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How do growing bacterial colonies get their shapes? While colony morphogenesis is well-studied in 2D,
many bacteria grow as large colonies in 3D environments, such as gels and tissues in the body, or soils, sedi-
ments, and subsurface porous media. Here, we describe a morphological instability exhibited by large colonies
of bacteria growing in 3D. Using experiments in transparent 3D granular hydrogel matrices, we show that dense
colonies of four different species of bacteria—Escherichia coli, Vibrio cholerae, Pseudomonas aeruginosa, and
Komagataeibacter sucrofermentans—generically roughen as they consume nutrients and grow beyond a critical
size, eventually adopting a characteristic branched, broccoli-like, self-affine morphology independent of varia-
tions in the cell type and environmental conditions. This behavior reflects a key difference between 2D and 3D
colonies: while a 2D colony may access the nutrients needed for growth from the third dimension, a 3D colony
inevitably becomes nutrient-limited in its interior, driving a transition to rough growth at its surface. We elu-
cidate the onset of roughening using linear stability analysis and numerical simulations of a continuum model
that treats the colony as an ‘active fluid’ whose dynamics are driven by nutrient-dependent cellular growth.
We find that when all dimensions of the growing colony substantially exceed the nutrient penetration length,
nutrient-limited growth drives a 3D morphological instability that recapitulates essential features of the exper-
imental observations. Our work thus provides a framework to predict and control the organization of growing
colonies—as well as other forms of growing active matter, such as tumors and engineered living materials—in
3D environments.

Bacteria are known to thrive in diverse ecosystems and
habitats [1–5]. In nature, bacteria can be found growing on
surfaces, which, in addition to the ease of visualization in
2D, have led laboratory studies to typically focus on colony
growth on 2D planar surfaces. However, in many cases in
nature, bacteria grow in 3D habitats such as gels and tissues
inside of hosts [6–8], soils and other subsurface media [9, 10],
wastewater treatment devices, and naturally-occurring bodies
of water [11–13]. Nonetheless, despite their prevalence, the
morphodynamics of bacterial colonies growing in such 3D en-
vironments remains largely unknown. Here, we ask: what de-
termines the shape of a bacterial colony growing in 3D? And
are there general characteristics and universal principles that
span across species and specific environmental conditions?

Studies of bacteria growing on 2D planar surfaces have
revealed a large variety of growth patterns, ranging from
circular-shaped colonies [14–21] to herringbone patterns [22]
and ramified, rough interfaces [14–20, 23]. Some of these pat-
terns become 3D as the colony can grow and deform into the
third dimension. These morphologies are now understood to
arise from friction between the growing colony and the sur-
face, and differential access to nutrients, which may also be
available from the third dimension [14–20, 22, 24–28]. The
emergent patterns have been rationalized by incorporating
these key ingredients into reaction-diffusion equations [2, 15–
18, 20, 24, 29–36], active continuum theories [21–23, 30, 32,
37–50], and agent-based models [30, 32, 38, 40, 45, 46, 51–
54]. Moreover, it has been suggested that these morpholo-
gies and growth patterns may in turn influence the global

function and physiology of bacterial colonies [55–57], includ-
ing resistance to antibiotics [58–60] and parasites [61], re-
silience to environmental changes [62, 63], and genetic diver-
sity [53, 55, 56, 64–70]. In stark contrast to the considerable
scientific effort devoted to studying 2D growth, little is known
about the collective processes, the resulting morphologies, or
their functional consequences for bacteria growing in 3D.

From a physics standpoint, growing in 3D is fundamentally
different from growing in 2D, both in terms of nutrient access
and ability to grow and deform into an additional dimension.
Consequently, we expect colony morphodynamics—the way
a colony’s overall shape changes over time—to also be dif-
ferent. Some recent studies hint that this is indeed the case,
showing how specific mechanical interactions imposed by a
3D environment can influence the morphology of growing
biofilms. For instance, external fluid flows are now known to
trigger the formation of streamers that stem from an initially
surface-attached colony [11, 71]. Under quiescent conditions,
small (≲ 10s of cells across) biofilm colonies constrained in
strongly-cross-linked bulk gels adopt internally-ordered struc-
tures as they grow and push outward [72], mediated by elas-
tic stresses arising at the interface between the colony and
its stiff environment. However, the behavior of larger bac-
terial colonies growing freely in quiescent 3D environments
remains underexplored, despite the fact that they represent a
fundamental building block of more complex natural colonies.

Here, we combine experiments, theoretical modeling, and
numerical simulations to unravel the morphodynamics of
large colonies growing in 3D environments. By performing
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FIG. 1. Dense bacterial colonies roughen as they grow in 3D. (A) Schematic of the experiments in which a dense bacterial colony (green
cylinder) is 3D-printed within a transparent matrix made of jammed hydrogel grains (gray). The matrix locally yields and fluidizes as cells are
injected into the pore space, and then rapidly re-jams around the dense-packed cells, holding them in place. The individual hydrogel grains
are highly swollen in liquid media containing salts and nutrients, which can freely pass through the hydrogels. However, the interstitial pores
between hydrogel grains are smaller than the cell body size, thereby suppressing any motility and holding the cells in place; the colony then
expands outward solely through cellular growth and division into adjacent available pores. We use confocal microscopy to obtain 3D stacks of
optical slices of cell body fluorescence at different depths in the medium. (B) Snapshots of the time evolution of a colony of E. coli displaying
a roughening instability as the colony grows. The rightmost panel displays a magnified of the colony shown in B at 37 hours. The images show
maximum-intensity projections of the confocal optical slices taken at different depths in the medium. (C) Profiles of the leading edge of the
colony shown in B at the same times as in B. (D) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 37 h as a function
of the axial (along z) wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the domain and the
experimental resolution limit, respectively. (Inset) Complementary cumulative distribution function (CCDF) of the power spectra of different
experiments for E. coli colonies, testing different strains, hydrogel matrix stiffnesses and mean pore sizes, and nutrient concentrations, as
summarized in Table S1; kmin is the wavenumber corresponding to the domain size that we use to normalize the the different CCDFs. We
observe similar power-law scaling, with a plateau at small k, in all cases. (E) Local roughness wloc as a function of the observation window
size L for the experiment shown in B at times t = 24, 37, and 97 h. (Insets) Local roughness wloc as a function of L (top), and corresponding
roughness exponent α (bottom), for the same experiments shown in the Inset to D at the same times.

experiments with four different species of bacteria growing
in transparent and easily-deformed granular hydrogel matri-
ces, we find that dense colonies growing in 3D undergo a
morphological instability when they become nutrient-limited
in their interior, i.e. when their size sufficiently exceeds
the nutrient penetration length into the colony bulk. Inde-
pendent of variations in cell type and environmental condi-
tions, growing colonies eventually adopt a generic highly-
branched, broccoli-like, self-affine morphology with a charac-
teristic roughness exponent and power spectrum. Employing a
continuum ‘active fluid’ model that incorporates the coupling
between nutrient diffusion, consumption, and cell growth, we
trace the origin of this instability to an interplay of competi-
tion for nutrients with growth-pressure-driven colony expan-
sion. In particular, we find that these dense 3D colonies in-

evitably become nutrient-limited in their interior, which even-
tually drives the transition to a rough, branched periphery of
the colony. Our results thus help establish a framework to pre-
dict and control the organization of growing colonies in 3D
habitats. These principles could also extend to other morpho-
genesis processes driven by growth in 3D environments, such
as developmental processes [73, 74], tumor growth [75–79],
and the expansion of engineered soft living materials [80, 81].

RESULTS

Growing 3D bacterial colonies undergo a common mor-
phological instability. To explore the morphodynamics of
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Physical parameters Definition Range of values
ρ Bacterial number density 1012 cells ml−1

g Maximal bacterial growth rate 0.7 h−1 [35]
kO2 Maximal O2 uptake rate 2× 10−12–10−10 µmol min−1 cell−1 [82, 83]
kn Maximal nutrient uptake rate 7.8× 10−11 µmol min−1 cell−1 [84]
chalf,O2 O2 Michaelis-Menten characteristic concentration 1 µM [83]
chalf,n Nutrient Michaelis-Menten

characteristic concentration 38 µM
DO2 O2 diffusion coefficient 2500 µm2s−1

Dn Nutrient diffusion coefficient 800 µm2s−1

cf,O2 Far-field O2 concentration 0.25 mM
cf,n Far-field nutrient concentration 0.1–10 mM
Rinit Initial colony radius 20–250 µm
rsys Overall system radius 10 mm
Characteristic scales

lc =

√
DO2chalf,O2

kO2ρ
or

√
Dnchalf,n

knρ
Length 1.2–8.7 µm (∼ 2–10 cells)

tc =
chalf,O2/lc

g(cf,O2/rsys)
or

chalf,n/lc
g(cf,n/rsys)

Time 6–46 h

uc = lc/tc Speed 0.03–1.4 µm h−1

Dimensionless parameters

R̃init =

√
kO2ρR

2
init

DO2chalf,O2

or

√
knρR

2
init

Dnchalf,n

Initial colony size
Substrate penetration length

4–200

r̃sys =

√
kO2ρr

2
sys

DO2chalf,O2

or

√
knρr

2
sys

Dnchalf,n

System radius
Substrate penetration length

1150–8000

Γ =
gcf,O2

kO2ρr̃sys
or

gcf,n
knρr̃sys

Growth-to-substrate uptake rate ratio 10−9–10−6

Table I. Characteristic parameters for experiments with E. coli.

dense bacterial colonies growing in 3D environments, we use
a bioprinter to inject densely-packed (number density ρ ∼
1012 cells mL−1) colonies of bacteria inside granular hydrogel
matrices, as sketched in Fig. 1A (see Materials and Methods
and SI Appendix). To start, we focus on experiments using E.
coli as a model system. The colonies have long cylindrical
shapes with radii R that vary between ∼ 20−250 µm, at least
tens of cells across. The matrices have four notable character-
istics [34, 85–87]: (i) they are transparent, enabling us to di-
rectly visualize colony morphodynamics in situ; (ii) they are
easily mechanically deformed and rearranged (yielded), and
thus, do not strongly constrain colony growth but simply keep
the cells suspended in 3D unlike in previous work [72]; (iii)
they can be designed to be replete with oxygen and nutrients,
given that the internal mesh size of the individual hydrogel
grains is ∼ 40−100 nm [88] and thus permissive of free diffu-
sion of small molecules throughout each matrix, thereby sus-
taining cellular proliferation over many generations; and (iv)
the sizes of the interstitial pores between adjacent hydrogel
grains can be precisely tuned by changing the hydrogel grain
packing density [34, 88]. To isolate the influence of cellular
growth on colony morphodynamics, we use hydrogel matrices
with mean pore sizes between ≈ 0.1 − 1.0 µm, i.e., smaller
or comparable to the diameter of a single cell. Hence, the
bacteria are stuck inside the pores; even if they are nominally
motile, they cannot self-propel through the pore space. Never-
theless, as the cells consume nutrients, they grow—transiently

deforming and yielding the surrounding matrix—and push
their progeny out into the neighboring available pores (Movies
S1–S2).

It was recently shown that colonies of motile E. coli in
similar matrices but with larger pores—sufficiently large for
cells to swim through—smooth out any perturbations to their
colony morphology using directed motility, retaining flat,
cylindrical surfaces [35, 36]. We observe starkly-differing be-
havior for the case of purely growth-driven colony expansion
considered here. When the matrix pore size is small enough
to abolish the influence of motility, a growing colony of E.
coli instead exhibits a striking morphological instability—
adopting a rough, highly-branched, broccoli-like interface, as
shown by the example in Fig. 1B and Movie S3. The cells
constitutively express green fluorescent protein (GFP) in their
cytoplasms, which enables us to directly visualize the colony
morphodynamics in 3D across scales spanning from the width
of a single cell to that of the entire colony using confocal mi-
croscopy; Fig. 1B shows bottom-up projections of the cellular
fluorescence intensity measured using a 3D stack of confocal
micrographs, with successive planar slices taken at different
depths within the colony. This growth-induced roughening
is markedly different from that observed in Ref. [72], where
much smaller bacterial colonies growing as inclusions in stiff,
cross-linked bulk gels retained smooth surfaces. Moreover,
while highly-branched shapes have been previously observed
for colonies growing on planar 2D surfaces, they are thought
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to only arise when the underlying surface is depleted in nutri-
ents, thereby generating stochasticity in the ability of cells to
access nutrient [14–20, 24, 25, 37]; in our case, however, the
surrounding matrix is nutrient-replete.

To characterize the colony shape, we track its one-
dimensional (1D) leading edge over time, as shown in Fig. 1
C. The rough colony surface exhibits fluctuations in the ax-
ial direction z over a broad range of length scales, ranging
from the size of a single cell to hundreds of cells. However,
these fluctuations appear to have a characteristic maximal size
∼ 100 − 200 µm, as shown by the ‘florets’—to use the anal-
ogy of broccoli—in Figs. 1 B and C. These features can be
quantified using the power spectral density of spatial fluctu-

ations, S(k, t) =
∣∣∣L−1

∫ L

0
dz [R(z, t)− R̄(t)] exp(−ikz)

∣∣∣2,

as shown in Fig. 1D at time t = 37 h; here, R̄ is the average
radius of the leading edge, k = 2π/λ is the axial wavenum-
ber corresponding to a wavelength λ, and L is the length of
the analyzed region of the colony along the axial direction z.
In particular, S(k) eventually becomes time-independent (Fig.
S1) and exhibits a power-law decay ∼ k−ν with ν ≈ 7/3 at
sufficiently small length scales (large k), as indicated by the
dashed line in Fig. 1D, which implies that the spatial fluctua-
tions of the rough colony surface have a fractal structure over
multiple scales. However, S(k) becomes bounded at suffi-
ciently large length scales (small k), as indicated in panel D.
Indeed, we again find that the majority of the power is con-
fined to wavenumbers corresponding to characteristic wave-
lengths λ∗ ∼ 100 − 200 µm—as highlighted by the com-
plementary cumulative distribution function (CCDF) of the
power spectrum shown in the inset to Fig. 1D.

We further characterize the colony surface roughening by
computing the local roughness of the leading edge, quanti-
fied by the local variance of the colony radius, w2

loc(L, t) =
⟨[R(z, t) − R̄L(t)]

2⟩L, where ⟨·⟩L denotes the spatial aver-
age over different windows of size L along the axial direc-
tion z, and R̄L(t) is the average radius in this window. We
find that the local roughness of the leading edge scales as
wloc ∼ Lα up to a window size comparable to the character-
istic wavelength λ∗ ∼ 100− 200 µm, above which wloc satu-
rates (Fig. 1E). The so-called roughness exponent α ≈ 2/3, as
shown by the dashed line, corresponding to a fractal dimen-
sion df = 2 − α ∼ 1.2 − 1.4 [89]. Indeed, the power-law
decay of the power spectrum S(k) and this roughness expo-
nent agree well with the relation expected from the celebrated
Family-Vicsek dynamic scaling of fractal interfaces in one di-
mension, namely that ν = 1 + 2α [89, 90]—confirming that
over length scales smaller than the characteristic ‘floret’ size
λ∗ ∼ 100− 200 µm, the colony surface is a fractal.

To investigate the generality of this morphological instabil-
ity, we perform replicates of this same experiment, exploring
a broad range of different cell types and environmental condi-
tions (Table S1, Figs. S1–S14). Remarkably, we find similar
colony roughening that arises within just a few hours—i.e.,
comparable to the doubling time of the cells—in all cases.
Growing colonies of cells that are either motile or non-motile

in unconfined liquid, but are too confined to be motile in
the hydrogel matrices, show similar morphodynamics (Figs.
S1–S2, S4–S6, S9)—confirming that roughening is driven
solely by cellular growth and division. For this case of
growth-driven colony expansion, we also observe similar
overall features of roughening independent of the hydrogel
matrix pore size and deformability (Figs. S1–S6, S9–S14)—
suggesting that this morphological instability is not strongly
sensitive to specific granular features of, or mechanical
interactions with, the surrounding matrix. Finally, we also
find similar roughening for colonies in matrices with differing
nutrient characteristics and concentrations, with differing
initial radii, and importantly, across different strains of either
E. coli or the biofilm-formers V. cholerae, P. aeruginosa,
and K. sucrofermentans (Figs. S1–S14, S23)—indicating
that this morphological instability is not a manifestation of
a specific nutrient environment or cell type. Taken together,
these results establish that large, dense bacterial colonies
growing freely in 3D generically roughen, adopting the same
characteristic broccoli-like rough morphology (see insets to
Figs. 1D and E) that is fractal at small length scales, and
bounded at larger length scales by a characteristic ‘floret’ size
spanning hundreds of cells across.

