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Map distance, measured in centimorgans, is used in genetics to rep-
resent the average number of crossovers between two loci in a ga-
mete and can be translated to recombination frequency with map-
ping functions. Commonly used mapping functions, such as Hal-
dane or Kosambi functions, are single-variable functions and yield
one recombination prediction per map distance. Here we show that
these approaches contain systematic error and formulate a new func-
tion to predict recombination frequency from the map distance. Our
new function is paradigm shifting as it takes into account the vari-
ation in the number of crossovers and their localisation, yielding
context-specific estimates of recombination frequency that can vary
for a given map distance. The function is chromosome-specific,
making it generalizable for different sexes and organisms. We vali-
date the new approach using empirical data from stickleback fishes
and humans and show that it outperforms the conventional mapping
functions and produces more accurate predictions about recombina-
tion frequency between loci.
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Crossovers in meiosis break physical linkage among loci
and allow formation of recombinant chromosomes. The recom-
bination frequency of two loci — i.e. the likelihood of an odd
number of crossovers in the gamete (1) — can be estimated
empirically by studying offspring phenotypes (2), chiasmata
under a microscope (3) or with genetic markers (4). Use of
genetic markers has become the standard and applicable also
for non-model organisms such as cattle (5), soay sheep (6),
red deer (7), nine-spined stickleback (8) and the three-spined
stickleback (9). Although recombinations can be investigated
empirically, data for that are laborious to produce and re-
searchers utilizing recombination frequency may rely on earlier
reported map distances. Map distances represent the average
number of crossovers in the gamete and are measured in units
of centimorgans (cM) (10). A known map distance is converted
to a recombination frequency between the markers using map-
ping functions (1). Essentially, these functions aim to account
for the non-additivity of the recombination frequencies and,
by making certain assumptions about crossover localisation,
provide a generalized association between the map distance
and recombination frequency.

Probably the two most widely used mapping functions are
those of Haldane (11) and Kosambi (12) (e.g. (1, 13, 14)). The
limitations of these mapping functions have been discussed in
the literature and alternatives have been put forward (10, 15),
but to the best of our knowledge, they have not been adopted
to wider use (see (16, 17), for example). Moreover, we are not
aware of any attempts to re-assess old mapping functions or
formulation of new functions in the context of contemporary
high-density marker data sets such as available for humans

(18) and sticklebacks (19) for instance.

Here we introduce a novel mathematical function for pre-
dicting the recombination frequency between two loci of known
map distance. Our function builds on three findings: (1) Re-
combination frequency, r, can be expressed as a function of
probability of no crossovers between the markers in the biva-
lent, po, so that r = $(1—po) (13, 17, 20). (2) Due to crossover
interference, locations of crossovers in the chromosome depend
on their number, and follow a certain periodicity so that the
crossovers tend to be evenly distributed (21, 22). (3) The
number of crossovers in meiosis varies across organisms, sexes
and individuals and the probabilities for different numbers of
crossovers can be estimated from the data (23).

For each marker pair, the estimate of pg considers the joint-
effect of the marker positions and the probabilities for different
numbers of crossovers in the chromosome (Fig. 1). As a result,
the prediction depends on the location of the markers in the
chromosome, and the recombination frequency can be different
for two marker pairs with the same map distance or the same
for two marker pairs with different map distances. We demon-
strate the performance of the new function with high density
sex-specific linkage maps of the nine-spined stickleback (Pun-
gitius pungitius), the three-spined stickleback (Gasterosteus
aculeatus) and human (Homo sapiens) crossover data. We
compare the performance of the new function with that of the
three conventional mapping functions: linear (hereafter called
the Morgan function), Haldane and Kosambi.

