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S1 Noise analysis in the generalized adder

For the generalized adder strategy for growth, the newborn cell-size V,, progresses through discrete
cell cycles as

Vn+1 = (aVn + An,an)ﬁn- (Sl.l)

Here A,, o, takes the form

An,an = ATLF<@) (1 +c S@ Oén&_ Oé) . (812)

By taking the expectation on both sides in (S1.1) we obtain the mean newborn cell-size

(Vat1) = (@ (Va) + (Ana,)) (B) - (S1.3)

We assume the first moment is finite as for biological systems usually the mean newborn cell-sizes
does not grow unboundedly. Then lim,, ;oo (Vy,41) = limy, 00 (Vi) = (V). Thus the mean newborn

cell-size is -
V) =,

Where F(a) is the dependence of A, ,, on the mean growth-rate as defined in the main text.
Next we derive the expression for the second order moment of newborn cell-size. To do this we
assume the second moment/variance of newborn cell-size similar to the mean is finite. We then
let limy, o0 <V2+1> = lim;, 0 <Vn2> = <V2>. Squaring (S1.1) on both sides and taking expectation

n

(S1.4)

gives

(V2) = (@ (V?) + (A*)F(a)*(1 + ¢ S5CVy) + 2a lim (VaAna,)) (6%) . (S1.5)

Where S5 is the log sensitivity of the mean cell-size on the mean growth-rate as defined in the main
text. Notice that A, ., and V;, are not independent due to the memory in growth-rate between
consecutive cell-cycles. Hence to derive limy, o (Ap o, Vo) we expand V,, in terms of previous
cell-cycle newborn cell-sizes

nlggo <An,o¢nvn> = nhﬁnolo <An,anﬁn(avn—1 + An—l,an_1)> (816)
i G 010 ) .
n—00 2
. a” . 1 n a r—1
- 5 9+ i 55 (e} (5 1



Recall that a € [0, 1], hence dropping the first term we can write

) R a\T—1
Tim (Ana, Ve) = lim Z;(An,anﬁn—r,anﬁ (§> : (S1.9)
r=
Again note that A, ., and A,_,,_, are dependent due to the memory in growth-rate. Here we
use the assumption that a, follows an autoregressive process given in eqn. (5) of the main text.

To obtain <An7an An,r,an_» we expand these in terms of growth-rate as

(DD po ) = (A)? G2 <(1 +cSa O‘”d_ N+ csa%;_o‘)> (S1.10)
= <A>2@2(1+c25§<(a” _a)(();"_’" _a»)) (S1.11)
= (A a%(1+ A2S2pnova). (S1.12)

Substituting (S1.12) in (S1.9) we can write

: (A)*a? 1 20212 Pa

1 - < . 1.1

i (BnanVa) 2 [ —app T SaCVaT T (81.13)

For the second order moment of V substituting the above expression in (S1.5) we obtain,
F(@)? (%) 2 20V2p
2\ _ 2 — 2 2 ¢2 alPa
(V?) = T— (3% <<A ) +aa (A) (2 — te Sa72 “apn >> . (S1.14)

Thus dividing the second order moment above by the square of the mean in (S1.4) and using CV2
as defined in the main text we obtain the variation in newborn cell-size as,

(C’Vﬁ2 +1)(2 - a)?
ovE = 2 (cvg L)1+ CVR)
4 — a2 —aQCVB
1 CV2pq
2 o — 1. 1.1
+ a<2—a+2—apa>> (S1.15)

S2 Noise analysis in mixer model

In this section, we derive the mean and variation in newborn cell-size for two cases of the mixer
model: a timer followed by generalized adder and generalized adder followed by timer.
S2-a Timer followed by generalized adder
The newborn cell-size V,, 11 in the (n 4+ 1) cell cycle newborn cell-size is given by
Va1 = (a1 + fo) Vo + Avan) B (52.1)
Taking expectation on both sides we get the mean newborn cell-size,
(Vo) = (a(1+ () (Va) + (Anan)) Bn- (52.2)