The interiors of large, dense colonies are depleted of a
substrate essential for growth, causing surface roughen-
ing. What causes colony roughening? Close inspection of
the confocal micrographs for the experiment in Fig. 1 pro-
vides a clue: we find that cells only ≲ 20 µm from the
colony surface are fluorescent, while those deeper inside the
colony lose fluorescence, as shown in Fig. S15. Because
the GFP fluorescence acts as a proxy indicator for live and
metabolically-active cells, and because cellular metabolism of
carbon-containing nutrients such as sugars is both nutrient-
and oxygen-dependent, this observation suggests that colony
growth is limited to this small surface layer.

This suggestion is corroborated by a simple balance of
either nutrient or oxygen 1D diffusion into the cylindri-
cal colony with consumption by the cells (see SI Ap-
pendix), which suggests that they penetrate into the colony
over a length scale ln =

√
Dnchalf,n/(knρ) or lO2 =√

DO2chalf,O2/(kO2ρ), where ρ is cell density, Dn, DO2 are
the diffusivities, kn, kO2

are the maximal uptake rates per cell,
and chalf,n, chalf,O2

are characteristic Michaelis-Menten con-
centrations of nutrient or oxygen. In particular, using param-
eter values representative of our experiments (Table I) yields
ln ≈ 1 − 9 µm and lO2 ≈ 5 µm, comparable to the length
scale over which fluorescence persists. (Because both ln and
lO2

are comparable to each other for all our experiments, here-
after, we will use the subscript "s" and the term substrate for
whichever limits cellular growth and division; indeed, the the-
oretical results that follow are not noticeably altered when
considering nutrient versus oxygen as the limiting substrate,
as detailed in the SI Appendix and shown e.g., in Fig. S16.)
Thus, for a large and dense 3D bacterial colony, growth is
localized to just a few layers of cells at the colony surface,
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with either nutrient or oxygen acting as a limiting substrate.
Consequently, we expect that the relative strength of random
fluctuations in cellular growth and division along the colony
surface is amplified, potentially driving a roughening instabil-
ity in a manner similar to 2D colonies [30, 32, 33, 52, 91–93].

As a final test of this hypothesis, we repeat our experi-
ments, but now with each colony initially inoculated on the
planar surface atop a granular hydrogel matrix, exposed to
humid air above—just as in conventional studies of growth
on 2D gels. In this case, the colony can either grow laterally
in 2D on the surface, accessing nutrients and oxygen from the
third dimension akin to purely-2D colonies; or it can grow
into the 3D matrix below, becoming substrate-limited in its
interior akin to purely-3D colonies. Thus, when the hydrogel
matrix is nutrient-replete, we expect that all cells in the colony
on the surface of the matrix remain metabolically-active and
fluorescent, and the lateral colony edge remains smooth,
as expected for purely-2D colonies that are not nutrient-
depleted [14–21]; by contrast, the cells that grow into the
underlying matrix should eventually lose fluorescence, and
the corresponding colony surface will roughen, similar to
purely-3D colonies. These expectations are indeed borne
out by the experiments, as shown in Figs. S17–S18. Thus,
unlike 2D colonies that can use growth substrates that are
available from the third dimension, dense colonies growing in
3D environments inevitably become substrate-limited in their
interiors—causing growth to be localized at their surfaces,
amplifying inherent random fluctuations in growth along the
surface, and thereby generating a roughening instability.

Continuum model of a growing 3D bacterial colony.
To rationalize the experimental observations and test our
hypothesis regarding the surface-roughening instability, we
model a densely-packed growing bacterial colony embedded
in a 3D hydrogel by means of a minimal continuum theory,
where bacteria are treated as an ‘active fluid’ whose expan-
sion is driven by substrate-dependent growth. A similar ap-
proach was established previously to model growing bacte-
rial colonies in other settings [30, 32, 33, 37, 39, 50, 70],
as well as other forms of biological morphodynamics [94–
100]. The model is schematized for a slab geometry, which
can represent a small region of the surface of a cylindrical
colony, in Fig. 2A. In our approach, the colony is described
in terms of a substrate concentration field, c(x, t), a velocity
field, u(x, t), and a growth pressure field inside the colony,
p(x, t), where x and t denote positional coordinate and time,
respectively. Because the bacteria inside the colony are effec-
tively incompressible and close-packed, we assume a constant
cellular density ρ ∼ 1012 cells mL−1, and assume that the ve-
locity field in the interior of the growing colony obeys Darcy’s
law in which the local velocity field is proportional to the local
pressure gradient ∇p inside the colony, which yields a curl-
free velocity field.

Our model is further detailed in Materials and Methods.
We consider both a slab geometry, to more readily eluci-
date the relevant physics, and a cylindrical geometry, to di-

rectly compare to the experiments. We therefore adopt Carte-
sian and cylindrical coordinates, respectively, to describe the
evolution of the growing colony, whose surface is located at
x = X(y, z, t) for a slab-shaped colony (Fig. 2A), and at
r = R(z, θ, t) for a cylindrical colony (Fig. 1B). The mass,
momentum, and substrate conservation equations then read

Bacterial growth : ∇ · u = gf(cin)

Darcy flow : −∇p− ξu = 0

Substrate diffusion and uptake :

∂tcin = Ds∇2cin − ksρf(cin)

 for

{
0 ≤ x ≤ X : Slab,
0 ≤ r ≤ R : Cylinder,

(1a)

and are coupled to substrate diffusion outside the colony:

∂tcout = Ds∇2cout for

{
X ≤ x ≤ xsys : Slab,
R ≤ r ≤ rsys : Cylinder,

(1b)

where x = (x, y, z), u = (ux, uy, uz) for a slab-shaped
colony, and x = (z, r, θ), u = (uz, ur, uθ) for a cylindrical
colony. Here, g is the maximal bacterial growth rate, cin(x, t)
and cout(x, t) denote the substrate concentration inside and
outside the colony, respectively, f(cin) = cin/(chalf,s + cin)
is the Michaelis–Menten function reflecting the substrate-
dependence of consumption relative to the characteristic con-
centration chalf,s [101, 102], and ξ is an effective cell-matrix
friction coefficient that reflects the proportionality between
the gradient in growth pressure driving colony expansion and
the speed with which it expands. Additionally, xsys and rsys
describing the size of the overall system are given by the out-
ermost width and radius of the hydrogel matrix, respectively.

As boundary conditions, we impose surface stress bal-
ance, substrate continuity, and the kinematic condition, i.e.
∂txsurf ·n = u·n, which relates the front velocity and the lo-
cal velocity of the colony at the moving front, x = X(z, y, t)
and r = R(z, θ, t), where xsurf and n are the parametrization
and the unit normal vector of the moving surface, respec-
tively. We also impose a constant substrate concentration,
cf,s, at the outermost system boundary, x = xsys and r = rsys.

Parameters characterizing 3D colony growth. To distill the
relevant physics from our theoretical model, we first reduce
the number of parameters in Eq. (1) by employing dimen-
sional analysis and selecting appropriate quantities to scale the
system of equations—as detailed further in the SI Appendix.

First, given that colony growth is a slow process (see e.g.,
Fig. 1B), we assume that the spatial profile of substrate rapidly
adjusts to any change in the colony due to growth. We ver-
ify the validity of this assumption a posteriori, as further de-
tailed in the SI Appendix. Moreover, as discussed previously,
because substrate uptake is much faster than substrate diffu-
sion at the scale of the overall colony (Table I), cin ∼ 0 in-
side the colony. Thus, there are two distinct regions in the
colony: the substrate-depleted interior, and an actively grow-
ing boundary layer at the colony surface whose thickness is
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FIG. 2. A minimal continuum model suggests that colonies growing in 3D are intrinsically unstable. (A) Schematic of the model, in
which we treat a slab-shaped bacterial colony (green) as an ‘active fluid’ that expands along the x coordinate due to the pressure generated
by growth, mediated by substrate availability and consumption. The model is 2D i.e., taken to be uniform and infinite along the y coordinate.
(B) Dimensionless substrate concentration as a function of position x̃ at different times, displaying both the inner and outer solutions, c̃in and
c̃out, for an initial dimensionless colony width X̃init = 15 and system width x̃sys = 200, for the case where the front has been forced to be
flat. The substrate penetrates only a small distance into the colony before it is completely consumed, and thus, growth is localized to a thin
surface layer. (Inset) Evolution of the advancing planar front X̃0(t̃) as a function of time as given by Eq. (9); points show specific times, while
the black curve shows the numerical solution for all times. (C,D) Color plots of the dimensionless substrate concentration inside the bacterial
colony, c̃in, the cellular velocity vector field ũ (arrows), and contours of the growth pressure field p̃ for an initially sinusoidally-perturbed
colony surface with (C) a stable wavenumber, k̃ = 0.8, at time t̃ = 2.9, and (D) the same but for a perturbation with the most unstable
wavenumber, k̃ = k̃∗ = 0.328 at time t̃ = 12.3. Both cases are obtained for an initial colony width X̃init = 15, system width x̃sys = 200

(same as in B), and initial perturbation amplitude ϵ̃ = 0.01. (E) Short-time perturbation growth rate ω̃ as a function of wavenumber k̃ for the
slab geometry with x̃sys = 200 and different values of the initial colony width X̃init. The dots correspond to the wavenumbers of the fronts
shown in panels C and D. (Inset) Perturbation amplitude Ã as a function of time t̃ obtained from linear stability analysis (solid lines) and full
numerical simulations (dots) for the two cases in panels C and D.
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Roughening instability of growing 3D bacterial colonies

much smaller than R. In this surface layer, substrate diffu-
sion and uptake are always in quasi-steady state balance—
again yielding the substrate penetration length into the colony
ls =

√
Dschalf,s/(ksρ) introduced earlier. This penetration

length sets the characteristic length scale lc = ls. We ex-
pect that cin ≪ cf,s, chalf,s inside this boundary layer, as the
substrate source is far from the colony surface in the experi-
ments, i.e. rsys ≫ R. Therefore, in what follows, we consider
the limit cin ≪ chalf,s, where the Michaelis–Menten function
simplifies to f(cin) ≃ cin/chalf,s.

As the main mechanism driving the expansion of the bac-
terial colony is growth mediated by substrate consumption,
the characteristic scales for time tc and front velocity uc are
obtained from the balance between mass conservation and
bacterial growth in Eq. (1a), as well as the kinematic condi-
tion Eq. (5) of the front, which sets uc = ls/tc. The natural
time scale tc is the inverse of the mean growth rate of cells
within the growing front. In the substrate-limited regime, this
mean growth rate is ∼ gcs/chalf,s, where cs is the charac-
teristic substrate concentration scale within the front. The
latter can be estimated by matching the substrate gradient
coming from diffusion outside the colony ∼ cf,s/{xsys, rsys}
with the gradient in the growing layer ∼ cs/ls, yielding cs ∼
lscf,s/{xsys, rsys}. Thus, tc = g−1chalf,s{xsys, rsys}/(lscf,s).

Using these natural scales we obtain the following dimen-
sionless parameters that govern colony growth:

Γ ≡ gcf,sls
ksρ{xsys, rsys}

:
Diffusive/Uptake time scale

Growth time scale
,

C ≡ cf,s
chalf,s

:
Far-field substrate concentration

Half-velocity constant
,

{x̃sys, r̃sys} =

√
ksρ

Dschalf,s
{xsys, rsys} :

System size
Substrate

penetration length

,

{X̃init, R̃init} =

√
ksρ

Dschalf,s
{Xinit, Rinit} :

Initial size
Substrate

penetration length

.

(2)

The first parameter Γ compares the characteristic diffusive
time scale l2c/Ds, which is equivalent to the substrate uptake
time scale chalf,s/(kρ) since both diffusion and uptake are in
quasi-steady state balance within the growing surface layer,
to the characteristic time scale tc for growth. As expected, in
the experiments, the dimensionless parameter Γ ≪ 1, which
means that growth occurs on a much slower time scale than the
turnover rate of substrate due to uptake and diffusion within
the colony. This allows us to consider that cin is always at
quasi-steady state.

The dimensionless parameter x̃sys or r̃sys, which describes
a slab-shaped or cylindrical colony, respectively, is the ratio
between the overall system size, xsys or rsys, and the sub-
strate penetration length ls. Since x̃sys and r̃sys are large in our
experiments, we expect that the qualitative growth behavior
does not depend on the precise value of x̃sys or r̃sys.

The last dimensionless parameter X̃init or R̃init compares
the initial width Xinit or radius Rinit of a slab-shaped (Fig. 2)
or cylindrical (Fig. 1) colony, respectively, with the substrate
penetration length ls. This parameter thus prescribes the
initial condition in our theoretical model. In our experiments
with cylindrical 3D colonies, R̃init ≫ 1 and Γ ≪ 1 as
expected; hence, substrate becomes quickly depleted from the
interior of the colony and growth is localized to the surface
boundary layer. We therefore expect that the subsequent
morphodynamics are independent of the initial colony
shape. For this reason, we first consider the slab geometry
schematized in Fig. 2A, which simplifies the analysis of the
roughening instability, and then extend our analysis to the
cylindrical geometry that describes the experiments (Fig. 1 A).

Continuum model recapitulates the key experimental find-
ings. Having established that growth is localized to a thin
layer at the surface of a colony, we next ask: how does this lo-
calization influence the subsequent colony morphodynamics?
Because growth is localized to only a small fraction of the
overall bacterial colony, we expect that the relative strength of
random fluctuations in substrate availability and thus cellular
growth is amplified—potentially engendering this morpholog-
ical instability. To quantitatively explore this possibility, we
first seek a 1D solution of the continuum model equations for
the slab geometry (Fig. 2A) with a flat surface, and then ex-
amine its stability to shape perturbations.

To obtain a 1D solution of the flat-slab geometry, we as-
sume that all the variables only depend on the coordinate x̃
along which the front propagates: ũ0 = ũx,0(x̃)ex, p̃0 =
p̃0(x̃), c̃in,0 = c̃in,0(x̃), c̃out,0 = c̃out,0(x̃), where the posi-
tion of the moving interface X̃0(t̃) is only a function of time
t̃, tildes denote dimensionless variables, and the nought sub-
scripts denote the 1D flat-slab solution. As detailed in Ma-
terials and Methods, the solution is given by equations (8)
and (9). Fig. 2B shows the resulting spatial profile of sub-
strate concentration at different times t̃ for the illustrative case
in which the initial colony width X̃init = 10. The initial lead-
ing edge of the colony is shown by the vertical line, and the
inset depicts its subsequent position as a function of time as
the colony grows. As in the experiments, because X̃init ≫ 1,
the substrate is mostly depleted inside the colony and only the
surface boundary layer is able to grow.

Having established the 1D flat-slab solution, we next per-
form a linear stability analysis of this solution to assess
whether this colony is intrinsically unstable to developing a
rough surface (detailed in Materials and Methods). In particu-
lar, we analyze the rate ω̃(k̃, t̃) at which small periodic pertur-
bations in the colony surface of wavenumber k̃, which corre-
sponds to a wavelength 2π/λ̃, grow in time; thus, if ω̃(k̃) > 0,
shape perturbations become amplified over time and the sur-
face of the colony is unstable, whereas if ω̃(k̃) < 0, the pertur-
bations become suppressed as the colony grows and its surface
tends to be flat. The results for two exemplary values of k̃ are
shown in Figs. 2C and D. Intriguingly, the shorter-wavelength
perturbation with larger k̃ = 0.8 is stable, flattening out over
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Roughening instability of growing 3D bacterial colonies

time; by contrast, the longer-wavelength perturbation with a
smaller k̃ = 0.328 is unstable, causing the undulations in the
colony surface to amplify as the colony grows.