Materials and Methods

Mathematical function for the absence of crossovers. Following the
principle of Weinstein (24) and the idealized example (Fig. 1),
we formulated a new function for predicting the likelihood of no
crossovers between the markers in the bivalent, pg, given the map
distance. This function accounts for alternative numbers of the
crossovers in the chromosome. The recombination frequency, r, is
then derived with equation r = %(1 —po). Let d be the map length
of the whole chromosome. If there are k (k>0) crossovers in the
bivalent, theu?f are assumed to occur in k non-overlapping regions of
equal size, ¢, so that every crossover occurs in a different region.
Within each region, the localisation is uniformly distributed and the
localisations are independent across the regions. For a given marker
pair, po = szo P(no crossovers|k) = E;LO prpo(k), where n is
the highest possible number of crossovers in the bivalent, py is
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Fig. 1. Number and location of crossovers affects the recombination frequency. (A)
An example of a chromosome with always two crossovers in the bivalent so that one
occurs in the yellow and the other one in the blue area. The locations of the crossovers
within their distinctive regions are independent. (B) The table shows the probability
for 0, 1, or 2 crossovers between the markers (po, p1 and p2, respectively) in the
bivalent, the resulting recombination frequency of the marker pair (in the gamete) and
the estimated map distance for every marker pair using different mapping functions.
(C) Graph showing the relationship between the recombination frequency and map
distance with different mapping functions. Notably, intervals A-B, A-C and A-D have the
same recombination frequencies but different map distances, whereas, marker pairs
A-C and B-D have the same map distances but different recombination frequencies.

the probability for k crossovers in the bivalent and po(k) is the
probability of no crossovers between the markers when there are k
crossovers in the bivalent. For markers at map positions m; and
m; (mj > my), po(k) is defined as:
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where ’V%—‘ and ’V%—‘ are the crossover regions of the markers m;
3 3

and m;, and b; and b; are the upper boundaries for these regions,

so that b; = ’V%—‘ % and bj = ’V%—‘ %

This function is also applicable for multiple loci. In case of three
markers (m;, m;, my), the recombination frequencies derived with
this function meet the criteria r;; + 7jx > r31, where r;; is the the
recombination frequency between markers m; and m; (16, 25) (see

Supplementary material for proofs).

We applied the function for sex-specific recombination data in
the 21 chromosomes of the nine- and three-spined sticklebacks, and
in the 22 human autosomes. The total map lengths were derived
from the linkage maps and the likelihoods for different numbers of
crossovers in the bivalent were inferred from the observed number
of crossovers (see ‘Inference of crossover frequency’ below)

Stickleback linkage maps. The crossover frequencies and locations
were estimated from the linkage maps described in Kivikoski et
al. (19). For the nine-spined stickleback (Pungitius pungitius),
high density (22,468 informative markers) linkage maps were re-
constructed with Lep-MAP3 software (26) from a data set of 938
F1-offspring. The parental fish, 46 females and 87 males, were wild
caught individuals from Finland (Helsinki, 60°13’N, 25°11’E) which
were artificially crossed in laboratory to produce the aforementioned
F1-offspring (19), see also (8). Five females were each crossed with
a different male, forming five full-sib families and other 41 females
were each crossed with two different males, which formed 41 half-sib
families. For the three-spined stickleback (Gasterosteus aculeatus),
linkage maps were generated with Lep-MAP3 and based on 517
Fi-offspring from 60 families (30 males and 60 females, so that
each male was crossed with two different females) as described in
Kivikoski et al. (19). The parents were caught from the Baltic Sea
and the crossing scheme and their sequence data are described in
detail in Pritchard et al. (27).

For all linkage maps (maternal and paternal maps of the nine-
and three-spined stickleback), the genetic distance between the
adjacent markers was calculated from recombination frequency
with the Haldane mapping function. For non-adjacent markers the
distances are additive. There were, on average, 1,070 and 1,342
markers per chromosome in the nine- and three-spined stickleback
maps, respectively. Hence, the inter-marker distances were short:
on average 19,571 bp corresponding to 0.054 cM and 0.106 cM in
the paternal and maternal maps of the nine-spined stickleback, and
15,461 bp corresponding to 0.043 cM and 0.075 cM in the paternal
and maternal maps of the three-spined stickleback, respectively.
As all conventional functions yield very similar results for small
recombination frequencies, the choice of the mapping function has
a minor impact on the map distances.

