integral rule —H(f ff(m) e e = —exp( f(g)z )%f(x)
yleldmg.
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The derivative in ¢ requires in addition the integration by parts of the term multiplied by (1 — f) enabling to reach
the simplified solution:

dG o o ((dPm =gt —9)%) +qdy7 | (1 f)(1—q) Lo
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where o = p/C is the storage capacity.
As explained in the main text we take the limit ¢ — 1, in which the storage capacity « becomes the critical one a..
Note that in this limit:
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This enables to further simplify the above equations as
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where in the second approximation we have Taylor expanded H(z) around x = 0.

The simple application of the limit ¢ — 1 with the above approximations, and the introduction of the variable
19 d’LTL

Vg™

T = leads to the final set of equations for the critical storage capacity
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where df'y 5 are defined in the same way as d§"2p 5 except that the averages are now over the output distribution 7.
Going from the calculation reported above for the threshold-linear perceptron it is straightforward to calculate the

optimal capacity of a network of threshold linear units. Considering the network defined through Eq. (1) of the main
text, the corresponding volume we need to calculate can be written as

= f) [.° Dt(t — z)
(42)
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Since VT can be written as the product of the individual volumes of the connection weights towards each unit, as
Vr = H V; and thus <logVT>77 = N(logV;),, we will essentially be dealing with individual perceptrons like the one
we just studied. Putting d}"” = d9** = dy and dy" = d§"* = dy and thus d3*? = d3** = dj for Vi, we arrive to the
equations presented in Eq. ( ) of the main text.

As explained in the main text, we evaluate the maximal storage capacity in the limit ¢ — oo, which is reached for
moderate values of g. Eq. (3) of the main text in the g — oo limit reduces to:

0=fz—(1-f) [~ Dttf:c)
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which provides the universal a& bound for errorless retrieval, dependent only through f on the distribution of the
patterns.



B. Derivation of the limits
a simple substitution at f = 1 leads to

From Eq. (3) of the main text it is possible to evaluate the two limits of very sparse and non-sparse coding. First,

di
T =— 45
9Vds )
1
—1 _
The case f — 0 is a bit trickier. We first rearrange the first equation in Eq. (3) as
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As f goes to zero, for the left hand side to be equal to the right hand side, we should have x — oco. We therefore
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to write the right hand side of Eq. (47) as
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We find a solution to Eq. (48) through the following iterative procedure. We first solve the leading term for f — 0
yielding
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where in the last passage we have used the Taylor expansion of the square /1 -y =1— 4 + O(y?) around y = 0 as

We have tested numerically that the above expression Eq. (50) for z is indeed a solution to Eq. (47) for f — 0.



We now proceed to evaluating ., we apply the same Taylor expansion as before
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To summarise in the limit f — 0 we obtain
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Substituting z in «. to the leading order leads to Eq.(5) presented in the main text.

C. Training algorithm

For the purpose of assessing whether the Gardner capacity for errorless retrieval can be reached with explicit training,
we can decompose a network of, say, N + 1 = 10001 units into N + 1 independent threshold linear perceptrons. A
threshold linear perceptron is just a 1-layer feedforward neural network with N inputs and one output, the activity
of which is given by a threshold-linear activation function.

[h]* = max(0, h) (52)

The network is trained with p patterns. One can then think of the input as a matrix £ of dimension [N x p] and of
the output as a vector 77 of dimension [1 X p].

The aim of the algorithm is to tune the weights such that all p patterns can be memorized. In order to tune the
weights we start from an initial connectivity vector Jo of dimension [1 x N] and estimate the output ﬁ as:

(53)

where g is the gain parameter. We then compare the output 17 with the desired output 77 through the loss function

L) = 3 5 — ). (54)

p=1

The TL perceptron algorithm can be seen as simply a stripped down version of backpropagation, for a 1-layer network:

the weights J are modified by gradient descent to minimize the loss during the steps k = 1.kMAX where kMAX
is the number of steps needed for the gradient descent in order to reach the minima % = 0. If at the minima
k

max
p

N 1S

L(jkMAX) = 0 at least a set of weights exists for errorless retrieval at that p value. The storage capacity a, =
max

evaluated by estimating p as the highest p value enabling to reach L(jkMAX) =0.
Initializing the weights around zero facilitates reaching the minima. The chain derivative that in general implements
gradient descent in backpropagation, in this case reduces to

-, - —

— — g N = =
Jpp1 = Ji + 71;(77 —n)OmET (55)

where @(ﬁ) is the Heaviside step function applied to all N elements of ﬁ and where v is a learning rate, which we
vary in order to facilitate reaching the minima.