This wavelength-dependence is summarized in Fig. 2E,
which shows the perturbation growth rate ω̃(k̃) evaluated at
the initial time for slab-shaped colonies of different initial
widths X̃init; the simulations of Figs. 2C and D are indicated
by the dots. As mentioned before, we expect that when
X̃init ≫ 1 the colony width does not play a role in the stabil-
ity of the growing front. In agreement with this expectation,
we find that when the colony width substantially exceeds the
substrate penetration length, the perturbation growth rate ω̃
becomes independent of the width, as shown by the collapse
of the curves for X̃init ≳ 10. In this limit, the colony is
morphologically unstable (ω̃ > 0) at small k̃ < k̃c, where
k̃c = 3/4 is a cut-off wavenumber—consistent with the
results shown in Figs. 2C and D. Moreover, the perturbation
growth rate takes on its maximal value ω̃max at a parameter-
free most-unstable wavenumber k̃max, which corresponds to
a value k̃∗ ≃ 0.328 in the substrate-depleted limit X̃init ≫ 1.
That is, our continuum model predicts that dense colonies
of bacteria generically roughen as they grow—just as in the
experiments. Moreover, this morphological instability is
initiated by surface growth over a most-unstable wavelength
λ̃∗ ≃ 2π/0.328 i.e., we expect λ∗ ≈ 19.2ls ∼ 20 − 200 µm
in the experiments, comparable to the characteristic ‘floret’
size we observe for E. coli. Thus, despite its simplicity, our
‘active fluid’ continuum model of growing bacterial colonies
captures the essential features of the roughening instability
found experimentally.

Continuum model reveals how substrate-limited growth
causes colony surface roughening. What is the biophysi-
cal origin of this morphological instability? Our continuum
model provides an answer; for example, compare Figs. 2C
(stable) and D (unstable). In the latter unstable case, one sees
that that the concentration of substrate at the peaks of per-
turbed colony surface is larger than in the valleys, resulting
in faster subsequent growth at the peaks than in the valleys,
which further amplifies the separation between the two. By
contrast, in the former stable case, growth at the peaks trans-
verse (in z̃) to the overall propagation direction x̃ fills in the
valleys, which reduces the separation between the two. Thus,
differential access to substrate at different locations along the
surface of a colony, which in turn imparts differences in the
rate of cellular growth, is the primary mechanism driving
colony roughening. Indeed, we can quantitatively express this
intuition by analyzing the different contributions to the pertur-
bation growth rate described by Eq. (12) in the Materials and
Methods, for a given wavenumber k:

dÃ

dt̃
= c̃0Ã︸︷︷︸

Destabilizing

−∇p̃1 · ey︸ ︷︷ ︸
Stabilizing

, at x̃ = X̃0(t̃), (3)

where Ã(t̃) is the perturbation amplitude corresponding
to the specific k being considered. The first term on the

right-hand side corresponds to the driving mechanism of
the instability: it reflects the fact that the concentration of
substrate is higher in the peaks than in the valleys of the
perturbed front. In particular, the substrate concentration of
the 1D solution at the flat surface of an unperturbed colony,
c̃0(x̃ = X̃0) is positive for all values of the wavenumber k̃
and initial colony width X̃init—thus, all perturbations are
amplified. By contrast, the second term on the right-hand
side of Eq. (3) is the leading-order perturbation of the
pressure gradient inside the colony, and reflects the stabi-
lizing contribution from transverse growth. This stabilizing
mechanism becomes very weak for large colonies (X̃ ≫ 1),
where substrate is depleted and growth mainly occurs in
the x̃ direction, but is able to overcome the destabilizing
mechanism when k̃ ≫ 1. This behavior is in stark contrast to
that of bacterial colonies that are not substrate-limited in their
interior and thus grow uniformly at the same rate—for which
all wavelengths become stable at sufficiently large colony
width X̃ ≫ 1 (see Materials and Methods), since in this
case, transverse growth is able to smooth out any perturbation.

When they are sufficiently large, growing cylindrical
colonies exhibit the same morphological instability. In
our experiments, the shapes of the 3D bacterial colonies do
not correspond to a slab geometry, as their initial shapes are
cylindrical (Fig. 1). However, the same biophysical ideas ap-
ply. We therefore employ the same theoretical framework
and perform the equivalent linear stability analysis and time-
dependent numerical simulations, but for the cylindrical case
(as detailed in Materials and Methods and Figs. S19–S21).
In this case, however, the shape perturbations to the colony
surface can be either in the direction along the cylinder axis
or along its azimuth—denoted by z or θ in Fig. 1B. Thus,
we describe the harmonic perturbations using both the axial
wavenumber k̃ and azimuthal mode number m.

The results of the linear stability analysis are summa-
rized in Figs. 3A and B. The color plots show the perturba-
tion growth rate ω̃ as a function of k̃ and the ratio between
the initial colony radius and the substrate penetration length,
R̃init, for two different azimuthal modes. Redder regions
indicate increasingly unstable perturbations (larger ω̃ > 0),
while blacker regions indicate increasingly stable perturba-
tions (more negative ω̃ < 0). The orange dashed curve corre-
sponds to the loci of the most-unstable mode (k̃max, ω̃max) for
each corresponding value of m.

First, we examine the case of axisymmetric perturbations
(m = 0). As shown in the top of Fig. 3A, large colonies
(R̃init ≫ 1) are unstable to perturbations at small ax-
ial wavenumbers (large wavelengths), with a most unstable
wavenumber k̃∗ = 0.328—just as in the slab geometry, as ex-
pected. This most unstable mode is shown in the 3D render-
ing to the right of panel A. As shown in the bottom of Fig. 3A,
with decreasing R̃init ≲ 1, fluctuations in the growing surface
layer increasingly dominate the morphodynamics, and all ax-
ial wavenumbers are increasingly unstable, as expected. In-
triguingly, however, small-k̃ modes become stabilized for in-
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FIG. 3. Continuum model of a growing cylindrical colony reveals a similar roughening instability. (A,B) (Left) Color plots of the small-
time growth rate ω̃ of perturbations as a function of the axial wavenumber k̃ and the dimensionless ratio R̃init between the initial colony radius
and the substrate penetration length, for dimensionless system radius r̃sys = 300. The azimuthal mode is m = 0 (axisymmetric perturbation)
in A and m = 8 (non-axisymmetric perturbation) in B. The orange dashed curves indicate the loci of the most-unstable mode at short times,
indexed by (ω̃max, k̃max). When R̃init ≫ 1, k̃max(m) → k̃∗ = 0.328 as found for a planar slab geometry. (Right) 3D renderings of a
colony at the indicated values of m and k̃ = k̃∗ = 0.328, which corresponds to the most unstable mode for a planar slab. (C) Short-time
maximum growth rate of perturbations ω̃max = ω̃(k̃max,m) as a function of R̃init for different azimuthal modes m. (Inset) Critical radius
R̃c beyond which each non-axisymmetric mode becomes unstable. For R̃ < R̃c all modes are initially stable, i.e. decaying with growth. (D)
Most-unstable wavenumber k̃max(m) as a function of R̃init for the same values of m shown in C.

termediate colony sizes (100 ≲ R̃init ≲ 101)—which likely
reflects a non-trivial interplay between substrate availability
and colony surface growth in these geometries.

Next, we study the case of non-axisymmetric perturbations,
taking m = 8 as an example. As shown in the bottom of
Fig. 3B, in this case, all axial wavenumbers are instead stable
at small R̃init ≲ 1—indicating that the stabilizing influence
of transverse growth overcomes the roughening instability.
However, as expected, large colonies (R̃init ≫ 1) are again
unstable to small-k̃ perturbations, but stable to large-k̃ pertur-
bations, with a most unstable wavenumber k̃∗ = 0.328—just
as in the slab geometry and the m = 0 case. This most un-

stable mode is shown in the 3D rendering to the right of panel
B. Thus, when colonies become large enough for growth to be
localized to their surface, the roughening instability becomes
independent of colony size or geometry.

To further compare the influence of axisymmetric (m = 0)
and non-axisymmetric (m ̸= 0) perturbations, we exam-
ine the variation of the growth rate ω̃max with R̃init for the
most unstable mode, indicated by the orange dashed curves
in Figs. 3A and B. The results are shown in panel C for dif-
ferent azimuthal mode numbers m; the corresponding most
unstable axial wavenumber k̃max is shown in panel D. As ex-
pected, we find that the results for both axisymmetric and

9

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted May 9, 2022. ; https://doi.org/10.1101/2022.05.09.491177doi: bioRxiv preprint 

https://doi.org/10.1101/2022.05.09.491177


Roughening instability of growing 3D bacterial colonies

Advancing front

Diffusion of substrates

Transverse growth fills in valleys

Higher substrate 
concentration at the 

peaks          faster growth

Stabilizing mechanisms
Destabilizing mechanisms

XSubstrate 
penetration length ls

λ* = 19.2 ls

FIG. 4. Biophysical mechanisms by which a growing colony is
stabilized (gray) or destabilized (red). Substrates diffuse from the
surroundings and are consumed by the cells in the colony (green),
resulting in subsequent growth and outward colony expansion. The
competition between substrate diffusion and consumption results in
a small penetration length, causing growth to be localized at the sur-
face of the colony. Growth transverse to the overall outward expan-
sion direction fills in valleys and is thus stabilizing, while the in-
creased availability of nutrients at peaks enables them to grow faster
and is thus destabilizing. The competition between these mech-
anisms establishes the most-unstable wavelength λ∗ that emerges
from our continuum model.

non-axisymmetric perturbations converge to the same curve
when R̃init ≫ 1 (see the collapse of the curves in the right of
C–D), which corresponds to the size-independent curve ob-
tained for a slab-shaped colony shown in Fig. 2E. This col-
lapse again corroborates the finding that, when colonies be-
come large enough for growth to be localized to their sur-
face, the roughening instability appears to become indepen-
dent of colony size or geometry. Moreover, for each non-
axisymmetric mode, there is a critical dimensionless colony
radius, R̃c(k̃,m), below which the growing colony is stable
for all axial wavenumbers k̃, i.e., ω̃ < 0, as shown in the in-
set to Fig. 3C—again indicating that the stabilizing influence
of transverse growth overcomes the roughening instability for
these modes. Indeed, the data in the inset indicate that this
critical radius varies as R̃c = 3m/4, which agrees with the
cut-off wavenumber obtained for a planar front, k̃c = 3/4.
Hence, modes with a larger value of m need larger values
of R̃init to merge into the planar slab limit. That is, more
non-axisymmetric modes become unstable when the radius
of the colony increases; these grow with the same rate and
a parameter-free most-unstable wavelength corresponding to
the slab geometry, i.e. λ̃max(R̃init ≫ 1) → λ̃∗ ≃ 19.2ls, or
equivalently k̃∗ = 0.328. We confirm this behavior in which

more non-axisymmetric modes become unstable via full nu-
merical simulations (Figs. S20–S21). Further investigating
these interesting morphodynamic features that arise due to the
interplay between substrate availability and cellular growth,
mediated by the geometry of the colony surface, will be a use-
ful extension of our theoretical framework.

Taken together, our theoretical and simulation results for
cylindrical colonies imply that when growth is localized to
the surface of a colony—as is inherently the case when the
colony becomes sufficiently large and dense—a generic mor-
phological instability arises, independent of the initial colony
size or geometry, and without requiring a specific nutrient en-
vironment or cell type, just as in our experiments. This in-
stability is characterized by the growth of perturbations over
many scales, but has a most-unstable wavelength whose size
also agrees well with our experimental observations.

DISCUSSION

Despite the ubiquity of bacteria in natural 3D environments,
the morphodynamics of colonies growing in 3D has remained
largely unexplored. One reason is the challenge of visualizing
bacteria in 3D media, e.g. soil or tissues and organs, which
are usually opaque. We overcame this challenge by perform-
ing experiments in transparent granular hydrogel matrices.
Strikingly, we found that large, dense colonies growing in
3D undergo a generic roughening instability, adopting the
same characteristic broccoli-like morphology independent
of variations in cell type and environmental conditions.
We elucidated the onset of the instability using a minimal
continuum ‘active fluid’ model that incorporates the diffusion
and uptake of a substrate essential for growth, coupled to
cellular proliferation. In particular, we found that the sine qua
non condition for the morphological instability is substrate
depletion in the interior of the colony, causing the colony to
expand via growth only at its surface. As schematized in Fig.
4, this surface growth amplifies perturbations in the overall
colony shape—which inevitably arise in complex settings.
In particular, we find there exists a universal most-unstable
wavelength λ∗ ≃ 19.2ls, where ls is the substrate penetration
length into the colony. Hence, our experimental and modeling
results reflect a key difference between growing in 2D and
3D in terms of access to critical substrates: while 2D colonies
may access the substrates needed for growth from the third
dimension and only roughen when growth is limited to a
metabolically-active peripheral layer [30, 32, 33, 52, 91–
93, 103–105], large 3D colonies inevitably become internally
substrate-limited even under globally nutrient-replete con-
ditions, eventually guaranteeing rough growth at their surface.

Scaling behavior of 3D growing colonies. Surface growth
is known to cause roughening in diverse processes, ranging
from the growth of snowflakes and agglomeration of colloids
to the formation of conductive dendrites that impede the op-
eration of batteries [89, 90, 103, 106–117]. Similar rough-
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ening also arises in the growth of mammalian cell clusters
when they are in nutrient-depleted spaces [76, 100, 118]. De-
spite the strikingly different underlying physical details, many
of these processes exhibit remarkably universal growth dy-
namics and morphologies that can be described using the
celebrated Edwards-Wilkinson (EW) or Kardar-Parisi-Zhang
(KPZ) continuum growth models (or variations thereof) [89,
90, 103, 106–117]. Hence, to explore if growing 3D bacte-
rial colonies share some of these universal characteristics, we
computed the power spectrum S(k, t) and the local roughness
wloc(L, t) of the colony surface profiles. We found similar
results across the multiple cell types and environmental con-
ditions tested, suggesting that our results reflect generic fea-
tures of growing 3D bacterial colonies. As expected, the ma-
jority of the power corresponds to length scales around the
most-unstable wavelength λ∗/ls; however, as in many other
growing systems, the spectra also exhibit a power-law de-
cay, S(k, t) ∼ k−ν , with ν ≈ 7/3 at large k—reflecting
the multi-scale nature of the surface roughening. Indeed, in
analogy to the transfer of energy in classic inertial turbulence,
where kinetic energy at large scales is dissipated by viscous
forces at the smallest scales via an energy cascade, our re-
sults suggest that differential access to essential substrates and
pressure-driven growth sets a range of most "energetic" wave-
lengths, with power transferred to smaller and smaller length
scales down to the size of a single bacterium. Moreover, as
in many other growing systems, the local roughness scales
with the length L of the analyzed region as wloc ∼ Lα—in
our case, with α ≈ 0.7. The measured power-spectra-decay
and roughness exponents show excellent agreement with the
prediction of so-called Family-Vicsek dynamic scaling in 1D,
ν = 1 + 2α, which indicates that the surface of growing
colonies is self-similar [89]. Thus, analogous to many other
growing systems, 3D bacterial colonies adopt universal, self-
similar, fractal shapes as they grow, independent of their start-
ing geometry. Furthermore, the fact that the relation between
the local roughness exponent and the power spectrum corre-
sponds to 1D Family-Vicsek scaling supports the idea that the
geometry or dimension of the front is not relevant for deter-
mining the stability or characteristics of the roughening pro-
cess, when growth is localized to the surface.

However, the measured local roughness exponent α ≈ 0.7
is notably different from the value α = 1/2 that is charac-
teristic of the EW and KPZ universality classes (and which
corresponds to an undirected random walk). Hence, growing
3D colonies appear to become rougher than many other
growing systems that are well-described by the KPZ model.
Values of α larger than 1/2 have been found in other systems
(both non-living and living), typically when quenched disor-
der is present [89]—for instance in fluid flows through porous
environments [109–112, 117, 119], burning fronts [113],
directed percolation [114, 120–122], or in bacterial colonies
growing on 2D agar gel [91, 103–105], for which case the
origin is still under debate [91, 105]. What mechanisms could
explain the large roughness exponent in our experiments?
One possibility is that it reflects unstable growth associated

with the coupling between cellular growth and substrate
diffusion/uptake, as predicted by linear stability analysis
of our model, and as described for other reaction-diffusion
systems employed to model 2D growing colonies [91, 105].
The fact that the experimental power spectra exhibit a range
of wavelengths where the power takes maximum values may
be indicative of unstable growth during the expansion of the
3D colony. However, another possibility is that the large value
of α reflects the influence of the granularity of the hydrogel
matrices, which could impart additional heterogeneity in
cellular growth due to, e.g., slight variations in pore sizes and
hydrogel deformations. We neglected such complexities from
our model for simplicity; however, we note that such forms of
disorder are indeed thought to give rise to anomalously large
growth exponents [89, 91, 103–105, 109–113, 117, 120–126].
Building on our work to study the influence of these com-
plexities will be an important direction for the future.