We assume the first moment is finite and use the expression for (A, 4, ) from (S1.2) to obtain the
mean newborn cell-size

(52.3)



To obtain the second order moment we square (52.1) on both sides and take expectation

(V2) =(a®(1+2(f) + (f) (V*) + (A*) F(@)*(1 + *SECV7)
+2a(1+ (f)) lim (Valna,) (). (S2.4)

lim
n—oo
Here Ay, o,, and V,, are dependent due to the memory in growth-rate between consecutive cell-cycles.
Hence to derive lim, ;oo (Ap a,, Vo) we expand V;, in terms of previous cell-cycle newborn cell-sizes

nh~>nolo <An,anvn> = nhancgo <(1 + fn)An,anﬁn(aVn—l + An—l,an,1)> (825)
1 n 1 & 1 r=1
= tim (“EE) a0 + fim >~ (Bnan o) () s2e

From the definition of a € [0,1] and f,, with (f) <1, a(1+ (f)) € [0,2), hence

lim (A4, Vo) = lim lzn:@n,anAn_wﬂ_» <a(1+<f>))r—l. (S2.7)

n—00 n—o00 2 2
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The expression for <An7an An,r,a%» is same as that derived in the generalized adder case
(B Boran,) = (A &2(1+ AS2pLCV2). (52.8)

Substituting (S2.8) in (S2.7) results in

) B (A>2 a2 1 paczs(%CVo?
B o) = S5 (it T ) 629
Further from (S2.4) , the second order moment of newborn cell-size can be expressed as
2\ _ /g2 2 2 1 Pac?SZCVy
) = ) (@ ot ) (s * s ers)
A?)F(a)? 2S2CV2 ) ! . (s2.
+ (A%)F(a)*(1+ ¢*S;CV,7) T2 () (1 (P + eV (S2.10)

Thus from the above and (52.3) with C'V2 as defined in the main text we obtain the variation
in newborn cell-size as

2 _ (CVE + 12~ a(l+(f))” )
W = GV U P L
1 paCV2 ) 2\
(2 “al+ () " 2-apa(l+ (f>)> +(1+ OV +CV@)> 1. (S2.11)

S2-b Generalized adder followed by timer
For this case the newborn cell-size in the nt* cell-cycle is given by
Vo1 = (aVh + Anay) (L4 fr)Bn. (S2.12)

Using the same method described in the previous section we obtain the mean newborn cell-size,

(A)F(@)(1+{f))
2—a(l+(f)

(V) = (S2.13)

3



The second moment of newborn cell-size can be derived similar to the previous section
(V) = (142(f) + (f) (B*) (a* (V*) + (A*)F(@)*(1 + *S2C0V.}) + 2a lim (Valn,a,))- (S2.14)
n—od

Here the term lim,, o (V5,Ap o, ) can be expressed as

Y (B0, Vi) = 1 +2<f> nlloo; (Ao Dr—ran ) (W)l (S2.15)
= 1+2<f>n1grolo7§:1<A>2 a*(1+ S92, CVY) (a(l;m))r_l (S2.16)
- (e e ) 0
Substituting this in (S2.14) we can write the second moment as
) = () (a0 (o T )
+ (ADYF(a)*(1 + c2sgcvj)> — i;;g ;{f)j 2};?3‘;@ ik (S2.18)

Thus from the above expression and (S2.13), with CV2 as defined in the main text we obtain the
variation in newborn cell-size

. [(NHPCvE (CVE+1)(2—a(l+(f))
CVV_<<1+<f>)2 o 4—a2(CVE+1)((1+ ()2 +(f)° cv]?)(

1 paCV2 )
(2—a(1+<f>) o (it ) (1+CV)(1+CV; )) (S2.19)

Comparing this expression with (S2.11) we can write

2a(1 4 (f))x

__— ) (f)?CV? -
QX,/Z = (OVy +1) ><<(1+<f>)2+1 1. (S2.20)

timer after adder adder after timer

From the above expression we can see that the variation in newborn cell-size is higher for the adder
followed by timer case compared to the opposite.