Analysis of human recombination data. To evaluate the general ap-
plicability of the new function, we analysed human data from
Halldorsson et al. (18). This consisted of sex-specific linkage maps
(their supplementary Data S1 and S2) and the crossovers data
(their supplementary Data S4). Crossover locations and counts
were obtained from the column ‘medsnp’ of the sex-specific linkage
maps for the 41,092 probands with both paternal and maternal
crossover information. All crossovers were used irrespective of their
status regarding the gene conversions (complex, non-complex or
not assessed; see Halldorsson et al. (18)). Moreover, no probands
were discarded based on the total number of crossovers in them:
the highest number of crossovers per proband per chromosome was
17 maternal crossovers in chromosome 13. The number of markers
in the linkage maps was 17,894-90,036 depending on the chromo-
some. We sampled 1.5% of the markers of every chromosome (seed
value 2021 in R (28) was used to ensure reproducibility), which
yielded 268-1,351 markers, i.e. 35,778-911,925 marker pairs, per
chromosome. For every marker pair, we estimated the sex-specific
recombination frequency by calculating the proportion of the stud-
ied probands (n=41,092) with an odd number of crossovers between
the markers.

Assessment of mapping function performance. The three mapping
functions (Morgan, Haldane, Kosambi) and the new function formu-
lated here are based on certain assumptions of crossover localisation
and are not fitted to the observed data of recombination frequencies
and genetic distances. As parameter fitting is not involved, the
models cannot be compared with likelihood ratio test or Akaike
information criterion (AIC). Instead, the performance of the four
functions were assessed by calculating the likelihood of the empirical
data under each function. The likelihood of the data (i.e. empirical
recombination frequency of a marker pair) was calculated as the
likelihood of binomial distribution so that the number of trials
corresponded to the number of offspring studied (n=938, n=517,


https://doi.org/10.1101/2020.12.14.422614
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2020.12.14.422614; this version posted September 16, 2021. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

n=41,092 in the three species studied), the number of successes
to the observed number of recombinants and the likelihood of suc-
cess under the null-hypothesis to the recombination rate predicted
by the mapping function. For human data, the number of trials
and successes were divided by 100 to avoid numerical errors in R
programme. The Morgan function was applied here so that the
predicted recombination frequency was the map distance in centi-
morgans divided by 100 or 0.5 for map distances greater or equal
to 50 cM. Instead of letting the prediction increase linearly with
mapping distance, recombination frequencies above 0.5 typically
do not exist (apart from sampling error) and this formulation was
chosen to get a more impartial assessment of the method. We
assessed separately every chromosome in both maternal and pa-
ternal datasets. The mapping function with the highest likelihood
(the sum of log-likelihoods) was considered the best. These results
are reported for the whole genome pooled and separately for each
chromosome. For chromosome level comparisons we also report
the p-values of binomial tests where the number of successes is the
number of chromosomes where the new function outperforms the
three others. The null-hypothesis is that the new function is equally
good as the best of the three others (Haldane, Kosambi, Morgan),
and the probability of success under the null-hypothesis is 0.5.

Inference of crossover frequency. According to Weinstein (24), prob-
ability for observing k crossovers in a randomly sampled meiotic

