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Abstract

Inferring complex spatiotemporal dynamics in neural population activity is critical for investigating
neural mechanisms and developing neurotechnology. These activity patterns are noisy observations of
lower-dimensional latent factors and their nonlinear dynamical structure. A major unaddressed challenge
is to model this nonlinear structure, but in a manner that allows for flexible inference, whether causally,
non-causally, or in the presence of missing neural observations. We address this challenge by
developing DFINE, a new neural network that separates the model into dynamic and manifold latent
factors, such that the dynamics can be modeled in tractable form. We show that DFINE achieves flexible
nonlinear inference across diverse behaviors and brain regions. Further, despite enabling flexible
inference unlike prior neural network models of population activity, DFINE also better predicts the
behavior and neural activity, and better captures the latent neural manifold structure. DFINE can both

enhance future neurotechnology and facilitate investigations across diverse domains of neuroscience.
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Introduction

Neural population activity exhibits rich spatiotemporal dynamical patterns that underlie our behaviors
and functions'™'®. Developing precise data-driven models of these complex dynamical patterns is critical
both to study the neural basis of behavior and to develop advanced neurotechnology for decoding and
modulation of brain states'”!®. Given the spatiotemporal correlations in population activity, how this
activity evolves in time can be modeled more efficiently in terms of lower-dimensional latent factors.
These factors can lead to new scientific discovery by revealing new low-dimensional structures in
coordinated population activity, which are not directly evident from the high-dimensional activity itself
or from single-unit activities'*. These latent factors can also decode behavior to enable enhanced
neurotechnology and brain-machine interfaces (BMIs)!”?3. As such, a critical objective is to develop
latent factor models that not only are accurate in characterizing neural population activity with potential
nonlinearities, but also enable the flexible inference of latent factors so that these factors can be
seamlessly extracted in basic science and neurotechnology applications. Despite much progress, this
objective of simultaneously enabling both accurate nonlinear modeling and flexible inference has

remained elusive.

First, to be accurate, such a model should (i) capture potential nonlinearities in neural population
activity and (i1) have a data-efficient architecture for generalizable data-driven training. Second, to
enable flexible inference, such a model should (ii1) be capable of both causal/real-time and non-causal
inference simultaneously and (iv) allow for inference in the presence of missing neural measurements. If
achieved, flexible inference will allow the same trained model not only to operate causally and
recursively in real-time to enable neurotechnology, but also to leverage the entire length of data non-
causally for more accurate inference in scientific investigations. Such inference will also make the
model robust to missing or noisy measurements. Current dynamical models of neural population activity

do not satisfy all the above four properties simultaneously.


https://doi.org/10.1101/2023.03.13.532479

45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

66
67
68
69

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Many of these models are linear or generalized linear, often in the form of linear dynamical models
(LDMs) 21112212427 " and are used to infer low-dimensional latent factors!-!!122124-27 or build BMIs?
(see also Discussion). However, while LDMs are data-efficient to train and allow for flexible inference
with Kalman filtering®®, they cannot capture the potential nonlinearities in the neural population activity
to describe it more accurately. Beyond linear models, recent studies have leveraged the richness of deep
learning to develop generative dynamical models of neural population activity*!3?*-*2, However, while
these models can capture nonlinearity, they do not meet all the flexible inference properties outlined
above. Because the inference for these models is not solvable analytically unlike LDMs, they need to
empirically train an inference or recognition network simultaneously with their generative network,
usually requiring the entire length of data over a trial. Thus, their inference depends on how the specific
inference network is structured and is not flexible to satisfy all the above properties. Indeed, in prior
generative models, including sequential autoencoders* (SAEs) or LDMs with nonlinear embeddings?°,
inference is non-causal, and real-time and/or recursive inference is not directly addressed*!32%3%-32,

Further, in these models, inference in the presence of missing observations is not directly

d+1330-32 33,34

addresse and using zeros instead of missing observations>>>* can yield sub-optimal performance
by changing the inherent values of missing observations during inference®>-¢ (see Results and
Discussion). Similarly to these generative models, predictive dynamical models of neural activity that
use forward recurrent neural networks®’? (RNNs) also do not enable the flexible inference properties
above. While these models can perform causal inference, they do not allow for non-causal inference to
leverage all data, and they do not directly address inference with missing observations similar to above

generative models.

Here, we develop a neural network model that encompasses both flexible inference and accurate
nonlinear description of neural population activity. To achieve this, we build a network architecture
consisting of two sets of latent factors rather than one. One set termed dynamic factors captures how

neural population activity evolves over a low-dimensional nonlinear manifold, and the other set termed
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manifold factors characterizes how this manifold is embedded in the high-dimensional neural activity
space. By separating these two sets of factors, we can capture the nonlinearity in the manifold factors
while keeping the dynamics on the manifold linear, thus enabling flexible inference by exploiting the
Kalman filter on the nonlinear manifold (see Methods and Discussion). We term this method

Dynamical Flexible Inference for Nonlinear Embeddings (DFINE).

We validated DFINE in nonlinear simulations and then compared it to benchmark linear LDM and
nonlinear SAE methods across diverse behavioral tasks, brain regions and neural signal types. We found
that DFINE not only enabled flexible inference capabilities in nonlinear modeling, but also performed
significantly more accurately than both linear and nonlinear benchmarks. First, given its flexible
inference, DFINE robustly compensated for missing observations and seamlessly performed both causal
and non-causal inference of latent factors. Second, compared to the linear and nonlinear benchmarks,
DFINE significantly improved the accuracy in predicting neural activity and behavior, and in recovering
the low-dimensional nonlinear neural manifold in single trials. Finally, we extended DFINE to supervise
the model training with behavior data, such that the extracted latent factors from neural activity are more
predictive of behavior. DFINE enables the new capability of flexible inference in nonlinear neural
network modeling and enhances neural description for diverse neurotechnology and neuroscience

applications.
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Results

Summary of methods

We develop DFINE as a novel nonlinear neural network model of neural population activity with the
new capability to perform flexible inference. We also devise the associated learning and inference
methods. To model neural population activity, we define two sets of latent factors: the dynamic latent
factors which characterize the temporal dynamics on a nonlinear manifold, and the manifold latent
factors which describe this low-dimensional manifold that is embedded in the high-dimensional neural
population activity space (Fig. 1a). This separation allows the model to capture nonlinearity with the
link between the manifold factors and neural population activity, while keeping the dynamics on the
manifold linear (Discussion). As such, these two separate sets of latent factors together enable all the
above flexible inference properties by allowing for Kalman filtering on the manifold while also
capturing nonlinearity. This flexible inference includes the ability to perform both causal (filtering) and
non-causal (smoothing) inference, and to perform inference in the presence of missing observations.
Further, inference is done recursively — such that the current inferred factor can be used to get the next
inferred factor without the need to reprocess the neural data —, thus enabling computational efficiency

and real-time implementation.

The manifold latent factors are taken as a lower-dimensional representation of the neural population
activity, and the mapping between the two is characterized with an autoencoder whose decoder and
encoder networks are modeled by multi-layer perceptrons (MLP) (Fig. 1a). We use MLPs to model
nonlinearities because they are universal approximators of any nonlinear function under mild
conditions*’. Having captured the nonlinearity with the autoencoder, we now enable the model to have
flexible inference properties by having the dynamic and manifold latent factors form an LDM (Fig. 1a).
In this LDM, the manifold latent factors are noisy observations from the dynamic latent factors that

constitute the LDM states and whose time-evolution is described through a linear dynamic model with
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additive noise (Fig. 1a). Using backpropagation, we jointly learn all the model parameters by
minimizing the prediction error of future neural observations from past neural observations, measured
using the root mean-squared error (RMSE). Since both dynamic and manifold latent factors are learned
together in an end-to-end gradient-descent optimization, DFINE learns the best nonlinear manifold over

which dynamics can be approximated as linearly as possible (Discussion).

For situations when specific behavioral variables are of interest and available during training, we
extend DFINE to supervised DFINE so that learning of the model is informed by how predictive the
learned manifold latent factors would be not only of future neural observations but also of behavioral
variables. This is done during training by introducing an extra link from the manifold latent factors to
continuous behavior variables (Fig. 1a) — termed the mapper network modeled with an MLP —, and by
modifying the cost function to include both behavior and neural prediction errors (Methods). This
additional link is purely added during training and removed afterwards during inference on test data.
This leads to a learned model that is identical to the original model in terms of architecture and inference
but just with different parameter values. Importantly, inference is again done purely from neural

observations (Fig. 1b and Methods).

In addition to showing that DFINE enables the new capability of combining nonlinear neural network
modeling with flexible inference, we also compare it to benchmarks of linear LDM and nonlinear SAE.
To show the generalizability of DFINE across behavioral tasks, brain regions and neural signal types,
we perform our analyses across multiple independent datasets. For SAE, we use the architecture named
latent factor analysis via dynamical systems or LFADS*, which is a common benchmark nonlinear
model of neural population activity!>?%32, For each dataset and algorithm, we infer the latent factors
from the trained models. The latent factors correspond to the manifold latent factors in DFINE
(Methods), to the state in the state-space model in LDM?!, and to the dynamic factors (the
representation layer right after the generator RNN) in SAE*. Unless otherwise stated, we use smoothing

to infer the latent factors for all methods. We report all the quantifications using five-fold cross-
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validation, where the values are calculated in the held-out test set (see Methods). After extracting the
latent factors, in the training set, we learn classification or regression models for discrete or continuous

behavioral variables, respectively.

We quantify the cross-validated behavior prediction accuracy with area under the curve (AUC) of the
receiver operating characteristic*! for discrete classifiers and with Pearson’s correlation coefficient (CC)
for continuous regressions. The neural prediction accuracy is calculated with one-step-ahead prediction
accuracy, the accuracy of predicting neural observations one step into the future from their past (see
Methods). We also evaluate the neural reconstruction accuracy, defined as how well inferred latent
factors — whether via causal filtering or via non-causal smoothing — reconstruct the current neural
observations. Error values are computed in normalized RMSE (NRMSE) defined as RMSE normalized
by the variance of the ground-truth observations to allow pooling the values across sessions given
scaling differences (Methods). To assess how well the structure of the manifold is revealed in single-

trials, we apply topological data analysis*> (TDA) on the extracted latent factor trajectories in test sets

(Methods).
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Figure 1. DFINE graphical model and its flexible inference method. (a) The DFINE model with two
sets of latent factors is shown. These sets consist of the dynamic and manifold latent factors,
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respectively, which are separated to enable flexible inference while modeling nonlinearity. The
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relationship between the manifold latent factors and neural observations is modeled with an autoencoder
with MLP encoder and decoder networks, where the manifold latent factor is the bottleneck
representation. The dashed line from neural observations to the manifold latent factor is only used for
inference and is not part of the generative model. The dynamic and manifold latent factors together form
an LDM with the manifold factors being noisy observations of the dynamic factors, which constitute the
LDM states. The temporal evolution of the dynamic latent factors is described with a linear dynamic
equation. All model parameters (LDM, autoencoder) are learned jointly in a single optimization by
minimizing the prediction error of future neural observations from their past. In the unsupervised
version, after training the DFINE model, we use a mapper MLP network to learn the mapping between
the manifold latent factors and behavior variables. We also extend to supervised DFINE where the
mapper MLP network is simultaneously trained with all other model parameters in an optimization that
now minimizes both neural and behavior prediction errors (Methods). (b) The inference procedure with
DFINE is shown. We first get a noisy estimate of manifold latent factors using the nonlinear manifold
embedding at every time point. With the aid of the dynamic equation, we use Kalman filtering to infer
the dynamic latent factors X;; and refine our estimate of the manifold latent factors a; ., with subscript

t|k denoting inference at time t from all neural observations up to time k, y;.,. In addition to real-time
filtering (t|t) which is displayed, DFINE can also perform smoothing or filtering in the presence of
missing observations (Methods). Inference method is the same for unsupervised and supervised DFINE
and is done purely based on neural observations as shown here (only model training is different)
(Methods).