Strengths and limitations of our theoretical model. Given the
complexities inherent in the experiments, and the simplifica-
tions made in the linear stability analysis of our active fluid
model, can we still make quantitative comparisons between
experiments and theory? Indeed, as summarized below, our
theoretical analysis captures the three essential features of
the experimental observations: (i) The width of the actively-
growing layer of cells at each colony surface, (ii) the time at
which colonies begin to roughen, and (iii) the characteristic
wavelength of the rough morphology that colonies eventually
produce.

We expect that (i) is set by the penetration length of the
growth-limiting essential substrate, which we estimated using
our theory as ls =

√
Dschalf,s/(ksρ) ∼ 1–9 µm (Table I).

Our experiments yielded a comparable value: in all the exper-
iments, independent of other cell properties, substrate avail-
ability, or the initial colony geometry, we directly visualized
a thin layer of fluorescent bacteria (which indicates cells are
metabolically active) extending over a distance ≲ 20 µm from
the colony front. Indeed, consistent with our findings, previ-
ous theoretical work on 2D growing colonies has indicated
that a rough front arises when growth occurs only in a suf-
ficiently thin layer located close to the advancing front, i.e.
under globally scarce nutrient conditions in the case of a 2D
colony [30, 32, 33, 52, 91–93].

The time scale for the colony to expand by the width of
the surface layer, which we expect sets (ii), is predicted by
our theory to be tc ∼ 6–50 h (Table I). Consistent with this
expectation, in all the experiments, we found that colonies be-
come rough after several hours—which also agrees well with
our full numerical simulations in the substrate-depleted limit
(Figs. S20–S21).

Regarding (iii), our experiments reveal that the power spec-
trum of shape fluctuations S(k, t) plateaus for k ≪ 2π/λc and
exhibits a power-law decay for k ≳ 2π/λc, where the charac-
teristic crossover wavelength is λc ≈ 60−600 µm for E. coli.
As shown in Fig. S22 A, our model similarly implies a plateau
in the power spectrum for small k̃, for which the growth rate
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ω̃ → 0 (with noise injecting additional power), and a power-
law decay for large k̃—with the characteristic wavelength de-
marcating the transition between these regimes predicted to
be λc = (8π/3)ls ∼ 10 − 70 µm, roughly comparable to
the experimental values. This agreement between the exper-
iments and theory is noteworthy, given that the experimen-
tal spectra do not correspond to the earliest stages of growth
where the linear stability analysis applies. Moreover, the ex-
periments revealed a similar roughening instability in four dif-
ferent species of bacteria having different natural habits and
physiologies, highlighting the generality of this phenomenon
as predicted by the theory. Finally, we also note that re-
cent in vivo studies have reported similar rough morphologies
of bacterial aggregates growing in diverse 3D environments,
such as snow [127], microgels prevalent in marine environ-
ments [128, 129], mouse urine [130], and sludge [131, 132].

Nevertheless, our model has limitations and does not
quantitatively reproduce the entirety of the experimental
findings—suggesting refinements that could be considered in
future work. For example, while the model correctly predicts
a spectral power-law decay by introducing Gaussian white
noise, the predicted exponent ν = 1 (Fig. S22) is at odds with
the experimental value ν ≈ 7/3. Along the same lines, the
linear regime of our model, in which some wavelength pertur-
bations decay and other grow without bound, cannot directly
account for the saturation of the power spectra observed in the
experiments at long time, where S(k, t) reaches a fixed curve.
Nonlinearities could account for these discrepancies—for
instance, by damping unstable growth and increasing the
magnitude of the power-law exponent e.g. via an "energy
cascade" analogous to that in turbulence as discussed above.
To explore the effect of these nonlinearities, direct numer-
ical simulations of the noisy version of Eq. (7) could be
conducted, introducing either thermal or quenched noise,
possibly along with renormalization group techniques [89].
Finally, we note that while our quantitative analysis focused
on experiments with E. coli—given that the physical param-
eters describing these cells (Table I) are well-characterized,
that the cellular fluorescence enabled high-resolution imaging
via confocal microscopy, and that this strain does not appre-
ciably secrete extracellular materials—we also observed a
similar morphological instability for the biofilm-formers V.
cholerae, P. aeruginosa, and K. sucrofermentans. However,
we note that the characteristic ‘floret’ wavelength for these
latter three species is noticeably larger than for E. coli (see
Figs. S10–S14, S23). This difference could reflect the added
influence of the extracellular polymeric matrix secreted by
the cells as they grow, which potentially leads to complexities
that are not taken into account in our minimal model. Other
experimental effects that are also not contained within
the model—but may nevertheless play a role—include the
granularity and deformability of the hydrogel matrices noted
earlier, the mechanical properties of and cellular orientations
within the bacterial colony, variations of cellular density
within the growing layer, and limitations on the space and
amount of nutrient available to the growing colony.

Implications for microbiology. Our work has demonstrated
that, much like snowflakes, large, dense, 3D bacterial colonies
cannot avoid developing rough surfaces as they grow. What
are the biological implications of this morphological insta-
bility? The highly-branched fractal colony shapes studied
here are characterized by large surface area-to-volume ratios,
which likely promote the exposure of metabolically-active
cells at the colony surfaces to their surroundings. Thus, we
speculate that the roughening of growing bacterial colonies
could be harmful to them by increasing susceptibility to an-
tibiotics [58–60] or phages [61], but could also be beneficial
in the long term by providing more space for mutants to grow,
thereby supporting genetic diversity [53, 55, 56, 64–69] and
potentially enabling colonies to be more resilient against en-
vironmental changes [62, 63].

Cell-cell signaling might also be affected by this morpho-
logical instability, since different regions of the rough surface
of a colony could become decoupled from each other—which
in turn could also affect overall colony function and inter-
nal colony morphology [133]. Previous work on 2D grow-
ing colonies has shown metabolic cooperation between cells
growing at the periphery of the colony and those located in
the interior––ion channels enable long-range electric signal-
ing between both regions of the colony, giving rise to spatially
propagating metabolic waves [134–139]. Hence, although our
results suggest that the core of 3D colonies plays a passive role
in the colony morphodynamics, the interaction and signaling
between the metabolically-active growing layer at the surface
and the core may have important consequences for the global
function and structure of the colony, and this also constitutes
an important direction for future research.

More broadly, given our finding of a morphodynamic insta-
bility that emerges generically from the coupling between dif-
fusion and uptake of essential substrates for cellular growth in
3D, we expect that similar behavior could arise in other grow-
ing systems, with possible implications for the evolution of
form and function [50, 55, 140–142]. Indeed, similar 3D pat-
terns of rough growth have been observed in other living sys-
tems, namely in multicellular clusters of Saccharomyces cere-
visiae, usually referred to as ‘snowflake yeast clusters’, or in
aggregation clusters of the green alga Volvox carteri. Recent
research has shown that the sizes and morphologies of these
clusters are crucially determined by growth and crowding-
induced mechanical stresses coupled to environment condi-
tions [143–147]. These works have suggested the tantaliz-
ing idea that the morphological adaptation of large 3D clus-
ters to environmental constraints could provide insight into
the origins of multicellularity. Altogether, our experimental
approach and findings, as well as our theoretical framework,
could provide a foundation for these promising future avenues
for research.
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MATERIALS AND METHODS

Preparing hydrogel matrices.The 3D granular hydrogel ma-
trices are prepared following our prior work [34, 35] by dis-
persing dry granules of crosslinked acrylic acid/alkyl acrylate
copolymers (Carbomer 980, Ashland or Carbopol 980NF, Lu-
brizol) in liquid cell culture media.

We use EZ Rich (Teknova Inc.), a defined rich medium,
for the experiments with E. coli; 2% Lennox LB (Sigma
Aldrich) for the experiments with V. cholerae and P. aerug-
inosa; and Mannitol-Yeast Extract-Peptone (MYP) medium
(Sigma Aldrich) for the experiments with K. sucrofermentans.
The components to prepare the EZ Rich are are mixed follow-
ing manufacturer directions; specifically, the liquid medium
is an aqueous solution of 10X MOPS Mixture (M2101),
10X ACGU solution (M2103), 5X Supplement EZ solution
(M2104), 20% glucose solution (G0520), 0.132 M potassium
phosphate dibasic solution (M2102), and ultrapure milli-Q
water at volume fractions of 10%, 10%, 20%, 1%, 1%, and
58%, respectively. All components except glucose are com-
bined and then autoclaved. After the medium cools, sterile
glucose is added. The MYP medium is made of D-Mannitol
(25 g/L), Yeast Extract (5 g/L), and Peptone (3 g/L) all mixed
in ultrapure milli-Q water and autoclaved.

In all cases, the hydrogel granules are then homogeneously
dispersed by mixing each dispersion for at least 2 h at 1600
rpm using magnetic stirring or in a stand mixer (Hamilton
Beach 730C Classic DrinkMaster Mixer) for 2 minutes. We
also adjust the pH to 7.4 by adding 10 M NaOH to ensure
cell viability. For the experiments with K. sucrofermentans,
2,3,5-Triphenyltetrazolium chloride (TTC), a red dye for
cells, is also added to the swollen hydrogel particles at 5 mg
TTC per 10 mL of swollen hydrogel matrix. In all cases,
the swollen hydrogel granules, ∼ 5 to 10 µm diameter, pack
tightly against each other, resulting in a jammed matrix; the
individual hydrogel granules have an internal mesh size of ∼
40 to 100 nm, as we established previously [88]. Thus, small
molecules (e.g., amino acids, glucose, oxygen) can freely
diffuse throughout the medium, while the cells themselves
are confined in the interstitial pore space between hydrogel
granules.

Characterizing hydrogel matrices. Rheological properties
of these matrices are measured in an Anton Paar MCR 301
or 501 shear rheometer, as previously described [34, 88]. We
load ∼ 2−3 mL of a given hydrogel matrix into the 1 mm gap
between roughened 50 mm-diameter parallel plates. We mea-
sure storage and loss moduli as a function of frequency using
small-amplitude oscillatory rheology, with a strain amplitude
of 1% and frequencies between 0.01 to 1 Hz. For all hydrogel
matrices used in this work the storage modulus G ′ is larger
than the loss modulus G ′′, indicating the matrices are jammed
elastic solids. At higher strain rates, the matrices fluidize, in-
dicating that they are yield-stress materials; we quantify this
behavior using unidirectional shear measurements in which

we measure the shear stress as a function of applied shear
rate. At low shear rates, the shear stress is nearly constant and
independent of shear rate, indicating a nonzero yield stress
(∼ 1 − 100 Pa) characteristic of a solid material. At higher
shear rates, however, the shear stress follows a power-law de-
pendence on shear rate, indicating that the solid matrix be-
comes fluidized—the individual hydrogel particles rearrange
with respect to each other, and the medium yields [86]. This
features allows for 3D printing of bacterial colonies in the hy-
drogel matrices.

We characterize the sizes of the interstitial pores between
hydrogel granules as previously described [34, 88]. Specif-
ically, we homogeneously disperse 10-4 wt% of 100 nm
or 200 nm-diameter carboxylated polystyrene fluorescent
nanoparticles (FluoSpheres, Invitrogen, Carlsbad, Ca) within
the interstitial pore space between hydrogel granules by
gentle mixing. Because the tracer particles are larger than the
mesh size of the hydrogel granules, they thermally diffuse
through the interstitial pore space. For each hydrogel matrix,
we track the motion of 50 to 200 tracer particles on a Nikon
A1R+ inverted laser-scanning confocal microscope. We
use a custom written script in MATLAB employing the
classic Crocker-Grier algorithm to track the center of mass
of the particles using a peak finding function with subpixel
precision in the micrographs. From the particle tracking, we
calculate the mean square displacement, MSD. The tracer
MSDs exhibit free diffusion in the pore space at short length
and time scales, and then transitions to subdiffusive scaling at
sufficiently large length and time scales because of pore-scale
confinement. Thus, we identify the transition length scale at
which the MSD becomes subdiffusive, and estimate the local
pore size d as being the sum of the MSD transition length
scale and the tracer size. Repeating this measurement for
many different tracers dispersed at random locations through
the pore space yields the pore size distribution. TIn partic-
ular, we obtain the complementary cumulative distribution
function 1-CDF(d ); CDF(d )≡

∑d
0 dp(d)/

∑∞
0 dp(d) where

p(d) is the number fraction of pores having a characteristic
size d. To determine the mean pore size, we then fit an
exponential ∼ exp(−d/D) to the decay of 1-CDF(d ) for
each medium and report the mean pore size as d̄ = D + d0
where d0 is the largest pore size with CDF= 0.

3D-printing bacterial colonies within hydrogel matrices.
Our experiments used five different bacterial strains: E. coli
W3110 (motile) and ∆flhDC (non-motile), both of which con-
stitutively express GFP; V. cholerae JY030 [148]; P. aerugi-
nosa PAO 1 ∆fliC; and K. sucrofermentans ATCC-700178. In
each experiment, we first prepare a dense suspension of cells
in the liquid cell culture medium used to swell the granular
hydrogel matrix, and then use this suspension as the inocu-
lum that is 3D-printed into the matrix, following our previous
work [34, 35].

For the experiments with E. coli and P. aeruginosa, to ob-
tain the suspension for the initial inoculum, we prepare an
overnight culture of cells in LB media at 30 oC, then incubate
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a 1% solution of this culture in fresh LB media for 3 h un-
til the optical density reaches ∼ 0.6, and then re-suspend this
culture in the specific liquid cell culture medium used to swell
the granular hydrogel matrix (EZ Rich for E. coli and LB for
P. aeruginosa) at a concentration ∼ 9× 1010 cells mL−1. For
the experiments with V. cholerae, to obtain the suspension for
the initial inoculum, we first grow the cells overnight on a 2%
Lennox LB agar plate at 37 oC, then inoculate the cells into 3
mL of liquid LB with glass beads and grow them with shak-
ing at 37 oC for 5-6 hours until mid-exponential phase, and
then similarly re-suspend this culture in LB at a similar con-
centration ∼ 9× 1010 cells mL−1. For the experiments with
K. sucrofermentans, to obtain the suspension for the initial in-
oculum, we first prepare a culture in stationary phase in MYP
at 30 oC for 4 days, then incubate a 1% solution of this culture
in 3 mL fresh MYP with 0.2% cellulase at 30 oC for 4 days,
and then similarly re-suspend this culture in fresh MYP at a
similar concentration ∼ 9× 1010 cells mL−1.

We then 3D-print the inocula in the hydrogel matrices.
For each experiment with E. coli, ∼ 4 mL of the hydrogel
matrix is confined in a transparent-walled glass-bottom petri
dish of 35 mm diameter and 10 mm height, and we use a
pulled glass capillary with a ∼ 100 − 200µm-wide opening
as an injection nozzle for the colony. For each experiment
with V. cholerae or P. aeruginosa, ∼ 20 mL of the hydrogel
matrix is confined in a transparent tissue culture flask or ∼
3 mL of the the hydrogel matrix is confined in a transparent
plastic macro cuvette, and we use a 20-gauge needle as an
injection nozzle for the colony. For the E. coli, V. cholerae,
and P. aeruginosa experiments, a motorized translation
stage subsequently drives the injection nozzle to trace out a
pre-programmed 3D cylindrical shape within the hydrogel
matrix at a constant speed of 1 mm s−1. As the injection
nozzle moves through the medium, it locally rearranges the
hydrogel grains and gently extrudes the inoculum into the
interstitial space using a flow-controlled syringe pump at 50
µL h−1, which corresponds to a gentle shear rate of ∼ 4 to 36
s−1 at the tip of the injection nozzle. As the nozzle continues
to move, the surrounding hydrogel grains rapidly densify
around the newly-introduced cells, re-forming a jammed solid
matrix [85, 86, 149] that compresses the cellular suspension
until the cells are close-packed to an approximate density
of 0.95× 1012 cells mL−1. Moreover, as we showed in our
previous work [34, 35], this process does not appreciably
alter the properties of the hydrogel packing and is sufficiently
gentle to maintain the viability and motility of the cells. The
resulting cylindrical colony serves as the starting point of the
experiments detailed in this paper. In all cases, we ensure
that the colony is placed at least ∼ 500 to 1000 µm away
from any boundaries enclosing the hydrogel matrix. For
the experiments with E. coli, after 3D printing, a thin layer
of 1 − 2 mL paraffin oil is placed atop the top surface of
the hydrogel matrix to minimize evaporation while allowing
unimpeded oxygen diffusion; for the experiments with V.
cholerae and P. aeruginosa, we accomplish this by sealing
the tissue culture flasks with their caps. For the experiments

with K. sucrofermentans, instead of using an injection nozzle
mounted on a motorized stage, we slowly pipette 10 µL of
the inoculum in ∼ 1.5 mL of the hydrogel matrix and then
cover the top of the matrix it with another ∼ 1.5 mL of MYP
hydrogel matrix, all in a sealed plastic macro cuvette.