product, depends on the number of crossovers in the bivalent so

n
k

20, (%)
bivalent and 0 < k < n. Number of crossovers in the bivalent varies,
not only between the sexes and chromosomes, but also between
individuals and individual meioses (see ref. (29) for an example).
Therefore, the observed crossovers in the gamete pool are a sample
of crossovers from meioses with a different number of crossovers in
the bivalent. As the sampling function above is known, the multino-
mial distribution of the number of crossovers in the bivalent can be
estimated. We used the expectation-maximization (EM) algorithm
of Yu and Feingold (23) to estimate the multinomial distribution for
different numbers of crossovers in bivalent. The algorithm approxi-
mates the multinomial distribution that maximizes the likelihood
of the data consisting of the numbers of meiotic products with
0...N observed crossovers in a given chromosome. According to Yu
and Feingold (23), for data where the highest number of observed
crossovers in a single meiotic product is N, it is sufficient to estimate
the multinomial distribution between 0 and 2N — 1. The algorithm
was applied separately for maternal and paternal crossovers and for
each chromosome, by pooling all meiotic products (n=938, n=517,
n=41,092 for nine- and three-spined stickleback and human data,
respectively). The estimated multinomial distribution includes the
maximum-likelihood estimate for no crossovers in the bivalent. We
applied the bootstrapping test of Yu and Feingold (23) to estimate
if, in case of an estimate above zero, the deviation from that is
statistically significant (p<0.05). For the chromosomes with non-
significant p-values, we used a restricted multinomial distribution,
that restricts the likelihood of no crossovers to zero, for further
analyses. This choice was made in order to assume the obligate
crossover as a null-hypothesis. Chromosomes with p<0.05 were
chromosome 15 of the three-spined stickleback (paternal meioses)
and in humans chr21 and chr22 (maternal and paternal meioses)
and chr3 (paternal meioses).

that P(k) = , where n is the number of crossovers in the

Data Availability. The stickleback linkage maps and computer code
for replication of the analyses of this study are available in Github
https://github.com/mikkokivikoski/recombinationStudies. In order to fa-
cilitate reproducibility of the analyses, analytical steps following
the linkage map reconstruction step are integrated into an Anduril2
workflow (30).

Human
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Fig. 2. Observed and inferred crossover frequency distributions in the nine-spined
stickleback (P, pungitius), three-spined stickleback (G. aculeatus) and human (H. sapi-
ens). Each bar shows the proportion of offspring (n=938, n=517, n=41,092) with a
certain number of crossovers (Observed) and inferred proportions of meiosis with a
certain number of crossovers in the bivalent in maternal and paternal meioses (In-
ferred). Chromosomes are ordered from shortest to longest (in base pairs). Crossover
counts 6—11 and 12-21 are grouped for readability.

Results.

Association between recombination frequency and map distance is
context dependent. The idealized example (Fig. 1) leads to the
conclusion that the association between recombination fre-
quency and map distance is ambiguous, i.e. two marker pairs
with the same map distances may have different recombina-
tion rates and two marker pairs with the same recombination
rates may have different map distances. This is the case espe-
cially when there are multiple non-randomly located crossovers
in the bivalent. Empirical data from the three species con-
firms this: females of all three species typically have two or
more crossovers in the bivalent which is also the case in pa-
ternal meioses in the longest stickleback chromosomes and
most human autosomes (Fig. 2). Furthermore, when multi-
ple crossovers occur in the same bivalent, they are clearly
separated (Fig. S1). Consequently, the association between
the recombination frequency and map distance is ambiguous,
especially in maternal data (Fig. 3, see also Fig. S3, S6, S9).

The new function outperforms the old ones. The predictions made
with the new function resembled the empirical data (Fig. 3,
see also Fig. S4, S7, S10). For paternal recombinations in
sticklebacks, the predictions were more or less linear as there
is typically one crossover per chromosome (Fig. 2). For human
data and maternal recombinations in the sticklebacks, the
predictions had a fan-shaped pattern as there are typically
multiple crossovers per chromosome (Fig. 2). Notably, the
three conventional mapping functions seemed to have poor fit
with the maternal data. Interestingly, with paternal stickleback
data, the linear Morgan function fitted the data quite closely
(Fig. 3).