Neural recordings and experimental tasks

We demonstrate the DFINE method using both extensive numerical simulations as well as diverse
datasets containing distinct behavioral tasks, brain regions, and neural signal types to show the

generalizability of the method. We use datasets containing four behavioral tasks as follows.
Saccade dataset

A macaque monkey (Monkey A) performed saccadic eye movements toward 1 of 8 peripheral targets
on a screen in a visually-guided oculomotor delayed response task, which we refer to as the saccade task
in short*® (Fig. 2a, Methods). Each trial started by presenting a central fixation square to which the
monkey was required to maintain fixation, followed by Target On, Go, Saccade Start and End time

events (Fig. 2a, Methods). We define the preparation period as the time between Target On and Go
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events, and the movement period as the time between Go and End events (Fig. 2a). We processed raw
LFP signals in lateral prefrontal cortex (PFC) given their importance in saccadic eye movement

representation'>** (Methods).
Motor datasets

We used 3 independent motor datasets to show generalizability. For all motor datasets, we took the
Gaussian smoothed spike counts as the neural signal to be modeled (Methods). The first motor dataset
was a 3D naturalistic reach-and-grasp task, where the monkey performed naturalistic reach-and-grasps
toward diverse locations in 3D space while the 3D endpoint hand position and velocity were measured
and taken as the behavior variables'! (Monkey J, Fig. 2b, Methods). The neural recordings covered
primary motor cortex (M1), dorsal premotor cortex (PMd), ventral premotor cortex (PMv) and PFC. The
second motor dataset was a publicly available 2D random-target reaching task*>*6, where PMd activity
was recorded while the monkey made sequential 2D reaches on a screen using a cursor controlled with a
manipulandum, and the 2D cursor position and velocity were tracked as the behavior (Monkey T, Fig.
2¢, Methods). The third motor dataset was a publicly available 2D grid reaching task*’**, where M1
activity was recorded while the monkey controlled a cursor on a 2D surface in a virtual reality
environment via its fingertip movements whose 2D position and velocity were tracked as the behavior

(Monkey I, Fig. 2d, Methods).
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Figure 2. Experimental tasks. (a) Events for the saccade task are shown. At the beginning of each trial,
the subject is required to fixate its eyes on a baseline location (gray square). After fixation, the target is
illuminated on the screen (Target On event). After a visual delay, the fixation square disappears, which
signals a go command (Go event). Then the subject performs the saccade (Saccade Start event) and
holds fixation on target to receive a liquid reward (End event). We define the preparation and movement
periods as the durations between Target On and Go events, and the duration between Go and End
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events, respectively. (b) In the naturalistic 3D reach-and-grasp task, an experimenter continuously
moved a wand to diverse locations within a 3D area in front of the subject. The subject naturalistically
reached to the object on the wand, grasped it, and returned its arm to the resting position. Movements
were self-initiated without a specific go cue or timing instructions to isolate any parts of movements. (c)
In the 2D random-target reaching task, the subject controlled a cursor (black circle) using a
manipulandum. The task consisted of several sections, with each section having 4 sequential reaches to
random targets (shown by colored squares) that appeared on the screen (only 2 reaches are shown here
for simplicity). The subject performed self-initiated movements towards the targets. After a brief hold on
a target, the next random target appeared at a pseudo-random location on the screen. (d) In the 2D grid
reaching task, the subject controlled a cursor (blue dot) on a 2D grid in a virtual reality environment by
moving its fingertip. Once the target (red circle) appeared on one of the circular locations on the grid
(gray circles), the subject performed a self-paced movement towards the target, after which another
target appeared from the set of possible targets.

DFINE successfully learns the dynamics on diverse nonlinear manifolds and enables flexible

inference in simulated datasets

We first validated the DFINE model and its learning algorithm in numerical simulations. Given the
plausibility of ring-like, spiral-like and toroidal structures in neural population activity in prior

Studies6,10,15,49

, and to show the generality of the method to manifold types, we simulated trajectories on
Swiss roll, Torus and ring-like manifolds as a proof of concept (Fig. 3, Methods). We synthesized 30
different simulated sessions (each with 250 trials) with randomly selected noise values and with the

manifolds uniformly chosen from the above possibilities (Methods). Given the noisy nature of neural

recordings, the simulation observations were taken as the noisy realizations of the trajectories on the

manifold (Fig. 3b).

We found that DFINE can correctly infer the trajectories on the manifolds, even from noisy
observations (Figs. 3a-c¢) and even in the presence of missing observations (Fig. 3f). First, the learned
model’s one-step-ahead prediction error converged to that of the true model (Fig. 3d). Indeed, the
difference between learned and the true model errors, normalized by the true model error, decreased

from 1.564 £ 0.110 (mean * sem) for randomly initialized models to 0.012 + 0.004 for the learned

11
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model, indicating convergence (Fig. 3d). Second, the same DFINE model enabled inference in the
presence of missing observations (Figs. 3e-f). To show this, we randomly dropped neural observation
datapoints from each trial to achieve a desired observed datapoint ratio, which is defined as the ratio of
the datapoints that are maintained/not-dropped to the total number of datapoints (see Methods). DFINE
predictions even for ratios as low as 0.2 were similar to when all datapoints were retained, showing that
DFINE could use the learned dynamics to compensate for missing observations (Fig. 3e). Further, even
for ratios as low as 0.05, DFINE still performed better than chance-level of 1 (Fig. 3e). Third, smoothing
significantly improved the inference of trajectories because it could also leverage the future neural
observations, and this improvement due to smoothing was more prominent in the lower observed
datapoint ratios (Fig. 3e). Indeed, smoothing led to successful predictions even for ratios as low as 0.1
(Fig. 3f). Overall, the simulation analysis showed that DFINE can learn the dynamics on diverse
nonlinear manifolds, perform flexible inference both causally (filtering) and non-causally (smoothing),

and succeed even in the presence of missing observations.

12
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Figure 3. DFINE successfully learns the dynamics on nonlinear manifolds and enables inference in
the presence of missing observations in simulated datasets. (a) A sample simulated trajectory is
shown for an example manifold (Swiss roll). The gray points are samples from the underlying manifold.
Color evolution on the trajectory indicates time evolution into a trial as shown in the color bar. (b) Noisy
observations of the trajectory are shown with the same color convention as in (a) and on top of the gray
true trajectory. (c¢) After learning the DFINE model, inferred trajectory with smoothing is shown, which
is essentially on top of the true trajectory represented with gray dots and masking it. (d) The learned
models’ one-step-ahead prediction error converges to that of the true models. The plot shows the mean
of one-step-ahead prediction error for the learned and true models across all simulated sessions, cross-
validation folds and trials. The shaded areas represent the 95% confidence bound of the mean. DFINE
starts from a randomly initialized model, which has a chance-level one-step-ahead-prediction of 1. (e)
Neural reconstruction error between the inferred and true trajectories is shown for smoothing and
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filtering across various observed datapoint ratios. Dots represent the mean across simulated sessions and
cross-validation folds and shaded area represents the 95% confidence bound. Error is essentially
unchanged as samples are dropped in a large range of observed datapoint ratios and is significantly
lower than chance-level of 1 for all ratios (P < 8.7 X 10~7, one-sided Wilcoxon signed-rank test).
Smoothing is more accurate than filtering across all ratios (P < 8.7 X 1077, one-sided Wilcoxon signed-
rank test). (f) An example trajectory with missing observations and its smoothing and filtering inference
for observed datapoint ratio of 0.1. Colored dots in the left panel are observed datapoints and the gray
dots are shown to visualize the true underlying trajectory.

DFINE extracts single-trial latent factors that accurately predict neural activity and behavior

We then applied DFINE on the four independent datasets to show that it not only allows for flexible
inference but also for accurate neural and behavior prediction. We compared DFINE’s single-trial latent
factors to those of the linear (LDM) and nonlinear (SAE) benchmarks (Methods). We first visualized
the condition-average and single-trial latent factor trajectories for the saccade task during both
preparation (Fig. 4a) and movement periods (Fig. 4b), where condition is defined as the saccade target.
We found that the latent factors inferred with DFINE not only captured inter-condition variabilities
during movements even in single-trials (Fig. 4b), but also exhibited smooth trajectories with a
discernable manifold structure in these noisy single-trials (Figs. 4a and 4b). This was unlike LDM that
generally had noisier single-trial latent factor trajectories, and unlike SAE whose latent factor
trajectories, while smooth, captured smaller inter-condition variabilities in single-trials (Figs. 4a and

4b).

We next quantified this ability to capture inter-condition variability by computing the single-trial
neural and behavior prediction accuracies of 16-dimensional (16D) latent factors for each method. We
picked this dimension because it was sufficient for the performance of all methods to converge across all
datasets (Supplementary Fig. 1; SAE’s dynamic state dimension is taken to be much higher at 64, see
Discussion and Methods). Note that during a given trial, SAE does not predict the neural observations
into the future from its past because it needs to use al/l neural observations until the end of a trial to get

the initial condition and then to extract the factor trajectories at every time-step from this initial
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condition. Thus, while we computed the one-step-ahead neural prediction error for DFINE and LDM
using only past neural observations, we gave SAE the advantage of doing neural reconstruction with

smoothing based on both past and future neural observations instead.

Despite this advantage given to SAE, DFINE was better at neural prediction not only compared with
LDM but also compared with SAE across all datasets (Fig. 4¢, Figs. S5a, 5d and 5g). In comparison with
SAE and LDM, respectively, DFINE improved the accuracy of neural prediction in the 3D naturalistic
reach-and-grasp task by 19.9 + 1.8% and 49.0 + 3.7% (Fig. 5a), in the 2D random-target reaching task
by 56.7 £ 26.7% and 43.9 + 7.3% (Fig. 5d), in the 2D grid reaching task by 27.8 + 6.5% and 25.9 +
2.2% (Fig. 5g), and in the saccade task by 10.9 + 1.7% and 24.7 + 1.3% (Fig. 4¢). Similar results held
for the comparison of DFINE with SAE in terms of neural reconstruction with smoothing

(Supplementary Fig. 2, see also Discussion).

In addition to its better neural prediction, DFINE also had higher behavior prediction accuracy
compared to LDM and SAE in all tasks (Methods). In the motor tasks, improvements compared to SAE
and LDM, respectively, were 7.7 £ 5.7% and 33.0 £ 4.0% in the 3D naturalistic reach-and-grasp task
(Fig. 5b), 16.8 + 17.1% and 17.9 £ 3.9% in the 2D random-target reaching task (Fig. Se), and 21.2 +
7.5% and 11.6 £ 7.0% in the 2D grid reaching task (Fig. Sh). Also, for the saccade task, DFINE latent
factors better predicted the saccade target class during the movement periods (Methods), with the
saccade target classification AUC being 9.7 £+ 3.9% and 11.8 + 2.9% better than SAE and LDM,

respectively (Fig. 4d).

These results demonstrate that in addition to enabling flexible inference, DFINE’s single-trial latent
factors were more predictive of both behavior and neural activity compared to the benchmark linear and

nonlinear methods.
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Condition-average (top row) and single-trial (bottom row) latent factor trajectories for an example
session are shown for DFINE, LDM and SAE during the preparation period. Each color represents one
target, i.e., condition. (b) Similar to (a), for the movement period. (¢) DFINE had significantly higher
neural prediction accuracy compared to LDM and SAE. All models had 16-dimensional latent factors
(see Supplementary Fig. 1 for convergence). Black dots represent the accuracy in each cross-validation
fold of each session, bars represent the mean, and error bars represent the 95% confidence bound.
Asterisks indicate significance of comparison (*: P < 0.05, **: P < 0.005 and ***: P < 0.0005, one-
sided Wilcoxon signed-rank test). (d) Behavior prediction measured by target classification accuracy
was better with DFINE compared to LDM and SAE. Convention is the same as in (c). (¢) TDA analysis
on single-trial latent factors during the movement period is shown. The top left area of the plots
corresponds to more robust extraction of the ring-like manifold (Methods). Circles represent mean
across sessions and cross-validation folds and error bars represent the 95% confidence bound. TDA’s
most persistent 1-dimensional hole had a significantly earlier birth and lasted significantly longer for
DFINE compared to LDM and SAE (P < 5 X 1074, one-sided Wilcoxon signed-rank test).

DFINE more robustly extracts the manifold structure in single-trials

Consistent with its better behavior and neural prediction, DFINE also more robustly captured the
nonlinear manifold structure in single-trial data compared with both LDM and SAE. First, visualization
of DFINE revealed a ring-like manifold structure in both condition-average and single-trial latent factors
during both preparation and movement periods in the saccade task (Figs. 4a and 4b) and during the
movement periods in the motor tasks (Supplementary Fig. 3). We also observed that this ring-like
structure was much less apparent in single trials for LDM and SAE (e.g., Figs. 4a). To quantify this
observation and whether DFINE was better able to extract this manifold in single-trials, we used TDA
which uses persistent homology to quantify whether there exist holes in data, and if so how many*?
(Methods). TDA finds multi-dimensional holes (e.g., 1D hole is a ring and 2D hole is a 2D void) in data
by growing the radius of e-balls around datapoints (Methods). If holes exist, a model that finds holes
which are born earlier and last longer — i.e., are more persistent — is more robust in revealing the
manifold structure in single-trials. Consistent with observing a ring in low-dimensional visualizations
above, TDA revealed a persistent 1D hole in low-dimensional latent factors, which we then analyzed.