D. Hebbian capacity and sparsity of the retrieved pattern

From the calculation reported in [1], it can be shown that for a network of threshold-linear units described in Eq.
(1) of the main text in which p patterns are stored through Hebbian learning, the storage capacity a. can be found
as the value of « for which there are values of v, and w, that solve the equation

Ag(w,v)? — aAz(w,v) =0 (56)

at a single point on the w, v plane; where

As(w,v) = L<(i - 1) (zé(z) + a(m)> (57)

oI —a)\{n)
Ag(w,v) = (2% + 1)o(x) + o(2)) (58)
and

Cwpo

r=w+ ) (59)
1+ erf( 5 erfe(—2

o) = 5 2l ;f) (60)

e—'r2/2
o(x) = (61)

and the auxiliary variables v and w, defined as in [2] and dependent on the threshold ¥, quantify the signal to noise
ratio respectively of the specific signal of the pattern to be retrieved and the one of the background both versus the
noise due to memory loading [1]. Estimating v. and w, translates to optimizing the threshold ¢ such that it maximizes
the storage capacity.

In [1] the above expression are reported assuming a = () = (n?), but the above equations do not make this
assumption and can be derived easily from the calculation reported in [1].

Following [1], the average of the activity and the average of the square activity in the patterns retrieved with Hebbian
weights are calculated considering that the field, i.e. the input received by a cell with activity n in the memory, is
normally distributed around a mean field proportional to . If we call z a random variable normally distributed with
mean zero and variance one, x is already the mean field properly normalized. With the threshold-linear transfer
function, the output will be g(z + 2) for x + 2z > 0 and 0 with probability ¢(—=x). Therefore the average activity and
the average square activity are:

v = [ h  Defac(n) + 4y = oot + oz (62)
v =g  Delae(n) + 52y = 6(1 + 22)o(re) + 3oz (63)
Te = We + UCi (64)

(m)’

the sparsity of the retrieved memory is thus a2 = (V)2 /(V?).

As reported in the main text, we have compared capacity values using a binary, ternary, quaternary and an
exponential distribution:

pln) = (1~ @)3(r) +ad(1 — ) (65)
pln) = (L= £0800) + S (= 3) + 06— 2) (66)
pln) = (1= 2050n) + 5501 2) + 2o~ 2 + oo n - =) (67

P(n) = (1 —2a)d(n) + 4aexp(—2n) (68)
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One can see that all distributions are such that (n) = [~ dnP(n)n = a and (n?) = [;° dnP(n)n* = a, so that a coin-
cides with the sparsity (n)?/(n?) of the network. The fraction of active units is thus related to a as f = a,9a/5,9a/4,
2a respectively.

As a supplement to Fig. 2 of the main text, reproduced here in the 3 separate panels in the upper row in Fig. 1,
we show a comparison between the Hebbian capacity and the Gardner one when plotted as a function of the output
sparsity (in the bottom row of Fig. 1). The Gardner storage capacity is now in each of these 3 cases above the
Hebbian capacity, taken as a function of the output sparsity instead of the input one.

10? 10? 10
— Gardner — Gardner ‘o, — Gardner
== Hebb. Binary == Hebb. Ternary ".. ===« Hebb. Quaternary
N te
L 10! J10 J10!
3 3 3
107 =mmmmmmmmmmee e ~0 L R L
102 1wt 10 102 10t 100 02 1wt 10
a a a
10? 10? 10
— Gardner — Gardner — Gardner
== Hebb. Binary = Hebb. Ternary = Hebb. Quaternary
N, fe.
L 10! J10 J1ot
3 3 3
10(1 ,,,,,,,,,,,,,,,,,,, ~e 10“'""""""""’l\ ,,,,,, 100,,,,,,,,,,,,,,,,,!: ,,,,,,,,
~
102 1wt 10 102 10t 100 02 10t 10
(LH (I,,I.-I (l,H

FIG. 1. Suplementary to Fig. (2). Comparison between the Hebbian and Gardner storage capacity for 3 discrete distributions.
The upper row considers as sparsity parameter the one of the input pattern, the lower row the one of the retrieved pattern.
The Garner capacity is that given by Eq. (3) of the main text

E. Analytical derivation for the exponential distribution

In order to facilitate the comparison we extend the analytical calculations in [1] and evaluate explicitly the analytical
expression of Eq. (57) and (58) for the exponential distribution. In general, for As we write

a4 > DR
to= s [P 1) [ Datatn ) »

[ os [ e v -2+ [0z [T anpe s - 6o -]

with z(n) = w + vn/(n). Substituting Eq. (68) we obtain

AS“‘”’ = (Ag1+ Aso+ Ass)

u(l—a)
Axq = /:»U Dz /000 dn4aexp(—2n)(g - D(w+ % —2)
Az2 = /_w Dz(1 —2a)(z — w)

Az g = / Dz[ ) dn4anp(—2n)(g —1)(w+ % —2).
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Solving the equations leads to
Asq = (1 —2a)o(w) + E +w—v-— Qwa] o(w)
Az = (2a —1)(o(w) + wo(w)) (71)

b (22 o () - 2) (o 2) - (o0 2o -0 2)]
Thus

a7 =) o (2 ) o (= 2) o ) (o 2o e B}

v V2
For A3 we have

Agmiﬂ = A3.1 + A3.2 + A33
Az = / Dz/ dnda exp(—2n)(w + w_ 2)?
—0o0o 0 a
Az = / Dz(1 - 2a)(w — 2)*
_ [T - un 9
Az = / Dz/( ) dnda exp(—2n)(w + — — z)
w (z=w)a a
Substituting Eq. (68) we obtain