Inoculating bacterial colonies on the hydrogel surface.
For the experiments testing E. coli growth on the surface
of a granular hydrogel matrix, we use a transparent-walled
glass-bottom petri dish 35 mm in diameter and 10 mm in
height. Initially, the glass bottom (20 mm in diameter and
∼ 1 mm in height) is filled with the hydrogel matrix and
its top surface is smoothed out. Next, the edge of a glass
cover slip (∼ 100 µm in thickness) is dipped in a bacterial
suspension at a concentration of 8.6× 1010 cells mL−1.
This edge of the cover glass is then gently touched to the
surface of the hydrogel matrix to define an initial cylindrical
inoculum on the surface. We then maintain the petri dish
within a temperature- and humidity-controlled environmental
chamber (Memmert HPP110) at 30 ± 1 oC and 90% relative
humidity to reduce evaporation.

Imaging growth of bacterial colonies. For the experiments
with fluorescent E. coli, we use a Nikon A1R+ inverted
laser-scanning confocal microscope maintained at 30 ± 1
oC to acquire vertical stacks of planar fluorescence images
separated by 2.58 µm in depth. For the experiments with
V. cholerae, P. aeruginosa, and K. sucrofermentans, we use
a Sony α6300 camera with a Thorlabs 6.5X Zoom Lens
to acquire color images. Between imaging time points the
samples are placed in a 37 oC incubator (for V. cholerae) or
a 30 oC (for P. aeruginosa and K. sucrofermentans). As time
progresses, the colonies continue to grow until at long times
(≳ 100 h), when colony expansion ceases presumably due to
complete substrate depletion.

Measurement of the characteristic Michaelis-Menten
nutrient concentration of E. coli. To estimate chalf,s,
we measure the growth rates of wild-type E. coli (strain
background W3110) in serial dilutions of EZ Rich media.
In particular, we inoculate an overnight culture at a ratio of
1:100 into 200 µL of liquid medium and measure growth
by optical density on a Biotek Epoch 2 Plate Reader for 24
hours at 30 oC for 6 replicates. Diluted nutrient media have
constant concentrations of MOPS buffer (Teknova M2101)
and potassium diphosphate (M2102), but diluted concentra-
tions of glucose (Teknova G0520), amino acids (Teknova
M2105), and nucleic acids (Teknova M2103) such that the
concentration of L-serine, which we take as an example
metabolized nutrient, spans 0.1 µM–10 mM. For each growth
curve, the maximum growth rate g is extracted by fitting a
linear curve to log(OD600) of the exponential growth regime.
Then, the value of chalf,s is obtained by fitting the growth
rates for each L-serine concentration to the Michaelis-Menten
function using non-linear least squares. The fit value of chalf,s
is 38 µM with 95% confidence bounds ranging from 29.6 µM
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to 46.8 µM.

Measurement of the maximal growth rate of V. Cholerae.
To obtain g, we measure the growth rates of the V. Cholerae
C6706str2 in Lennox LB. We inoculate an overnight culture
at a ratio 1:100 into 50 mL of LB with glass beads and
measure the optical density on a WPA Biowave Reader for 10
hours at 37 oC for 3 replicates.

Boundary conditions of the continuum model. The sys-
tem of equations Eq. (1) is complemented with the following
boundary conditions:

p = 0,

cin = cout,

∇cin · n = ∇cout · n

 at

{
x = X (z , y , t) : Slab
r = R(z , θ, t) : Cylinder,

(4a)

cout = cf,s at

{
x = xsys : Slab,
r = rsys : Cylinder,

(4b)

where n is the unit vector normal to the bacterial colony sur-
face. In our experiments we do not impose a constant far-field
source of nutrients, but we expect our theoretical results to be
accurate due to the separation of time scales between colony
growth and nutrient diffusion and uptake.

Moreover, we impose the following kinematic condition at
the growing front:

(∂txsurf − u) · n = 0 at

{
x = X (z , y , t) : Slab
r = R(z , θ, t) : Cylinder,

(5)

where xsurf is the parametrization of the surface of the colony,
i.e. the position vector representing any point at the surface.

Non-dimensionalization. To reduce the number of parame-
ters in Eq. (1), we nondimensionalize the system of equations.
To this end, we choose the characteristic scales obtained in the
main text and introduce the following dimensionless variables
for the position vector, time, and the velocity, pressure, and
nutrient fields, respectively,

x̃ =
x√

Dschalf,s/(ksρ)
, ũ =

u
lc/tc

, p̃ =
p

ξl2c /tc
,

t̃ =
gt

(chalf,s/lc)/(cf,s/{xsys, rsys})
, c̃ =

c
cf,s

. (6)

Using the above characteristic scales, the dimensionless bac-
terial mass, momentum, and substrate conservation equations

read, respectively

∇ · ũ = {x̃sys, r̃sys}
c̃in

1+ Cc̃in

−∇p̃ − ũ = 0

Γ∂t̃ c̃in = ∇2c̃in −
c̃in

1+ Cc̃in

 at

{
0 ≤ x̃ ≤ X̃ (z̃ , ỹ , t̃) : Slab,
0 ≤ r̃ ≤ R̃(z̃ , θ, t̃) : Cylinder,

(7a)

Γ∂t̃ c̃out = ∇2c̃out at

{
X̃ (z̃ , ỹ , t̃) ≤ x̃ ≤ x̃sys : Slab,
R̃(z̃ , θ, t̃) ≤ r̃ ≤ r̃sys : Cylinder.

(7b)

In the limit where cin ≪ chalf,s, which is a good approximation
under our assumption of the limiting substrate being depleted
inside the bacterial colony, i.e. {X ,R} ≫ ls, we can approx-
imate f̃ (c̃in) = c̃in/(1 + Cc̃in) ≃ c̃in, where C = cf,s/chalf,s.
All the analytical calculations are performed using this ap-
proximation, as well as the full numerical simulations unless
otherwise specified.

To conduct numerical simulations, we integrate Eq. (7)
imposing the dimensionless version of the boundary con-
ditions Eq. (4) and Eq. (5), together with axially periodic
boundary conditions, i.e. ũz = 0 at z̃ = 0 and z̃ = π/k̃ ,
where k̃ is the dimensionless axial wavenumber of pertur-
bations. To trigger the instability, the interface is slightly
perturbed by a harmonic disturbance at t̃ = 0, for the cylindri-
cal geometry, R̃(z̃ , θ, 0) = R̃init − ϵ̃ cos(k̃ z̃)cos(m θ), and the
slab geometry, X̃ (z̃ , 0) = X̃init − ϵ̃ cos(k̃ z̃) for 0 ≤ z̃ ≤ π/k̃
and 0 ≤ θ < 2π, where R̃init =

√
ksρR2

init/(Dschalf,s)
compares the initial radius of the cylinder Rinit = R(t = 0),
with the substrate penetration length ls (and equivalently X̃init
for a slab-shaped colony), and ϵ̃ ≪ R̃init, X̃init is the relative
amplitude of the initial small perturbation.

1D solution for slab-shaped and cylindrical colonies. We
seek a one-dimensional (1D) solution of the dimensionless
version of the system of equations for the slab geometry in
Fig. 2A, with the growth front constrained to be flat and as-
suming that c̃in is at steady state, i.e. Γ ≪ 1. This solu-
tion is a necessary starting point for our subsequent linear
stability analysis. Specifically, we assume that all the vari-
ables only depend on the coordinate x̃ , along which the front
propagates, ũ0 = ũx,0(x̃)ex , p̃0 = p̃0(x̃), c̃in,0 = c̃in,0(x̃),
c̃out,0 = c̃out,0(x̃), where the position of the moving interface
X̃0(t̃) is only a function of time t̃. We impose the boundary
conditions given by Eq. (4), which yields the solution

ũ0 =
x̃syssinh(x̃)
Fslab(x̃sys)

ey , p̃0 =
x̃sys[cosh(X̃0)− cosh(x̃)]

Fslab(x̃sys)
,

(8a)

c̃in,0 =
cosh(x̃)

Fslab(x̃sys)
, c̃out,0 =

Fslab(x̃)
Fslab(x̃sys)

, (8b)

where Fslab(x) = cosh(X̃0) + (x − X̃0)sinh(X̃0). The position
of the colony’s interface is obtained via the kinematic condi-
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tion in Eq. (5), which simplifies to

dX̃0

dt̃
= ũ0(X̃0), with X̃0(t̃ = 0) = X̃init. (9)

This first-order ordinary differential equation does not admit
an analytical solution, thus we solve it numerically by stan-
dard methods.

As for the slab geometry, we can also calculate the 1D so-
lution for a cylindrical geometry. This solution is a neces-
sary starting point for the linear stability analysis of a grow-
ing cylindrical colony. To this end, we assume that the colony
grows radially maintaining a perfect cylindrical shape, thus
the velocity, pressure, and nutrient concentration fields only
depend on the radial coordinate r̃ : ũ0 = ũr ,0(r̃)er , p̃0 =
p̃0(r̃), c̃in,0 = c̃in,0(r̃), c̃out,0 = c̃out,0(r̃). Hence, imposing
the dimensionless boundary conditions given by Eq. (4), and
the kinematic condition, Eq. (9), to obtain the position of the
cylindrical interface as a function of time, R̃0(t̃), we obtain
the following 1D solution:

ũ0 =
r̃sysI1(r̃)
Fcyl(r̃sys)

er , p̃0 =
r̃sys[I0(R̃0)− I0(r̃)]

Fcyl(r̃sys)
, (10a)

c̃in,0 =
I0(r̃)

Fcyl(r̃sys)
, c̃out,0 =

Fcyl(r̃)
Fcyl(r̃sys)

, (10b)

dR̃0

dt̃
= ũ0(R̃0), with R̃0(t̃ = 0) = R̃init, (10c)

where for the cylindrical colony Fcyl(x) = I0(R̃0) +

R̃0I1(R̃0)ln(x/R̃0), and In(x) is the nth-order modified Bessel
function of the first kind.

Linear stability analysis of growing 3D bacterial colonies.
To elucidate if a 3D colony is intrinsically unstable to sur-
face roughening when nutrient is depleted inside and growth
is confined to the advancing front, we perform linear stabil-
ity analysis on the 1D solutions for the slab and cylinder ge-
ometries obtained previously. To this end, all the variables
are perturbed around the 1D solutions by small-amplitude har-
monic disturbances, and the time-dependent perturbations are
decomposed as Fourier wave-like modes, for the cylindrical
case defined by the axial wavenumber k̃ ∈ R+ and the az-
imuthal number m ∈ N0:

(p̃, ũ, c̃in, c̃out, R̃) = (p̃0, ũ0, c̃in,0, c̃out,0, R̃0)+

(p̃1, ũ1, c̃in,1, c̃out,1, Ã)exp(i k̃ z̃ + imθ), (11)

where |p̃1|, |ũ1|, |c̃in,1|, |c̃out,1|, |Ã| ≪ 1. Introducing Eq. (11)
into the system Eq. (7), allows us to solve for p̃1, ũ1, c̃in,1,
and c̃out,1, using the dimensionless version of the linearized
boundary conditions Eq. (4). Since the colony is expanding
with time, and we expect that the perturbation evolves on the
same time scale as the moving front, we cannot derive a stan-
dard dispersion relation between an exponential growth rate
and the wavenumber k̃ and azimuthal modes m. Instead, the

evolution of the interface perturbation Ã(t̃) is obtained from
the linearized kinematic condition Eq. (5) at leading order:

dÃ
dt̃

=
dũr ,0

dr̃
Ã + ũr ,1 = ω̃(k̃,m, t̃)Ã at r̃ = R̃0(t̃), (12)

where we have taken advantage of ũr ,1 being proportional
to Ã, to define ω̃(k̃,m, t̃) as the time-dependent growth rate.
This allows us to solve Eq. (12), which yields,

Ã(t̃) = ϵ̃exp

(∫ t̃

0

dt̃ ω̃(k̃,m, t̃)

)
, (13)

where ϵ̃ ≪ R̃init is the initial small amplitude of the pertur-
bation, and the lengthy expression for ω̃(k̃,m, t̃) is omitted
here for the sake of simplicity (see SI Appendix). The linear
stability analysis of a slab-shaped colony is performed in the
same manner (see SI Appendix).

Derivation of the structure factor. Here we derive the theo-
retical structure factor after obtaining the deterministic growth
rate of perturbations ω̃. To this end, the evolution equation
for the perturbation amplitude Ã in Fourier space, Eq. (12), is
modified by introducing Gaussian white noise η(t̃), resulting
in the following Langevin equation,

dÃ
dt̃

= ω̃Ã + η(t̃), (14)

where ⟨η⟩ = 0, and ⟨η(t̃)η(t̃ ′)⟩ = 2Ñ δ(t̃ − t̃ ′), and Ñ =
N tc/l2c denoting the dimensionless intensity of the noise,
which we assume to be independent of k̃ . After solving the
amplitude equation, the structure factor is obtained as follows,

S̃(k̃, t̃) = ⟨|Ã(t̃)|2⟩ =

exp(2ω̃t̃)
∫ t̃

0

∫ t̃

0

dt ′dt ′′⟨η(t ′)η(t ′′)⟩exp[−ω̃(t ′ + t ′′)] =

D̃
ω̃
[exp(2ω̃t̃)− 1], (15)

where we have considered an initial structure factor corre-
sponding to a flat front in a slab geometry, and correspond-
ing to a perfect cylinder in the cylindrical geometry. Knowing
that ω̃ ∼ −k̃ when k̃ ≫ 1, as shown in Fig. 2E, we obtain
S̃(k̃, t̃) ∼ k̃−1 in the same limit (Fig. S22A). Moreover, at
long wavelengths the structure factor grows as S̃ ∼ t̃ when
k̃ ≪ 1. The roughness of the surface can be obtained by inte-
grating the structure factor over the wavenumber,

w̃2(t̃) =
1

L̃

∫ ∞

0

dk̃ S̃(k̃, t̃) ∼ t̃, (t̃ ≪ 1), (16)

where L̃ is the dimensionless length of the cylinder, or the
slab-shaped colony. Hence, w̃ ∼

√
t̃, at short time (Fig.

S22B). The same scaling is found in random deposition or in
the Edwards-Wilkinson equation at short time.

16

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted May 9, 2022. ; https://doi.org/10.1101/2022.05.09.491177doi: bioRxiv preprint 

https://doi.org/10.1101/2022.05.09.491177


Roughening instability of growing 3D bacterial colonies

Bacterial colonies growing uniformly. Here we consider the
limit where the entire bacterial colony grows at a uniform
rate. This limit applies when chalf,s ≪ cin, i.e. when sub-
strate is sufficiently abundant to be saturating everywhere in
the colony (which is the opposite limit of our experiments at
sufficiently long time, where X̃ or R̃ ≫ 1). Hence, in this
scenario, growth is not limited by nutrient or oxygen concen-
tration, and the equations of motion become decoupled from
the substrate dynamics. For uniform growth, if we employ the
appropriate characteristic scales, i.e. tc = g−1, lc = Rinit,
uc = gRinit, and pc = ξgR2

init, the dimensionless equations are
parameter-free and read:

∇ · ũ = 1, ũ = −∇p̃. (17)

The 1D solutions for the planar and cylindrical growing fronts
then read:

Slab geometry

ũ0 = x̃ex , p̃0 =
1

2
(X̃ 2

0 − x̃2), X̃0 = exp(t̃); (18)

Cylindrical/circular geometry

ũ0 =
r̃
2
er , p̃0 =

1

4
(R̃2

0 − r̃2), R̃0 = exp(t̃/2). (19)

We now assess the linear stability of these 1D solutions,
considering the cases of a purely planar front, a circular
colony expanding radially, and a cylindrical colony growing
in the radial direction. Following the same procedure detailed
before, we obtain the leading-order eigenfunctions of the
pressure field p̃1 and velocity field ũ1, and then use Eq. (12)
to derive the evolution of the perturbation amplitude.