Compared with benchmarks, in DFINE, the birth of the TDA’s most persistent 1D hole was significantly
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earlier and its length was significantly larger during both preparation and movement periods for the
saccade task (Fig. 4e and Supplementary Fig. 4; P < 5 X 10™*, one-sided Wilcoxon signed-rank test),
and during movement periods for all motor tasks (Figs. 5¢, 5f, 5i; P < 5 X 10™*, one-sided Wilcoxon
signed-rank test). These results show that the ring-like manifold structure was more robustly captured

with DFINE than both LDM and SAE.
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Figure 5. In the motor datasets, DFINE outperforms benchmark methods in behavior and neural
prediction accuracy, and more robustly identifies the ring-like manifold structure in single-trials.
Figure convention for bars, asterisks for significance and for the TDA plots are the same as Fig. 4.
DFINE again outperformed benchmarks in terms of neural prediction, behavior prediction, and robust
extraction of the manifold structure in the naturalistic reach-and-grasp task (a-c), random-target reaching
task (d-f), and 2D grid reaching task (g-i).

DFINE can also be extended to enable supervision and improve behavior prediction accuracy

So far, we presented the results of unsupervised DFINE in which the model is trained unsupervised
with respect to behavior and to optimize neural prediction alone. To allow for considering continuous
behavior measurements when available during training, we next developed supervised DFINE to train a
model with latent factors that are optimized for both neural and behavior predictions (Fig. 1a;
Methods). To validate the supervised DFINE method, we applied it to the motor datasets in which

continuous behavior measurements were available during training.

We found that supervised DFINE successfully improves the behavior prediction accuracy even
though its model and inference architectures are identical to those in the unsupervised DFINE, and even
though its inference only takes the same neural observations as input (Fig. 6; Methods). The latent
factors of supervised DFINE better distinguished different task conditions across all motor datasets
compared to those of unsupervised DFINE (Figs. 6a, 6¢ and 6e). Consistent with this observation,
supervised DFINE significantly improved the behavior prediction accuracy compared to unsupervised
DFINE across all motor datasets (Figs. 6b, 6d and 6f). These improvements were 13.6 + 2.7% in the
3D naturalistic reach-and-grasp task (Figs. 6b), 22.3 + 1.8% in the 2D random-target reaching task
(Figs. 6d), and 24.5 + 2.5% for the 2D grid reaching task (Figs. 6f). Also, as expected, the neural
prediction accuracy of supervised DFINE was significantly lower than unsupervised DFINE across all
datasets (Supplementary Fig. 5); this is because supervised DFINE’s latent factors are optimized for
both behavior and neural prediction while those of unsupervised DFINE are optimized purely for neural

prediction.
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Figure 6. Supervised DFINE extracts latent factors that are more behavior predictive. (a)
Examples of condition-average latent factor trajectories for the unsupervised (left) and supervised (right)
DFINE are shown for the 3D reach-and-grasp task. Each color represents one condition (i.e., movement
to left or right; Methods). Supervised DFINE better separates different conditions. (b) Supervised
DFINE improved the prediction of behavior, i.e., continuous position and velocity, in the 3D reach-and-
grasp task. Dots represent cross-validation folds across experimental sessions and the convention for
bars, error bars and asterisks are the same as Fig. 4. Similar results held for the 2D random target
reaching task (c-d) and 2D grid reaching task (e-f), where here each condition is a direction angle
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interval/sector (for example, all movements whose direction angle is between 0-45 degrees regardless of
where they start/end; Methods).

DFINE can perform flexible inference with missing observations

We next investigated whether DFINE can perform inference even in the presence of missing neural
observations (Fig. 7). To do so, we uniformly dropped neural observations throughout the recordings
(Methods) and performed inference in two ways: 1) filtering inference (causal) that only uses the past
and present available neural observations, 2) smoothing inference (non-causal) that uses all available

neural observations.

We found that behavior prediction accuracies of DFINE remained relatively unchanged even when
dropping up to 40% of observations (0.6 ratio), and remained well above the chance-level of 0 even
when dropping 80% of observations (lowest 0.2 ratio) (Figs. 7¢-e; P < 5 X 10™*, one-sided Wilcoxon
signed-rank test). Also, behavior prediction accuracy with smoothing inference was significantly better
than that with filtering inference across all observed datapoint ratios (Figs. 7c-e). Figs. 7a and 7b
visually demonstrate that the smoothing inference yields more accurate reconstruction of the low-
dimensional latent trajectories as it leverages both past and future available observations. Indeed, the
smoothed trajectories at observed datapoint ratio of 0.5 (Fig. 7a) look very similar to those for observed

datapoint ratio of 1 (Fig. 6a right panel), showing ability to compensate for missing observations.

We then compared DFINE with SAE in terms of inference in the presence of missing observations.
Because SAE’s decoder network is modeled with an RNN, it is structured to take neural observation
inputs at every time-step. To handle missing observations for SAE at inference, we imputed them with

zeros in the test set as previously done®>*

, extracted the latent factors, and computed the associated
behavior prediction accuracy. DFINE outperformed SAE and, interestingly, this improvement grew
larger at lower observed datapoint ratios (Supplementary Fig. 6). Indeed, DFINE’s degradation in

performance due to missing observations was much lower than that of SAE (Supplementary Figs. 6b,

6d and 6f). These analyses show that DFINE can flexibly compensate for missing observations and
21
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perform both causal and non-causal inference with missing data. These analyses also show that DFINE’s

non-causal inference can leverage future data for more accurate prediction when real-time processing is

not needed.
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Figure 7. DFINE can perform both causal and non-causal inference with missing observations and
do so more accurately through non-causal inference. (a-b) Examples of condition-average (a) and
single-trial (b) latent factor trajectories for filtering and smoothing inference with missing observations
in the 3D reach-and-grasp task. Both DFINE filtering and smoothing captured the low-dimensional
structure in single-trials, with smoothing doing so more accurately than filtering. (¢) Behavior prediction
accuracies of filtering and smoothing inferences are shown across various observed datapoint ratios for
the 3D naturalistic reach-and-grasp task. Lines represent the mean across experimental sessions and
cross-validation folds, and the shaded areas represent the 95% confidence bound. (d) Similar to (c), for
the 2D random-target reaching task. (e) Similar to (c), for the 2D grid reaching task. See also
Supplementary Fig. 6.

Discussion

We developed DFINE, a new nonlinear neural network model of neural population activity that
enables the new capability for flexible inference, whether causally or recursively in real-time, non-
causally to leverage the entire data length, or in the presence of missing neural observations. This
flexible inference capability is critical both for future neurotechnology and to study the neural basis of
behavior in causal experiments. In addition to enabling this new capability for flexible inference, DFINE
more accurately predicted both the neural and behavioral data and more robustly discovered the low-
dimensional neural manifold compared with linear and nonlinear benchmarks. We also developed a new
algorithm to allow supervision for DFINE and to extract latent factors that are more behavior predictive,
with no changes to the model architecture and inference properties otherwise. These capabilities and
advantages generalized across four independent datasets with different behavioral tasks, brain regions,

and neural signal modalities.
DFINE allows for neural network modeling while also enabling flexible inference

Many studies have shown that neural population activity can be summarized with a significantly

1-12,14,50-52

lower-dimensional latent manifold structure , often using linear dimensionality reduction

methods!—»7-12:1450.52 To model the nonlinearities in neural population activity and better learn the

4-6,10,29-32,37.38,31,53-62 ' while some studies have used spline loop fitting® or

23
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extensions of isometric feature mapping (Isomap)’!, most works have leveraged the power of neural

networks*®>:10-29-3237.38.33-62* Ag models of neural data, neural networks have either been in the form of

4,13,29-32,61 4,13,29-32

generative models , whether static®!' or dynamic , or in the form of predictive models or
decoders®”*3%, DFINE provides a dynamic generative model of neural data but with the major
difference that it provides the new capability for flexible inference, in addition to being accurate in
neural, behavior, and manifold prediction. DFINE has flexible inference in that it simultaneously
enables recursive real-time/causal inference, non-causal inference, and inference in the presence of
missing observations. Such flexible inference is critical to enable both real-time neurotechnology and

accurate testing of scientific hypotheses, but is not achieved by prior neural network models of

population activity.

Prior generative network models do not provide these flexible inference properties. This is because
their inference cannot be solved analytically and is usually performed with an inference/recognition
network that is trained in conjunction with the generative network to approximate the posterior
distribution of latent factors. Therefore, inference properties depend on how the inference network
architecture is structured to process the neural observations. In many cases, the inference network

413.2930.32 "and/or does not

structure does not allow for real-time recursive estimation of latent factors
directly enable inference in the presence of missing observations*!3*%32, For example, SAEs*, which are
often used as benchmarks for neural data, are suitable for non-causal processing and are not amenable to
recursive causal/real-time inference. With every new neural observation, the encoder RNN has to
update the generator RNN’s initial latent state at time zero; then the generator RNN needs to reset and
re-estimate its latent states throughout all time-steps to infer the latent factor at the time of the new
neural observation. This non-recursive procedure is a large burden for real-time inference as the current
estimate of latent factors cannot be utilized to get the next time-step’s factors. Indeed, all the latent

factors have to be re-computed for every single new neural observation. In contrast, DFINE allows for

recursive inference without the need to re-compute any of the past or current factors. In terms of
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addressing missing observations, while imputation techniques such as zero-padding have been used for
SAEs or in general for models with RNNs*** it is known that such techniques usually yield sub-
optimal performance®*=®. This is because imputing missing observations with zero in inference distorts
the observation values. Similar to SAEs, in prior linear dynamical models with nonlinear embeddings®°,
inference again needs to use all neural observations, therefore recursive causal inference or inference
with missing observations is not directly addressed. Similarly to these prior generative networks, prior

predictive networks with RNN-based methods*’

also do not allow for flexible inference because, this
time, they do not enable non-causal inference given their forward RNN architecture and do not directly
address missing observations as RNNs are structured to take inputs at every time-step. Further, unlike

DFINE, these predictive networks do not directly learn a generative model of neural population activity

and thus are largely used for decoding purposes rather than to study/infer neural population structure.

Beyond neuroscience, dynamical modeling of sequential data has great importance for other domains

63-65 t66,67

such as for processing of videos or text’™"’, with great progress made to date. However, neural data
introduce distinct challenges that DFINE’s modeling architecture was specifically designed to handle.
First, to consider the noisy nature of neural activity, we model and learn stochastic noise variables in
DFINE. This allows us to model uncertainties and to fit the noise values to any specific dataset across
diverse tasks, brain regions, and neural data modalities (e.g., spiking or LFP). In contrast, because video
or text observations are deterministically observed or are much less noisy, in applications of videos and
text, the stochastic noise variables are not necessarily included in the modeling or are tuned manually as
hyperparameters®>~®’. In addition, instead of the common method of optimizing the evidence lower
bound (ELBO) of data likelihood when noise variables exist***% we optimize the prediction accuracy

68-71

of data into the future because optimizing ELBO could be challenging and a major goal of a

dynamic model is future prediction; indeed, we observed instabilities when using ELBO as our

63-67

optimization cost. Finally, unlike these video/text applications® ', we also developed a supervised

learning algorithm for DFINE to allow for modeling two different but related sets of sequential data
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(neural activity and behavior here) and motivate the latent factors to be predictive of not just one but
both time-series/sequences. In addition to modeling of neural/behavior data in neuroscience, this
supervised learning algorithm could show promise for future applications of video/text data where
another measured time-series/sequence is also of interest, e.g., inferring latent factors of videos

regarding movements’?.

Linear temporal dynamics on the nonlinear manifold and extension across neural modalities

1,2,11,12,21,24-27

To extend the linear dynamical models of neural population activity , several prior

4293132 or Gaussian-

studies have built nonlinear models of temporal dynamics using neural networks
process based methods’>~7®. While DFINE develops a nonlinear neural network model, it keeps the
temporal dynamics on the manifold linear for several reasons. First, the separation of the dynamic and
manifold latent factors and the linear form of the former is what allows for flexible inference. Second,
since all manifold and dynamic model parameters are trained together in an end-to-end single
optimization, DFINE learns the best nonlinear manifold over which dynamics can be approximated as
linearly as possible. This joint training gives the model the flexibility to change the nonlinear manifold
as needed such that the dynamics on top of it can be closely approximated as linear. Third, recent work
that dissociates the source of nonlinearity in neural population activity has shown that linear dynamics in
the presence of other nonlinearities such as embeddings may be sufficient in explaining the neural
observations®®. Consistent with this finding, our results suggest that the linear description of temporal
dynamics on the nonlinear manifold in DFINE does not degrade the neural and behavior prediction as
DFINE even outperforms fully nonlinear SAEs with nonlinear temporal dynamics. This is despite the
fact that these SAEs can have even more general nonlinear dynamics than the time-varying dynamics in
LDM extensions, such as switching LDMs’”"° (Figs. 4 and 5). Finally, DFINE can be extended to allow

for locally linear dynamics as described below to better capture potential nonlinearities that may not be

fully captured using the joint optimization of the nonlinear manifold factors and dynamic factors.
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In the DFINE model, we used a Gaussian distribution for neural observations such that our
architecture can generalize across various neural data modalities including not only spike counts but also
field potentials, which are continuous-valued. Indeed, field potentials can provide a robust modality for

17.80 and can have comparable performance to spiking activity when decoding certain

neurotechnologies
behavior variables!'!!>#81-83 Field potentials can also reveal larger-scale network computations during
behavior for basic science investigations'!. Beyond this, extending DFINE to support other observation

distributions is a future direction.