S3 Power-law exponent of cell-size in mixer model

Introducing a timer phase fold-change with noise in the generalized adder can cause higher order
moments to become infinite. The power-law exponent is a parameter that determines the threshold
of moments above which all moments are infinite. If the power-law exponent is m then all the
moments above m — 1 are unbounded. To obtain the power-law exponent for newborn cell-size, we
raise both sides in (S2.1) to m — 1, and take expectation on both sides

(Vi) = ((@Va + Apa, )"+ fu)™ BT (S3.1)
= ((aVn (1+fn))m DI (S3.2)

+ Z < ) (AR ) (@Va)™ R+ o)™ (B,



Now using the assumption that all higher order moments of f,,, A, and «, are finite. This shows
that all the higher order moments of A, ,, is finite. Also by definition of power-law exponent,
all moments of V,, lower than m — 1 are finite. Hence all the terms except the first are finite and
are irrelevant for the boundedness of moments of newborn cell size. Now let limnﬁoo<Vnm_1) =
limy, o0 (V7YY = (V™). Expanding V,, in the first term in (S3.2) and taking the limit n — oo
gives

(vm=ly = li_)rn ((1+ fn)m_1>n (vm=hy(gm=1yngm=1) L Lower order moments. (S3.3)

From which the condition for the power-law exponent m becomes

L= {1+ fp)™ 1) (pm=1yatm=1. (S3.4)

To obtain a closed form expression for the term <(1 + fn)m_1>, we write it as

{1+ f)™ 1) = (exp ((m — 1) log (1 + fa))) - (S3.5)

Then we use the Taylor series approximation of log(1 + f,,) with respect to f, about (f). Also
using the fact that C’Vf2 < 1 and truncating upto the first order term gives

(14 £ 1) = (oo (= Dlog(14 () 4 s (fa= (D)) (830)

For low noise limit C’Vf2 < 1, we assume f,’s are approximately gaussian random variables. Thus,
we can write

(ex (= 1)tog(1-+ (1) + it = 1)) = (53.7)

2 m
(L gy ep (L U= D) (53,9

m—1\ m—1 <f>2 CVJ?(m — 1)2
— () ) e (g ) (53.9)
To find (B7~1) assuming 3, ~ Beta(r,p)
(pm-ty = Dt - DI+ 2) ($3.10)

Fm+r+p—1)I(r)

B8)
the partitioning errors and timer-phase noise in Fig. 3 in the main text we numerically solve the
equation

where r = <C%/§ (% — 1) - 1) (B) and p = <<713> — 1) r. Hence to obtain the dependence of m on

B Pm+r—1T(r+p)
0 =log <r(m Yr+p—DI(r)
(f)? CVH(m — 1)

201+ (f))?

) T (m - 1)log(1+ ()

+ (m —1)loga. (S3.11)



In some limit (87 ~1) can be simplified further. In the case where partitioning is very precise with
partitioning noise C’VB2 < land (m—1)(m-2) < l/C’Vﬁ2 we find that (87~1) can be simplified
by Taylor expansion about 3, = (). Truncating upto the second order term we obtain

(Bt (B m = D25, - () (53.12)
HEASS e RC

i i 1)2(m - 2)CV§. (93.13)

log({B~")) = (m — 1)log(B) + log <1 I i 1)2(m — 2>CV§> (S3.14)

~ (m —1)log(B) + (m ~ 1)2(m — 2)C’V62 (S3.15)

Substituting (S3.13) and (S3.9) in (S3.4) we get

—log (8) —loga + CV3 /2 —log(1 + (f))

(f)2CVvE 9
aarayz T COVs/2

m = +1. (S3.16)

S4 C. crescentus parameters and model predicted exponent

To obtain the parameters of partitioning at cell-division we use the single cell data of cell-size at
birth and before division published in [1]. The single-cell data of sizes was obtained for C. crescentus
in the balanced growth conditions at the temperature 31 C. The sizes were measured within 2%
precision. The data set consists of 11906 pairs of values of cell sizes before and after division for
consecutive generations. The sample of partitioning variables (, is obtained by taking the ratio of
lengths before and after division for all generations. We obtain the confidence intervals for () and
CVB2 by bootstrapping. Bootstrapping is performed by randomly sampling partitioning variables
with replacement from the original data set 10000 times. Then we calculate (3) and C'Vﬁ2 for each
sample and find the 95% confidence interval for these parameters across samples.