Slab-shaped colony. For the planar growing front, the evo-
lution equation for the perturbation amplitude Ã(t̃) given
by Eq. (13) reads

dÃ
dt̃

= Ã

(
1− k̃X̃0sinh(k̃X̃0)

cosh(k̃X̃0)

)
, (20)

which admits the following analytical solution:

Ã = ϵ̃
exp(t̃)sech[k̃exp(t̃)]

sech(k̃)
, (21)

where ϵ̃ ≪ 1 is the small initial value of the amplitude.
Since in the case of uniform expansion, growth is pro-

portional to the local width of the colony, we expect that
wavelengths shorter than the initial colony width X̃0 will
be stable as growth-pressure-driven expansion transverse to
the overall growth direction will be effective at filling in the
valleys of the perturbation. Indeed, expanding the term on
the right-hand side of Eq. (20) in powers of k̃X̃0, we obtain
a reasonably accurate estimate of the cut-off wavenumber
k̃c ∼ 1/X̃0 above which all modes are stable. Moreover, at

long time, i.e. when X̃0 ≫ 1, the critical wavenumber k̃c → 0
as 1/X̃0 → 0, which means that all modes are stable at suffi-
ciently long time, since the stabilizing contribution stemming
from transverse growth becomes large enough to stabilize
all perturbations. The stabilizing mechanism is transverse
growth, which is taken into account by the second term on
the right-hand side of Eq. (12), and becomes comparable to
the growth perpendicular to the colony interface.

Circular colony. In the case of a planar circular colony grow-
ing uniformly, the perturbation amplitude also admits an ana-
lytical solution:

dÃ
dt̃

=
Ã
2
(1− m) , Ã = ϵ̃exp

[
t̃(1− m)/2

]
. (22)

All modes are stable for all time except m = 1, which simply
corresponds to a body translation and is therefore neutrally
stable.

Cylindrical colony. If we now consider a cylindrical colony
growing uniformly in the radial direction, whose 1D solution
is given by Eq. (19), the equation for the perturbation ampli-
tude is

dÃ
dt̃

=
Ã
2

(
1+ m − k̃R̃0Im−1(k̃R̃0)

Im(k̃R̃0)

)
, (23)

which does not admit an analytical solution. If we take the
limit k̃ → 0, we recover the case of a 2D circular colony
given by Eq. (22). To gain more insight into the stability of
the cylindrical growing colony, we can expand the rightmost
term in parentheses in Eq. (23) in powers of k̃R̃0, which yields
1 − m − (k̃R̃0)

2/[2(1 + m)] + O(k̃4R̃4
0 ). By inspection, we

observe that non-axisymmetric modes m ≥ 2 are stable for all
values of k̃ and R̃0, as in the case of the 2D circular colony.
Regarding the axisymmetric modes, i.e. m = 0, we recover
the same scenario obtained for a purely planar growing front,
up to geometrical factors.

Finally, all these limits can be obtained from the complete
model given in Eq. (7), where the growth of the colony
depends on the local concentration of oxygen and nutrients,
when R̃0 ≪ 1, since substrates are then essentially uniform
inside the colony.

Numerical simulations. To perform 2D and 3D numeri-
cal simulations, all the dimensionless equations are written
in weak form by means of the corresponding integral scalar
product, defined in terms of test functions for the pressure
p̃(x̃ , t̃) and nutrient concentration fields c̃(x̃ , t̃). By using
Green identities we obtain an integral bilinear system of equa-
tions for the set of variables and their corresponding test func-
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tions:

Pressure-driven growth:∫
Ωi

dΩi ∇p̃ · ∇φ̃p −
∫
∂Ωi

dℓi∇p̃ · n φ̃p =

∫
Ωi

dΩi f̃ (c̃in) φ̃p,

(24)

substrate diffusion and uptake:∫
Ωi

dΩi Γ∂t̃ c̃in φ̃c = −
∫
Ωi

dΩi∇c̃in · ∇φ̃c+∫
∂Ωi

dℓi∇c̃in · n φ̃c −
∫
Ωi

dΩi f̃ (c̃in) φ̃c , (25)

substrate diffusion outside the colony:∫
Ωo

dΩo Γ∂t̃ c̃out φ̃c = −
∫
Ωo

dΩo∇c̃out · ∇φ̃c+∫
∂Ωo

dℓo∇c̃out · n φ̃c , (26)

where φ̃p and φ̃c are the test functions for the pressure
and substrate concentration fields, respectively, Ωi and Ωo

are the domains inside and outside the bacterial colony,
respectively, dΩ and dℓ are the volume (3D)/surface (2D)
and surface (3D)/line (2D) elements, respectively, and
f̃ (c̃in) = c̃in/(1 + Cc̃in) is the dimensionless Michaelis-
Menten function. The velocity is calculated using Darcy’s
law, ũ = −∇p̃, and the moving interface is computed
according to the kinematic condition in Eq. (5), where nodes
at the interface are advanced using the normal component
of the velocity field. We impose the boundary and initial
conditions specified in Eq. (4), together with the axially
periodic condition. The equations are discretized using
Taylor-Hood triangular/tetrahedral elements for the pres-
sure and nutrient concentration fields, ensuring numerical
stability. To account for the deformation of the domain we
use the Arbitrary Lagrangian-Eulerian method implemented
in COMSOL Multiphysics, where the mesh elements in
both domains move according to Laplace’s equation for
the change of variable between the material and the spatial
frames of reference. Regarding the time-stepping, we employ
a 4th-order variable-step BDF method. The relative tolerance
of the nonlinear method is always set below 10−6.

Data availability. The data and codes that support the plots
and findings of this study are available from the authors upon
reasonable request.
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SI APPENDIX

Dimensional analysis. We will first identify characteristic
scales of length, time, pressure, velocity, and nutrient con-
centration, denoted as lc, tc, pc, uc, and cc, respectively, and
we will then use these scales to non-dimensionalize the corre-
sponding quantities in Eq. (3) of the Main Text. To choose the
appropriate scales, we start with the kinematic equation relat-
ing the front speed with the local velocity inside the colony,
which sets the following balance:

∂txs · n = u · n ⇒ lc
tc

∼ uc, (S1)

yielding the relation lc = uctc, so that both terms in the equa-
tion are of order unity. We then consider the nutrient conser-
vation equation in the interior of the colony, whose different
terms have the following orders of magnitude:

∂tcin︸︷︷︸
∼
cc

tc

= Ds∇2cin︸ ︷︷ ︸
∼Ds

cc

l2c

− ksρf(cin)︸ ︷︷ ︸
∼
ksρcc

chalf,s

. (S2)

As illustrated by Fig. 1B in the Main Text, our experiments
reveal that the growth of the colony is a slow process, thus we
assume a priori that the growth of the colony is much slower
than nutrient diffusion and uptake, whereby O(∂tcin) ∼
cc/tc ≪ Ds∇2cin and ksρ. We validate this assumption a
posteriori using our parameter estimates, as described further
in this section. Note that this assumption implies a separation
of time scales such that the nutrient profile will rapidly adjust
to any change in the colony due to growth. This separation of
time scales is assumed in Eqs. (3c) and (3d) of the Main Text.
Moreover, a natural length scale of the system is either the
initial size of the colony, Rinit, or the system size rsys, i.e. the
overall size of the hydrogel matrix where the bacterial colony
is embedded. If we choose either of these lengths as the char-
acteristic length scale and then consider the estimates in Table
1 of the Main Text, one can see that O(ksρ) ≫ O(Ds∇2cin),
which yields cin ∼ 0 in the bulk of the colony. This result
reveals two distinct regions inside the colony: the nutrient-
depleted bulk, and an active growing boundary layer at the
surface of the colony whose thickness is much smaller than
the radius R of the colony, and where nutrient diffusion and
uptake are in balance. Given that this growing region is the
main cause of colony expansion, we choose its thickness as
the characteristic length scale in our system of equations, i.e.
lc = ls

√
Dschalf,s/(ksρ), which is the substrate penetration

length arising from the balance between nutrient diffusion and
uptake.

Next, to determine the characteristic time scale, we exam-
ine the mass conservation equation describing growth as the
driving mechanism of the moving front:

∇ · u︸ ︷︷ ︸
∼
1

tc

= gf(cin)︸ ︷︷ ︸
∼

gcc

chalf,s

. (S3)

From the only possible balance in the above equation, the nat-
ural time scale tc is the inverse of the mean growth rate of
cells within the growing front. In the nutrient-limited regime,
this mean growth rate is ∼ gcs/chalf,s, where cs is the char-
acteristic substrate concentration scale within the front. The
latter can be estimated by matching the substrate gradient
coming from diffusion outside the colony ∼ cf,s/{xsys, rsys}
(where xsys is the size of the outer medium in the case of a
slab-shaped colony) with the gradient in the growing layer
∼ cs/ls, yielding cs ∼ lscf,s/{xsys, rsys} and thus tc =
g−1chalf,s{xsys, rsys}/(lscf,s).

We now address the assumption that ∂tcin is much
smaller than the remaining terms in Eq. (S2) by compar-
ing their orders of magnitude, i.e. O(∂tcin)/O(Ds∇2cin) =
O(∂tcin)/O(Ds∇2cin) ∼ Γ = gcf,s/(ksρ), which is indeed
a small parameter given the estimates in Table 1 of the Main
Text, thus our choice of tc is appropriate and self-consistent.

Finally, the characteristic pressure scale is obtained from
the balance in Darcy’s law,

−∇p︸ ︷︷ ︸
∼
pc

lc

− ξu︸︷︷︸
∼ ξuc

= 0, (S4)

which yields pc = ξuclc as the characteristic pressure scale.

Linear stability analysis. To analyze the linear stability of
slab-shaped or cylindrical bacterial colonies, we first obtain
a one-dimensional (1D) solution of the dimensionless version
of Eq. (9) in the Main Text, with the growth front constrained
to be either flat or cylindrical, respectively (see Materials and
Methods and Figs. S20, S22–23). Then, all the variables are
perturbed around these 1D solutions by small-amplitude har-
monic disturbances, and the time-dependent perturbations are
decomposed as Fourier wave-like modes (which in the cylin-
drical case are defined by the axial wavenumber k̃ ∈ R+ and
the azimuthal number m ∈ N0):

Slab-shaped : (p̃, ũ, c̃in, c̃out, X̃) = (p̃0, ũ0, c̃in,0, c̃out,0, X̃0) + (p̃1, ũ1, c̃in,1, c̃out,1, Ã) exp(ik̃z̃), (S5a)

Cylindrical : (p̃, ũ, c̃in, c̃out, R̃) = (p̃0, ũ0, c̃in,0, c̃out,0, R̃0) + (p̃1, ũ1, c̃in,1, c̃out,1, Ã) exp(ik̃z̃ + imθ), (S5b)

where |p̃1|, |ũ1|, |c̃in,1|, |c̃out,1| are the eigenfunctions of the small-amplitude perturbations, and Ã is the amplitude of the
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front with |Ã| ≪ 1. Introducing Eq. (S5) into Eq. (9) of the
Main Text and retaining only leading-order terms allows us
to solve for p̃1, ũ1, c̃in,1, and c̃out,1, which for a slab-shaped
colony yields:

p̃1(x̃) = −Ax̃sys cosh

(√
k̃2 + 1x̃

)
+Dx̃sys cosh(k̃x̃),

(S6a)

ũx,1(x̃) = Ax̃sys

√
k̃2 + 1 sinh

(√
k̃2 + 1x̃

)
−Dx̃sysk̃ sinh(k̃x̃),

(S6b)

ũz,1(x̃) = −ik̃x̃sys

[
−A cosh

(√
k̃2 + 1x̃

)
+D cosh(k̃x̃)

]
,

(S6c)

c̃in,1(x̃) = A cosh

(√
k̃2 + 1x̃

)
, (S6d)

c̃out,1(x̃) = B sinh(k̃x̃) + C cosh(k̃x̃), (S6e)

and for a cylindrical colony yields:

p̃1(r) = −Ar̃sysIm

(√
k̃2 + 1r̃

)
+Dr̃sysIm(k̃r̃), (S7a)

ũr,1(r̃) =
Ar̃sys

√
k̃2 + 1

2

[
Im−1

(√
k̃2 + 1r̃

)
+

Im+1

(√
k̃2 + 1r̃

)]
−

Dr̃sysk

2

[
Im−1(k̃r̃) + Im+1(k̃r̃)

]
,

(S7b)

ũθ,1(r̃) =
−imr̃sys

r

[
−AIm

(√
k̃2 + 1r̃

)
+DIm

[√
k̃2 + 1r̃

]]
,

(S7c)

ũz,1(r̃) = −ikr̃sys

[
−AIm

(√
k̃2 + 1r̃

)
+DIm

(√
k̃2 + 1r̃

)]
,

(S7d)

c̃in,1(r̃) = AIm

(√
k̃2 + 1r̃

)
, (S7e)

c̃out,1(r̃) = BKm(k̃r̃) + CIm(k̃r̃), (S7f)

where A, B, C, and D are integration constant that we ob-
tain by imposing the linearized boundary conditions given by

Eqs. (6) and (7) of the Main Text. Due to their lengthiness,
their expressions are omitted here. Axisymmetric modes are
obtained for the case m = 0. Moreover, the eigenfunctions of
an expanding circular 2D colony are recovered by taking the
limit k → 0.

Finally, the growth rate of perturbations ω̃ is obtained from
the remaining boundary condition, i.e. the kinematic condi-
tion for the moving surface, which relates the local velocity of
the colony u, with the velocity of the moving front ∂t̃x̃s (see
Eq. (7) in the Main Text), which upon linearization yields a
first-order ODE for the perturbation amplitude Ã:

Slab-shaped :
dÃ
dt̃

=
dũx,0

dx̃
Ã+ ũx,1 = ω̃(k̃, t̃)Ã, at x̃ = X̃0(t̃),

(S8a)

Cylindrical :
dÃ
dt̃

=
dũr,0

dr̃
Ã+ ũr,1 = ω̃(k̃,m, t̃)Ã, at r̃ = R̃0(t̃),

(S8b)

where we have taken advantage of ũx,1 and ũr,1 being pro-
portional to Ã to define ω̃ as the time-dependent growth rate.
Since the colony is expanding with time, i.e. the 1D solution
depends on time, and we expect that the perturbation evolves
on the same time scale as the moving front, we cannot con-
sider the front to be frozen and derive a standard dispersion re-
lation between an exponential growth rate and the wavenum-
ber k and azimuthal mode m, as in our case ω̃ depends on
time. Instead, the evolution of the interface perturbation Ã(t̃)
reads:

Ã(t̃) = ϵ̃ exp

(∫ t̃

0

dt̃ ω̃

)
, (S9)

where ϵ̃ ≪ X̃init, R̃init is the initial small amplitude of the
perturbation. Hence, the growth rate of perturbations can be
defined as:

Slab-shaped : ω̃ =
dũx,0

dx̃
+

ũx,1

Ã
at x̃ = X̃0(t̃), (S10a)

Cylindrical : ω̃ =
dũr,0

dr̃
+

ũr,1

Ã
, at r̃ = R̃0(t̃). (S10b)

The expression for a cylindrical colony is omitted due to its
lengthiness, but the growth rate of perturbations of a slab-
shaped colony reads,

Slab-shaped colony : ω̃(k̃, t̃; X̃0) = x̃sys

cosh(X̃0)
[
k̃ coth

(√
1 + k̃2X̃0

)
tanh(k̃X̃0)−

√
1 + k̃2

]
√
1 + k̃2 − k̃ coth

(√
1 + k̃2X̃0

)
coth

[
k̃(X̃0 − x̃sys)

] − k̃ sinh(X̃0) tanh(k̃X̃0)

cosh(X̃0) + (x̃sys − X̃0) sinh(X̃0)
.

(S11)

To deduce the main driving mechanism of the morphodynam-
ical instability, we examine the different contributions to the

time-dependent growth rate of the perturbation amplitude Ã
for a slab-shaped colony, i.e. Eq. (S8a). To this end, we ex-
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Roughening instability of growing 3D bacterial colonies

pand the local velocity of the colony at the surface, which we
express using Darcy’s law u = −∇p, as follows:

ũsurface · n = −dp0
dx̃

|x̃=X̃0+ϵ̃Ã − ϵ
dp̃1
dx̃

|x̃=X̃0+ϵ̃Ã +O(ϵ̃2) =

− dp̃0
dx̃

|x̃=X̃0
− ϵ̃Ã

d2p̃0
dx̃2

|x̃=X̃0
− ϵ

dp̃1
dx̃

|x̃=X̃0
+O(ϵ̃2).