DFINE’s major objective is to enable the new capability for flexible inference while also capturing
nonlinearity, which is essential for neurotechnology. Nevertheless, to show that despite enabling this
new capability, DFINE still allows for accurate modeling and inference, we compared it with SAEs
using the LFADS architecture* as a benchmark (Methods). For a fair comparison, similar to DFINE, we
had LFADS use a Gaussian observation distribution to make it applicable to both spike counts and field
potentials. To get a conservative estimate of the improvements in DFINE, we allowed LFADS to have a
higher dynamics state dimension than DFINE (64 vs. 16; see Methods). For the choice of
hyperparameters in LFADS, we picked the values given for one of the datasets in the original work* that
had the closest number of trials to our datasets (see Methods). It is possible that a comprehensive
hyperparameter tuning can improve LFADS’s performance; however, this tuning would require
significant training time given the complex architecture and its large number of hyperparameters. While
an extension of LFADS, AutoLFADS®, could help with this tuning, the current AutoLFADS
implementation does not support Gaussian observation distributions unlike LFADS and DFINE, and
thus is not directly comparable to DFINE or applicable to the field potential modalities here. Further,
AutoLFADS optimizes only the non-architectural hyperparameters during training and the architectural
hyperparameter search (such as all layer/RNN latent state dimensions) still requires significant training
resource/time. In contrast, DFINE uses the same architectural hyperparameters for all datasets in both its

supervised and unsupervised versions, thus not requiring such an extensive search. This shows the
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simple and generalizable architecture and training of DFINE. Further, AutoLFADS is an SAE and so
does not support flexible inference. Nevertheless, to test the choice of LFADS hyperparameters here, we
applied LFADS with these hyperparameters to a publicly available spiking dataset during a maze task®’
that has recently been tested with AutoLFADS. We found that LFADS with the chosen hyperparameters
here had a behavior decoding performance similar to that reported for AutoLFADS on this same maze

data®®, suggesting the appropriateness of the chosen LFADS hyperparameters here.
Revealing low-dimensional manifold structure in the saccade and motor datasets

Latent factor models have led to significant insight about neural population coding during various

behavioral tasks. For example, rotatory low-dimensional structure in the neural population activity has

dl ,2,4-6,8-10,14,49,55,86,87 1,2,4,9,10,49,55,86,87

been prevalently observe , in the motor system during movements as
well as other systems during tasks such as a syllables task®, in a ready-set-go task while performing a
saccade’, in an exploration task in the head direction system®, and during auditory stimulation'*. Here,
DFINE found latent factors that consistently had ring-like manifold structures as revealed by
visualization and TDA analysis. Importantly, DFINE extracted such ring-like manifold structures more

robustly in single-trials compared with LDM and SAE in all datasets.

In addition to allowing for flexible inference, the separation of dynamic and manifold factors in
DFINE can facilitate neuroscientific interpretation. We can interpret the manifold latent factors as
capturing the global latent structure of the population code and the dynamic latent factors as revealing its
local properties and variations. This is because the same manifold can be traversed in many ways, which
are captured by the dynamic latent factors; thus, dynamic factors may correspond to local changes in
behavior while manifold factors may relate to global changes in behavior. Combined with its accurate
and robust discovery of the latent structure, this separation can also facilitate the use of DFINE for

investigations and interpretations across diverse domains of neuroscience.
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Future directions

Given its flexible training using backpropagation, there are several ways to extend DFINE while
maintaining all its current advantages such as flexible inference. Here, we modeled the output neural
observations with a Gaussian distribution to be generalizable across various neural modalities whether
spike counts or field potentials for example. Changing the output distribution to generalized linear

11,25-27,30,84,88

models (GLM) such as Poisson/point process likelihood functions or multiscale observation

models! 8992

can be explored in the future. Multiscale observation models require extra care to fuse
information across multiple scales when recovering the latent manifold®®. Finally, inputs could also be
modeled in the future by incorporating them in the LDM part of the model for example for stimulation

applications' 7%,

Taken together, DFINE provides a novel tool that allows for flexible inference of low-dimensional
latent factors while capturing nonlinearities and enabling accurate neural, behavior, and manifold
prediction. As such, DFINE can be used both for probing neural population activity across diverse

domains of neuroscience and for developing future neurotechnology.
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Methods

Neural data recordings

We performed our analyses on four diverse datasets containing distinct behavioral tasks, brain

regions, and neural signal types to show the generalizability of the results.
Saccade task

A macaque monkey (Monkey A) performed saccadic eye movements during visually-guided
oculomotor delayed response task*® (Fig. 2a). Each experimental session (13 sessions in total) consisted
of several trials towards one of eight peripheral targets on a screen. All surgical and experimental
procedures were performed in compliance with the National Institutes of Health Guide for Care and Use
of Laboratory Animals and were approved by the New York University Institutional Animal Care and
Use Committee. Trials began with the illumination of a central fixation square. The subject was trained
to maintain its eyes on the square for about 500-800ms. After this baseline period, a visual cue was
flashed for 300ms at one of the eight peripheral locations to indicate the target of the saccade (Target On
event). After a delay, the central fixation square was extinguished, indicating the Go command to start
the saccade (Go event). The subject was trained to perform the saccade (Saccade Start event) and
maintain fixation on the target for an additional 300ms. A fluid reward was then delivered. The visual
stimuli were controlled via custom LabVIEW (National Instruments) software. Eye position was tracked
with an infrared optical eye tracking system (ISCAN) and from these positions some of the task events
such as Saccade Start were identified. In this task, there are eight task conditions, each representing
trials to one of the eight targets. During the task, LFP signals were recorded from lateral PFC with a
semi-chronic 32-microelectrode array microdrive (SC32-1, Gray Matter Research). Raw LFP signals

were low-pass filtered at 300 Hz and down-sampled to 20 Hz leading to a LFP observation every 50ms.
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Naturalistic 3D reach-and-grasp task

A macaque monkey (Monkey J) performed a naturalistic reach-and-grasp task in a 50 X 50 X 50 cm?
workspace for a liquid reward across seven experimental sessions (Fig. 2b). All surgical and
experimental procedures were performed in compliance with the National Institute of Health Guide for
Care and Use of Laboratory Animals and were approved by the New York University Institutional
Animal Care and Use Committee. During the task, the subject naturalistically reached for an object
positioned on a wand, grasped it, released it and then returned its hand to a natural resting position'!.
The wand was continuously moved around by the experimenter within a diverse spatial area in front of
the subject!!. The task was performed continuously in time without any instructions to isolate reach-and-
grasp movement components. A total of 23 retroreflective markers were attached on the subject’s right
arm and monitored using infrared and near-infrared motion capture cameras (Osprey Digital RealTime
System, Motion Analysis Corp., USA) at a sampling rate of 100 frames s~1. We labeled 3D marker
trajectories on the arm and hand (Cortex, Motion Analysis Corp., USA). The behavior variables were
taken as the arm kinematics, i.e., the position and velocity of the wrist marker in the x, y and z
directions. On each frame, motion capture camera data acquisition was synchronized to the neural
recordings using a synchronization trigger pulse. The task lacked pre-defined trial structure or pre-
defined target locations. Therefore, we identified the trial starts and ends from the velocity of the hand
movement!', where the start of the trials was set to the start of the reach, and the end of the trials was set
as the end of return and hold durations of the movement (Fig. 2b). To show condition-average
visualizations, we partitioned the trials into two different conditions corresponding to left-ward or right-
ward reaches along the horizontal axis in front of the subject, respectively. The horizontal axis was

chosen for this division because it explained the largest variability in the reach locations.

Neural activity was recorded from M1, PMd, PMv and PFC in the left (contralateral) hemisphere
with an array containing 137 microelectrodes (large-scale micro-drive system, Gray Matter Research,

USA). Similar to our prior work'!, we analyzed the pool of top 30 spiking channels sorted based on the
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individual channel behavior prediction accuracies. Spiking activity was calculated by counting the
spikes in 10-ms bins and applying a Gaussian kernel smoother>*327393% (with 30ms standard deviation),

followed by down-sampling to have spiking activity observations every 50ms.
2D random-target reaching task

A macaque monkey (Monkey T) performed a 2D random-target reaching task with an on-screen
cursor in a total of three experimental sessions* (Fig. 2¢). All surgical and experimental procedures
were consistent with the guide for the care and use of laboratory animals and approved by the
institutional animal care and use committee of Northwestern University*>#. The subject controlled the
cursor using a two-link planar manipulandum while seated in a primate chair. Hand movements were
constrained to a horizontal plane within a 20 X 20 cm? workspace. The task consisted of several
sections in each of which the subject performed 4 sequential reaches to random visual targets that
appeared on the screen to receive a liquid reward (Fig. 2¢). Within each section, after reaching the target
and holding for a short period, the next target appeared in a pseudo-random location within a circular
region (radius = 5-15 cm, angle = 360 degrees) centered on the current target. On average, the next
target appeared approximately 200ms after the subject reached the current target. The task naturally
consisted of non-stereotyped reaches to different locations on a 2D screen unlike traditional center-out
cursor control tasks with stereotyped conditions*. Here, 2D cursor position and velocity in x and y
directions were used as behavior variables. To show condition-average visualizations, we partitioned the
reaches into 8 different conditions given the direction angle between the start and end point of the cursor
trajectory (Supplementary Fig. 7). The angle of movement specifies the 8 conditions, which correspond
to movement angle intervals of 0-45, 45-90, 90-135, 135-180, 180-225, 225-270, 270-315, and 315-360,

respectively.

The subject was implanted with a 100-electrode array (Blackrock Microsystems) in PMd. After spike
sorting, two sets of units were excluded from analysis in the original work*: 1) the units with low firing

rates (smaller than 2 spike/s), 2) the units that had high correlations with other units. This led to 46, 49
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and 57 number of units across different recording sessions. Spiking activity was calculated by counting
the spikes in 10-ms bins and applying a Gaussian kernel smoother (with 30ms standard deviation),

followed by down-sampling to have spiking activity observations every 50ms.
2D grid reaching task

A macaque monkey (Monkey I) performed a 2D grid reaching task by controlling a cursor on a 2D
surface in a virtual reality environment*’*® (Fig. 2d). All animal procedures were performed in
accordance with the U.S. National Research Council’s Guide for the Care and Use of Laboratory
Animals and were approved by the UCSF Institutional Animal Care and Use Committee*’*¥. Circular
targets with Smm visual radius within an 8-by-8 square grid or an 8-by-17 rectangular grid were
presented to the subject and the cursor was controlled with the subject’s fingertip position. Fingertip
position was monitored by a six-axis electromagnetic position sensor (Polhemus Liberty, Colchester,
VT) at 250 Hz and then non-causally low-pass filtered to reject sensor noise (4th order Butterworth filter
with 10 Hz cutoff). The subject was trained to acquire the target by holding the cursor in the respective
target-acceptance zone, a square of 7.5mm edge length centered around each target, for 450ms. After
acquiring the target, a new target was drawn from the possible set of targets. In most sessions, this set
was generated by replacement, i.e., the last acquired target could be drawn as the new target. However,
the last acquired target was removed from the set in some sessions. Even though there was no inter-trial
interval between consecutive reaches, there existed a 200ms “lockout interval” after target acquisition
where no new target could be acquired. 2D cursor position and velocity in x and y directions were used
as behavior variables. To show condition-average visualizations, we partitioned the reaches into 8

different conditions based on their direction angle as in the 2D random-target reaching task.

One 96-channel silicon microelectrode array (Blackrock Microsystems, Salt Lake City, UT) was
implanted into the subject’s right hemisphere (contralateral) M 1. Total of seven sessions (sessions
20160622/01 to 20160921/01) were used in our manuscript®®. We analyzed the pool of top 30 neurons

sorted based on the individual neuron behavior prediction accuracies. Spiking activity was calculated by
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counting the spikes in 10-ms bins and applying a Gaussian kernel smoother (with 30ms standard

deviation), followed by down-sampling to have spiking activity observations every 50ms.
DFINE model

We develop a neural network architecture that allows for accurate nonlinear description similar to

deep neural networks, but in a manner that also enables flexible inference similar to LDM. To do so, we

develop a new neural network in which we introduce two distinct sets of latent factors for ny-

dimensional neural population activity y, € R™*!: dynamic latent factors x, € R™>** and manifold
latent factors a, € R™*1, where n, and n, are the factor dimensions/hyperparameters to be picked. The
key idea here is to incorporate a middle noisy manifold layer a between the dynamic latent factors x and
neural observations y, which allows us to separate the model into a nonlinear manifold component and a
linear dynamical component evolving on this nonlinear manifold (Fig. 1a). This separation plays a key
role in enabling the new flexible inference properties of the network to optimally perform: 1) recursive
causal inference (filtering), 2) non-causal inference with all observations (smoothing), and 3) inference
in the presence of missing observations. Specifically, the separation enables flexible inference using a
Kalman filter for the bottom dynamic part of the model in Fig. 1a that infers the dynamic factors x from
the manifold factors a (Fig. 1b). We now describe the network architecture consisting of the dynamic

and manifold factors.