Parameter 95% Confidence interval

(B) 0.5772 =+ 0.0002
Cvy 0.0085 =+ 0.0004

(f) 0.376 & 0.003
C’VJ? 0.1325 + 0.0041
m 29+ 0.9

my 156+ 1.1

ma 13.54+1.9

my 19.6 + 2.3

Table I: Estimated parameters

The parameters (f) and CVf2 in the timer phase were calculated from the distribution of a,t,
in Fig. 3(B) in [2]. Here ¢, is the time in the timer-phase. We take the exponential of ayt, to



obtain the distribution of fold-change 1+ f,, = exp(ayty). This distribution was then bootstrapped
to obtain the confidence intervals of mean fold-change 1 + (f) and C’Vf2 [2]. We then derive m by
using (S3.11). To derive the confidence intervals in m we incorporate uncertainty in timer-phase
and partitioning parameters. This is done by simultaneously bootstrapping the parameters 5, C Vﬁz,
(f) and CVf2 for 10000 realizations and calculating m for each set of parameters. The parameter
values are shown in Table I.

S5 Power law fitting

S5-a Estimation of power law exponent from raw data

In addition to the contribution of the timer phase noise processes, the boundedness of moments
of A, and f,, have an impact on the exponent of newborn cell-size. Hence we need to estimate
the power law exponents my, my and, ma from the raw data in [2]. To obtain these we use the
maximum likelihood estimate method given in [3] shown for a general variable z below. We first
fit the distribution of sample data assuming that it is power law,

P(z) = (’;;nl) (””(”;J)k (95.1)

Here, P(x) is the probability density function of the power-law fit, k is the power law exponent
and T,,;, is the cut-off above which the power law distribution holds. We conveniently fix a cut-off
threshold and find the maximum likelihood estimate of power-law exponent

N -1
k=1+N (Zlog i > . (S5.2)

Lo
i=1 mwn

Here N is the total number of samples above the cut-off x,,;, in the data. x; are the sample values
above the cut-off.

We apply the above method to data for newborn cell-size, added cell-size, and timer-phase
fold-change and obtain power-law exponents shown in Fig. S1 and Table I. The single cell data
for newborn cell-size of the adherent cells is obtained from Fig. 3E of [2]. Further for the single
cell data of added cell-size in adder phase we extract the data from Fig. 3E of [2]. For the single
cell fold-change data we obtain the data from Fig. 3D of [2]. All these figures show single cell
scatter plots of the respective parameters. The confidence intervals on the experimentally derived
power-law exponents can then be obtained by bootstrapping the raw data and using the maximum
likelihood estimate for each bootstrapped sample.
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Figure S1: Figures show the derived power-law exponents of added cell-size in adder phase and
size fold-change in timer-phase. Left The power-law exponent of added cell size in the adder phase
explains the exponent of newborn cell size. The cut-off threshold used is 1.4 pum with 185 data
points. The raw data is binned starting at 1.1853 um using bin widths of 0.0433 pm with the last
bin 0.3028 pm wide. The dots shows the ratio of the normalized frequency of samples in each bin
to the width of the bin. The normalization is done with respect to total number of points above
the threshold. The error bars show the 95% confidence interval of the height of each bin with
the median as the dots. Right The power-law exponent of size fold-change is shown . The cut-off
threshold used is 1.448 with 264 data points. The raw data is binned using bin-width 0.0214 with
the last bin 0.15 wide. The dots shows the normalized ratio of number of samples in each bin to
the width of the bin. The normalization is done with respect to the total number of samples above
the threshold. The error bars show the 95% confidence interval of the height of each bin with the
median as the dots.
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