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Covariance matrix C

Covariance matrix C in Step 1 is calculated using the shrinkage estimator in Eq.
2.7 from Wen and Stephens [2010]:
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where panel is the empirical covariance matrix from the panel, aij is an estimate
of the population-scaled recombination rate between SNPs i and j, and m is the
number of individuals sampled from a population.
We calculate matrix C based on the publicly available 1000 Genomes Project
Phase 1 dataset [1000 Genomes Project Consortium et al., 2012]. We computed
this matrix separately in the European, East Asian, and African meta-populations.
Genome-wide recombination rates were obtained from Phase 2 HapMap Release
22 [Frazer et al., 2007] and interpolated to all positions in the 1000 Genomes
dataset.
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Correlation matrix P

The corresponding correlation matrix P in Step 2 is obtained by calculating the
square of Pearson product-moment correlation coefficients for each element in the
covariance matrix as follows:
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where Cij is the covariance between SNPs i and j from matrix C.
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Conversion of matrix P to vector V

Assuming P is sparse, approximately banded, and approximately block-diagonal
(with sporadically overlapping blocks), representing each antidiagonal of P by the
sum of it’s elements is a straightforward way of approximating the intensity of LD
between equidistant SNPs around a given locus. In other words, it can serve as a
metric for how close a SNP is to the center of an block of SNPs in LD.
Implementation of the outlined algorithm can further be simplified with the
knowledge that P is symmetric.
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Applying low-pass filters of increasing widths to V

Applying a low-pass filter to vector V has the effect of filtering out high-frequency
fluctuation in the signal, while lower-frequency components remain in tact. In other
words, the vector is ”smoothed”. This is done in order to capture the large-scale
variation in LD and discard small-scale changes. Specifically, we utilize a Hann
window [Blackman and Tukey, 1958] for the filtering function in order to avoid
high frequency components that may remain with a simple rectangular window.
The Hann function is a discrete window function given by:


πn
2
w[n] = sin
, 0 ≤ n ≤ N − 1,
N −1
where N is the filter width.
Applying a low-pass filter w to vector V is equivalent to the convolution of
those two functions. The convolution of discrete functions f and g is defined as:
def

(f ∗ g)[n] =

∞
X

f [m] g[n − m].

m=−∞

The convolution of two finite sequences is defined by extending the sequences to
finitely supported functions on the whole set of integers. Therefore, applying filter
w to vector V is equivalent to:
V 0 [n] = (w ∗ V )[n]
In order to achieve the required mean segment size, we search for the minimum
filter width (in the distance domain, which results in a higher cutoff in the frequency
domain) satisfying this constraint. The minimum filter width is used because it
results in the least amount of discarded data.
The process of identifying the minimum filter width can be outlined as follows:
1. Set initial filter width to zero
2. Apply filter to vector V
3. Identify and count minima
4. Exit if mean segment size constraint is satisfied, otherwise increase filter
width by step value and go to step 2.
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Although this approach is valid, it is tedious because it searches every single
filter width until it satisfies the search condition. Assuming that increasing the
filter width reduces the number of minima monotonously, we can search this space
more efficiently by utilizing one-sided binary search with deferred detection. In
other words, we start out by doubling the filter width until we encounter a value
that satisfies the search condition (but is not minimal), after which we perform a
binary search in the space between that value and zero. Also, the deferred detection
algorithm has the advantage that if values in the search space are not unique, it
returns the smallest index (the starting index) of the region where elements are
equal to the search value. Therefore, in the case that multiple filter widths yield the
same number of minima, the deferred detection algorithm will return the smallest
filter width.
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Fine-tuning segment boundaries with local search

Identifying minima in the filtered (i.e., ”smoothed”) vector corresponds to identifying large-scale fluctuation in LD. Since the filtered vector represents large scale
variation, it is impervious to shorter-range fluctuation. This makes the minima
identified in the previous step a good starting point for identifying their final values. The final value for a segment boundary is found as follows:
1. Initialize segment boundaries bm to minima identified in Step 4.
2. Define search space SSPm for boundary bm as [ bm−12+bm , bm +b2m+1 ).
3. P
For each
P boundary, find locus l ∈ SSPm which minimizes its outer sum:
i<l
j>l eij , P = (ei,j )
Fig. 1 illustrates the local search procedure on the simplified example from
the manuscript. The full line and transparent orange rectangle represent an initial
breakpoint bm (identified in Step 4 of the main algorithm) and its corresponding
outer sum. The dashed lines represent outer sums for a subset of candidate loci
in SSPm . The goal of this search procedure is to find the locus with a minimal
outer sum. In the provided illustration, the local search procedure would identify
the locus corresponding to the green dashed line as a final breakpoint.
This process can be computationally optimized by pre-calculating the total
outer sum (defined by all initial breakpoints) once, after which the local search
procedure simply updates this total sum with the difference between two adjacent
outer sums (add/subtract one row and subtract/add one column, depending on the
direction of the search) as the search progresses.
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Figure 1: Illustration of local search.
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Comparison of breakpoints for Crohn’s disease GWAS
and height GWAS

To compare the LD-aware breakpoints to uniform breakpoints we ran fgwas [Pickrell, 2014] on GWAS of Crohn’s disease [Jostins et al., 2012] and height [Wood
et al., 2014]. We used the set of LD-aware breakpoints calculated using European
populations. For both sets of breakpoints, we extracted all regions with a posterior
probability of association greater than 0.9, and within each region, we extracted the
individual variant with the maximum posterior probability of association. In Tables 1-2, we list the pairs of these variants that fall into separate regions according
to the uniform breakpoints but which which have r2 > 0.1. Using the LD-aware
breakpoints we find no such pairs of SNPs.
#
1
2
3
4

SN P1
rs80262450
rs2361543
rs2838517
rs2266963

SN P2
rs12955302
rs2242576
rs3804031
rs5998509

r2
0.203
0.914
0.255
0.804

Table 1: Significant SNPs from Crohn’s disease GWAS [Jostins et al., 2012] placed
in different blocks (as defined by uniform breakpoints) with r2 > 0.1
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#
1
2
3
4

SN P1
rs3118903
rs928758
rs62396185
rs11774218

SN P2
rs1327646
rs7280828
rs806794
rs16905189

r2
0.246
0.352
0.274
0.351

Table 2: Significant SNPs from height GWAS [Wood et al., 2014] placed in different blocks (as defined by uniform breakpoints) with r2 > 0.1
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