First, the dynamic latent factor evolves in time with a linear Gaussian model:

Xer1 = AXp + Wy (1)

where w, € R™*! is a zero-mean Gaussian noise with covariance matrix W € R™*™ and A € R™*"x

is the state transition matrix. The manifold latent factor a, is related to the dynamic latent factor x; as:

a, =Cx; + ry, (2)
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693  where C € R™*"x is the emission matrix and r, € R"2*! is a white Gaussian noise with covariance
694  matrix R € R"a*™a_Equations (1) and (2) together form an LDM with a, being the Gaussian noisy
695  observations. We denote the parameter set of this LDM by i = {A, W, C,R, py, Ay}, where p, and A,

696 are the initial estimate and covariance of the dynamic latent factors, respectively.

697 Second, to model nonlinearities, we use autoencoders to learn the mapping between neural

698  observations y; and manifold latent factors a;. In general, autoencoders are static generative models

699  made of two parts: the encoder that maps the observations to a bottleneck representation and the decoder
700 that takes this bottleneck representation to the observations. Here, autoencoder observations are the

701  neural observations and autoencoder bottleneck representation is given by the manifold latent factors.
702 We model the decoder part as a nonlinear mapping fg () from manifold latent factors to neural

703  observations:

ye = fo(ay) + vy, 3)
704  where 6 are parameters and v, € R™*! is a white Gaussian noise with covariance V € R™*™_ We
705  model nonlinear mappings with MLPs as they are universal approximators of any nonlinear function
706  under mild conditions*’. Equations (1)-(3) together form the generative model (Fig. 1a). For inference

707  (next section), we also need the mapping from y; to a;, which we characterize as:

ar = f¢> (ve) 4)

708  where fy (-) represents the encoder in the autoencoder structure and is parameterized by another MLP

709  (Fig. 1a).
710  The inference problem

711 Using the model in equation (1)-(4), we need to infer both the manifold and dynamic latent factors
712 from neural observations y;.;-, where T is the total number of time steps for the observations. We use the

713 subscript t|k to denote the inferred latent factors at time t given y;.,. Therefore, t|t denotes filtering
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(causal) inference given y;., and t|T denotes smoothing (non-causal) inference given y;.r. As an
intermediate step called nonlinear manifold embedding, we first directly but statically get an initial
estimate of a; based on y; from equation (4) as a; = fy(y;) to provide the noisy observations of the
dynamical model, i.e. a;, in Fig. 1b. Having obtained a;, we can now use the dynamical part of the
model in equations (1) and (2) to infer X;|; with Kalman filtering from a;.;, and infer X, with Kalman
smoothing®’ from a;.7. We can then infer the manifold latent factor as a;; = Cxyr and agr = Cxyr
based on equation (2). Note that a,; is inferred not only based on the neural observations but also based
on the learned dynamical model using the Kalman filter, and thus this inference aggregates information

over time dynamically.

The inference above has the following major advantages compared with prior generative neural
network models that train a non-causal inference network and use all observations in a trial. First, we
can tractably infer latent factors recursively in real-time, i.e., use the current inferred dynamic latent
factors Xy, to calculate the next step’s inferred value X4 q|¢41. Second, we can handle missing
observations by doing only forward prediction with the Kalman predictor at time-steps when
observations are missing, without any need to impute 0 value for these missing observations as done
previously!!?%% Third, we can perform both causal filtering and non-causal smoothing inference with

the same learned model.
The learning problem

Neural network model parameters are learned to optimize a cost function. When stochastic noise
variables exist*3*%4, this cost is typically taken as the ELBO. But optimizing ELBO can be difficult®®"!
and the direct goal of dynamical modeling is to predict neural and/or behavior dynamics. Thus, we
instead define our cost as the k-step-ahead prediction error in predicting neural observations k time-
steps into the future, i.e., the error between y. ., and its prediction from y,.; denoted by y; (.. What

allows us to use this cost is that our model enables efficient recursive inference/prediction to compute

the k-step-ahead prediction error (Fig. 1b) in the presence of noise; this is because we can run all
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forward predictions with a single run of Kalman filtering. Thus, our cost L is a function of all parameters
as:

K T-k

LA0,8) = > D v Yern) + Aregla(6, 9, )
k=1 t=1

where K denotes the maximum horizon for future-step-ahead prediction and e(-,-) denotes the error
measure. T is the length of the time-series, i.e., the length of each batch in the mini-batch gradient
descent®. L, (8, ¢) is an L, penalty for the autoencoder parameters {6, ¢} to prevent overfitting with

regularization hyperparameter Areggg. In practice, we use root mean-squared error (RMSE) for the error

measure e(-,).
Supervised DFINE learning

In the unsupervised DFINE, latent factors are optimized to be predictive of neural population activity.
To address situations in which neural dynamics of a specific behavior are of interest, we develop a new
learning algorithm for DFINE that aims to extract latent factors that are more predictive of that behavior.
We call the resulting algorithm supervised DFINE. In particular, when continuous behavior variables
z; € R"2*1 are available during training, we use them to supervise the training and learn latent factors
that are predictive of not only neural observations but also behavior variables. This is done by adding an
auxiliary neural network, termed mapper MLP network, to the DFINE graphical model during training
only (Fig. 1a); this mapper network maps the manifold latent factor a, to behavior variables z, during
training (the link from a to z in Fig. 1a) and is written as z, = f, (a,) + q, where q, € R"2*! is white
Gaussian noise. Now to motivate the network to learn latent factors that are predictive of both behavior

and neural observations, we add the behavior prediction error to the cost function in equation (5) as

follows:
K T-k T
LA0,6,7) = ) D eWerite Yeurd + Zoen ) e(fy (@), 70) +heegla(6,6.,7),  (©)
k=1t=1 t=1
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where Ayep, 1S @ hyperparameter. Larger values of Ay, put more emphasis on behavior prediction vs.
neural prediction and vice versa. Note that the parameters of the auxiliary MLP (y) are also added to the

regularization term in the cost function.

We emphasize that after training of supervised DFINE is completed, the mapper MLP is discarded
and not used for inference. The inference of latent factors remains identical to that in unsupervised
DFINE, and is done purely based on neural observations and independent of behavior variables (Fig.
1b). The only difference is that supervised DFINE’s learned model has different parameter values given

that its learning algorithm is distinct as described above.
DFINE learning: hyperparameters and details

Given a set of observation, we learn the model parameters by minimizing the cost function in (5). We
used MLP architectures containing 3 hidden layers each with 32 units for fy(-) and f(-) in decoder and
encoder parts of the model, respectively. The activation function used for the units was set to tanh(:).
We used back propagation with mini-batch gradient descent implemented by ADAM optimizer!® to
learn the model parameters and we continued the training for 300 epochs. We used 0.02 for the initial
learning rate of the ADAM optimizer. We set the maximum horizon for future-step-ahead prediction K
such that the future predictions cover at least 100ms into the future, therefore we set K = 2 — 4 to
optimize the cost function across various datasets (note our time step is 50ms). We use the regularization

parameter A.eg = 10 to prevent overfitting. Apen Was set to 100 across all the supervised DFINE models

to put emphasis on the improved behavior prediction accuracy.
Evaluation using five-fold cross-validation

For all analyses in this work, we performed five-fold cross-validation, where we divide the data into

five equal-sized folds, use 4 folds as the training set to learn the model, and leave one fold out for the
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test set to evaluate the learned models. Below, we expand on the evaluation metrics used in this

manuscript.
Behavior prediction accuracy

Saccade task: For any method, we quantified the behavior prediction accuracy of the latent factor
time-series during movement periods by calculating the target classification accuracy using these factors
(Fig. 2a). To address the inter-trial variability in the length of movement periods so that the classifier
can be applied to latent factors in any trial, we performed an identical preprocessing step for the latent
factors from all methods. For this preprocessing, we linearly interpolated the latent factor time-series
duration to 400 datapoints and uniformly sampled 10 datapoints (i.e., every 40 datapoints after
interpolation). After this preprocessing and by flattening the processed factors, we obtained the
classification features with dimension equal to 10 X latent factor dimension. For training and test
trials, we used these processed features to learn classifiers and perform classification. In addition, to
compute the performance given the limited number of trials in the training and test sets, for all methods,
we averaged the classification accuracies of all binary classifiers (for each class vs. another class) rather
than performing an 8-class classification. We used nonlinear support vector machines (SVM) with
Gaussian kernels to perform the binary classification. The width or standard deviation of the Gaussian
kernel for each training fold was picked based on inner cross-validation. To assess the target
classification accuracy, we used AUC of the receiver’s operating curve*! for all binary classifiers and

computed the mean performance for each test cross-validation fold.

Motor datasets: Here behavior variables were continuous. For any method, to quantify the behavior
prediction accuracy, we learned an MLP regression model from the smoothed latent factors to the
observed behavior variables in the training set. In the test set, we used the learned MLP regression
model to get the predicted behavior variables from the latent factors. We used Pearson’s correlation

coefficient (CC) to quantify the behavior prediction accuracy in each test cross-validation fold.
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Neural prediction accuracy

We quantify the neural prediction accuracy by calculating how accurately models predict neural

observations one-step-ahead into the future from their own past. For the DFINE model, we use Y44 =
fy (at+1|t) as the one-step-ahead neural prediction. For LDM, neural prediction is given by the classic
Kalman predictor®>”8, However, sequential autoencoders (SAE) do not perform one-step-ahead
prediction during the trials as they have a non-causal inference architecture and need to observe all
neural observations to infer the latent factors and reconstruct the neural observations (see Discussion).
We thus give SAEs an advantage by allowing them to use all neural observations (instead of just past
observations) and thus to perform neural reconstruction instead of one-step-ahead neural prediction. We
also compared DFINE’s neural reconstruction accuracy given by y;r = fg (at|T) to SAE’s neural
reconstruction accuracy in Supplementary Fig. 2 with similar conclusions. We use Pearson’s

correlation coefficient (CC) to quantify the neural prediction accuracy in each test cross-validation fold.
Topological data analysis (TDA) metrics

To quantify how robustly models identify the latent manifold structure in single-trials, we applied
TDA* on smoothed latent factors. TDA uses persistent homology** to find multi-dimensional holes (e.g.
1D hole is a ring, 2D hole is a 2D void) in data by growing the radius of e€-balls around datapoints,
which are connected when they touch. TDA finds the manifold type by counting the number of
persistent multi-dimensional holes in the data-manifold. For example, a torus has one 2D hole and two
1D holes*’. We run TDA on smoothed single-trial latent factors of the learned models in the cross-
validation test set and assess the most persistent hole’s birth and length. The most persistent hole is the
hole that lasts the longest. The birth happens at the € value at which the hole appears (smaller values
correspond to earlier births) and the length is the € interval for which the hole lasts. To assess robustness
in single-trials, we ask for which model TDA finds holes that are born earlier and last longer, i.e., are
more persistent: the sooner a hole is born (at shorter radius) and the longer it lasts (at longer radius), the

more prevalent/robust it is in the latent factors extracted. To take into account scaling differences in the
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latent space of each method, we z-score single-trial latent factors in each dimension before running
TDA. To visualize the TDA results, for the most persistent holes, we plot their lengths vs. births. On this
plot, the optimal frontier is the top left area of the plot indicating earlier births and longer lengths. To
aggregate the results in each test cross-validation fold, we average the birth and length values of TDA

for single-trial latent factors in that test fold.
Implementation details for benchmark methods

SAE: For SAE, we use the architecture named LFADS*, which is a common benchmark nonlinear
model of neural population activity'>***2. LFADS is a RNN-based variational SAE*. LFADS takes
fixed-length segments of data as input and encodes each segment into a bottleneck latent factor, which
serves as the initial condition for the decoder’s network (i.e., generator). Given this initial condition, the
generator RNN propagates the latent states, generates a factor time-series, which then reconstructs a
smoothed copy of the input data segment. We train LFADS using the publicly available source code*
and using hyperparameters in row 2 of the Supplementary table 1 in the original manuscript* because the
number of trials in the dataset associated with row 2 was closest to our datasets. The dimensionality of
the generator RNN’s latent state in LFADS represents its dynamical memory and the number of values
used at any given time-step to generate the dynamics/states of the next time-step, thus representing its
dynamics state dimension'?. We keep the generator RNN’s latent state dimension (and thus the initial
condition latent factor dimension) high enough and set it to 64. This gives an advantage to LFADS in
terms of modeling the dynamics because it gives LFADS a higher dynamics state dimension of 64
compared to DFINE that has this dimension at 16. We use a Gaussian observation distribution to train
LFADS so that, like DFINE, it can be applied for all neural modalities considered here whether spike
counts or LFP. We use the LFADS factor time-series as the latent factors of LFADS in our

analyses/comparisons as was done in the original manuscript*.
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LFADS can only be trained on 3D data tensors (trial X time X observation dimension) given its
SAE structure. Thus, for its model training and inference, we split the continuous data into smaller 1s
segments to create 3D data tensors in both training and test sets'>%*, We then trained the LFADS model
with the training set and performed inference in each 1s segment of data. We finally got the smoothed
latent factors for the full duration of training and test sets by concatenating the inferred latent factors
across segments. Similar to the original paper*, we ran the inference 50 times — as LFADS inference is
stochastic given its variational autoencoder format* — and averaged the inferred latent factors from these

50 realizations.