When taking all chromosomes into account, the new func-
tion yielded the highest likelihood in both sexes and all three
species (Table 1). The number of marker pairs differs between
species and therefore the sums of log-likelihoods are in differ-
ent scales. In the chromosome-by-chromosome comparison,
the new mapping function had the best performance in all
chromosomes with human data and most chromosomes with
maternal stickleback data (Table 2, binomial test p < 0.05).
However, in paternal stickleback data, Morgan function had
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the best performance in 13 nine-spined and 11 three-spined
stickleback chromosomes (Table 2, see also Fig. S2).
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Fig. 3. Examples of empirical recombination frequencies (left) and predictions by
the new function (right) in the nine-spined stickleback (top), three-spined stickleback
(middle) and human (bottom). Solid lines show the three conventional mapping
functions. Each orange and blue dot is a marker pair in maternal and paternal data,
respectively.

Table 1. Sum of the log-likelihoods of the full data.

Species Sex Haldane Kosambi Morgan po (k)
Nine-spined Maternal | -41,506,139 -15,154,609 -16,674,480 -12,015,300
stickleback Paternal | -11,604,079 -5,364,491 -4,531,728 -4,300,082
Three-spined ~ Maternal | -11,545,404 -5,194,577 -5,071,404 -4,328,440
stickleback Paternal | -2,609,774 -1,588,307 -1,632,652 -1,370,573
Human Maternal | -49,610,858 -25,873,948 -27,776,004 -23,790,878
Paternal | -55,057,174 -26,551,010 27,444,547 -22,935,403

Discussion. Genetic recombination is a fundamental character-
istic of sexual reproduction. Knowledge about the recombina-
tion tells how often two loci are inherited in the same molecule,
which is essential for identifying loci under selection (31) and
understanding evolution in general. Here, we have formulated
a novel mathematical function for predicting recombination
frequency from the map distance. Importantly, we have shown
with empirical data from sticklebacks and humans that the
association between recombination frequency and map dis-
tance varies considerably when there are multiple crossovers

Table 2. Best performance on individual chromosomes

Species Sex Haldane Kosambi Morgan  po(k) ‘ p-valuet
Nine-spined Maternal | 0 0 1 20 <0.0001
stickleback Paternal 0 0 13 8 0.38
Three-spined Maternal | 0 0 4 17 0.0072
stickleback Paternal 0 0 11 10 1

Maternal | 0 0 0 22 <0.0001
Human

Paternal | 0 0 0 22 <0.0001

+

p-values are for two-tailed binomial test.

in the bivalent. This is because map distance characterizes
the expected number of crossovers but does not account for
the variation around the expectation and, in particular, for
the probability of no crossovers. The new function implements
these characteristics and outperforms Kosambi, Haldane and
Morgan functions in predicting recombination frequency from
the map distance.

When applied to the whole genome, the function proposed
here yielded more accurate predictions for recombination
frequency than any of the three classical functions in the
nine-spined stickleback, three-spined stickleback and humans.
Importantly, the predicted recombination frequencies varied
within the same map distance, as they did in the empirical
data (Fig. 3). At the level of a single chromosome, simple
linear Morgan function yielded higher likelihood in paternal
data of most stickleback chromosomes. However, in those chro-
mosomes the differences to the new function were small and
therefore the new function yielded the highest likelihood when
all chromosomes were pooled (Table 1). Stickleback males
typically have just one crossover in the bivalent (the longest
chromosomes being notable exceptions, Fig. 2) and in those
cases the additive map distance matches well with the recombi-
nation frequency, which makes the Morgan function to perform
better. The function formulated here has a tendency to under-
estimate the recombination frequency when the likelihood for
one crossover in meiosis is high (such as in male sticklebacks,
Fig. 2). This comes from the model formulation where the
size of the crossover region is defined as d/k, which means
that when the recombination frequency is predicted for meiosis
with one crossover (k=1), the denominator (d/k) becomes d,
which is the map length of the chromosome. In chromosomes
where multiple crossovers are rare and the crossover localisa-
tion depends on the number of crossovers, 50 cM would be
closer to the ‘correct’ denominator value instead of the map
length which is greater than 50 cM. Nonetheless, our empirical
examples demonstrate the versatility of the new function and,
by taking into account the map length of the chromosome and
probabilities for different number of crossovers in the bivalent,
it works for species, sexes and chromosomes with very different
crossover rates.