As1=(1-2a)o(w)+ E +w—v— Qwa} d(w)
Azz = (20 — )(o(w) + wo(w)) (74)

o= (22) o (25 (1520 0 2) o+ 2) = (e 2o o= %)

and solving the equations leads to

A1 = 2ao(w)(w+ )+ p(w)(1+w? + 2=+ ]

Az = (1 = 2a)[wo(w) + (1 + w?)p(w))] (75)
2

2 2a2 2
Az s = U—exp (7aw> exp (—az )gb( —w — —a).
a v v v
Thus

A5 = 20(0(w) + 6(w)) + wo(w) + (1+w?)p(w) + —¢(w) +exp (0 + T2 )o(-w =), (76)

F. Comparison with real data

In the real activity distributions we use, each neuron emits, in time bins of fixed duration (we use 100msec),
0,...,m,...,Nmae Spikes, with relative frequency c,, such that Zzzgm ¢n, = 1. These values are taken from Fig. 2
of [3] and correspond to the histograms in blue in Fig.2 below (and in Fig.3 of the main text); they are assumed
to be the distributions of the patterns to be stored. If the weights are those described by the Gardner calculation,
these patterns can be retrieved as they are, and their distribution remains the same. If they are stored with Hebbian
weights close to the maximal Hebbian capacity, however, the retrieved distributions look different, and they can be
derived as follows.

The firing rate V of a neuron in retrieving a stored pattern 7 is assumed proportional to w + vn/(n) + z [1], where
the parameters w and v are appropriately rescaled signal-to-noise ratios (general and pattern-specific), such that the
normally distributed random variable z, of zero mean and unitary variance, is taken to describe all other non constant
(noise) terms, besides 7 itself. Averaging over z one can write, as in Eq.(62), that at the maximal capacity

o0

(V)(n) = 9/ Dzlze(n) + 2] = glzed(zc) + o ()] (77)

7IC(77)
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where z = w + vn/(n) and at the saddle-point the parameters w and v take the values w. and v, that maximize
capacity, as explained in [1]. This implies setting an optimal value for the threshold ¢, which in the analysis is
absorbed into the parameter w, and which determines the sparsity of the retrieved distribution. The gain g remains,
however, a free parameter, that affects neither sparsity nor capacity. It is a rescaled version of the original gain ¢ in
the hypothetical TL transfer function. In other words, the maximal Hebbian capacity determines the shape of the
retrieval activity distribution, but not its scale (e.g., in spikes per sec).

To produce a histogram, that details the frequency with which the neuron would produce n spikes at retrieval, e.g.
again in bins of 100msec, one has to set this undetermined scale. We set it arbitrarily, with the rough requirement
that the frequency of producing 7,4, spikes at retrieval be below what it is in the observed distribution, taken to
describe storage, and negligible for n,,,, + 1 spikes. Having set the scale g, the frequency with which the neuron
emits n spikes at retrieval, with 0 < n < 4. is the probability that n —1/2 <V < n+1/2, that is, it is a sum over
contributions from each 7, such that

1<( + Ve +2) < +1
n— - < gWwe+ve—+=2 n+ -
2 (n) 2

1

(78)
n ——xc<z<ﬁ+i—ﬂfc
g 29 9 29
ie.,
Pr(n) = ”iﬂ:z Cn [(;5(2 + % —xc) - ¢<§ - % _xc):|7 (79)

n=0

with appropriate expressions for the two extreme bins. These are the distributions shown in Fig.3 in the main text,
and in Fig.2 below.

We took g = %, as this value satisfies the a priori requirements and allows to keep the same number of bins in the
retrieved memory as in the stored one (and the coefficients sum up to one, to a very good approximation).

Analysis of the other recorded cells

Supplementary to Fig. (3) in the main text, we report in Fig. 2 the same analysis for all 9 single cells reported
(using 100ms bins) in [3].

In each panel we write the capacity d la Gardner and the Hebbian one (calculated without fitting an exponential) for
the 9 empirical distributions, as well as the sparsity of the original distribution and the sparsity of the one that would
be retrieved with Hebbian weights. For simplicity of visualization we also show the storage capacity values against
each other, calculated ¢ la Gardner and a la Hebb (again, without fitting an exponential), as a single scatterplot for
the 9 distributions, in Fig. 3.
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[2] A. Treves, Physical Review A 42, 2418 (1990).
[3] A. Treves, S. Panzeri, E. T. Rolls, M. Booth, and E. A. Wakeman, Neural Computation 11, 601 (1999).
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FIG. 3. Comparison between the values of the storage capacity a la Gardner and Hebbian, for the 9 empirical distributions
extracted from [3].