(S12)

Hence, at leading order, the evolution of the perturbation am-
plitude Ã(t̃) is given by the following ODE:

dÃ
dt̃

= −Ã
d2p̃0
dx̃2

|x̃=X̃0
− dp̃1

dx̃
|x̃=X̃0

= ω̃(k̃, t̃; X̃0)Ã. (S13)

This equation is identical to Eq. (S8a), but expressed in terms
of the pressure field rather than the local velocity field. The
first term in the right-hand-side of Eq. (S13) arising from the
1D solution is not zero since the pressure gradient is not uni-
form, i.e. the pressure field is not harmonic due to the growth
of the bacterial colony, and thus neither the 1D pressure drop
nor the velocity field are constant. Indeed, we can write this
contribution in terms of the nutrient concentration by com-
bining Darcy’s law, ũ0 = −∇p̃0, and the mass conservation
equation, ∇ · ũ0 = c̃i,0, to yield ∇2p̃0 = −c̃i,0, or equiva-
lently ∇2(p̃0 + c̃i,0) = 0, since we consider the steady-state
nutrient concentration, i.e. ∇c̃i,0 = c̃i,0. Hence, we can also
write the equation for the perturbation amplitude Ã as follows,

dÃ
dt̃

= Ãc̃i,0|x̃=X̃0︸ ︷︷ ︸
>0 ∀k̃, X̃0, destabilizing

−dp̃1
dx̃

|x̃=X̃0︸ ︷︷ ︸
<0 ∀k̃, X̃0, stabilizing

. (S14)

The first term in the right-hand-side of Eq. (S14) is indepen-
dent of the wavenumber k̃, and thus is always destabilizing
for every value of X̃0 since the nutrient concentration is
always positive. This term reflects the fact that peaks at
the surface of the bacterial colony have more access to
nutrients and oxygen than the valleys, and therefore grow
faster—amplifying the shape perturbation; that is, differential
access to nutrients is the main driving mechanism of the
instability. The second term in the right-hand side is negative
for every value of k̃ and X̃0, thus reflecting a stabilizing
contribution. In particular, this term contains contributions
arising from nutrient diffusion whose effect is to smooth
nutrient gradients along the moving front, and also the
pressure gradient associated with growth in such transverse
direction to the overall growth direction, that also contributes
to smooth the perturbations. To gain a better understanding
of the latter mechanism, we explore a simplified case of
the complete problem, in particular when the colony grows
uniformly in space, i.e. with growth not limited by the local
nutrient concentration.

Uniform growth. To isolate the role of growth and its as-
sociated pressure gradient, we consider the limit where the
bacterial colony grows at a rate that is spatially uniform and

constant in time. This limit applies when chalf,n ≪ c, i.e. typ-
ically when nutrient is sufficiently abundant to be saturating
everywhere in the colony, which is the opposite limit of our
experiments where R̃ ≫ 1. Hence, in this scenario, growth
is not limited by nutrient or oxygen concentration, and the
equations of motion become decoupled from the nutrient dy-
namics:

∇ · ũ = 1, ũ = −∇p̃. (S15)

The 1D solutions for the planar and cylindrical configurations
are then, respectively:

Slab geometry:

ũ0 = x̃ ex, p̃0 =
1

2
(X̃2

0 − x̃2), X̃0 = exp(t̃). (S16)

Cylindrical/circular geometry:

ũ0 =
r̃

2
er, p̃0 =

1

4
(R̃2

0 − r̃2), R̃0 = exp(t̃/2). (S17)

We now assess the linear stability of these 1D solutions,
considering the cases of a purely planar front, a circular
colony expanding radially, and a cylindrical colony growing
in the radial direction.

Uniform growth — Linear stability. Following the same
procedure detailed before and in Materials and Methods, we
obtain the leading-order eigenfunctions of the pressure field
p̃1 and velocity field ũ1, and then use Eq. (S13) to derive the
evolution of the perturbation amplitude.

Slab-shaped colony. For the planar growing front, the evo-
lution equation for the perturbation amplitude Ã(t̃) given by
Eq. (S13) reads

dÃ
dt̃

= Ã

(
1− k̃X̃0 sinh(k̃X̃0)

cosh(k̃X̃0)

)
, (S18)

which admits the following analytical solution:

Ã = ϵ̃
exp(t̃)sech[k̃ exp(t̃)]

sech(k̃)
, (S19)

where ϵ̃ ≪ 1 is the small initial value of the amplitude.
Since growth is proportional to the local width of the

colony, we expect that wavelengths shorter than the initial
colony width X̃0 will be stable as growth-pressure-driven
expansion transverse to the overall growth direction will be
effective at filling in the valleys of the perturbation. Indeed,
expanding the term on the right-hand side of Eq. (S18) in
powers of k̃X̃0, we obtain a reasonably accurate estimate of
the cut-off wavenumber k̃c ∼ 1/X̃0 above which all modes
are stable. Moreover, at long time, i.e. when X̃0 ≫ 1, the
critical wavenumber k̃c → 0 as 1/X̃0 → 0, which means
that all modes are stable at sufficiently long time, since the
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Roughening instability of growing 3D bacterial colonies

stabilizing contribution stemming from transverse growth
becomes large enough to stabilize all perturbations.

Circular colony. In the case of a planar circular colony grow-
ing uniformly, the perturbation amplitude also admits an ana-
lytical solution:

dÃ
dt̃

=
Ã

2
(1−m) , Ã = ϵ̃ exp

[
t̃(1−m)/2

]
. (S20)

All modes are stable for all time except m = 1, which simply
corresponds to a body translation and is therefore neutrally
stable.

Cylindrical colony. If we now consider a cylindrical colony
growing uniformly in the radial direction, whose 1D solution
is given by Eq. (S17), the equation for the perturbation am-
plitude is

dÃ
dt̃

=
Ã

2

(
1 +m− k̃R̃0Im−1(k̃R̃0)

Im(k̃R̃0)

)
, (S21)

which does not admit an analytical solution. If we take the
limit k̃ → 0, we recover the case of a 2D circular colony
given by Eq. (S20). To gain more insight into the stability of
the cylindrical growing colony, we can expand the rightmost
term in parentheses in Eq. (S21) in powers of k̃R̃0, which
yields 1−m−(k̃R̃0)

2/[2(1+m)]+O(k̃4R̃4
0). By inspection,

we observe that non-axisymmetric modes m ≥ 2 are stable
for all values of k̃ and R̃0, as in the case of the 2D circular
colony. Regarding the axisymmetric modes, i.e. m = 0,
we recover the same scenario obtained for a purely planar
growing front, up to geometrical factors.

Influence of nutrient and oxygen consumption. To deter-
mine whether the consumption of nutrients or oxygen influ-
ences our results, we modify Eq. (7) of the Main Text to
consider that nutrient and oxygen uptake, as well as growth,
depend on both the local concentration of oxygen and nutri-
ent via Michaelis-Menten kinetics. Hence, the new system of
equations for a cylindrical geometry reads:

∇ · ũ = r̃sysCO2

c̃in
1 + Cc̃in

c̃in,O2

1 + CO2 c̃in,O2

−∇p̃− ũ = 0

Γ

r̃sys
∂tc̃in = ∇2c̃in − CO2

c̃in
1 + Cc̃in

c̃in,O2

1 + CO2
c̃in,O2

Γ

r̃sys
D∂t̃c̃in,O2 = ∇2c̃in,O2 − L2C c̃in,O2

1 + CO2 c̃in,O2

c̃in
1 + Cc̃in


at 0 ≤ r̃ ≤ R̃(z̃, θ, t̃) (S22a)

Γ

r̃sys
∂t̃c̃in = ∇2c̃out,

Γ

r̃sys
D∂tc̃out,O2

= ∇2c̃out,O2

 at R̃(z̃, θ, t̃) ≤ r̃ ≤ r̃sys, (S22b)

where C ≡ cf,n/chalf,n, CO2
≡ cf,O2

/chalf,O2
, D ≡ Dn/DO2

is the nutrient-to-oxygen diffusivity ratio, and L ≡ ln/lO2
is

the ratio between the nutrient and oxygen penetration lengths,
the latter being lO2

=
√

DO2
chalf,O2

/(kO2
ρ). In particular,

given that R̃init is sufficiently large, when L > 1 oxygen is
limiting since it is depleted inside the colony, whereas when
L < 1 nutrient is limiting. Considering the estimates of Table
1 in the Main Text, we perform numerical simulations of the
above system of equations for R̃init = 9.28, Γ = 0, L = 1,

C = 260, CO2
= 250, and r̃sys = 600. In particular, Fig. S16

shows the front position R̃0 of the 1D solution as a function
of time, computed using system Eq. (9) of the Main Text.
We find nearly identical results to that of the simplified sys-
tem of equations. Moreover, the linearization of Eq. (S22)
yields a very similar system of equations to that obtained in
the simplified case considered in the Main Text. Thus we ex-
pect the growth rate of perturbations and the physics of the
linear regime not to change significantly with respect to the
results obtained in the Main Text.
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Roughening instability of growing 3D bacterial colonies

Experiment # Bacterial strain Liquid Matrix Matrix shear Matrix mean
(Fig. #) medium concentration elastic modulus pore size (µm)

(mM) (%) (Pa)
1 (Fig. 1 & Fig. S1) Motile E. coli W3110 EZ Rich 10 1.5 700 ≪ 1∗

2 (Fig. S2) Non-motile E. coli W3110 ∆flhDC EZ Rich 10 1.5 700 ≪ 1∗

3 (Fig. S3) Motile E. coli W3110 EZ Rich 10 1.2 450 < 1∗

4 (Fig. S4) Motile E. coli W3110 EZ Rich 10 1.0 260 ≲ 1∗

5 (Fig. S5) Motile E. coli W3110 EZ Rich 10 1.0 260 ≲ 1∗

6 (Fig. S6) Non-motile E. coli W3110 ∆flhDC EZ Rich 10 1.0 260 ≲ 1∗

7 (Fig. S7) Motile E. coli W3110 EZ Rich 0.1 1.0 260 ≲ 1∗

8 (Fig. S8) Motile E. coli W3110 TB 10 1.0 ∼ 300∗ ≲ 1∗

9 (Fig. S9) Non-motile E. coli W3110 ∆flhDC EZ Rich 10 0.5 10 2.2
10 (Fig. S10) Motile V. cholerae JY30 LB Broth 10 0.9 74 0.58
11 (Fig. S11) Motile V. cholerae JY30 LB Broth 10 1.2 145 0.35
12 (Fig. S12) Motile V. cholerae JY30 LB Broth 10 1.2 145 0.35
13 (Fig. S13) Motile V. cholerae JY30 LB Broth 10 1.2 145 0.35
14 (Fig. S14) Motile V. cholerae JY30 LB Broth 10 1.5 ∼ 200∗ ≲ 0.35∗

15 (Fig. S17) Motile E. coli W3110 EZ Rich 10 1.5 700 ≪ 1∗

16 (Fig. S18) Non-motile E. coli W3110 ∆flhDC EZ Rich 10 1.5 700 ≪ 1∗

17 (Fig. S23 A) Motile K. sucrofermentans ATCC-700178 MYP 10 1.0 179 0.65
18 (Fig. S23 B) Motile K. sucrofermentans ATCC-700178 MYP 10 0.8 134 1.01
19 (Fig. S23 C) Non-motile P. aeruginosa PAO 1 ∆fliC LB Broth 10 0.9 100 0.58

Table S1. Summary of experiments. Values listed are either obtained from direct measurements, as described in Materials and Methods, or
when indicated by ∗ are estimated by extrapolating our current or previous measurements [34, 88] on hydrogel matrices prepared identically
at different matrix concentrations.
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FIG. S1. A colony of motile E. coli that are immobilized in a tight hydrogel matrix exhibits a roughening instability as it grows outward
in 3D. (A) Snapshots of the time evolution of a colony of motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel
matrix with 1.5% gel. The EZ rich concentration in the medium is 10 mM. The images show bottom-up projections of cellular fluorescence
intensity measured using 3D stacks of confocal images taken at different depths (as schematized in Fig. 1A of the Main Text). (B) Side
view of a slice of the colony shown in A displaying a section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of
the leading edge of the colony in B at times t = 24, 37, 67 h as a function of the axial wavenumber k. The lower and upper limits of the
wavenumbers displayed correspond to the size of the domain and the resolution limit, respectively. The power spectra exhibit similar power-
law decays and characteristic ‘floret’ sizes λ∗ at the different times. (Inset) Cumulative power spectrum as a function of the wavenumber at
times t = 24, 37, 67 h. (D) Local roughness wloc as a function of the window size L at times t = 24, 37, 67 h. Inset shows the corresponding
local roughness exponent for each dataset as a function of L. We observe similar roughening behavior at the different times.
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FIG. S2. A colony of non-motile E. coli in a tight hydrogel matrix (same as Experiment #1) exhibits the same roughening instability as
it grows outward in 3D. The comparison with Experiment #1 indicates that cellular motility does not appreciably influence colony expansion
and roughening. (A) Snapshots of the time evolution of a colony of non-motile E. coli displaying a roughening instability as the colony grows
in a 3D hydrogel matrix with 1.5% gel. The EZ rich concentration in the medium is 10 mM. The images show bottom-up projections of
cellular fluorescence intensity measured using 3D stacks of confocal images taken at different depths (as schematized in Fig. 1A of the Main
Text). (B) Side view of a slice of the colony shown in A displaying a section of the leading edge at the same times as in B. (C) Power spectrum
S(k, t) of the leading edge of the colony in B at time t = 37 h as a function of the axial wavenumber k. The lower and upper limits of the
wavenumbers displayed correspond to the size of the domain and the resolution limit, respectively. (Inset) Cumulative power spectrum as a
function of the wavenumber at t = 37 h. (D) Local roughness wloc as a function of the window size L at times t = 24, 37, and 92 h. Inset
shows the corresponding local roughness exponent for each dataset as a function of L. We observe similar roughening behavior at the different
times.
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FIG. S3. A colony of motile E. coli that are immobilized in a tight hydrogel matrix (but looser and softer than that in Experiment #1)
exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #1 indicates that the matrix pore size
and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution of a colony of
motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.2% gel. The EZ rich concentration in the
medium is 10 mM. The images show bottom-up projections of cellular fluorescence intensity measured using 3D stacks of confocal images
taken at different depths (as schematized in Fig. 1A of the Main Text). (B) Side view of a slice of the colony shown in A displaying a section
of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 70 h as a function
of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the domain and the resolution
limit, respectively. (Inset) Cumulative power spectrum as a function of the wavenumber at t = 70 h. (D) Local roughness wloc as a function
of the window size L at times t = 20, 70, and 214 h. Inset shows the corresponding local roughness exponent for each dataset as a function of
L. We observe similar roughening behavior at the different times.
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FIG. S4. A colony of motile E. coli that are immobilized in a tight hydrogel matrix (but looser and softer than that in Experiment #1)
exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #1 indicates that the matrix pore size
and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution of a colony
of motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.0% gel. The EZ rich concentration
in the medium is 10 mM. The images show bottom-up projections of cellular fluorescence intensity measured using 3D stacks of confocal
images taken at different depths (as schematized in Fig. 1A of the Main Text). The orange particles show immobilized tracers embedded
within the hydrogel matrix as fiducial markers, showing that the matrix locally yields at the surface of the growing colony. (B) Side view of a
slice of the colony shown in A displaying a section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading
edge of the colony in B at times t = 2, 4, and 9 h as functions of the axial wavenumber k. The lower and upper limits of the wavenumbers
displayed correspond to the size of the domain and the resolution limit, respectively. The power spectra exhibit similar power-law decays and
characteristic ‘floret’ sizes λ∗ at the different times. (Inset) Complementary CDF of the power spectrum as a function of the wavenumber
at t = 9 h. (D) Local roughness wloc as a function of the window size L at times t = 4, 9, and 15 h. Inset shows the corresponding local
roughness exponent for each dataset as a function of L. We observe similar roughening behavior at the different times.