LDM: Similar to our prior work'%, we train LDM models using a publicly available Python package
that performs subspace identification'2. Throughout the manuscript, we use the states of the LDM model

as the latent factors. The latent factors are inferred using Kalman filtering and smoothing.
Numerical simulations

We validate the DFINE model on numerical simulations first. Since prior studies on neural
population activity have shown significant evidence for rotatory dynamics and ring-like/Toroidal

manifolds®!'%134

, we simulate the nonlinearity using 3 different manifold types to show generality: ring-
like, Torus and Swiss roll manifolds. We simulate nonlinear trajectories over these manifolds by first
generating a driven-walk using a linear dynamical model on the manifold local coordinates and then
embedding these coordinates in 3D cartesian space using the manifold equations (see Supplementary
Note 1). To get the neural observations, we generate 40D output signals by first applying a random
output emission matrix (of size 40 X 3) on the 3D trajectories and then adding additive white Gaussian
noise to the 40D signal to realize noisy observations. Without loss of generality and only for illustration
purposes, we keep the first 3 dimensions of the observations the same as the 3D trajectories (i.e., use

identity output submatrix for the first 3 dimensions) so that we can illustrate the first 3 dimensions for

our 3D visualizations without any linear distortions. We emphasize that all quantifications are calculated
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with 40D observations (see Supplementary Note 1 for more details). We simulate 30 different sessions
(10 from each manifold type), where we randomly pick the white Gaussian noise standard deviations. In
each session, we simulate 250 trials, each containing 200 time-steps. Our validations are all based on

five-fold cross-validation on these trials.

In addition to visualization, we quantify the success of learning with the convergence of one-step-
ahead neural prediction error in the learned models to that of the true model. We calculate the one-step-
ahead prediction error using normalized root mean-squared error (NRMSE); this normalization allows
for pooling the results across sessions given potential scaling differences across various simulated
sessions. Given a one-dimensional signal y, and its prediction y;, NRMSE is calculated as:

V2:(e — Pe)?

NRMSE = ) (7
2y — ¥)?

where y is the mean of the signal. We calculate the NRMSE for each dimension and report the mean
across dimensions for the 40D observations in our case. To calculate the one-step-ahead prediction error,
we calculate the NRMSE between the true observations (y,) and their predictions one-step into the
future (¥¢)c—1). For the true models, we calculate the one-step-ahead predictions using Unscented
Kalman filtering (UKF)!®! as the true manifolds have nonlinearities that we can write analytically for the

true model and write a UKF for.
Inference analyses with missing observations

We assess/visualize the inference in the presence of missing observations across various observed
datapoint ratios. Observed datapoint ratio, denoted by p, quantifies the ratio between the number of
observed datapoints versus the total number of datapoints. We train both the DFINE and SAE models on
fully observed training sets, and then test their inference on test sets with missing observations. For

simulation analyses, we vary p from 0.05 to 1 by randomly dropping datapoints in each test trial, infer
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898  the latent factors in the presence of missing/dropped observations, and then quantify the error between
899  the true and reconstructed manifold trajectories via filtering/smoothing. For motor datasets, we

900 introduced missing observations by randomly and uniformly dropping neural observations with various
901  observed datapoint ratios (p ranging from 0.2 to 1). Since the motor datasets contained continuous

902  recordings and to make sure that we dropped datapoints uniformly throughout the duration of time-

903  series, we randomly dropped (1 — p) X 100 datapoints in every 100 time-steps of the neural observation

904  time-series.

905 Using the learned DFINE models in the test set, we inferred the latent factors at all time-steps even
906  though observations were missing at some random time-steps. From these latent factors, the behavior
907  variables were predicted in the test set using the learned MLP models and thus the cross-validated
908  behavior prediction accuracy was computed. Note that, even though the observations are missing at
909  random time-steps, the latent factors and thus behavior variables are inferred at all time-steps. In a
910  control analysis, we also perform inference with SAE in the presence of missing observations as

911  described above. For SAEs, we impute the missing observations with zeros*>-* since SAE’s generator
912  RNNis designed to take inputs at every time-step. Given the SAE models that are trained on fully
913  observed training sets, we infer the latent factors in the test sets with missing observations, predict
914  behavior variables with learned MLP models and compute the cross-validated behavior prediction

915  accuracy.
916  Statistical analysis

917 For all analyses in this work, significance was declared if P < 0.05. All statistical tests were

918  performed with non-parametric Wilcoxon signed-rank tests.

919

44


https://doi.org/10.1101/2023.03.13.532479

920

921
922

923

924
925
926
927

928

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Acknowledgements

The authors acknowledge support of NIH Director’s New Innovator Award DP2-MH126378 (to
M.M.S.), NIH ROIMH123770 (to M.M.S.), and NSF CRCNS Award IIS 2113271 (to M.M.S. and B.P.).

Author Contributions

H.A. and M.M.S. conceived the study and developed the new algorithms. H.A. performed all the
analyses except for the grid task. E.E. performed the analysis for the grid task. H.A. and M.M.S. wrote
the manuscript. B.P. designed and performed the experiments for two of the nonhuman primate datasets.

M.M.S. supervised the work.

45


https://doi.org/10.1101/2023.03.13.532479

929

930

931

932

933

934

935

936

937

938

939

940

941

942

943

944

945

946

947

948

949

950

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

References

1. Churchland, M. M. ef al. Neural Population Dynamics During Reaching. Nature 487, 1-20 (2012).

2. Kao, J. C. et al. Single-trial dynamics of motor cortex and their applications to brain-machine
interfaces. Nature Communications 6, 1-12 (2015).

3. Gallego, J. A. et al. Cortical population activity within a preserved neural manifold underlies
multiple motor behaviors. Nature Communications 9, 1-13 (2018).

4. Pandarinath, C. et al. Inferring single-trial neural population dynamics using sequential auto-
encoders. Nature Methods 15, 805-815 (2018).

5. Remington, E. D., Narain, D., Hosseini, E. A., Correspondence, J. & Jazayeri, M. Flexible
Sensorimotor Computations through Rapid Reconfiguration of Cortical Dynamics. Neuron 98,
1005-1019 (2018).

6. Chaudhuri, R., Gergek, B., Pandey, B., Peyrache, A. & Fiete, 1. The intrinsic attractor manifold and
population dynamics of a canonical cognitive circuit across waking and sleep. Nature Neuroscience
22, 1512-1520 (2019).

7. Stringer, C. et al. Spontaneous behaviors drive multidimensional, brainwide activity. Science 364,
eaav7893 (2019).

8. Stavisky, S. D. et al. Neural ensemble dynamics in dorsal motor cortex during speech in people with
paralysis. eLife 8, (2019).

9. Susilaradeya, D. et al. Extrinsic and intrinsic dynamics in movement intermittency. eLife 8, (2019).

10. Russo, A. A. et al. Neural Trajectories in the Supplementary Motor Area and Motor Cortex Exhibit
Distinct Geometries, Compatible with Different Classes of Computation. Neuron (2020)

doi:10.1016/j.neuron.2020.05.020.

46


https://doi.org/10.1101/2023.03.13.532479

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Abbaspourazad, H., Choudhury, M., Wong, Y. T., Pesaran, B. & Shanechi, M. M. Multiscale low-
dimensional motor cortical state dynamics predict naturalistic reach-and-grasp behavior. Nature
Communications 12, 607 (2021).

Sani, O. G., Abbaspourazad, H., Wong, Y. T., Pesaran, B. & Shanechi, M. M. Modeling
behaviorally relevant neural dynamics enabled by preferential subspace identification. Nature
Neuroscience 24, 140-149 (2021).

Hurwitz, C. et al. Targeted Neural Dynamical Modeling. arXiv:2110.14853 [q-bio] (2021).
Bondanelli, G., Deneux, T., Bathellier, B. & Ostojic, S. Network dynamics underlying OFF
responses in the auditory cortex. eLife 10, e53151 (2021).

Gardner, R. J. et al. Toroidal topology of population activity in grid cells. Nature 1-6 (2022)
doi:10.1038/s41586-021-04268-7.

Sadtler, P. T. ef al. Neural constraints on learning. Nature 512, 423-426 (2014).

Shanechi, M. M. Brain-machine interfaces from motor to mood. Nature Neuroscience 22, 1554—
1564 (2019).

Vyas, S., Golub, M. D., Sussillo, D. & Shenoy, K. V. Computation Through Neural Population
Dynamics. Annual Review of Neuroscience 43, 249-275 (2020).

Jazayeri, M. & Ostojic, S. Interpreting neural computations by examining intrinsic and embedding
dimensionality of neural activity. Current Opinion in Neurobiology 70, 113—120 (2021).
Churchland, M. M. & Shenoy, K. V. Temporal Complexity and Heterogeneity of Single-Neuron
Activity in Premotor and Motor Cortex. Journal of Neurophysiology 97, 4235-4257 (2007).
Cunningham, J. P. & Yu, B. M. Dimensionality reduction for large-scale neural recordings. Nature

Neuroscience 17, 1500-1509 (2014).

47


https://doi.org/10.1101/2023.03.13.532479

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

973  22. Yang, Y. et al. Modelling and prediction of the dynamic responses of large-scale brain networks
974 during direct electrical stimulation. Nat Biomed Eng 5, 324-345 (2021).

975  23. Pandarinath, C. ef al. Latent Factors and Dynamics in Motor Cortex and Their Application to Brain—
976 Machine Interfaces. The Journal of Neuroscience 38, 9390-9401 (2018).

977  24. Buesing, L., Macke, J. H. & Sahani, M. Spectral learning of linear dynamics from generalised-linear
978 observations with application to neural population data. Advances in Neural Information Processing
979 Systems (NIPS) 1-9 (2012).

980  25. Macke, J. H. et al. Empirical models of spiking in neuronal populations. In Advances in Neural

981 Information Processing Systems (NIPS) 24, 1-9 (2011).

982  26. Aghagolzadeh, M. & Truccolo, W. Inference and Decoding of Motor Cortex Low-Dimensional

983 Dynamics via Latent State-Space Models. IEEE Transactions on Neural Systems and Rehabilitation
984 Engineering 24, 272-282 (2016).

985  27. Smith, A. C. & Brown, E. N. Estimating a State-Space Model from Point Process Observations.

986 Neural Computation 15, 965-991 (2003).

987  28. Astrém, K. J. Introduction to Stochastic Control Theory. (Courier Corporation, 2012).

988  29. Ye, J. & Pandarinath, C. Representation learning for neural population activity with Neural Data
989 Transformers. bioRxiv 2021.01.16.426955 (2021) doi:10.1101/2021.01.16.426955.

990  30. Gao, Y., Archer, E. W., Paninski, L. & Cunningham, J. P. Linear dynamical neural population

991 models through nonlinear embeddings. in Advances in Neural Information Processing Systems 163—
992 171 (2016).