Localisation of crossovers in a chromosome is not random
and the process is influenced by crossover hotspots (32, 33),
chromosomal inversions (34), sex-determining regions (35),
repelling effects of centromere and telomere (9, 36, 37) as well
as crossover interference. There are multiple approaches for
modelling and characterizing crossover interference (reviewed
in (38)). In the new function, the crossover interference is
accounted for by adjacent crossovers appearing in close prox-
imity less frequently than would be expected by chance. This
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is implemented in the function by assuming that when there
are multiple crossovers, they occur in distinctive regions of
the chromosome (see Methods and Equation 1). This is moti-
vated by the observation of periodicity in locations of multiple
crossovers (Fig. S1), similar to those reported for example by
Charles (21). We think this approach is useful as it does not
require complex mathematical formulation for the crossover
interference and with the resolution of modern data, the num-
ber of crossovers in the bivalent can be studied with high
precision.

In order to apply the new function, map length of the chro-
mosome and likelihoods for different numbers of crossovers
are needed. Ideally, the multinomial distribution of different
numbers of crossovers would be estimated from empirical data
as done here. However, if such data were not available, one
could approximate the multinomial distribution by a linear
combination of multiples of 50 cM (one crossover in the bi-
valent) that yields the chromosome’s empirical map length d.
This idea can be demonstrated by defining the linear combi-
nation so that the possible crossover counts are the largest
multiple of 50 ¢cM smaller than the chromosome map length
|d/50], and that added by one |d/50] + 1. The probabili-
ties for those crossover counts are then 1 — (d/50 — |d/50])
and (d/50 — |d/50]), respectively. For example, for map
length d=110 cM one would assume an outcome of two or
three crossovers in the bivalent with probabilities of 0.8 and
0.2, respectively. This solution is simple to derive, but an
oversimplification for chromosomes where the crossover count
varies between multiple values, which is the case in humans
and especially for maternal crossovers in sticklebacks (Fig. 2).
However, this approximation works reasonably well in paternal
data and for some maternal chromosomes as well (Table S1,
Fig. S5, S8, S11).

Relatedness between siblings (or other kinship excluding
parent-offspring relationship) is a random variable, with ex-
pected value being the pedigree relatedness which is 0.5 for
full-sibs of unrelated parents. The variance in the relatedness
decreases with increasing recombination because the more and
shorter the recombining units, the less there is variance in
relatedness. Although this has been acknowledged in pub-
lished estimators of relatedness variance (39), they implement
the crossover localisation (and their number) in terms of map
distance. This is not problematic only because it does not
translate into base pairs (14), but because the recombina-
tion and map distance do not have an unambiguous rela-
tionship as shown here. Veller et al. (14) reported that the
map distance-recombination frequency relationship relying
on Kosambi function did not match the empirical data and,
consequently, the predicted variance in relatedness did not
match with their empirical results. We anticipate that the
underlying reason for this is the one explained here: in high-
density linkage maps (such as the ones used in this paper), the
map distance between adjacent markers is practically equiva-
lent to recombination frequency, as the possibility for multiple
crossovers between closely positioned loci is negligible. Hence,
the map distances are calculated only for short intervals and,
over longer intervals they are additive. As a result, the map
distance over longer intervals does not necessarily predict the
recombination frequency, as it is not measured in such units.

The resolution of linkage maps keeps increasing (compare
e.g. maps in Rastas et al. (8) and Kivikoski et al. (19); or

Kong et al. (4) and Halldorsson et al. (18)), and there is an
urgent need to re-think the meaning and implication of map
distance. Here we provide a solution that is mathematically
simple, scales and works for modern data from multiple species.
We anticipate that our approach can stimulate further research
on mapping functions. For example, it could be of interest to
know how centromere interference and chromosome or species
specific characteristics could be incorporated into them.
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