30

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted May 9, 2022. ; https://doi.org/10.1101/2022.05.09.491177doi: bioRxiv preprint 

https://doi.org/10.1101/2022.05.09.491177


Roughening instability of growing 3D bacterial colonies

0

0.5

1

10 100 1000

1

10

10 100 1000

10
−3

1

10
−2

10
−1

10
0

10
−9

10
−6

10
−3

10
0

10
3

10
−2

10
−1

10
0

0

16

44

71

99

0

500

1000

0 250 500 750

250 µm

Motile E. coli in 1.0% gel (260 Pa) EZ 10 mMA

0 h 16 h 99 h

CC
D

F
λ*  = 2π/k* ~ 300-600 µm

Radius R (µm)

Time t (h)

A
xi

al
 c

oo
rd

in
at

e 
z 

(µ
m

)

k-7/3

B C
Growing front

L0.85

Lo
ca

l r
ou

gh
ne

ss
 w

lo
c (

µm
)

Window size L (µm)

L (µm)

Ex
po

ne
nt

D
t  = 16 h

k (µm-1)

Wavenumber k (µm-1)

Po
w

er
 s

pe
ct

ru
m

 S
(k

,t)
 (µ

m
2 )

FIG. S5. A colony of motile E. coli that are immobilized in a tight hydrogel matrix (but looser and softer than that in Experiment #1)
exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #1 indicates that the matrix pore size
and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution of a colony of
motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.0% gel. The EZ rich concentration in the
medium is 10 mM. The images show bottom-up projections of cellular fluorescence intensity measured using 3D stacks of confocal images
taken at different depths (as schematized in Fig. 1A of the Main Text). (B) Side view of a slice of the colony shown in A displaying a section
of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 16 h as a function
of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the domain and the resolution
limit, respectively. (Inset) Complementary CDF of the power spectrum as a function of the wavenumber at t = 16 h. (D) Local roughness wloc

as a function of the window size L at times t = 16, 44, and 71 h. Inset shows the corresponding local roughness exponent for each dataset as
a function of L. We observe similar roughening behavior at the different times.
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FIG. S6. A colony of non-motile E. coli that are immobilized in a tight hydrogel matrix (but looser and softer than that in Experiment
#2) exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #2 indicates that the matrix pore
size and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution of a colony
of non-motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.0% gel. The EZ rich concentration
in the medium is 10 mM. The images show bottom-up projections of cellular fluorescence intensity measured using 3D stacks of confocal
images taken at different depths (as schematized in Fig. 1A of the Main Text). (B) Side view of a slice of the colony shown in A displaying a
section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 37 h as a
function of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the domain and the
resolution limit, respectively. (Inset) Cumulative power spectrum as a function of the wavenumber at t = 37 h. (D) Local roughness wloc as
a function of the window size L at times t = 24, 37, and 92 h. Inset shows the corresponding local roughness exponent for each dataset as a
function of L. We observe similar roughening behavior at the different times.
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FIG. S7. A colony of motile E. coli that are immobilized in a tight hydrogel matrix (but nutrient-depleted, compared to the nutrient-
replete matrix of Experiment #5) exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment
#5 indicates that the far-field nutrient concentration does not appreciably influence colony expansion and roughening in this regime of growth.
(A) Snapshots of the time evolution of a colony of motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel
matrix with 1.0% gel. The EZ rich concentration in the medium is 0.1 mM. The images show bottom-up projections of cellular fluorescence
intensity measured using 3D stacks of confocal images taken at different depths (as schematized in Fig. 1A of the Main Text). (B) Side view of
a slice of the colony shown in A displaying a section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading
edge of the colony in B at time t = 48 h as a function of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed
correspond to the size of the domain and the resolution limit, respectively. (Inset) Complementary CDF of the power spectrum as a function
of the wavenumber at t = 48 h. (D) Local roughness wloc as a function of the window size L at times t = 24, 48, and 71 h. Inset shows the
corresponding local roughness exponent for each dataset as a function of L. We observe similar roughening behavior at the different times.
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FIG. S8. A colony of motile E. coli that are immobilized in a tight hydrogel matrix (but formulated with a different liquid cell culture
medium compared to the matrix of Experiment #5) exhibits the same roughening instability as it grows outward in 3D. The comparison
with Experiment #5 indicates that the exact identity of the liquid cell culture medium does not appreciably influence colony expansion and
roughening in this regime of growth. (A) Snapshots of the time evolution of a colony of motile E. coli displaying a roughening instability as the
colony grows in a 3D hydrogel matrix with 1.0% gel. The TB concentration in the medium is 10 mM. The images show bottom-up projections
of cellular fluorescence intensity measured using 3D stacks of confocal images taken at different depths (as schematized in Fig. 1A of the
Main Text). (B) Side view of a slice of the colony shown in A displaying a section of the leading edge at the same times as in B. (C) Power
spectrum S(k, t) of the leading edge of the colony in B at time t = 43 h as a function of the axial wavenumber k. The lower and upper limits
of the wavenumbers displayed correspond to the size of the domain and the resolution limit, respectively. (Inset) Cumulative power spectrum
as a function of the wavenumber at t = 43 h. (D) Local roughness wloc as a function of the window size L at times t = 26, 43, and 108 h.
Inset shows the corresponding local roughness exponent for each dataset as a function of L. We observe similar roughening behavior at the
different times.
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FIG. S9. A colony of non-motile E. coli that are immobilized in a loose hydrogel matrix (much looser and softer than the matrix of
Experiment #2) exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #2 indicates that the
matrix pore size and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution
of a colony of non-motile E. coli displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 0.5% gel. The EZ rich
concentration in the medium is 10 mM. The images show bottom-up projections of cellular fluorescence intensity measured using 3D stacks
of confocal images taken at different depths (as schematized in Fig. 1A of the Main Text). (B) Side view of a slice of the colony shown in A
displaying a section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time
t = 18 h as a function of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the
domain and the resolution limit, respectively. (Inset) Complementary CDF of the power spectrum as a function of the wavenumber at t = 18
h. (D) Local roughness wloc as a function of the window size L at times t = 8, 18, and 33 h. Inset shows the corresponding local roughness
exponent for each dataset as a function of L. We observe similar roughening behavior at the different times.
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FIG. S10. A colony of motile V. cholerae that are immobilized in a tight hydrogel matrix exhibits the same roughening instability as it
grows outward in 3D. (A) Snapshots of the time evolution of a colony of motile V. cholerae displaying a roughening instability as the colony
grows in a 3D hydrogel matrix with 0.9% gel. The LB medium concentration is 10 mM. The images show side-view photographs taken for a
colony that was initially 3D-printed as a vertically-oriented cylinder (t = 0) in a transparent-walled container. (B) Side view of a slice of the
colony shown in A displaying a section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the
colony in B at time t = 94 h as a function of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond
to the size of the domain and the resolution limit, respectively. (Inset) Cumulative power spectrum as a function of the wavenumber at t = 94
h. (D) Local roughness wloc as a function of the window size L at times t = 18, 94, and 214 h. Inset shows the corresponding local roughness
exponent for each dataset as a function of L. We observe similar roughening behavior at the different times.

36

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted May 9, 2022. ; https://doi.org/10.1101/2022.05.09.491177doi: bioRxiv preprint 

https://doi.org/10.1101/2022.05.09.491177


Roughening instability of growing 3D bacterial colonies

Motile V. cholerae in 1.2% gel (Stiffness: 145 Pa / Pore size: 0.35 µm) LB 10 mM (I)
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FIG. S11. A colony of motile V. cholerae that are immobilized in a tight hydrogel matrix (tighter and stiffer than that in Experiment
#10) exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #10 indicates that the matrix
pore size and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution
of a colony of motile V. cholerae displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.2% gel. The LB
concentration in the medium is 10 mM. The images show side-view photographs taken for a colony that was initially 3D-printed as a vertically-
oriented cylinder (t = 0) in a transparent-walled container. (B) Side view of a slice of the colony shown in A displaying a section of the leading
edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 283 h as a function of the
axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the domain and the resolution limit,
respectively. (Inset) Cumulative power spectrum as a function of the wavenumber at t = 283 h. (D) Local roughness wloc as a function of the
window size L at times t = 18, 283, and 352 h. Inset shows the corresponding local roughness exponent for each dataset as a function of L.
We observe similar roughening behavior at the different times.
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Motile V. cholerae in 1.2% gel (Stiffness: 145 Pa / Pore size: 0.35 µm) LB 10 mM (II)
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FIG. S12. A colony of motile V. cholerae that are immobilized in a tight hydrogel matrix (tighter and stiffer than that in Experiment #10)
exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #10 indicates that the matrix pore size
and mechanical properties do not appreciably influence colony expansion and roughening. This experiment is a replicate of Experiment #11,
but with a thinner starting colony radius, indicating that the starting radius does not appreciably influence colony expansion and roughening.
(A) Snapshots of the time evolution of a colony of motile V. cholerae displaying a roughening instability as the colony grows in a 3D hydrogel
matrix with 1.2% gel. The LB concentration in the medium is 10 mM. The images show side-view photographs taken for a colony that was
initially 3D-printed as a vertically-oriented cylinder (t = 0) in a transparent-walled container. (B) Side view of a slice of the colony shown in
A displaying a section of the leading edge at the same times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time
t = 283 h as a function of the axial wavenumber k. The lower and upper limits of the wavenumbers displayed correspond to the size of the
domain and the resolution limit, respectively. (Inset) Cumulative power spectrum as a function of the wavenumber at t = 283 h. (D) Local
roughness wloc as a function of the window size L at times t = 18, 283, and 352 h. Inset shows the corresponding local roughness exponent
for each dataset as a function of L. We observe similar roughening behavior at the different times.
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Roughening instability of growing 3D bacterial colonies

Motile V. cholerae in 1.2% gel (Stiffness: 145 Pa / Pore size: 0.35 µm) LB 10 mM (III)
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FIG. S13. A colony of motile V. cholerae that are immobilized in a tight hydrogel matrix (tighter and stiffer than that in Experiment
#10) exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiment #10 indicates that the matrix pore
size and mechanical properties do not appreciably influence colony expansion and roughening. This experiment is a replicate of Experiments
#11 and #12, demonstrating the reproducibility of this phenomenon. (A) Snapshots of the time evolution of a colony of motile V. cholerae
displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.5% gel. The LB concentration in the medium is 10
mM. The images show side-view photographs taken for a colony that was initially 3D-printed as a vertically-oriented cylinder (t = 0) in a
transparent-walled container. (B) Side view of a slice of the colony shown in A displaying a section of the leading edge at the same times as in
B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 216 h as a function of the axial wavenumber k. The lower
and upper limits of the wavenumbers displayed correspond to the size of the domain and the resolution limit, respectively. (Inset) Cumulative
power spectrum as a function of the wavenumber at t = 216 h. (D) Local roughness wloc as a function of the window size L at times t = 18,
94, and 216 h. Inset shows the corresponding local roughness exponent for each dataset as a function of L. We observe similar roughening
behavior at the different times.
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Roughening instability of growing 3D bacterial colonies

Motile V. cholerae in 1.5% gel LB 10 mM A
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FIG. S14. A colony of motile V. cholerae that are immobilized in a tight hydrogel matrix (tighter and stiffer than that in Experiment #10)
exhibits the same roughening instability as it grows outward in 3D. The comparison with Experiments #10–13 indicates that the matrix pore
size and mechanical properties do not appreciably influence colony expansion and roughening. (A) Snapshots of the time evolution of a colony
of motile V. cholerae displaying a roughening instability as the colony grows in a 3D hydrogel matrix with 1.5% gel. The LB concentration in
the medium is 10 mM. The images show side-view photographs taken for a colony that was initially 3D-printed as a vertically-oriented cylinder
(t = 0) in a transparent-walled container. (B) Side view of a slice of the colony shown in A displaying a section of the leading edge at the same
times as in B. (C) Power spectrum S(k, t) of the leading edge of the colony in B at time t = 216 h as a function of the axial wavenumber k.
The lower and upper limits of the wavenumbers displayed correspond to the size of the domain and the resolution limit, respectively. (Inset)
Cumulative power spectrum as a function of the wavenumber at t = 216 h. (D) Local roughness wloc as a function of the window size L at
times t = 18, 94, and 216 h. Inset shows the corresponding local roughness exponent for each dataset as a function of L. We observe similar
roughening behavior at the different times.
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Roughening instability of growing 3D bacterial colonies

Motile E. coli in 1.5% gel (700 Pa) EZ 10 mM
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Slice
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FIG. S15. Only a thin layer of cells localized at the surface of a growing 3D colony is metabolically active. (A) Left: Snapshot of motile
E. coli colony growing in 3D corresponding to Fig. 1 of the main text. Right: Fluorescence intensity along the slice indicated in the left panel,
which provides a proxy for cellular activity.
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FIG. S16. Model predictions are similar when considering either oxygen as the growth-limiting substrate, or both oxygen and nutrient
as growth-limiting substrates. Evolution of the advancing cylindrical front R̃0(t̃) as a function of time, considering either only oxygen as
the limiting substrate for growth, i.e. Eq. (7) in the Main Text, or both nutrient and oxygen as substrates required for growth, i.e. Eq. (S22).
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Roughening instability of growing 3D bacterial colonies

Rough growth in 3D
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FIG. S17. A colony of motile E. coli initially located in a thin strip on the surface of a tight hydrogel matrix (identical to that in
Experiment #1) shows smooth transverse growth atop the 2D hydrogel surface, but rough growth when it penetrates into the 3D
matrix. (A) Schematic of the experiment. (B) Confocal 3D reconstruction of the colony after t = 20 h of growth; note that the vertical
orientation is flipped from A.
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FIG. S18. A colony of non-motile E. coli initially located in a thin strip on the surface of a tight hydrogel matrix (identical to that
in Experiment #1) shows smooth transverse growth atop the 2D hydrogel surface, but rough growth when it penetrates into the 3D
matrix. Confocal 3D reconstruction of the colony after t = 20 h of growth.
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FIG. S19. Model prediction for a flat-walled cylindrical colony growing radially outward. 1D dimensionless substrate concentration of
cylindrical colony as a function of the radial coordinate r̃ for different times, displaying both the inner and outer solutions, c̃in and c̃out, for
initial dimensionless colony width R̃init = 10 and system width r̃sys = 100, enforcing a cylindrical front. (Inset) Evolution of the advancing
cylindrical front R̃0(t̃) as a function of time.
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FIG. S20. 2D numerical simulations recapitulate the incipient stages of the roughening instability. Snapshots of a time-dependent 2D
numerical simulation of a circular colony, Eq. (9) in the Main Text, starting with m = 4 and ϵ̃ = 0.5 (i.e. only a single mode initially excited)
and R̃init = 50, using r̃sys = 350 and Γ → 0, at (a) t̃ = 21.4, (b) 27.1, and (c) 30.2. Colors indicate the concentration of nutrient inside and
outside the bacterial colony.
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Roughening instability of growing 3D bacterial colonies
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FIG. S21. 3D numerical simulations recapitulate the incipient stages of the roughening instability. Snapshots of a time-dependent 3D
numerical simulation of Eq. (9) in the Main Text, starting with R̃init = 40, r̃sys = 200, Γ = 0, at times t̃ = 0, 1.5, 2.5, and 3.4. Colors indicate
the concentration of nutrient in the interior of the bacterial colony, reveling the depletion of nutrients in the bulk. The cylindrical surface of the
colony is initially perturbed with white Gaussian noise with amplitude ϵ̃ = 0.5.
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FIG. S22. Model qualitatively recapitulates the characteristic ‘floret’ size and multi-scaled nature of colony roughening. (A) Experi-
mental (black line) and theoretical (blue line) power spectra at times t = 37 h and t = 25 h, respectively. The experimental power spectrum
corresponds to the E. coli colony displayed by Fig. 1A of the Main Text and Fig. S1. The values of the dimensionless parameters used for the
theoretical result are R̃init = 15, r̃sys = 500, D̃ = 5 × 10−3, and Γ = 0. The characteristic length scale to compare both results is lc = 8.66
µm, thus D = 3.7× 10−5 µm2 s−1 (see estimates for E. coli colonies in Table 1 of the Main Text). (B) Theoretical global roughness w as a
function of time t for the same values used in A. (Inset) The structure factor at long wavelengths, k ≪ 1, as a function of time.
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Roughening instability of growing 3D bacterial colonies

Motile K. xylinus in 1.0% gel 
(179 Pa) MYP 10 mM 
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FIG. S23. Colonies of motile K. sucrofermentans or non-motile P. aeruginosa that are immobilized in tight hydrogel matrices exhibit
the same roughening instability as they grow outward in 3D. Images show snapshots taken after t = 24, 432, and 100 h of growth (A–C,
respectively). The images show side-view photographs taken for colonies 3D-printed in transparent-walled containers. The comparison with
Experiments #1–14 indicates that the specific cell type does not appreciably influence colony expansion and roughening.
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