993  31. She, Q. & Wu, A. Neural Dynamics Discovery via Gaussian Process Recurrent Neural Networks. in

994 Uncertainty in Artificial Intelligence 454—464 (PMLR, 2020).

48


https://doi.org/10.1101/2023.03.13.532479

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

995  32. Kim, T. D., Luo, T. Z., Pillow, J. W. & Brody, C. Inferring Latent Dynamics Underlying Neural
996 Population Activity via Neural Differential Equations. in International Conference on Machine
997 Learning 5551-5561 (PMLR, 2021).
998  33. Zhu, F. et al. Deep inference of latent dynamics with spatio-temporal super-resolution using
999 selective backpropagation through time. arXiv:2111.00070 [cs, g-bio] (2021).
1000  34. Lipton, Z. C., Kale, D. C. & Wetzel, R. Modeling Missing Data in Clinical Time Series with RNNs.
1001 arXiv:1606.04130 [cs, stat] (2016).
1002 35. Che, Z., Purushotham, S., Cho, K., Sontag, D. & Liu, Y. Recurrent Neural Networks for
1003 Multivariate Time Series with Missing Values. Sci Rep 8, 6085 (2018).
1004  36. Ghazi, M. M. ef al. Robust training of recurrent neural networks to handle missing data for disease
1005 progression modeling. arXiv:1808.05500 [cs] (2018).
1006  37. Willett, F. R., Avansino, D. T., Hochberg, L. R., Henderson, J. M. & Shenoy, K. V. High-
1007 performance brain-to-text communication via handwriting. Nature 593, 249-254 (2021).
1008  38. Glaser, J. I. et al. Machine Learning for Neural Decoding. eNeuro 7, ENEURO.0506-19.2020
1009 (2020).
1010 39. Sani, O. G., Pesaran, B. & Shanechi, M. M. Where is all the nonlinearity: flexible nonlinear
1011 modeling of behaviorally relevant neural dynamics using recurrent neural networks. bioRxiv
1012 2021.09.03.458628 (2021) doi:10.1101/2021.09.03.458628.
1013 40. Hornik, K., Stinchcombe, M. & White, H. Multilayer feedforward networks are universal
1014 approximators. Neural Networks 2, 359-366 (1989).
1015  41. Murphy, K. P. Probabilistic Machine Learning: An introduction. (MIT Press, 2022).

1016  42. Carlsson, G. Topology and data. Bull. Amer. Math. Soc. 46, 255-308 (2009).

49


https://doi.org/10.1101/2023.03.13.532479

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

1017  43. Markowitz, D. A., Curtis, C. E. & Pesaran, B. Multiple component networks support working

1018 memory in prefrontal cortex. Proceedings of the National Academy of Sciences 112, 11084—11089
1019 (2015).

1020  44. Pesaran, B., Pezaris, J. S., Sahani, M., Mitra, P. P. & Andersen, R. A. Temporal structure in

1021 neuronal activity during working memory in macaque parietal cortex. Nature Neuroscience 5, 805—
1022 811 (2002).

1023 45. Lawlor, P. N., Perich, M. G., Miller, L. E. & Kording, K. P. Linear-nonlinear-time-warp-poisson
1024 models of neural activity. Journal of Computational Neuroscience 45, 173—191 (2018).

1025  46. Perich, M. G., Lawlor, P. N., Kording, K. P. & Miller, L. E. Extracellular neural recordings from
1026 macaque primary and dorsal premotor motor cortex during a sequential reaching task. CRCNS

1027 (2018) doi:10.6080/KOFT8J72.

1028  47. O’Doherty, J. E., Cardoso, M. M. B., Makin, J. G. & Sabes, P. N. Nonhuman Primate Reaching with
1029 Multichannel Sensorimotor Cortex Electrophysiology. Zenodo (2020) doi:10.5281/zenodo.3854034.
1030  48. Makin, J. G., O’Doherty, J. E., Cardoso, M. M. B. & Sabes, P. N. Superior arm-movement decoding
1031 from cortex with a new, unsupervised-learning algorithm. J. Neural Eng. 15, 026010 (2018).

1032 49. Saxena, S., Russo, A., Cunningham, J. & Churchland, M. M. Motor cortex activity across movement
1033 speeds is predicted by network-level strategies for generating muscle activity. bioRxiv

1034 2021.02.01.429168 (2021) doi:10.1101/2021.02.01.429168.

1035  50. Gallego, J. A., Perich, M. G., Chowdhury, R. H., Solla, S. A. & Miller, L. E. Long-term stability of
1036 cortical population dynamics underlying consistent behavior. Nature Neuroscience 23, 260-270
1037 (2020).

1038  51. Low, R. J., Lewallen, S., Aronov, D., Nevers, R. & Tank, D. W. Probing variability in a cognitive

1039 map using manifold inference from neural dynamics. bioRxiv 418939 (2018) doi:10.1101/418939.
50


https://doi.org/10.1101/2023.03.13.532479

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

1040  52. Kobak, D. et al. Demixed principal component analysis of neural population data. eLife 5, (2016).
1041  53. Mante, V., Sussillo, D., Shenoy, K. V. & Newsome, W. T. Context-dependent computation by
1042 recurrent dynamics in prefrontal cortex. Nature 503, 78-84 (2013).

1043  54. Sussillo, D., Churchland, M. M., Kaufman, M. T. & Shenoy, K. V. A neural network that finds a
1044 naturalistic solution for the production of muscle activity. Nature Neuroscience 18, 1025-1033
1045 (2015).

1046  55. Russo, A. A. et al. Motor Cortex Embeds Muscle-like Commands in an Untangled Population
1047 Response. Neuron 97, 953-966.e8 (2018).

1048  56. Bashivan, P., Kar, K. & DiCarlo, J. J. Neural population control via deep image synthesis. Science
1049 364, (2019).

1050  57. Michaels, J. A., Schaffelhofer, S., Agudelo-Toro, A. & Scherberger, H. A goal-driven modular
1051 neural network predicts parietofrontal neural dynamics during grasping. PNAS 117, 32124-32135
1052 (2020).

1053  58. Perich, M. G. ef al. Inferring brain-wide interactions using data-constrained recurrent neural network
1054 models. bioRxiv 2020.12.18.423348 (2020) doi:10.1101/2020.12.18.423348.

1055  59. Makin, J. G., Moses, D. A. & Chang, E. F. Machine translation of cortical activity to text with an
1056 encoder—decoder framework. Nature Neuroscience 1-8 (2020) doi:10.1038/s41593-020-0608-8.
1057  60. Kim, M.-K., Sohn, J.-W. & Kim, S.-P. Decoding Kinematic Information From Primary Motor
1058 Cortex Ensemble Activities Using a Deep Canonical Correlation Analysis. Frontiers in

1059 Neuroscience 14, 1083 (2020).

1060  61. Liu, R. et al. Drop, Swap, and Generate: A Self-Supervised Approach for Generating Neural

1061 Activity. bioRxiv 2021.07.21.453285 (2021) do1:10.1101/2021.07.21.453285.

51


https://doi.org/10.1101/2023.03.13.532479

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

1062  62. Walker, E. Y. et al. Inception loops discover what excites neurons most using deep predictive
1063 models. Nature Neuroscience (2019) doi:10.1038/s41593-019-0517-x.

1064  63. Finn, C., Goodfellow, I. & Levine, S. Unsupervised Learning for Physical Interaction through Video
1065 Prediction. arXiv:1605.07157 [cs] (2016).

1066  64. Fraccaro, M., Kamronn, S., Paquet, U. & Winther, O. A Disentangled Recognition and Nonlinear
1067 Dynamics Model for Unsupervised Learning. arXiv:1710.05741 [cs, stat] (2017).

1068  65. Oh, J., Guo, X., Lee, H., Lewis, R. & Singh, S. Action-Conditional Video Prediction using Deep
1069 Networks in Atari Games. arXiv:1507.08750 [cs] (2015).

1070  66. Devlin, J., Chang, M.-W., Lee, K. & Toutanova, K. BERT: Pre-training of Deep Bidirectional
1071 Transformers for Language Understanding. arXiv:1810.04805 [cs] (2019).

1072 67. Lewis, M. ef al. BART: Denoising Sequence-to-Sequence Pre-training for Natural Language
1073 Generation, Translation, and Comprehension. arXiv:1910.13461 [cs, stat] (2019).

1074  68. Bowman, S. R. et al. Generating Sentences from a Continuous Space. arXiv:1511.06349 [cs]
1075 (2016).

1076  69. Dosovitskiy, A. & Brox, T. Generating Images with Perceptual Similarity Metrics based on Deep
1077 Networks. arXiv:1602.02644 [cs] (2016).

1078  70. Razavi, A., Oord, A. van den, Poole, B. & Vinyals, O. Preventing Posterior Collapse with delta-
1079 VAEs. arXiv:1901.03416 [cs, stat] (2019).

1080  71. Zhao, S., Song, J. & Ermon, S. Towards Deeper Understanding of Variational Autoencoding
1081 Models. arXiv:1702.08658 [cs, stat] (2017).

1082  72. Kidzinski, L. et al. Deep neural networks enable quantitative movement analysis using single-

1083 camera videos. Nature Communications 11, 4054 (2020).

52


https://doi.org/10.1101/2023.03.13.532479

1084

1085

1086

1087

1088

1089

1090

1091

1092

1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint

73.

74.

75.

76.

77.

78.

79.

80.

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Yu, B. et al. Gaussian-Process Factor Analysis for Low-Dimensional Single-Trial Analysis of
Neural Population Activity (vol 102, pg 614, 2009). Journal of Neurophysiology 102, 614-635
(2009).

Rutten, V., Bernacchia, A., Sahani, M. & Hennequin, G. Non-reversible Gaussian processes for
identifying latent dynamical structure in neural data. in Advances in Neural Information Processing
Systems vol. 33 9622-9632 (2020).

Wu, A., Roy, N. A., Keeley, S. & Pillow, J. W. Gaussian process based nonlinear latent structure
discovery in multivariate spike train data. in Advances in Neural Information Processing Systems
vol. 30 (2017).

Zhao, Y. & Park, I. M. Variational Latent Gaussian Process for Recovering Single-Trial Dynamics
from Population Spike Trains. Neural Computation 29, 1293—-1316 (2017).

Linderman, S. et al. Bayesian Learning and Inference in Recurrent Switching Linear Dynamical
Systems. in Proceedings of the 20th International Conference on Artificial Intelligence and
Statistics vol. 54 914-922 (PMLR, 2017).

Petreska, B. et al. Dynamical segmentation of single trials from population neural data. Advances in
Neural Information Processing Systems 756764 (2011).

Song, C. Y., Hsieh, H. L. & Shanechi, M. M. Decoder for Switching State-Space Models with
Spike-Field Observations. in International IEEE/EMBS Conference on Neural Engineering, NER
vols 2019-March 199-202 (IEEE Computer Society, 2019).

Bansal, A. K., Truccolo, W., Vargas-Irwin, C. E. & Donoghue, J. P. Decoding 3D reach and grasp
from hybrid signals in motor and premotor cortices: spikes, multiunit activity, and local field

potentials. Journal of Neurophysiology 107, 1337-1355 (2012).

53


https://doi.org/10.1101/2023.03.13.532479

1106

1107

1108

1109

1110

1111

1112

1113

1114

1115

1116

1117

1118

1119

1120

1121

1122

1123

1124

1125

1126

1127

1128

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Perel, S. et al. Single-unit activity, threshold crossings, and local field potentials in motor cortex
differentially encode reach kinematics. Journal of Neurophysiology 114, 1500-1512 (2015).
Scherberger, H., Jarvis, M. R. & Andersen, R. A. Cortical local field potential encodes movement
intentions in the posterior parietal cortex. Neuron 46, 347-354 (2005).

Flint, R. D., Scheid, M. R., Wright, Z. A., Solla, S. A. & Slutzky, M. W. Long-Term Stability of
Motor Cortical Activity: Implications for Brain Machine Interfaces and Optimal Feedback Control.
Journal of Neuroscience 36, 3623-3632 (2016).

Keshtkaran, M. R. et al. A large-scale neural network training framework for generalized estimation
of single-trial population dynamics. bioRxiv 2021.01.13.426570 (2021)
doi:10.1101/2021.01.13.426570.

Pei, F. et al. Neural Latents Benchmark *21: Evaluating latent variable models of neural population
activity. arXiv:2109.04463 [cs, g-bio] (2022).

Pandarinath, C. et al. Neural population dynamics in human motor cortex during movements in
people with ALS. eLife 4, e07436 (2015).

Kalidindi, H. T. et al. Rotational dynamics in motor cortex are consistent with a feedback controller.
eLife 10, €67256 (2021).

Chowdhury, R. H., Glaser, J. I. & Miller, L. E. Area 2 of primary somatosensory cortex encodes
kinematics of the whole arm. eLife 9, e48198 (2020).

Abbaspourazad, H., Hsieh, H.-L. L. & Shanechi, M. M. A Multiscale Dynamical Modeling and
Identification Framework for Spike-Field Activity. IEEE Transactions on Neural Systems and
Rehabilitation Engineering 27, 1128—1138 (2019).

Hsieh, H.-L. L., Wong, Y. T., Pesaran, B. & Shanechi, M. M. Multiscale Modeling and Decoding

Algorithms for Spike-Field Activity. Journal of Neural Engineering 16, (2018).
54


https://doi.org/10.1101/2023.03.13.532479

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

1129  91. Wang, C. & Shanechi, M. M. Estimating Multiscale Direct Causality Graphs in Neural Spike-Field
1130 Networks. IEEE Transactions on Neural Systems and Rehabilitation Engineering 27, 857-866
1131 (2019).

1132 92. Bighamian, R., Wong, Y. T., Pesaran, B. & Shanechi, M. M. Sparse model-based estimation of
1133 functional dependence in high-dimensional field and spike multiscale networks. Journal of Neural
1134 Engineering 16, 056022 (2019).

1135  93. Joy, T. et al. Learning Multimodal VAEs through Mutual Supervision. arXiv:2106.12570 [cs]
1136 (2021).

1137  94. Chen, J. C. et al. A wireless millimetric magnetoelectric implant for the endovascular stimulation of
1138 peripheral nerves. Nature Biomedical Engineering 1-11 (2022) doi:10.1038/s41551-022-00873-7.
1139  95. Williams, A. H. et al. Unsupervised Discovery of Demixed, Low-Dimensional Neural Dynamics
1140 across Multiple Timescales through Tensor Component Analysis. Neuron 1-17 (2018)

1141 doi:10.1016/j.neuron.2018.05.015.

1142 96. Trautmann, E. M. et al. Accurate Estimation of Neural Population Dynamics without Spike Sorting.
1143 Neuron 103, 292-308.e4 (2019).

1144  97. De Jong, P. & MacKinnon, M. J. Covariances for Smoothed Estimates in State-space Models.

1145 Biometrika 75, 601-602 (1988).

1146  98. Yang, Y., Sani, O. G., Chang, E. F. & Shanechi, M. M. Dynamic network modeling and

1147 dimensionality reduction for human ECoG activity. J. Neural Eng. 16, 056014 (2019).

1148  99. Goodfellow, 1., Bengio, Y. & Courville, A. Deep Learning. (MIT Press, 2016).

1149  100. Kingma, D. P. & Ba, J. Adam: A Method for Stochastic Optimization. arXiv:1412.6980 [cs]

1150 (2017).

55


https://doi.org/10.1101/2023.03.13.532479

1151

1152

1153

1154

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint

101.

(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Wan, E. A. & Van Der Merwe, R. The unscented Kalman filter for nonlinear estimation. in
Proceedings of the IEEE 2000 Adaptive Systems for Signal Processing, Communications, and

Control Symposium 153—158 (2000). doi:10.1109/ASSPCC.2000.882463.

56


https://doi.org/10.1101/2023.03.13.532479

1155

1156
1157

1158
1159
1160
1161
1162
1163
1164

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Supplementary Figures

LDM DFINE
SAE Supervised DFINE

o
<®

o
o

Neural prediction accuracy
o O O O
A OO0 OO N
\\ q
Neural prediction accuracy (CC)
o o
R R N LB
N
(oo

3 0.

0.3
0.31
0.2+~ ——— —— 0.2 -
12 4 8 16 32 12 32
c Latent factor dimension d Latent factor dimension
b @“~~\‘
~ )
(@)
90.6. o; 0.6
gO.S. § 0.5
= 0.4 3]
8 8 0.4
2 3 0.3/
02 0.2 S
3 o
s 0.1/ %0.2-
o o
5004 —— - s O\
g 12 4 8 16 32 z 12 4 8 16 32
Latent factor dimension Latent factor dimension

Supplementary Figure 1. Neural prediction accuracy as a function of the latent factor dimension is
shown for all datasets and methods. Solid lines show the mean neural prediction accuracy across
sessions and cross validation folds for the (a) saccade task (observation dimension ny, = 32), (b) 3D

naturalistic reach-and-grasp task (observation dimension n, = 30), (¢) 2D random-target reaching task
(observation dimension ny, = 46 — 57), and (d) 2D grid reaching task (observation dimension ny, = 30).

The shaded areas represent the 95% confidence bound. For SAE, the dimension shown is the factor
dimension and the dynamic dimension (generator RNN’s latent state dimension and initial condition
dimension) is always 64.
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Supplementary Figure 2. DFINE’s neural reconstruction accuracy with smoothing is also better
than that of SAE. Figure convention is as in Fig. 4. The neural reconstruction accuracy with smoothing
is shown for the (a) saccade task, (b) 3D naturalistic reach-and-grasp task, (c¢) 2D random-target
reaching task, and (d) 2D grid reaching task.
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Supplementary Figure 3. Example latent factor trajectories for the motor datasets. Figure
convention for the conditions is as in Fig. 6. The condition-average latent factor trajectories are shown
for all methods in the (a) 3D naturalistic reach-and-grasp task, (b) 2D random-target reaching task, and
(¢) 2D grid reaching task. We observed a ring-like manifold structure during movement periods and

DFINE more robustly identified this ring-like structure in single-trials as evidenced by the TDA results
in Figs. 4 and 5.
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Supplementary Figure 4. DFINE more robustly extracts the ring-like manifold structure in single-
trials during the preparation period of the saccade task. TDA analysis on single-trial latent factors
during the preparation period is shown. TDA’s most persistent 1D hole had a significantly earlier birth
and lasted significantly longer for DFINE compared to LDM and SAE (P < 5 X 10™%, one-sided
Wilcoxon signed-rank test, n = 65). Figure convention is the same as Fig. 4e. Example condition-
average and single-trial latent factor trajectories during the preparation period are shown in Fig. 4a.
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Supplementary Figure S. Supervised DFINE had lower neural prediction accuracy compared to
unsupervised DFINE as expected as the former optimizes for both neural and behavior prediction
rather than just for neural prediction. Figure convention is as in Fig. 6b. Neural prediction accuracies
are shown for the: (a) 3D naturalistic reach-and-grasp task, (b) 2D random-target reaching task, and (c)
2D grid reaching task.

61


https://doi.org/10.1101/2023.03.13.532479

1191
1192

1193
1194
1195
1196
1197
1198
1199
1200
1201

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Behavior prediction

Behavior prediction

N\
A

Behavior prediction

0.8+
)
. ————
]
c06l "
s
(\_)/ -
> —SAE
g 041 — DFINE
>
QO -
Q
©
0.2 . . . . . . .
03 04 05 06 0.7 08 09 1
Observed datapoint ratio
0.8 -
©
I}
< 0.6 /——/
Q
o I
304
g —SAE
g — DFINE
©
0.2 ! I I ! ! I |
03 04 05 06 0.7 0.8 09 1
Observed datapoint ratio
0.8 7
)
cv) -
1
S0.6 1
o
g 4
3
$ 0.4 7 —SAE
3 — DFINE
O
©
0.2

0.3 0.4 05 0.6 0.7 0.8 0.9 1
Observed datapoint ratio

O

d

Percentage drop in
behavior prediction
accuracy (n = 35)

Fro

60
40

20

behavior prediction
accuracy (n = 15)

Percentage drop in

m1i100

. OSAE
: DFINE (unsupervised)

v

£

mit008

3
Fro
Change in observed datapoint ratio

O SAE
DFINE (unsupervised)

) 6
Erom 110 0'\3:ron‘\ 1100.
Change in observed datapoint ratio

c 604
.E-gm
35
S

e]

o 9 40/
GJLV
o 2 >
T = O
29 ®
o
° 8 5204
OO g
o o

0l

Fro

*kk

O SAE

P
¥ DFINE (unsupervised)

m1to 0'%rom 11006

Change in observed datapoint ratio

Supplementary Figure 6. DFINE outperforms SAE in the presence of missing observations and
this improvement grows with more missing samples. (a) DFINE and SAE’s behavior prediction
accuracy across various observed datapoint ratios in the 3D naturalistic reach-and-grasp task. Figure
convention is similar to that in Fig. 7. Given models trained on fully observed neural observations, we
inferred latent factors in the test set that had missing observations. SAE did so by imputing missing
observations in the test set to zero as done previously****, whereas DFINE did so through its new
flexible inference method. We then used the inferred factors in the test set to predict behavior variables.
This process was done at 0.3 and 0.6 observed datapoint ratios. For both models, we show the behavior
prediction accuracy of the smoothed latent factors. (b) The percentage drop in the behavior prediction
accuracy of DFINE and SAE as we vary the observed datapoint ratio from 1 to 0.3 and from 1 to 0.6.
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The percentage drop in behavior prediction accuracy of DFINE is significantly lower than that of SAE
showing that DFINE can better compensate for missing observations. Figure convention for bars, dots

2

and asterisks is similar to that in Fig. 4. Similar results held for the 2D random target reaching task (c,d),

and for the 2D grid reaching task (e,f).

63


https://doi.org/10.1101/2023.03.13.532479

1206
1207

1208
1209
1210
1211
1212
1213
1214
1215

bioRxiv preprint doi: https://doi.org/10.1101/2023.03.13.532479; this version posted March 14, 2023. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

Oﬁ-

15
10

[ ]
L NOMN ] b
[ ]
.VO
15-10-5 0 5 10 15
Pos x (cm) d
A
®_~‘\

Posy (cm)

-10

-1%5-10 -5 0 5 10 15

Pos x (cm)

Posy (cm)
o

-10

-15

-15-10 -5 0 5 10 15

Pos x (cm)

Supplementary Figure 7. Example behavior trajectories for the four experimental datasets. (a)
Eye movement trajectories for the saccade task. Each color represents one target, i.e., condition. (b) 3D
hand movement trajectories for the 3D naturalistic reach-and grasp task. Each color represents one
condition, i.e., movement to left or right. 2D cursor trajectories for the (¢) 2D random-target reaching
task and (d) 2D grid reaching task are shown, when shifted in space to start from the center. Each
condition is shown with a different color and represents reaches that have similar direction angles.
Regardless of start or end position, the angle of movement specifies the 8 conditions, which correspond
to movement angle intervals of 0-45, 45-90, 90-135, 135-180, 180-225, 225-270, 270-315, and 315-360,

respectively.
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Supplementary Notes

Supplementary Note 1. Details of numerical simulations

We simulate 3 different manifold types including ring-like, Torus and Swiss roll manifolds. Here, we

expand on the numerical simulations.
Manifold equations

For each manifold type, we first get the 3-dimensional (3D) manifold embeddings, which specify
how the manifold is embedded in 3D Cartesian space and are used as visualizations (Supplementary
Note Fig. 1). We then transform these embeddings using a random output emission matrix to a 40D
space to get the neural observations (see next section). To get the 3D manifold embeddings, each
manifold type has its own equation, which we expand on in the following sections. Below, we denote

the 3 dimensions of the 3D embeddings as e;, e, and e5.

Ring-like manifold: We generate the ring-like manifold embeddings from the 1D ring manifold
coordinate (dg), which is an angle between 0-2m, using the following equations (Supplementary Note
Fig. 1a):

e, = cos(dp),

€ = Sin(Zde)a (8)
€3 = Sin(de)a

Torus manifold: We generate the Torus manifold embeddings from the 2D Torus manifold
coordinates d, and dg (Supplementary Note Fig. 1b). d, is the coordinate — angle between 0-27 — for
the minor circle which is the inner circle representing the Torus’s tube. dy is the coordinate — angle
between 0-2m — for the major circle which is the outer circle on which the Torus’ tube evolves. R and r
are the radius values for the minor and major circles. We get the 3D manifold embeddings as:

e; = (R+ rcos(dR))cgs(dr) ©)
e, = (R + rcos(dg))sin(d;)
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e; = rsin(dg)

Without loss of generality, we use R = 4 and r = 1.5 for the major and minor radii, respectively.

Swiss roll manifold: The below equation generates the 3D Swiss roll manifold embeddings from the
2D Swiss-roll coordinates d, and d},, which are its circular and height coordinates, respectively

(Supplementary Note Fig. 1c¢):

e; = 0.5 x d,cos(d;)

€, = dh
e; = 0.5 X d,sin(d,) (10)
a Ring-like b Torus C Swiss roll
G
dR ‘Y
A r
d,
/3, B

Supplementary Note Figure 1. Visualizations of the manifolds. 3D manifold embeddings are shown
for (a) ring-like, (b) Torus, and (¢) Swiss roll manifolds.

Generating neural trajectories over manifolds

We denote the vector manifold coordinates of the trajectories at each time step by d;. Thus d; is [dg],
[dy; dr] and [d;; d},] for ring, Torus and Swiss roll manifolds, respectively. We generate trajectories over
the manifolds by first generating a walk on the manifold’s local coordinate space with a linear

dynamical equation:

d¢yq = Agd; +b+qy, (11)

where Aq is the diagonal state transition matrix with eigenvalues of 0.99, b is the input term to drive the

trajectory at each time-step (set as 0.2), and q; is the white Gaussian noise with covariance Q. The
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standard deviation of q, is randomly chosen between [0.01, 0.1]. After generating the trajectories from
equation (11), we embed the manifold coordinate vector d; within 3D Cartesian space to get the

embeddings e, with equations (8)-(10) and we finally get the neural observations from:

Yt = Tet + Ot, (12)

where T is the output emission matrix and o, is a white Gaussian noise with covariance matrix O. The
matrix T € R*%*3 has its first 3 rows chosen as [1,0,..,0], [0,1,0,...,0], [0,0,1, 0,...,0] to form an identity
transformation for the first 3 dimensions of the manifold (for visualization purposes only), and the rest
of the 37 rows are randomly chosen with elements between [—5,5]. The standard deviation of o, is

randomly chosen between [5,25].
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